
2

'&

$%

�

R
ela

x
a
tio

n
T

h
eo

rem
:

(a
)

[relaxatio
n
]
f
∗R
≤

f
∗.

(b
)

[in
feasib

ility]
If

(2
)

is
in

fea
sib

le,
th

en
so

is
(1

).

(c)
[o

p
tim

al
relaxatio

n
]
If

th
e

p
ro

b
lem

(2
)

h
a
s

a
n

o
p
tim

a
l
so

lu
tio

n
,

x
∗R
,
fo

r
w

h
ich

it
h
o
ld

s
th

a
t

x
∗R
∈

S
a
n
d

f
R
(x

∗R
)
=

f
(x

∗R
),

(3
)

th
en

x
∗R

is
a
n

o
p
tim

a
l
so

lu
tio

n
to

(1
)

a
s

w
ell.

�

P
ro

o
f
p
o
rtio

n
.

F
o
r

(c),
n
o
te

th
a
t

f
(x

∗R
)

=
f

R
(x

∗R
)
≤

f
R
(x

)
≤

f
(x

),
x
∈

S
.

�

A
p
p
lica

tio
n
s:

F
ra

n
k
–
W

o
lfe

a
lg

o
rith

m
(lin

ea
rizin

g
f

y
ield

s
low

er

b
o
u
n
d
s

o
n

f
∗,

see
C

h
a
p
ter

1
2
);

ex
terio

r
p
en

a
lty

m
eth

o
d
s

y
ield

low
er

b
o
u
n
d
s

o
n

f
∗

(see
C

h
a
p
ter

1
3
);

L
a
g
ra

n
g
ia

n
rela

x
a
tio

n

y
ield

s
low

er
b
o
u
n
d

o
n

f
∗

(th
is

ch
a
p
ter!).

3

'&

$%

L
a
g
ra

n
g
ia

n
re

la
x
a
tio

n

�

C
o
n
sid

er
th

e
o
p
tim

iza
tio

n
p
ro

b
lem

to
fi
n
d

f
∗

:=
in

fi
m

u
m

x

f
(x

),
(4

a
)

su
b
ject

to
x
∈

X
,

(4
b
)

g
i (x

)
≤

0
,

i
=

1
,...,m

,
(4

c)

w
h
ere

f
:
R

n
7→

R
a
n
d

g
i
:
R

n
7→

R
(i

=
1
,2

,...,m
)

a
re

g
iv

en

fu
n
ctio

n
s,

a
n
d

X
⊆

R
n
.

�

F
o
r

th
is

p
ro

b
lem

,
w

e
a
ssu

m
e

th
a
t

−
∞

<
f
∗

<
∞

,
(5

)

th
a
t

is,
th

a
t

f
is

b
o
u
n
d
ed

fro
m

b
elow

a
n
d

th
a
t

th
e

p
ro

b
lem

h
a
s

a
t

lea
st

o
n
e

fea
sib

le
so

lu
tio

n
.

L
e
c
tu

re
7
:

L
a
g
ra

n
g
ia

n
d
u
a
lity

M
ich

a
el

P
a
trik

sso
n

5
F
eb

ru
a
ry

2
0
0
4

0
-0

1

'&

$%

T
h
e

R
e
la

x
a
tio

n
T

h
e
o
re

m

�

P
ro

b
lem

:
fi
n
d

f
∗

:=
in

fi
m

u
m

x

f
(x

),
(1

a
)

su
b
ject

to
x
∈

S
,

(1
b
)

w
h
ere

f
:
R

n
7→

R
g
iv

en
fu

n
ctio

n
,
S
⊆

R
n
.

�

A
rela

x
a
tio

n
to

(1
)

is
a

p
ro

b
lem

o
f
th

e
fo

llow
in

g
fo

rm
:

to
fi
n
d

f
∗R

:=
in

fi
m

u
m

x

f
R
(x

),
(2

a
)

su
b
ject

to
x
∈

S
R
,

(2
b
)

w
h
ere

f
R

:
R

n
7→

R
is

a
fu

n
ctio

n
w

ith
f

R
≤

f
o
n

S
,
a
n
d

S
R
⊇

S
.



6

'&

$%

T
h
e

L
a
g
ra

n
g
ia

n
d
u
a
l
p
ro

b
le

m
a
sso

cia
te

d
w

ith
th

e

L
a
g
ra

n
g
ia

n
re

la
x
a
tio

n

�

L
et

q(µ
)

:=
in

fi
m

u
m

x
∈

X
L

(x
,µ

)
(8

)

b
e

th
e

L
a
g
ra

n
g
ia

n
d
u
a
l
fu

n
ctio

n
,
d
efi

n
ed

b
y

th
e

in
fi
m

u
m

va
lu

e
o
f

th
e

L
a
g
ra

n
g
e

fu
n
ctio

n
ov

er
X

.

�

T
h
e

L
a
g
ra

n
g
ia

n
d
u
a
l
p
ro

b
lem

is
to

m
a
x
im

ize
µ

q(µ
),

(9
a
)

su
b
ject

to
µ
≥

0
m

.
(9

b
)

F
o
r

so
m

e
µ

,
q(µ

)
=

−
∞

is
p
o
ssib

le;
if

th
is

is
tru

e
fo

r
a
ll

µ
≥

0
m

,

q
∗

:=
su

p
rem

u
m

µ
≥

0
m

q(µ
)

eq
u
a
ls
−
∞

.

7

'&

$%

�

T
h
e

eff
ectiv

e
d
o
m

a
in

o
f
q

is
D

q
:=

{
µ
∈

R
m
|
q(µ

)
>

−
∞

}
.

�

T
h
e

eff
ectiv

e
d
o
m

a
in

D
q

o
f
q

is
co

n
v
ex

,
a
n
d

q
is

co
n
cav

e
o
n

D
q .

�

P
ro

o
f.

L
et

x
∈

R
n
,
µ

,µ̄
∈

R
m

,
a
n
d

α
∈

[0
,1

].
W

e
h
av

e
th

a
t

L
(x

,α
µ

+
(1

−
α
)µ̄

)
=

α
L

(x
,µ

)
+

(1
−

α
)L

(x
,µ̄

).

T
a
k
e

th
e

in
f
ov

er
x
∈

X
o
n

b
o
th

sid
es;

th
en

,

in
f

x
∈

X
L

(x
,α

µ
+

(1
−

α
)µ̄

)
=

in
f

x
∈

X
{
α
L

(x
,µ

)
+

(1
−

α
)L

(x
,µ̄

)}

≥
in

f
x
∈

X
α
L

(x
,µ

)
+

in
f

x
∈

X
(1

−
α
)L

(x
,µ̄

)

=
α

in
f

x
∈

X
L

(x
,µ

)
+

(1
−

α
)

in
f

x
∈

X
L

(x
,µ̄

),

sin
ce

α
∈

[0
,1

],
a
n
d

“
su

m
o
f
in

f”
m

ay
b
e

sm
a
ller

th
a
n

“
in

f
o
f

su
m

.”
H

en
ce,q(α

µ
+

(1
−

α
)µ̄

)
≥

α
q(µ

)
+

(1
−

α
)q(µ̄

).

4

'&

$%

�

F
o
r

a
v
ecto

r
µ
∈

R
m

,
w

e
d
efi

n
e

th
e

L
a
g
ra

n
g
e

fu
n
ctio

n

L
(x

,µ
)

:=
f
(x

)
+

m
∑i=

1

µ
i g

i (x
)

=
f
(x

)
+

µ
T
g
(x

).
(6

)

�

W
e

ca
ll

th
e

v
ecto

r
µ

∗
∈

R
m

a
L
a
g
ra

n
g
e

m
u
ltip

lier
if

it
is

n
o
n
-n

eg
a
tiv

e
a
n
d

if
f
∗

=
in

f
x
∈

X
L

(x
,µ

∗)
h
o
ld

s.

5

'&

$%

L
a
g
ra

n
g
e

m
u
ltip

lie
rs

a
n
d

g
lo

b
a
l
o
p
tim

a

�

L
et

µ
∗

b
e

a
L
a
g
ra

n
g
e

m
u
ltip

lier.
T

h
en

,
x
∗

is
a
n

o
p
tim

a
l
so

lu
tio

n

to
(4

)
if

a
n
d

o
n
ly

if
x
∗

is
fea

sib
le

in
(4

)
a
n
d

x
∗
∈

a
rg

m
in

x
∈

X
L

(x
,µ

∗),
a
n
d

µ
∗i g

i (x
∗)

=
0
,

i
=

1
,...,m

.

(7
)

�

N
o
tice

th
e

resem
b
la

n
ce

to
th

e
K

K
T

co
n
d
itio

n
s!

If
X

=
R

n
a
n
d

a
ll

fu
n
ctio

n
s

a
re

in
C

1
th

en
“
x
∗
∈

a
rg

m
in

x
∈

X
L

(x
,µ

∗)”
is

th
e

sa
m

e
a
s

th
e

fo
rce

eq
u
ilib

riu
m

co
n
d
itio

n
,
th

e
fi
rst

row
o
f
th

e
K

K
T

co
n
d
itio

n
s.

T
h
e

seco
n
d

item
,
“
µ
∗i g

i (x
∗)

=
0

fo
r

a
ll

i”
is

th
e

co
m

p
lem

en
ta

rity
co

n
d
itio

n
s.

�

S
eem

s
to

im
p
ly

th
a
t

th
ere

is
a

h
id

d
en

co
n
v
ex

ity
a
ssu

m
p
tio

n
h
ere.

Y
es,

th
ere

is.
W

e
p
rov

e
a

S
tro

n
g

D
u
a
lity

T
h
eo

rem
la

ter.



1
0

'&

$%

�

W
ea

k
d
u
a
lity

is
a
lso

a
co

n
seq

u
en

ce
o
f
th

e
R

ela
x
a
tio

n
T

h
eo

rem
:

F
o
r

a
n
y

µ
≥

0
m

,
let

S
:=

X
∩
{

x
∈

R
n
|
g
(x

)
≤

0
m
}
,

(1
0
a
)

S
R

:=
X

,
(1

0
b
)

f
R

:=
L

(µ
,·).

(1
0
c)

A
p
p
ly

th
e

R
ela

x
a
tio

n
T

h
eo

rem
.

�

If
q
∗

=
f
∗,

w
e

say
th

a
t

th
ere

is
n
o

d
u
a
lity

g
a
p
.

If
th

ere
ex

ists
a

L
a
g
ra

n
g
e

m
u
ltip

lier
v
ecto

r,
th

en
b
y

th
e

w
ea

k
d
u
a
lity

th
eo

rem
,

th
is

im
p
lies

th
a
t

th
ere

is
n
o

d
u
a
lity

g
a
p
.

T
h
e

co
n
v
erse

is
n
o
t

tru
e

in
g
en

era
l:

th
ere

m
ay

b
e

ca
ses

w
h
ere

n
o

L
a
g
ra

n
g
e

m
u
ltip

lier

ex
ists

ev
en

w
h
en

th
ere

is
n
o

d
u
a
lity

g
a
p
;
in

th
a
t

ca
se

th
o
u
g
h
,
th

e

L
a
g
ra

n
g
ia

n
d
u
a
l
p
ro

b
lem

ca
n
n
o
t

h
av

e
a
n

o
p
tim

a
l
so

lu
tio

n
.

1
1

'&

$%

O
n

th
e

sta
te

m
e
n
t

o
f
th

e
p
ro

b
le

m
(4

)

�

T
h
ere

a
re

sev
era

l
w

ay
s

in
w

h
ich

th
e

p
ro

b
lem

ca
n

b
e

d
efi

n
ed

.

�

C
o
n
stra

in
ts

ca
n

b
e

p
la

ced
w

ith
in

th
e

d
efi

n
itio

n
o
f
th

e
g
ro

u
n
d

set

X
(k

ep
t

in
ta

ct),
o
r

w
ith

in
th

e
ex

p
licit

co
n
stra

in
ts

d
efi

n
ed

b
y

th
e

fu
n
ctio

n
s

g
i

(L
a
g
ra

n
g
ia

n
rela

x
ed

).

�
H

ow
to

d
istin

g
u
ish

b
etw

een
th

e
tw

o
,
th

a
t

is,
h
ow

to
d
ecid

e

w
h
eth

er
a

co
n
stra

in
t

sh
o
u
ld

b
e

k
ep

t
o
r

b
e

L
a
g
ra

n
g
ia

n
rela

x
ed

,

d
ep

en
d
s

o
n

sev
era

l
fa

cto
rs.

�

K
eep

in
g

m
o
re

co
n
stra

in
ts

w
ith

in
X

m
ay

resu
lt

in
a

sm
a
ller

d
u
a
lity

g
a
p
,
a
n
d

w
ith

few
er

m
u
ltip

liers
a
lso

resu
lt

in
a

sim
p
ler

L
a
g
ra

n
g
ia

n
d
u
a
l
p
ro

b
lem

.

�

O
n

th
e

o
th

er
h
a
n
d
,
th

e
L
a
g
ra

n
g
ia

n
su

b
p
ro

b
lem

d
efi

n
in

g
th

e
d
u
a
l

fu
n
ctio

n
th

en
b
eco

m
es

m
o
re

co
m

p
lex

a
n
d

d
iffi

cu
lt

to
so

lv
e.

�

T
h
ere

a
re

few
ru

les
to

fo
llow

:
ex

p
erim

en
t

a
n
d

ex
p
erien

ce!

8

'&

$%

T
h
is

in
eq

u
a
lity

h
a
s

tw
o

im
p
lica

tio
n
s:

if
µ

a
n
d

µ̄
b
elo

n
g

to
D

q ,

th
en

so
d
o
es

α
µ

+
(1

−
α
)µ̄

,
so

D
q

is
co

n
v
ex

,
a
n
d

fu
rth

er,
q

is

co
n
cav

e
o
n

D
q .

�

T
h
a
t

th
e

L
a
g
ra

n
g
ia

n
d
u
a
l
p
ro

b
lem

a
lw

ay
s

is
co

n
v
ex

(w
e

in
d
eed

m
a
x
im

ize
a

co
n
cav

e
fu

n
ctio

n
!)

is
v
ery

g
o
o
d

n
ew

s!

�

B
u
t

w
e

n
eed

still
to

sh
ow

h
ow

a
L
a
g
ra

n
g
ia

n
d
u
a
l
o
p
tim

a
l

so
lu

tio
n

ca
n

b
e

u
sed

to
g
en

era
te

a
p
rim

a
l
o
p
tim

a
l
so

lu
tio

n
.

9

'&

$%

W
e
a
k

D
u
a
lity

T
h
e
o
re

m

�

L
et

x
a
n
d

µ
b
e

fea
sib

le
in

(4
)

a
n
d

(9
),

resp
ectiv

ely.
T

h
en

,

q(µ
)
≤

f
(x

).

In
p
a
rticu

la
r,

q
∗
≤

f
∗

h
o
ld

s.

If
q(µ

)
=

f
(x

),
th

en
th

e
p
a
ir

(x
,µ

)
is

o
p
tim

a
l
in

its
resp

ectiv
e

p
ro

b
lem

.

�

P
ro

o
f.

F
o
r

a
ll

µ
≥

0
m

a
n
d

x
∈

X
w

ith
g
(x

)
≤

0
m

,

q(µ
)

=
in

fi
m

u
m

z
∈

X
L

(z
,µ

)
≤

f
(x

)
+

µ
T
g
(x

)
≤

f
(x

),

so

q
∗

=
su

p
rem

u
m

µ
≥

0
m

q(µ
)
≤

in
fi
m

u
m

x
∈

X
:g

(
x
)
≤

0
m

f
(x

)
=

f
∗.



1
4

'&

$%

S
a
d
d
le

p
o
in

ts

�

T
h
e

v
ecto

r
(x

∗,µ
∗)

is
a

p
a
ir

o
f
o
p
tim

a
l
p
rim

a
l
so

lu
tio

n
a
n
d

L
a
g
ra

n
g
e

m
u
ltip

lier
if

a
n
d

o
n
ly

if
x
∗
∈

X
,
µ

∗
≥

0
m

,
a
n
d

(x
∗,µ

∗)

is
a

sa
d
d
le

p
o
in

t
o
f
th

e
L
a
g
ra

n
g
ia

n
fu

n
ctio

n
o
n

X
×

R
m+

,
th

a
t

is,

L
(x

∗,µ
)
≤

L
(x

∗,µ
∗)

≤
L

(x
,µ

∗),
(x

,µ
)
∈

X
×

R
m+

,
(1

2
)

h
o
ld

s.

1
5

'&

$%

S
tro

n
g

d
u
a
lity

fo
r

co
n
v
e
x

p
ro

g
ra

m
s,

in
tro

d
u
ctio

n

�

R
esu

lts
so

fa
r

h
av

e
b
een

ra
th

er
n
o
n
-tech

n
ica

l
to

a
ch

iev
e:

co
n
v
ex

ity
o
f
th

e
d
u
a
l
p
ro

b
lem

co
m

es
w

ith
v
ery

few
a
ssu

m
p
tio

n
s

o
n

th
e

o
rig

in
a
l,

p
rim

a
l
p
ro

b
lem

,
a
n
d

th
e

ch
a
ra

cteriza
tio

n
o
f
th

e

p
rim

a
l–

d
u
a
l
set

o
f
o
p
tim

a
l
so

lu
tio

n
s

is
sim

p
le

a
n
d

a
lso

q
u
ite

ea
sily

esta
b
lish

ed
.

�

In
o
rd

er
to

esta
b
lish

stro
n
g

d
u
a
lity

,
th

a
t

is,
to

esta
b
lish

su
ffi

cien
t

co
n
d
itio

n
s

u
n
d
er

w
h
ich

th
ere

is
n
o

d
u
a
lity

g
a
p
,
h
ow

ev
er

ta
k
es

m
u
ch

m
o
re.

�

In
p
a
rticu

la
r,

a
s

is
th

e
ca

se
w

ith
th

e
K

K
T

co
n
d
itio

n
s

w
e

n
eed

reg
u
la

rity
co

n
d
itio

n
s

(th
a
t

is,
co

n
stra

in
t

q
u
a
lifi

ca
tio

n
s),

a
n
d

w
e

a
lso

n
eed

to
u
tilize

sep
a
ra

tio
n

th
eo

rem
s.

1
2

'&

$%

G
lo

b
a
l
o
p
tim

a
lity

co
n
d
itio

n
s

�

T
h
e

fo
llow

in
g

sy
stem

ch
a
ra

cterizes
ev

ery
o
p
tim

a
l
p
rim

a
l
a
n
d

d
u
a
l
so

lu
tio

n
.

It
is

a
p
p
lica

b
le

o
n
ly

in
th

e
p
resen

ce
o
f
L
a
g
ra

n
g
e

m
u
ltip

liers;
in

o
th

er
w

o
rd

s,
th

e
sy

stem
(1

1
)

is
co

n
sisten

t
if

a
n
d

o
n
ly

if
th

ere
ex

ists
a

L
a
g
ra

n
g
e

m
u
ltip

lier
b
u
t

n
o

d
u
a
lity

g
a
p
.

�

T
h
e

v
ecto

r
(x

∗,µ
∗)

is
a

p
a
ir

o
f
o
p
tim

a
l
p
rim

a
l
so

lu
tio

n
a
n
d

L
a
g
ra

n
g
e

m
u
ltip

lier
if

a
n
d

o
n
ly

if

µ
∗
≥

0
m

,
(D

u
a
l
fea

sib
ility

)
(1

1
a
)

x
∗
∈

a
rg

m
in

x
∈

X
L

(x
,µ

∗),
(L

a
g
ra

n
g
ia

n
o
p
tim

a
lity

)
(1

1
b
)

x
∗
∈

X
,

g
(x

∗)
≤

0
m

,
(P

rim
a
l
fea

sib
ility

)
(1

1
c)

µ
∗i g

i (x
∗)

=
0
,

i
=

1
,...,m

.
(C

o
m

p
lem

en
ta

ry
sla

ck
n
ess)

(1
1
d
)

1
3

'&

$%

�

P
ro

o
f.

S
u
p
p
o
se

th
a
t

(1
1
)

is
sa

tisfi
ed

.
W

e
a
p
p
ly

th
e

R
ela

x
a
tio

n

T
h
eo

rem
a
s

fo
llow

s.
C

o
n
sid

er
th

e
id

en
tifi

ca
tio

n
in

(1
0
),

w
ith

µ
=

µ
∗
≥

0
m

a
n
d

x
R

=
x
∗.

N
o
te

th
ese

eq
u
iva

len
ces:

1
.

T
h
e

rela
x
ed

so
lu

tio
n
,
x

R
,
is

a
L
a
g
ra

n
g
ia

n
o
p
tim

a
l
so

lu
tio

n
.

(L
a
g
ra

n
g
ia

n
o
p
tim

a
lity

is
fu

lfi
lled

.)

2
.

T
h
a
t

x
R
∈

S
m

ea
n
s

th
a
t

it
is

fea
sib

le
in

th
e

p
rim

a
l
p
ro

b
lem

.

(P
rim

a
l
fea

sib
ility

is
fu

lfi
lled

.)

3
.

T
h
a
t

f
∗

=
f
∗R

m
ea

n
s

th
a
t

(µ
∗)

T
g
(x

∗)
=

0
.

(C
o
m

p
lem

en
ta

ry

sla
ck

n
ess

is
fu

lfi
lled

.)

S
o
,
if

(1
1
)

is
sa

tisfi
ed

,
th

en
th

e
v
ecto

r
(x

∗,µ
∗)

is
a

p
a
ir

o
f

o
p
tim

a
l
p
rim

a
l
so

lu
tio

n
a
n
d

L
a
g
ra

n
g
e

m
u
ltip

lier.

C
o
n
v
ersely,

if
(x

∗,µ
∗)

is
a

p
a
ir

o
f
o
p
tim

a
l
p
rim

a
l
so

lu
tio

n
a
n
d

L
a
g
ra

n
g
e

m
u
ltip

lier,
th

en
th

ey
a
re

p
a
rticu

la
rly

p
rim

a
l
a
n
d

d
u
a
l

fea
sib

le,
resp

ectiv
ely.

T
h
e

la
st

tw
o

eq
u
a
tio

n
s

in
(1

1
)

th
en

fo
llow

fro
m

th
e

p
rev

io
u
s

th
eo

rem
o
n

g
lo

b
a
l
o
p
tim

a
.



1
8

'&

$%

W
h
a
t

is
th

e
d
u
a
l
o
f
a
n

L
P

p
ro

b
le

m
?

�

C
o
n
sid

er
th

e
lin

ea
r

p
ro

g
ra

m
to

m
in

im
ize

x

c
T
x
,

(1
4
a
)

su
b
ject

to
A

x
=

b
,

(1
4
b
)

x
≥

0
n
,

(1
4
c)

w
h
ere

A
is

a
n

m
×

n
m

a
trix

a
n
d

c
(resp

ectiv
ely,

b
)

is
a
n

n
-v

ecto
r

(resp
ectiv

ely,
m

-v
ecto

r).
If

w
e

let
X

:=
R

n+
,
th

en
th

e
L
a
g
ra

n
g
ia

n

d
u
a
l
p
ro

b
lem

is
to

m
a
x
im

ize
λ
∈

R
m

b
T
λ

,
(1

5
a
)

su
b
ject

to
A

T
λ
≤

c
.

(1
5
b
)

1
9

'&

$%

�

T
h
e

rea
so

n
w

h
y

w
e

ca
n

w
rite

it
in

th
is

fo
rm

is
th

a
t

q(λ
)
:=

in
fi
m

u
m

x
≥

0
n

{

c
T
x

+
λ

T
(b

−
A

x
)
}

=
b
T
λ

+
in

fi
m

u
m

x
≥

0
n

(c
−

A
T
λ

)
T
x
,

so
th

a
t

q(λ
)

=



b
T
λ

,
if

A
T
λ
≤

c
,

−
∞

,
o
th

erw
ise.

�

M
o
re:

λ
u
n
restricted

,
b
eca

u
se

w
e

ca
n

w
rite

A
x

=
b

a
s

A
x
≤

b
;
−

A
x
≤

−
b
.

In
tro

d
u
ce

µ
+

a
n
d

µ
−

.
L
a
g
ra

n
g
e

fu
n
ctio

n
:

c
T
x

+
(µ

+
−

µ
−

)
T
(b

−
A

x
).

S
u
b
stitu

te
λ

=
µ

+
−

µ
−

.

�

If
b
o
th

th
e

p
rim

a
l
a
n
d

d
u
a
l
p
ro

b
lem

s
h
av

e
fea

sib
le

so
lu

tio
n
s,

th
en

th
ey

b
o
th

h
av

e
o
p
tim

a
l
so

lu
tio

n
s,

sa
tisfy

in
g

stro
n
g

d
u
a
lity

(c
T
x
∗

=
b
T
λ
∗).

�

M
o
re

a
b
o
u
t

d
u
a
l
p
ro

b
lem

s
in

th
e

L
P

ch
a
p
ters!

1
6

'&

$%

S
tro

n
g

d
u
a
lity

T
h
e
o
re

m

�

C
o
n
sid

er
th

e
p
ro

b
lem

(4
),

w
h
ere

f
:
R

n
7→

R
a
n
d

g
i

(i
=

1
,...,m

)
a
re

co
n
v
ex

fu
n
ctio

n
s

a
n
d

X
⊆

R
n

is
a

co
n
v
ex

set.

�

F
o
r

th
is

p
ro

b
lem

,
w

e
in

tro
d
u
ce

th
e

fo
llow

in
g

S
la

ter
co

n
d
itio

n
:

∃
x
∈

X
w

ith
g
(x

)
<

0
m

.
(1

3
)

�

S
u
p
p
o
se

th
a
t

(5
)

a
n
d

S
la

ter’s
C

Q
(1

3
)

h
o
ld

fo
r

th
e

(co
n
v
ex

)

p
ro

b
lem

(4
).

�

(a
)

T
h
ere

is
n
o

d
u
a
lity

g
a
p

a
n
d

th
ere

ex
ists

a
t

lea
st

o
n
e

L
a
g
ra

n
g
e

m
u
ltip

lier
µ

∗.
M

o
reov

er,
th

e
set

o
f
L
a
g
ra

n
g
e

m
u
ltip

liers
is

b
o
u
n
d
ed

a
n
d

co
n
v
ex

.

�

(b
)

If
th

e
in

fi
m

u
m

in
(4

)
is

a
tta

in
ed

a
t

so
m

e
x
∗,

th
en

th
e

p
a
ir

(x
∗,µ

∗)
sa

tisfi
es

th
e

g
lo

b
a
l
o
p
tim

a
lity

co
n
d
itio

n
s

(1
1
).

1
7

'&

$%

�

(c)
If

th
e

fu
n
ctio

n
s

f
a
n
d

g
i

a
re

in
C

1
th

en
th

e
co

n
d
itio

n
(1

1
b
)

ca
n

b
e

w
ritten

a
s

a
va

ria
tio

n
a
l
in

eq
u
a
lity.

If
fu

rth
er

X
is

o
p
en

(fo
r

ex
a
m

p
le,

X
=

R
n
)

th
en

th
e

co
n
d
itio

n
s

(1
1
)

a
re

th
e

sa
m

e
a
s

th
e

K
K

T
co

n
d
itio

n
s.

�

S
im

ila
r

sta
tem

en
ts

fo
r

th
e

ca
se

o
f
a
lso

h
av

in
g

lin
ea

r
eq

u
a
lity

co
n
stra

in
ts.

�

If
a
ll

co
n
stra

in
ts

a
re

lin
ea

r
w

e
ca

n
rem

ov
e

th
e

S
la

ter
co

n
d
itio

n
.

�

If
f

is
lin

ea
r

th
en

w
e

ca
n

sta
te

th
e

fo
llow

in
g
:

If
b
o
th

th
e

p
rim

a
l

a
n
d

d
u
a
l
p
ro

b
lem

s
h
av

e
fea

sib
le

so
lu

tio
n
s,

th
en

th
ey

b
o
th

h
av

e

o
p
tim

a
l
so

lu
tio

n
s,

a
n
d

th
eir

o
p
tim

a
l
va

lu
es

a
re

th
e

sa
m

e.
W

e
w

ill

p
rov

e
th

is
eleg

a
n
tly

in
th

e
L
P

ch
a
p
ters!



2
2

'&

$%

�

A
lso

:
f
(x

∗)
=

q(µ
∗)

=
8
.

�

T
h
is

is
a
n

ex
a
m

p
le

w
h
ere

th
e

d
u
a
l
fu

n
ctio

n
is

d
iff

eren
tia

b
le.

In

th
is

p
a
rticu

la
r

ca
se,

th
e

o
p
tim

u
m

x
∗

is
a
lso

u
n
iq

u
e,

a
n
d

is

a
u
to

m
a
tica

lly
g
iv

en
b
y

x
∗

=
x
(µ

).

2
3

'&

$%

E
x
a
m

p
le

s,
II:

A
n

im
p
licit,

n
o
n
-d

iff
e
re

n
tia

b
le

d
u
a
l

p
ro

b
le

m

�

C
o
n
sid

er
th

e
lin

ea
r

p
ro

g
ra

m
m

in
g

p
ro

b
lem

to

m
in

im
ize

x

f
(x

)
:=

−
x

1
−

x
2 ,

su
b
ject

to
2
x

1
+

2
x

2
≤

3
,

0
≤

x
1
≤

2
,

0
≤

x
2
≤

1
.

�

T
h
e

o
p
tim

a
l
so

lu
tio

n
is

x
∗

=
(3

/
2
,0

)
T
,f

(x
∗)

=
−

3
/
2
.

2
0

'&

$%

E
x
a
m

p
le

s,
I:

A
n

e
x
p
licit,

d
iff

e
re

n
tia

b
le

d
u
a
l

p
ro

b
le

m

�

C
o
n
sid

er
th

e
p
ro

b
lem

to

m
in

im
ize

x

f
(x

)
:=

x
21

+
x

22 ,

su
b
ject

to
x

1
+

x
2
≥

4
,

x
j
≥

0
,

j
=

1
,2

.

�

W
e

co
n
sid

er
th

e
fi
rst

co
n
stra

in
t

to
b
e

th
e

co
m

p
lica

ted
o
n
e,

a
n
d

h
en

ce
d
efi

n
e

g
(x

)
:=

−
x

1
−

x
2

+
4

a
n
d

let

X
:=

{
(x

1 ,x
2 )

|
x

j
≥

0
,

j
=

1
,2

}
.

2
1

'&

$%

�

T
h
e

L
a
g
ra

n
g
ia

n
d
u
a
l
fu

n
ctio

n
is

q(µ
)

=
m

in
im

u
m

x
∈

X
L

(x
,µ

)
:=

f
(x

)
−

µ
(x

1
+

x
2
−

4
)

=
4
µ

+
m

in
im

u
m

x
∈

X
{
x

21
+

x
22
−

µ
x

1
−

µ
x

2 }

=
4
µ

+
m

in
im

u
m

x
1
≥

0
{
x

21
−

µ
x

1 }
+

m
in

im
u
m

x
2
≥

0
{
x

22
−

µ
x

2 }
,

µ
≥

0
.

�

F
o
r

a
fi
x
ed

µ
≥

0
,
th

e
m

in
im

u
m

is
a
tta

in
ed

a
t

x
1 (µ

)
=

µ2
,x

2 (µ
)
=

µ2
.

�

S
u
b
stitu

tin
g

th
is

ex
p
ressio

n
in

to
q(µ

),
w

e
o
b
ta

in
th

a
t

q(µ
)
=

f
(x

(µ
))
−

µ
(x

1 (µ
)
+

x
2 (µ

)
−

4
)

=
4
µ
−

µ
2

2
.

�

N
o
te

th
a
t

q
is

strictly
co

n
cav

e,
a
n
d

it
is

d
iff

eren
tia

b
le

ev
ery

w
h
ere

(d
u
e

to
th

e
fa

ct
th

a
t

f
,g

a
re

d
iff

eren
tia

b
le

a
n
d

x
(µ

)
is

u
n
iq

u
e).

�

W
e

th
en

h
av

e
th

a
t
∇

q(µ
)

=
4
−

µ
=

0
⇐
⇒

µ
=

4
.

A
s

µ
=

4
≥

0
,

it
is

th
e

o
p
tim

u
m

in
th

e
d
u
a
l
p
ro

b
lem

!

µ
∗

=
4
;x

∗
=

(x
1 (µ

∗),x
2 (µ

∗))
T

=
(2

,2
)
T
.



2
6

'&

$%

∗S
u
b
g
ra

d
ie

n
ts

o
f
co

n
v
e
x

fu
n
ctio

n
s

�

L
et

f
:
R

n
7→

R
b
e

a
co

n
v
ex

fu
n
ctio

n
.

W
e

say
th

a
t

a
v
ecto

r

p
∈

R
n

is
a

su
b
g
ra

d
ien

t
o
f
f

a
t

x
∈

R
n

if

f
(y

)
≥

f
(x

)
+

p
T
(y

−
x
),

y
∈

R
n
.

(1
6
)

�

T
h
e

set
o
f
su

ch
v
ecto

rs
p

d
efi

n
es

th
e

su
b
d
iff

eren
tia

l
o
f
f

a
t

x
,

a
n
d

is
d
en

o
ted

∂
f
(x

).

�

T
h
is

set
is

th
e

co
llectio

n
o
f
“
slo

p
es”

o
f
th

e
fu

n
ctio

n
f

a
t

x
.

�

F
o
r

ev
ery

x
∈

R
n
,
∂
f
(x

)
is

a
n
o
n
-em

p
ty,

co
n
v
ex

,
a
n
d

co
m

p
a
ct

set.

�

T
h
e

co
n
v
ex

fu
n
ctio

n
f

is
d
iff

eren
tia

b
le

a
t

x
ex

a
ctly

w
h
en

th
ere

ex
ists

o
n
e

a
n
d

o
n
ly

o
n
e

su
b
g
ra

d
ien

t
o
f
f

a
t

x
,
w

h
ich

th
en

is
th

e

g
ra

d
ien

t
o
f
f

a
t

x
,
∇

f
(x

).

2
7

'&

$%

∗D
iff

e
re

n
tia

b
ility

o
f
th

e
L
a
g
ra

n
g
ia

n
d
u
a
l
fu

n
ctio

n
:

In
tro

d
u
ctio

n

�

C
o
n
sid

er
th

e
p
ro

b
lem

(4
),

u
n
d
er

th
e

a
ssu

m
p
tio

n
th

a
t

f
,g

i
(i

=
1
,...,m

)
a
re

co
n
tin

u
o
u
s;

X
is

n
o
n
em

p
ty

a
n
d

co
m

p
a
ct.

(1
7
)

�
T

h
en

,
th

e
set

o
f
so

lu
tio

n
s

to
th

e
L
a
g
ra

n
g
ia

n
su

b
p
ro

b
lem

,

X
(µ

)
:=

a
rg

m
in

im
u
m

x
∈

X
L

(x
,µ

),
µ
∈

R
m

,
(1

8
)

is
n
o
n
-em

p
ty

a
n
d

co
m

p
a
ct

fo
r

ev
ery

µ
.

�

W
e

d
ev

elo
p

th
e

su
b
-d

iff
eren

tia
b
ility

p
ro

p
erties

o
f
th

e
fu

n
ctio

n
q.

2
4

'&

$%

�

C
o
n
sid

er
L
a
g
ra

n
g
ia

n
rela

x
in

g
th

e
fi
rst

co
n
stra

in
t,

o
b
ta

in
in

g

L
(x

,µ
)

=
−

x
1
−

x
2

+
µ
(2

x
1

+
4
x

2
−

3
);

q(µ
)

=
−

3
µ

+
m

in
im

u
m

0
≤

x
1
≤

2
{
(−

1
+

2
µ
)x

1 }
+

m
in

im
u
m

0
≤

x
2
≤

1
{
(−

1
+

4
µ
)x

2 }

=



−
3

+
5
µ
,

0
≤

µ
≤

1
/
4
,

−
2

+
µ
,

1
/
4
≤

µ
≤

1
/
2
,

−
3
µ
,

1
/
2
≤

µ
.

�

W
e

h
av

e
th

a
t

µ
∗

=
1
/
2
,
a
n
d

h
en

ce
q(µ

∗)
=

−
3
/
2
.

F
o
r

lin
ea

r

p
ro

g
ra

m
s,

w
e

h
av

e
stro

n
g

d
u
a
lity,

b
u
t

h
ow

d
o

w
e

o
b
ta

in
th

e

o
p
tim

a
l
p
rim

a
l
so

lu
tio

n
fro

m
µ
∗?

q
is

n
o
n
-d

iff
eren

tia
b
le

a
t

µ
∗.

W
e

u
tilize

th
e

ch
a
ra

cteriza
tio

n
g
iv

en
in

(1
1
).

�

F
irst,

a
t

µ
∗,

it
is

clea
r

th
a
t

X
(µ

∗)
is

th
e

set
{

(

2
α0

)

|
0
≤

α
≤

1
}
.

A
m

o
n
g

th
e

su
b
p
ro

b
lem

so
lu

tio
n
s,

w
e

n
ex

t
h
av

e
to

fi
n
d

o
n
e

th
a
t

is
p
rim

a
l
fea

sib
le

a
s

w
ell

a
s

co
m

p
lem

en
ta

ry.
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�

P
rim

a
l
fea

sib
ility

m
ea

n
s

th
a
t

2
·2

α
+

2
·0

≤
3
⇐
⇒

α
≤

3
/
4
.

�

F
u
rth

er,
co

m
p
lem

en
ta

rity
m

ea
n
s

th
a
t

µ
∗
·(2

x
∗1

+
4
x
∗2
−

3
)

=
0
⇐
⇒

α
=

3
/
4
,
sin

ce
µ
∗
6=

0
.

W
e

co
n
clu

d
e

th
a
t

th
e

o
n
ly

p
rim

a
l
v
ecto

r
x

th
a
t

sa
tisfi

es
th

e
sy

stem
(1

1
)

to
g
eth

er
w

ith
th

e
d
u
a
l
o
p
tim

a
l
so

lu
tio

n
µ
∗

=
1
/
2

is

x
∗

=
(3

/
2
,0

)
T
.

�

O
b
serv

e
fi
n
a
lly

th
a
t

f
∗

=
q
∗.
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∗A
su

b
g
ra

d
ie

n
t

m
e
th

o
d

fo
r

th
e

d
u
a
l
p
ro

b
le

m

�

S
u
b
g
ra

d
ien

t
m

eth
o
d
s

ex
ten

d
g
ra

d
ien

t
p
ro

jectio
n

m
eth

o
d
s

fro
m

th
e

C
1

to
g
en

era
l
co

n
v
ex

(o
r,

co
n
cav

e)
fu

n
ctio

n
s,

g
en

era
tin

g
a

seq
u
en

ce
o
f
d
u
a
l
v
ecto

rs
in

R
m+

u
sin

g
a

sin
g
le

su
b
g
ra

d
ien

t
in

ea
ch

itera
tio

n
.

�

T
h
e

sim
p
lest

ty
p
e

o
f
itera

tio
n

h
a
s

th
e

fo
rm

µ
k
+

1
=

P
ro

j
R

m+
[µ

k
+

α
k
g

k ]
(1

9
a
)

=
[µ

k
+

α
k
g

k ]+
(1

9
b
)

=
(m

a
x
im

u
m

{
0
,(µ

k )
i
+

α
k (g

k )
i }

)
mi=

1 ,
(1

9
c)

w
h
ere

g
k
∈

∂
q(µ

k )
is

a
rb

itra
rily

ch
o
sen

.

�

W
e

o
ften

u
se

g
k

=
g
(x

k ),
w

h
ere

x
k
∈

a
rg

m
in

im
u
m

x
∈

X
L

(x
,µ

k ).
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M
a
in

d
iff

eren
ce

to
C

1
ca

se:
a
n

a
rb

itra
ry

su
b
g
ra

d
ien

t
g

k
m

ay
n
o
t

b
e

a
n

a
scen

t
d
irectio

n
!

�

C
a
n
n
o
t

d
o

lin
e

sea
rch

es;
m

u
st

u
se

p
red

eterm
in

ed
step

len
g
th

s
α

k .

�

S
u
p
p
o
se

th
a
t

µ
∈

R
m+

is
n
o
t

o
p
tim

a
l
in

(9
).

T
h
en

,
fo

r
ev

ery

o
p
tim

a
l
so

lu
tio

n
µ

∗
∈

U
∗

in
(9

),

‖
µ

k
+

1
−

µ
∗‖

<
‖
µ

k
−

µ
∗‖

h
o
ld

s
fo

r
ev

ery
step

len
g
th

α
k

in
th

e
in

terva
l

α
k
∈

(0
,2

[q
∗
−

q(µ
k )]/

‖
g

k ‖
2).

(2
0
)

�

G
o
o
d

n
ew

s:
If

th
e

step
len

g
th

is
sm

a
ll

en
o
u
g
h

w
e

g
et
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ser

to

ev
ery

o
p
tim

a
l
so

lu
tio

n
!
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b
g
ra

d
ie

n
ts
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n
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q

�

S
u
p
p
o
se

th
a
t,

in
th

e
p
ro

b
lem

(4
),

(1
7
)

h
o
ld

s.

�

T
h
e

d
u
a
l
fu

n
ctio

n
q

is
fi
n
ite,
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n
tin

u
o
u
s

a
n
d

co
n
cav

e
o
n

R
m

.
If

its
su

p
rem

u
m

ov
er

R
m+

is
a
tta

in
ed

,
th

en
th

e
o
p
tim

a
l
so

lu
tio

n
set

th
erefo

re
is

clo
sed

a
n
d

co
n
v
ex

.

�

L
et

µ
∈

R
m

.
If

x
∈

X
(µ

),
th

en
g
(x

)
is

a
su

b
g
ra

d
ien

t
to

q
a
t

µ
,

th
a
t

is,
g
(x

)
∈

∂
q(µ

).

�

P
ro

o
f.

L
et

µ̄
∈

R
m

b
e

a
rb

itra
ry.

W
e

h
av

e
th

a
t

q(µ̄
)
=

in
fi
m

u
m

y
∈

X
L

(y
,µ̄

)
≤

f
(x

)
+

µ̄
T
g
(x

)

=
f
(x

)
+

(µ̄
−

µ
)
T
g
(x

)
+

µ
T
g
(x

)
=

q(µ
)
+

(µ̄
−

µ
)
T
g
(x

),

w
h
ich

im
p
lies

th
a
t

g
(x

)
∈

∂
q(µ

).
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L
et

µ
∈

R
m

.
T

h
en

,
∂
q(µ

)
=

co
n
v
{

g
(x

)
|
x
∈

X
(µ

)
}
.

�

L
et

µ
∈

R
m

.
T

h
e

d
u
a
l
fu

n
ctio

n
q

is
d
iff

eren
tia

b
le

a
t

µ
if

a
n
d

o
n
ly

if
{

g
(x

)
|
x
∈

X
(µ

)
}

is
a

sin
g
leto

n
set,

th
a
t

is,
if

th
e

va
lu

e
o
f
th

e

v
ecto

r
o
f
co

n
stra

in
t

fu
n
ctio

n
s

is
in

va
ria

n
t

ov
er

th
e

set
o
f
so

lu
tio

n
s

X
(µ

)
to

th
e

L
a
g
ra

n
g
ia

n
su

b
p
ro

b
lem

.
T

h
en

,
w

e
h
av

e
th

a
t

∇
q(µ

)
=

g
(x

),

fo
r

ev
ery

x
∈

X
(µ

).
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T
h
is

resu
lt

h
o
ld

s
in

p
a
rticu

la
r

if
th

e
L
a
g
ra

n
g
ia

n
su

b
p
ro

b
lem

h
a
s

a
u
n
iq

u
e

so
lu

tio
n
,
th

a
t

is,
X

(µ
)

is
a

sin
g
leto

n
set.

In
p
a
rticu

la
r,

th
is

p
ro

p
erty

is
sa

tisfi
ed

if
fu

rth
er

X
is

a
co

n
v
ex

set,
f

is
strictly

co
n
v
ex

o
n

X
,
a
n
d

g
i
(i

=
1
,...,m

)
a
re

co
n
v
ex

,
in

w
h
ich

ca
se

q
is

ev
en

in
C

1.
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P
o
ly

a
k

step
len

g
th

ru
le:

σ
≤

α
k
≤

2
[q

∗
−

q(µ
k )]/

‖
g

k ‖
2
−

σ
,

k
=

1
,2

,...
.

(2
1
)

�

σ
>

0
m

a
k
es

su
re

th
a
t

w
e

d
o

n
o
t

a
llow

th
e

step
len

g
th

s
to

co
n
v
erg

e
to

zero
o
r

a
to

o
la

rg
e

va
lu

e.

�

B
a
d

n
ew

s:
U

tilizes
th

e
k
n
ow

led
g
e

o
f
th

e
o
p
tim

a
l
va

lu
e

q
∗!

�

E
x
ists

a
lso

o
th

er
step

len
g
th

ru
les:

α
k

>
0
,

k
=

1
,2

,...,
lim

k
→

∞
α

k
=

0
;

∞
∑s
=

1

α
s

=
+
∞

.
(2

2
)

�

C
a
lled

th
e

d
iv

erg
en

t
series

step
len

g
th

ru
le.

A
d
d
itio

n
a
l
co

n
d
itio

n

o
ften

a
d
d
ed

:
∞
∑s
=

1

α
2s

<
+
∞

.
(2

3
)
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S
u
p
p
o
se

th
a
t

th
e

p
ro

b
lem

(4
)

is
fea

sib
le,

a
n
d

th
a
t

(1
7
)

a
n
d

(1
3
)

h
o
ld

.
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(a
)

L
et

{
µ

k }
b
e

g
en

era
ted

b
y

th
e

m
eth

o
d

(1
9
),

u
n
d
er

th
e

P
o
ly

a
k

step
len

g
th

ru
le

(2
1
),

w
h
ere

σ
is

a
sm

a
ll

p
o
sitiv

e
n
u
m

b
er.

T
h
en

,

{
µ

k }
co

n
v
erg

es
to

a
n

o
p
tim

a
l
so

lu
tio

n
to

(9
).

�

(b
)

L
et

{
µ

k }
b
e

g
en

era
ted

b
y

th
e

m
eth

o
d

(1
9
),

u
n
d
er

th
e

d
iv

erg
en

t
step

len
g
th

ru
le

(2
2
).

T
h
en

,
{
q(µ

k )}
→

q
∗,

a
n
d

{
d
ist

U
∗(µ

k )}
→

0
.

�

(c)
L
et

{
µ

k }
b
e

g
en

era
ted

b
y

th
e

m
eth

o
d

(1
9
),

u
n
d
er

th
e

d
iv

erg
en

t
step

len
g
th

ru
le

(2
2
),

(2
3
).

T
h
en

,
{
µ

k }
co

n
v
erg

es
to

a
n

o
p
tim

a
l
so

lu
tio

n
to

(9
).


