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Aroadmap

�Themostimportantapplicationareaofoptimization

�An“easy”problemtosomedegree:convex,linear

objectiveandconstraints

�But:Oftenlarge-scale.Maynotalwaysbepossibleto

solvedirectly.

�Solution:Decomposition,columngeneration

techniques.(Generates“good”variablesiteratively.)

�Example:Theintegerprogrammingproblems

modellingstaffplanningatairlines.
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�Problemtype:xj∈{0,1}isalogicalvariabledeciding

whetheraparticulargroupofstaffshouldserveduring

aparticular“leg”(aflight).

�Objective:Chooseacost-effectiveplan,oneperweek.

�Constraints:alllegsmustbecovered.

minimize
x

f(x)=c
T
x,

subjecttoAx≥1
m

,

x≥0
n
,

xbinary,

whereAisa0/1matrixdescribingwhetheragroupof

staffispossibleforinclusioninalegornot.
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�Wecallthisasetcoveringproblem.

�But:Thisisnotall!Howdowedefinexj,thatis,the

columnajofA?

�Thecolumnajmustreflectthepossibilityforthe

grouptodoacertainservice.Thisdependsalotupon

thetimingoftheleg,sincethegeographicallocation

putsconstraintsonthestaffavailability,aswellas

unionlawsofworkinghoursandconditions.
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�Thenumberofpossiblecolumnsareinthemillions,

andcannotbegeneratedbefore-hand.

�Answer:columngeneration.Solvesubproblemsthat

generate“feasible”columns,thensolvetherestricted

problemtocombinedfeasiblecolumnsintoaworkplan.

�Thistechniquesolvestheproblemofminimizingthe

costovertheconvexhullofthefeasibleset;thestrong

formulationoftheLPrelaxationoftheaboveinteger

program.CombinedwitheffectiveIPtechniques.

�Moreonthistopicincourseonintegerprogramming

andtheProjectcourse.
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Basicmethodanditsfoundations

�Knowthatifthereexistsanoptimalsolution,oneof

themisanextremepoint.

�Searchonlyamongextremepoints.

�Extremepointscanbeeasilydescribedinalgebraic

terms.

�Findsuchapoint.

�Generateadescentdirectionwhichleadstoabetter

extremepoint.

�Continueuntilconvergence(finite!)
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Dualityandoptimality

�LPproblemsareconvexproblemswithCQfulfilled

(linearconstraints—Abadie).

�Strongdualityholds.

�KKTnecessaryandsufficient!

�LagrangiandualsameasLPdual.

�Simplexmethod:alwayssatisfiescomplementarity;

alwaysprimalfeasibilityafterfindingthefirstfeasible

solution;searchesforadualfeasiblepoint.
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Anintroductoryproblem—ADUPLOgame

�Amanufacturerproducestwopiecesoffurniture,tables

andchairs.

�Theproductionoffurniturerequirestwodifferent

piecesofraw-material,largeandsmallpieces.

�Onetableisassembledfromtwopiecesofeach;one

chairisassembledfromoneofthelargerpiecesandtwo

ofthesmallerpieces.
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PSfragreplacements

Table,x1

Chair,x2

Smallpiece

Largepiece

�Data:6largeand8smallpiecesavailable.Sellinga

tablegives1600SEK,achair1000SEK.

�Nottrivialtochooseanoptimalproductionplan.
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�Whatistheproblemandhowdowesolveit?

�Solutionby(1)theDUPLOgame;(2)graphically;

(3)theSimplexmethod.

maximizez=1600x1+1000x2

subjectto2x1+x2≤6,

2x1+2x2≤8,

x1,x2≥0.
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PSfragreplacements

x1

x2

z=0

z=2600

z=5200

x
∗

=(2,2)
T
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Furthertopics

�Sensitivityanalysis:Whathappenswithz
∗
,x

∗
if...?

�Adualproblem:Amanufacturer(Billy)producebook

shelveswithsamerawmaterial.Billywishtoexpand

theirproduction;interestedinacquiringourresources.

�Twoquestions(withidenticalanswers):(1)whatisthe

lowestbid(price)forthetotalcapacityatwhichweare

willingtosell?;(2)whatisthehighestbid(price)that

Billyarepreparedtoofferfortheresources?The

answerisameasureofthewealthofthecompanyin

termsoftheirresources.
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Adualproblem

�Tostudytheproblem,weintroducethevariables

y1=thepricewhichBillyoffersforeachlargepiece,

y2=thepricewhichBillyoffersforeachsmallpiece,

w=thetotalbidwhichBillyoffers.

�Example:Netincomeforatableis1600SEK;needto

getatleastpricebidysuchthat2y1+2y2≥1600.
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minimizew=6y1+8y2

subjectto2y1+2y2≥1600,

y1+2y2≥1000,

y1,y2≥0.

�Whythesign?yisaprice!

�Optimalsolution:y
∗

=(600,200)
T
.Thebidis

w
∗

=5200SEK.

�Remarks:(1)z
∗

=w
∗
!Ourtotalincomeisthesameas

thevalueofourresources.(2)Thepriceforalarge

pieceequalsitsshadowprice!
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Geometric⇐⇒Algebraicconnections

�Musthaveequalityconstraints.Why?Inequalities

cannotbemanipulatedwhilekeepingthesamesolution

set!Equalitiescan!

�Goodtoknow:EverypolyhedronPcanbedescribed

intheform

P={x∈R
n
|Ax=b;x≥0

n
}.

�Wecallthisthestandardform.
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�Slackvariables:(x∈R
n
,b∈R

m
,A∈R

m×n
)

Ax≤b,

x≥0
n

⇐⇒

Ax+I
m

s=b,

x≥0
n
,

s≥0
m

�Wecanalwaysassumeeventhatb≥0
m

;otherwise,

multiplynecessaryrowsby−1.

�Idea:Wedescribeanextremepointthroughthis

characterizationofthefeasibleset;wethenprovethat

movingbetween“adjacent”extremepointsissimple.

�Basicfeasiblesolutionsisthebuzz-word.Algebraic

descriptionofanextremepoint.
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�Note:x:Ax=b=⇒Linearalgebra.

�x≥R
n

:Ax=b=⇒Polyhedra,convexanalysis!

�Signrestrictions?Ifxjisfreeofsign,substituteit

everywhereby

xj=x
+

j−x
−
j,

wherex
+

j,x
−
j≥0!
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Basicfeasiblesolutions(BFS)

�ConsideranLPinstandardform:

minimizez=c
T
x

subjecttoAx=b,

x≥0
n
,

A∈R
m×n

withrankA=m(otherwise,deleterows),

n>m,andb∈R
m
+.

�Apointx̃isabasicsolutionif

1.Ax̃=b;and

2.thecolumnsofAcorrespondingtothenon-zero

componentsofx̃arelinearlyindependent.
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�Abasicsolutionthatsatisfiesnon-negativityiscalleda

basicfeasiblesolution(BFS).

�Additionalterms:degenerate,non-degeneratebasic

solutions.

�ConnectionBFS–extremepoints?

�Theorem9.7:Apointxisanextremepointoftheset

{x∈R
n
|Ax=b;x≥0

n
}ifandonlyifitisabasic

feasiblesolution.

�ProofbythefactthattherankofAisfull+

Theorem3.17.
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TheRepresentationTheoremrevisited

�Theorem9.9:LetP={x∈R
n
|Ax=b;x≥0

n
}

andV={v
1
,...,v

k
}itssetofextremepoints.Ifand

onlyifPisnonempty,Visnonempty(finite).Let

C={x∈R
n
|Ax=0

m
;x≥0

n
}and

D={d
1
,...,d

r
}bethesetofextremedirectionsofC.

IfandonlyifPisunboundedDisnonempty(finite).

Everyx∈Pisthesumofaconvexcombinationof

pointsinVandanon-negativelinearcombinationof

pointsinD:

x=
k

∑

i=1

αiv
i
+

r
∑

j=1

βjd
j
,
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forsomeα1,...,αk≥0suchthat
∑k

i=1αi=1,and

β1,...,βr≥0.

�ThisisarestatementofRepresentationTheorem3.22,

adaptedtothestandardformoftheLP.
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ExistenceofoptimalsolutionstoLP:Theorem9.10

�LetthesetsP,VandDbedefinedasinTheorem9.9

andconsidertheLP

minimizez=c
T
x

subjecttox∈P.

Thisproblemhasafiniteoptimalsolutionifandonlyif

PisnonemptyandzislowerboundedonP,thatis,if

c
T
d

j
≥0foralld

j
∈D.Iftheproblemhasafinite

optimalsolution,thenthereexistsanoptimalsolution

amongtheextremepoints.

�Proof.Letx∈P.ThenbytheRepresentation
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Theorem,

c
T
x=

k
∑

i=1

αic
T
v

i
+

r
∑

j=1

βjc
T
d

j
.(1)

NowvaryxoverP.Then,wevaryαiandβjonly.

Then,thefirsttermaboveisfinite,thesecondisfinite

ifandonlyifc
T
d

j
≥0foralld

j
∈D.Supposingthat

thatistrue,wechooseβj=0forallj.

�Now,let

a∈argminimum
i∈{1,...,k}

{c
T
v

i
}.
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Then,

c
T
v

a
=c

T
v

a

k
∑

i=1

αi=

k
∑

i=1

αic
T
v

a
≤

k
∑

i=1

αic
T
v

i
=c

T
x,

thatis,theextremepointv
a

isaglobalminimum.
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Adjacentextremepoints

�Considerthefollowingpolytope.

PSfragreplacements

x

u(adjacenttox)

w(notadjacenttox)
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�Everypointonthelinesegmentjoiningxandu

cannotbewrittenasaconvexcombinationofanypair

ofpointsthatarenotonthislinesegment.However,

thisisnottrueforthepointsonthelinesegment

betweentheextremepointsxandw.Theextreme

pointsxanduaresaidtobeadjacent(whilexandw

arenotadjacent).

�Theorem9.13:Twoextremepointsareadjacentifand

onlyifthereexistcorrespondingBFSswhosesetsof

basicvariablesdifferinexactlyoneplace.

�TheDUPLOexample!


