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Analgebraicderivationofthepricingstep

z
∗

=infimumc
T
x

subjecttoAx=b,

x≥0
n

=infimumc
T
BxB+c

T
NxN

subjecttoBxB+NxN=b,

xB≥0
m

;xN≥0
n−m

=c
T
BB

−1
b+infimum[c

T
N−c

T
BB

−1
N]xN

subjecttoB
−1

b−B
−1

NxN≥0
m

,

xN≥0
n−m

�xN=0
n−m

feasible.Letc̄N:=c
T
N−c

T
BB

−1
N.

�Ifreducedcostc̄N≥0
n−m

thenxN=0
n−m

isoptimal.
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�Ifc̄N6≥0
n−m

then∃j∈Nwithc̄j<0.Thenthe

currentpointxN=0
n−m

maybenon-optimal.

�Generateafeasibledescentdirection!

�Chooseonethatleadstoaneighboringextremepoint!

�SwaponevariableinBforoneinN!

�IncreaseonevariableinNfromzero!

�Choose
∗

tobeamongargminimumj∈Nc̄j.
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Thebasischange

�InxN-space:pN=e
∗(unitvector)

�InxB-space:xB=B
−1

b−B
−1

NxN=⇒

pB=−B
−1

NpN=−B
−1

N
∗

�So,searchdirectioninR
n
:

p=

(

pB

pN

)

=

(

−B
−1

N
∗

e
∗

)

�Descent?Yes,becausec
T
p=c̄

∗<0!

�Feasible?MustcheckthatAp=0
m

andthatpi≥0if

xi=0,i∈B.
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�(a)Ap=BpB+NpN=−BB
−1

N
∗+Ne

∗=0
m

�(b)SupposethatxB>0
m

.Then,atleastasmallstep

inpkeepsxB≥0
m

.Butifthereisanı
∗

with

(xB)ı
∗=0and(pB)ı

∗<0thenitisnotafeasible

direction.

�Mustthenperformabasischangewithoutmoving!A

degeneratebasischange:swapx
∗forxı

∗inthebasis.

�Otherwise(andnormally),weutilizetheunitdirection.

�Linesearch?Linearobjective;movethemaximumstep!

�Maximumstep:IfpB≥0
m

thereisnomaximumstep!

Wehavefoundanextremedirectionpalongwhichc
T
x

tendsto−∞!Unboundedsolution.
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�Otherwise:Somebasicvariableswillreachzero

eventually.Chooseastheoutgoingvariableavariable

i∈Bwithminimumin

minimum
i∈B

{

(B
−1

b)i

(B
−1

N
∗)i

∣

∣

∣

∣(B
−1

N
∗)i>0

}

�Done.Inthebasis,replaceı
∗

by
∗
!Gobacktothe

pricingstep.
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Computationalnotes—howdowedoallofthis?

�GivenbasismatrixB,solve

BxB=b.

�GivesusBFS:xB=B
−1

b.

�Pricingstep:(a)Solve

B
T
y=cB.

�(b)Calculatec̄
T
N=c

T
N−y

T
N,thereducedcostvector.

�Choosetheincomingvariable,x
∗.
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�Outgoingvariable:Solve

BpB=−N
∗.

�Thequotientrulefor(B
−1

b)i/(−pB)igivesthe

outgoingvariable,xı
∗.

�Note:ThreesimilarlinearsystemsinB!LU

factorization+threetriangularsubstitutions!

�Factorizationscanbeupdatedafterbasischangerather

thandonefromscratch.

�LPsolverslikeCplexandXPRESS-MPhaveexcellent

numericalsolversforlinearsystems.

�LinearsystemsthebulkoftheworkinsolvinganLP.
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Convergence

�Theorem10.10:Ifallofthebasicfeasiblesolutionsare

non-degenerate,thentheSimplexalgorithmterminates

afterafinitenumberofiterations.

�Roughargument:Non-degeneracyimpliesthatthestep

lengthis>0;hence,wecannotreturntoanoldBFS

oncewehaveleftit.TherearefinitelymanyBFSs.
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�Degeneracy:Canactuallyleadtocycling—thesame

sequenceofBFSsisreturnedtoindefinitely!

�Remedy:Changetheincoming/outgoingcriteria!

Bland’srule:Sortvariablesaccordingtosomeindex

ordering.Takethefirstpossibleindexinthelist.

Incomingvariablefirstinthelistwiththerightsignof

thereducedcost;outgoingvariablethefirstinthelist

amongtheminimainthequotientrule.
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InitialBFS:PhaseIoftheSimplexmethod

�IfastartingBFScannotbefound,dothefollowing.

�Supposeb≥0
m

.Introduceartificialvariablesaiin

everyrow(orrowswithoutaunitcolumn).

�SolvethefollowingPhase-Iproblem:

minimizew=(1
m

)
T
a

subjecttoAx+I
m

a=b,

x≥0
n
,

a≥0
m

.

�Possiblecases:(a)w
∗

=0,meaningthata
∗

=0
m

must

hold.ThereisthenaBFSintheoriginalproblem.
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�StartPhase-II,tosolvetheoriginalproblem,starting

fromthisBFS.

�(b)w
∗

>0.Theoptimalbasisthenhassomea
∗

i>0;

duetotheobjectivefunctionconstruction,thereexists

noBFSintheoriginalproblem.Theproblemisthen

infeasible!

�Whattodothen?Modellingerrors?Canbedetected

fromtheoptimalsolution.InfactsomeLPproblems

arepurefeasibilityproblems.


