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SOLUTION OF QUESTION 1

NICLAS ANDREASSON

By introducing a slack variable x5 and two artificial variables a; and ap we get the
Phase I problem

minimize w = a; -+ap
subject to T -3 +a1 = 3,
T —T2 —2x4 +ay = 1,
2T +x4 x5 = 1,
T, T2, T3, T4, Tz, A1, ay > 0.

Let zp = |a1,a2,25) and oy = [z1, 22,23, 4] be the initial basic and nonbasic vector
respectively. The reduced costs of the nonbasic variables then become

ek —cEBTIN =[-2,1,1,2],
and thus z; is the entering variable. Further, we have
B ' =3,1,7T,
BN, =[1,1,2]7,

which gives

B~
arg min 2,

J,(B~1N1);>0 (B—lNl)j a

S0 as is the leaving variable. The new basic and nonbasic vectors are zp = la1,z1,zs5)
and zy = [a2, T2, 73,24, and the reduced costs of the nonbasic variables become

¢k —cEB7IN =[2,-1,1,-2],
so z4 is the entering variable, and
B~ =[2,1,5)T,
BNy = [2,-2,5)7,

which gives
arg min —B——IL =1
j,(B—g1N4),->O (B-1Ng);
and thus a; is the leaving variable. The new basic and nonbasic vectors become zp =
[z4,71,75) and zy = [ag, T2, T3, a1], and the reduced costs of the nonbasic variables are

¢k = cEB7IN =1,0,0,1],

so g = [T4,71,T5) is an optimal basic feasible solution of the Phase I problem, and
w* = 0. This means that zp = [x4,21,5] is a basic feasible solution of the Phase II
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problem, i.e.,

minimize z= 21
subject to T -3 = 3,
T, —T2 —2x4 = 1,
21, 44 +x5; = T,
T, To, T3, T4, Is, 2 0.

If zp = [v4,71,25) and zy = [z2, T3] we get the reduced costs
ck - ¢EB7IN =10,2],

which means that zg = [z4,21,%5) is an optimal basic feasible solution. But since the
reduced cost of T is zero there is a possibility that there are alternative solutions. Let
zo enter the basic vector. Then we get

B~ =11,3,0],
B~'N; = [0.5,0,-0.5]T,

which gives

arg min B_b =1

(BN, >0 (BTIN);

so x4 is the leaving variable. We get zp = [z2,21,735] and zny = [z4, 73], and the reduced
costs become i

ch —cEB7IN =10,2],
so g = [T2,Z1, 5] is an optimal basic feasible solution, and since

B % =(2,3,1]"

it is an alternative optimal solution.

Answer: The solution of the given LP is not unique. Two different optimal solutions
are given by

z} = [z1, 22,23, 24] = [3,0,0,1],
I; = [.’L'I,ZEQ,ZL':},IL";] = [3127010]y

and
¥ =6.



1 Question 2

a)

If 2*(b) is a basic feasible solution with B~'b > 0 we have that the basis stays feasible for small
changes in b. The optimality of the basis is not affected by a change in b. As we have that the
optimal value is z = ¢f B~1b we get V,z(b) = (cf B~1)T.

b)

Take two right hand sides b; and b, with the corresponding optimal solutions z; and 2. We now
form b(a) as b(a) = ab; + (1 — )b, a € [0,1] and z(a) as z(a) = az; + (1 — a)z2,a € [0,1].

We have that
Az(a) = A(azy + (1 — @)z2) = aAz, + (1 — @)Azs = aby + (1 — a)by = b(a)

Hence z(a) is a feasible solution to the problem

min cTz (1)
subject to Az = b(a) (2)
z 20 3)

(4)

As z(a) is feasible but not necessarily optimal, we get that

2*(b(@)) < cTa(a) = acTz + (1 — a)cTze = az* (b)) + (1 — a)z*(bs)

We now have shown that z*(b) is a convex function.

2  Question 3
We define the following variables.

z. Amount of clay picked from pit.

) Amount of limestone bought from quarry.

Ye  Amount of clay after drying.

v Amount of limestone after crushing.

v Amount of cement produced.

w;  Amount of cement sold to site 4.

P the price we set.

M; Indicator variable, 1 if we sell to site 7, 0 otherwise.

H A sufficiently huge value.

The objective is to minimise profits from sales, after costs.

3
maximise Z w;p — qT] — cTe — dx;

i=1



The constraints are,

o +z.<b
=Y
0.7 = Yy,
V=Y + Ye
L7y < ye
251yl 2 Ye

wi= Mi— o1

m; + p?’
p<(1—=M)H +7;

We must not exceed maximum transport capacity

The weight of crushed limestone equals weight of input
Clay looses 30% of weight when drying

Cement is clay and limestome

minimum amount of clay required

maximum amount of clay allowed

We must produce what we sell

Sold amount depends on price

can’t sell if price is too high

Furthermore, we have sign restrictions

And integrality restrictions

Ty Tly Yoy Yl, Uy W, P 2 0

M;€{0,1},i€1,...,3
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