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Solution to question 1: (a) By introducing a slack variable x4 and two artificial variables

x5 and zg we get the Phase I problem
minimize w = +T5 +Tg
subject to 21, +x3 —x4 +T5 =3,
2z +2x9 +23 +z6 = 9,
Ty, &2, T3, T4 Ts, Te =0

Let zp = [rs5,76) and zny = [z1,T2,73,24] be the initial basic and nonbasic vector
respectively. The reduced costs of the nonbasic variables then become

ck — cEB7IN = [-4,-2,-2,1],

and thus z; is the entering variable. Further, we have

B~ =3,5]T,
BN, =[2,2]T,
which gives
=1 .
arg min (B~ b);

(BN >0 (BTINL);

so 5 is the leaving variable. The new basic and nonbasic vectors are zp = [z1,z6] and
Ty = [z5, T2, T3, T4], and the reduced costs of the nonbasic variables become

ch = cEB7IN =[2,-2,0,-1],

so xg is the entering variable, and

B~ =[1.5,2]T,
BN, =[0,2]T,
which gives
(B~b);

arg min _ ———"1 = 2,
4, (B~1N2);>0 (B 1N2)j

and thus zg is the leaving variable. The new basic and nonbasic vectors become T =
[z1,72) and =N = [zs, T, T3, T4), and the reduced costs of the nonbasic variables are

& —cEB™IN =(1,1,0,0],

so zp = [z1,Z2) is an optimal basis to the Phase I problem, and w* = 0. This means
that zg = [z1, T3] gives a basic feasible solution to the Phase II problem, that is,

minimize 2 = 3z; +T2 +T3
subject to 2T 413 —14 =3,
2z, +2x9 +x3 =5,

Z, T2, T3, T4 20
If zp = [z1,72] and zn = [z3, z4] We get the reduced costs

ek —cEBIN = [-0.5,1],



()
R

which means that z3 is the entering variable, and
B~ b =[1.5,1T,
BN, =[0.5,0],

which gives (5-18)
: i _
7, (%r—gllx\zl)lo (B-1Ny);
so 1 is the leaving variable. We get zp = [z3,29] and Ty = [z1,z4], and the reduced
costs become
& —cEB7IN =[1,0.5),
so zp = [z3,T7) is an optimal basis, and since
B~ =[3,1]T
an optimal solution is given by
z* = [z1,22,73) = [0, 1,3],

and z* = 4.
(b) The reduced cost is

_ 1 0\/2 -1
ek —cEBTIN = [3,0] — [1,¢] (_0.5 0.5> (2 0) =[1,1-0.5(]

which gives ¢ < 2. d



Solution to problem 2: The dual to the given LP-problem is

maximize w = —cz +bTy
subject to Az > b,
ATy > =T,
T, y >0,

which means that the primal problem and the dual problem has the same set of feasible
solutions. Thus, the primal problem is feasible if and only if the dual problem is feasible
and weak duality gives that the problem cannot be unbounded. Suppose that z* > 0.
Strong duality gives that there exists a dual solution such that w* = z*. But this dual
solution is feasible to the primal problem and gives lower value of z than z*, which
contradicts the optimality of z*. Now suppose that z* < 0. The primal optimal solution
is feasible to the dual problem and gives a dual objective value that is higher than z*,
which contradicts weak duality. a



4 solution

In order to formulate the problem, we introduce the following notation:

Parameters:

m  Number of customer areas.

n  Number of possible store locations.

P; Set of locations in area i's primary region
S;  Set of locations in area 7’s secondary region
c; Potential customers in area i

s; Maximum capacity of store j.
r;  Annual cost of ruining a store at location j.
g Annual income per customer

Variables:

y; Binary variable indicating if a store is opened at location i

z;; Customers from area i shopping at location j.

m n
max Z Z I,'jq - X;ijj
J:

i=1 jEPUS;

s.t Zzij+z2zij§cj, i=1,...

JEP: JES:

m
Zzljsyjsjy j=1...,n

i=1

Here, (1.1) measures the income from served customers reduced with the running costs. Equation (1.2)
guarantees that more customers does not come from an area than what is actually there. Equation
(1.3) makes sure that people only shop in open stores.
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