
Nonlinear optimisation � Exerises Otober 26, 2012TMA947 / MMG621 � Nonlinear optimisationExerise 1 � ModellingEmil Gustavsson, Mihael Patriksson, Adam WojiehowskiOtober 26, 2012E1.1 (easy) To produe a g. of ookies it is neessary to have b1 g. of sugar and b2 g. of wheat.Farmer A sells wheat at the prie c11 and sugar at the prie c12 and Farmer B sells wheat at theprie c21 and sugar at the prie c22. Formulate a linear model that minimizes the ost of purhasingsugar and wheat for the prodution of d g. of ookies. Clearly state you variables, objetive andonstraints.E1.2 (easy)(a) Consider the iruit in Figure 1. You wish to deide the voltage V and the resistane R1and R2 suh that the power used at the power soure is minimized, at least a power of P1 isgenerated in R1 and P2 in R2, and the urrent I is at most Imax. State you variables, objetiveand onstraints. (Hint: The power is given by P = V I and Ohm's law is V = RI)
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Figure 1: (E1.2)(b) Assume that you only have resistors available with the resistane r1, r2, . . . , rm. Modifyyour model to aommodate this. (Hint: you must introdue binary variables).
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Nonlinear optimisation � Exerises Otober 26, 2012E1.3 (easy) A ompany wishes to transport a tons of goods between Gothenburg (G) andShanghai (S). There are no diret onnetions, but it is possible to make transfer onnetionsaording to Figure 2. Transporting goods between ity X and Y osts cXY $/ton and there isa maximum apaity of dXY tons. Formulate an LP to minimize the transportation osts. Stateyour variables, objetive and onstraints.
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Figure 2: (E1.3)E1.4 (easy) You are responsible for buying raw plasti in a toy prodution ompany during oneweek. The pries for buying plasti and the demand of plasti in the prodution vary during theweek aording to Table 1. It is possible to store plasti from one day to the next at the prieof 500 SEK/ton. Construt a linear programming model for the optimal purhase of raw plastiduring the week. ost [SEK/ton℄ demand [ton℄Monday 1000 100Tuesday 1500 200Wednesday 2000 150Thursday 1500 250Friday 2500 300Table 1: (E1.4)E1.5 (easy) At one Saturday �ve games take plae in the Swedish football league allsvenskan at�ve di�erent loations. Eah game has to be assigned one main referee and there are �ve refereesavailable. The traveling ost of the referees to the di�erent ities however vary aording to Table2. Construt a mixed integer programming model whih assigns a referee to eah game suh thatthe total traveling ost is minimized.Anders Stefan Johan Lennart BengtGöteborg 50 60 400 430 280Stokholm 500 510 80 60 320Malmö 600 550 500 300 250Helsingborg 500 450 400 400 200Kalmar 300 310 370 320 250Table 2: (E1.5) The table lists the traveling ost in SEK to eah game loation for eah referee.
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Nonlinear optimisation � Exerises Otober 26, 2012E1.6 (medium) A hoolate produer wants to plan the yearly prodution of hoolate. He hasto ful�ll the demand for hoolate in eah month aording to Table 3. In order to produe 1 kgof hoolate he needs 0.7 kg ooa and 0.3 kg sugar. He has the possibility to sign a deal with animporter for monthly deliveries of sugar and ooa, the importer will then deliver the same amountof sugar and ooa eah month (the amount is deided by the hoolate produer, but has to beequal for all months). He an also buy the goods for a higher prie at the loal market, but hasthen the possibility to buy di�erent amounts eah month. The pries are presented in Table 4. Ifthere are goods left after a month's prodution, they an be stored until the next month. There ishowever a maximal storage apaity of 100 kg.Introdue appropriate onstants and variables, and reate a Linear Programming model that min-imizes the yearly prodution osts.jan feb mar apr may jun jul aug sep okt nov de300 230 270 500 150 170 140 230 300 270 350 700Table 3: (E1.6) The table displays the demand for hoolate in kg for eah month.import marketooa 50 70sugar 10 12Table 4: (E1.6) The table displays the pries of goods in kr/kg from import and loal market.E1.7 (hard) The government has assigned you to lead their aid program. They are willing tospend 1 % of the national gross produt of b SEK. They are onsidering to give aid to a set ofountries N = {1, . . . , N}. The aim of the aid program is to inrease the Human DevelopmentIndex (HDI) in the ountries whih is alulated by measuring the three fators eduation perapita, life expetany and gross national produt per apita (GDP). We may therefore onsiderthe HDI index as a measure of development per apita in a ountry.For all ountries j ∈ N let aj denote the urrent value of the HDI index, cj the inrease of HDIper SEK given as aid to the ountry and pj the population size. There are only a limited numberof aid programs in eah of the ountries. This puts a limit on the maximal aid that a ountry anreeive, let dj SEK denote the maximal aid ountry j an reeive.(a) Write a linear program for distributing aid that maximizes the HDI in the region formed byall the ountries onsidered.(b) You are given new diretives from the government, they think that the aid should be fousedon a maximal number of M ountries. Introdue integer variables in your model (i.e. write anLinear Integer Programming model) in order to aommodate this demand.() There has reently been some disussion onerning aid to ountries with high HDI. Thegovernment wants you to write a new model that maximizes the minimal HDI among the ountries.Extend your model in a) to an LP model that aommodates this demand.E1.8 (hard) You are in harge of delivering o�ee to M = {1, . . . ,m} afes from N = {1, . . . , n}depots. The demand for o�ee in afe j is dj . The ost of delivering x kg of Gi�y from depot ito afe j is given by the pieewise linear funtion fij(x) := ck
ijx + mk

ij if ak
ij ≤ x ≤ ak+1

ij for some
k = 1, . . . ,K − 1. We have that a1

ij = 0 and aK
ij = dj . We only need to satisfy the demand in l outof the m afes (the remaining afes an obtain their o�ee in a di�erent way). Construt a linearinteger model for the delivery of o�ee at minimal ost.3



Nonlinear optimisation � Exerises Otober 26, 2012E1.9 (hard) Consider a set of ities indexed N = {1, 2, . . . , n}. The ost of traveling betweenity i and j is cij . Assume that ity 1 is the home town of a traveling salesman and that he has tovisit all the ities 2, . . . , n. The traveling salesman problem (TSP) is to �nd a minimal ost routestarting from ity 1 and ending in ity 1, suh that every ity is visited one. Figure 3 illustratesa TSP tour with �ve ities.
3

4

5

2

1

Figure 3: (E1.9) An example of a TSP tour with 5 ities. Here x13 = 1, x35 = 1, x52 = 1, x24 = 1and x41 = 1 all other variables xij = 0.Consider the following MIP model for the TSP. The variables are de�ned as
xij =

{

1 travel to ity j after ity i,
0 otherwise.The model is then as follows.minimize ∑

i∈N

∑

j∈N

cijxij (1a)subjet to ∑

i∈N

xji = 1, j ∈ N (1b)
∑

i∈N

xij = 1, j ∈ N (1)
xii = 0 i ∈ N , (1d)
xij ∈ {0, 1}, i ∈ N , j ∈ N . (1e)(a) Present a solution to a problem with �ve ities illustrated in Figure 3 whih satis�es theonstraints in model (1), but is not an aeptable TSP route (Draw!).(b) (a) shows that the onstraints of model (1) are not enough to model the TSP. Introdue anadditional linear onstraint for the �ve ity problem in Figure 3 suh that the suggested solutionin (a) beomes infeasible. (HINT: Consider onstraint of the form ∑

i∈A

∑

j∈N\A xij ≥ 1. Speifythe set A ⊂ N . Draw!)() Generalize the proedure in (b) and extend model (1) with an additional set of onstraintswhih assure that we always obtain a feasible route.(d) The number of onstraints of the model in () is large. Solving a model with suh a largenumber of onstraints will be possible only for a very small number of ities. Devise a morepratial solution approah for TSP using the modelling in ().
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