
Nonlinear optimisation � Exer
ises O
tober 26, 2012TMA947 / MMG621 � Nonlinear optimisationExer
ise 5 � KKT 
onditionsEmil Gustavsson, Mi
hael Patriksson, Adam Woj
ie
howskiO
tober 26, 2012E5.1 (easy) Consider the following problem:minimize −(x1 − 1)2 − (x2 − 1)2,subje
t to x1 + x2 ≤ 4,
x1, x2 ≥ 0.(a) Draw the feasible set de�ned by the 
onstraints.(b) Sket
h the level set of the obje
tive fun
tion.(
) Draw the negative gradient of the obje
tive fun
tion and the gradients of the a
tive 
onstraintsat x

0 = (0, 4)T and x
1 = (0, 1)T . Are x

0 and x
1 KKT-points?(d) Show analyti
ally that x

0 and x
1 are KKT-points.(e) Find all KKT-points by visually analyzing the �gure? (Hint: There are seven of them)(f) Whi
h points are global optima?E5.2 (easy) In the �gure below, four di�erent fun
tions (a)-(d) are plotted with the 
onstraints

0 ≤ x ≤ 2.(a) Whi
h points in ea
h graph are KKT-points with respe
t to minimization? Whi
h points arelo
al/global optima?(b) The fun
tion in graph (a) is f(x) = 2 − 0.5x. Find all KKT-points analyti
ally.
0 1 2

0

0.5

1

1.5

2

2.5

3
(a)

0 1 2
0

0.5

1

1.5

2

2.5

3
(b)

0 1 2
0

0.5

1

1.5

2

2.5

3
(c)

0 1 2
0

0.5

1

1.5

2

2.5

3
(d)

Figure 1: E5.2. Four di�erent fun
tions (a)-(d). All with 
onstraints 0 ≤ x ≤ 2.E5.3 (easy) Consider the problem tominimize ex1 + x2

1
x2,subje
t to x1 + x2

2
≥ 4,

x1, x2 ≥ 0.(a) State the KKT 
onditions for the problem.(b) Are the KKT 
onditions satis�ed at (0, 2)T and (1, 1)T ?1



Nonlinear optimisation � Exer
ises O
tober 26, 2012E5.4 (easy) In whi
h of the following problems are the KKT 
onditions ne
essary/su�
ient foroptimality?(a) minimize −2x1 − 3x2 + x3,subje
t to x1 + 2x2 + 2x3 ≤ 6,
−6x1 + 2x2 − 2x3 ≥ 9,

2x1 + 3x2 + 5x3 ≤ 8,
x1, x2, x3 ≥ 0.(b) minimize 2x2

1
+ 2x2

2
− 4x1 + x1x2,subje
t to x1 + 2x2 ≤ 6,

2x1 − 2x2 ≥ 2,
x1, x2 ≥ 0.(
) minimize 2x2

1
− (x2 − 1)2 + 5,subje
t to x2

1
+ 2x2

2
≤ 4,

3x1 − x2 ≥ 1,
x1, x2 ≥ 0.(d) minimize −x1,subje
t to x2 − (x1 − 1)3 ≤ 0,

x1, x2 ≥ 0.E5.5 (medium) Consider the problem tominimize −x3

1
+ x2

2
− 2x1x

2

3
,subje
t to 2x1 + x2

2
+ x3 = 5,

5x2

1
− x2

2
− x3 ≥ 2,

x1, x2, x3 ≥ 0.(a) State the KKT 
onditions for the problem.(b) Verify that the KKT 
onditions are satis�ed at (1, 0, 3)T
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Nonlinear optimisation � Exer
ises O
tober 26, 2012E5.6 (medium) Consider the problem:minimize f(x), (1a)subje
t to gi(x) ≤ 0, i = 1, . . . ,m, (1b)where f : R
n → R and gi : R

n → R, i = 1, . . . ,m are di�erentiable fun
tion. A point x
∗ is 
alleda KKT-point if it is feasible in (1), Abadie's 
onstraint quali�
ation holds at x

∗ and there existsa ve
tor µ ∈ R
m su
h that

∇f(x∗) +

m
∑

i=1

µi∇gi(x
∗) = 0

n, (2a)
µigi(x

∗) = 0, i = 1, . . . ,m, (2b)
µ ≥ 0

m (2
)Whi
h of the following statements are true?(a)
x
∗ global minima of (1) ⇒ x

∗ is a KKT point.(b)
x
∗ lo
al minima of (1)CQ holds at x

∗

}

⇒ x
∗ is a KKT point(
)

x
∗ is a KKT pointCQ holds at x

∗

}

⇒ x
∗ lo
al minima of (1)(d)

x
∗ global minimum of (1)problem (1) is 
onvex }

⇒ x
∗ is a KKT point(e)

x
∗ is a KKT pointproblem (1) is 
onvex }

⇒ x
∗ is global minimun of (1)E5.7 (medium) Consider the problem:minimize −2(x1 − 2)2 − x2

2
,subje
t to x2

1
+ x2

2
≤ 25

x1 ≥ 0(a) Does any 
onstraint quali�
ation hold?(b) Find all KKT-points.(
) Find the global minima.E5.8 (medium) Consider the problem:minimize 4x2

1
+ 2x2

2
− 6x1x2 + x1,subje
t to −2x1 + 2x2 ≥ 1,

2x1 − x2 ≤ 0,
x1, x2 ≥ 0.Is x = (0, 1/2)T a KKT point? Can you draw any 
on
lusions from this regarding the optimalityof x? 3


