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JLKNMPOIQSR�T	U.OVQWT�T�XYX
L(n) = n Z\[L] T_^V^VT�`-TaXYb ] ^cOVd5TeXBT_^

n
K.MPO)d [L]gf XYX1h f U.OVQ1i f!jlk�mYn ^VoTEUpXYq_XBTa^3OV` j b�R5XWOVq_`3K

r T_Q Z T_^c^ts
n = 0

q.u k n = 1
K?vew n_] ^cOVR k�f X f `xX ] OcU.OyTa^zX{QWT_`7`|o f�]6j7f�} `�OzXWOcqL`~TEU

L(n)
K

� ` j b�R5XWOVq_`�QYQ�X f d7s��P`5XBT_d�TaXSX�o�w_QSXWw f ` j7f X n_] QYT_`�X Z\[_] T_^V^VTP`-TaXWb ] ^VOcd5T�XBTa^
k

QWw j T_`-T
T�XYX

k ≤ n j-n_] n ≥ 1
K7MeO�QYR�T{U"OcQWT�T�XYX j w n_]�j�f X�q.uBR�QWw�QWTa`�X Z\[L] n + 1

K(� f `�U.O
k T ]

L(n + 1) = 2L(n) − L(n − 1) = 2n − (n − 1) = n + 1,

j�n_]pj�f ` Z\[L] Q�XBT�^cOVR k�f X f ` Z\[ ^ mSf�] TEU j�f�} `�OcXYOVqL` f `�TEU
L(n)

q.u k�j�f `�T_` j�] TxTEU
Oc` j b�R5XYOVqL`�QYT_`�XWT_d5T_` j�f X!K� b Z\[ ^ mSf!]�j�f X�TEU&QYTaXWQ f `�qLi�XYq_XBTa^�OV` j b7R�XYOVqL`�T�XYX

L(n) = n Z\[_] Ta^V^yT�`-TaXYb ] ^cOVdLT
XWT_^

n
K

�"K���TL�
S = {1, 2, 3, 5, 6, 10, 15, 25, 30, 50, 75, 150}

K
�\h(��� f ^yT�XWOVq_` f `~� j�f ^VT ]���n_]pf `�o�T ] XYO f ^c^�q ]Yj `�Oc`�d�o-w j�f `�TaXWb ] ^VOcd5T�XBTa^ f `/q.u k

j-n_] i f�j&n_]N]Sf QSX ] OcR�XYOVqL` f `�XWOV^c^
S

q.u�R�QWw f `2o-T ] XYO f ^V^�q ]Yj `�Oc`�d�K
�\u,���PT_QSQ f� ¡j OVT_d ] T_i&s
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�7K��?b�R�^cO j�f Q�T_^Vd_q ] OzXYi d f!] s

97 = 1 · 54 + 43

54 = 1 · 43 + 11

43 = 3 · 11 + 10

11 = 1 · 10 + 1

��^V^zXWQWw n_] QYd j (97, 54) = 1
K�MeO f!] Q n XYX f!] QYb�u�u f QYQYOcU�X j�f�f!]Sk w_^V^c`-T ]Sf QSX f!] `-T q.u k

Z w ] s

1 = 11 − 1 · 10 = 11 − (43 − 3 · 11) = 4 · 11 − 1 · 43

= 4(54 − 1 · 43) − 1 · 43 = 4 · 54 − 5 · 43

= 4 · 54 − 5(97 − 54) = 9 · 54 − 5 · 97.

�?`�^ [ QY`�Oc`�d n_] T_^c^cXYQWw
x = −5 · 6 = −30

q.u k y = 9 · 6 = 54
K"��^V^VT�^ [ QS`�OV`�dLT ] d f Q

j�n_] i f!j T,U
x = −30 + 54n

q.u k y = 54 − 97n
i f!j n ∈ Z

K
� K���TL��v f X } `�`�Q���hIq_R�QSX n U f!] q.u k TEU j�f QSQWT } `7`�Q j�f X f ` j b�h�h f ^{������q.u k f `X ] OVo�o f ^�������K-v f X�h f X	� j�f!] TaXSX j7f X�XWqaXBT_^VT T_`�XWT_^ f X�i [�m ^VOzd5T�q ]Sj&n_]

8!

2!3!
=

8 · 7 · 6 · 5 · 4 · 3 · 2

2 · 6
= 8 · 7 · 5 · 4 · 3 = 56 · 60 = 3360.

�\h(��v f X n_]�f `�R�^yT ]Sf TaXSX ]Wn R.`�T�b7X9T_`�XWT_^ f X6QSqLi Oc`�` f�k w_^c^ f!] XYU�w
� O ] T j q.u kQYb�h"X ] T k�f!] T j�f XSXBT Z\] wa` j�f XPXWqaXBT_^VT9T_`�XWT_^ f XEK(�P`�XWT_^ f XPi [�m ^cOcdLT6q ]Sj i f!j�j�f
[ U ] Ocd5T{Q f�� h)qLR�QSX n U f�] `-T na] 6!/3!

K(��T_`2R4T_`2Q f!j T_`2o�^VT_u f�] T Oc`�   o-T ]Sf X�o-w
Q m b2qL^cOVR�T�QSX n ^c^ f `3K�v f X�d f�] TaXYX�Ta`�XBTa^ f XNb7XBTa`�XYUaw�� O ] T j&na]

3360 − 7 ·
6!

3!
= 3360 −

7!

3!
= 3360 − 840 = 2520.

�"K���TL��v f `6QYR�T�UaT ] T ]Sf��-f�� OcU QWw�T_^V^VT Z\f i o-T ] (a, a)
i9w_QSX f UaT ] T�i f!j K�� ] Ta`�QYOzXWOcU.O  X f X f `{R ]Wn U f!] TaXYX

(1, 3) na] i f�j Kav f XSXBT ]Wn uBR f�] Z\[L] TaXYX j�f `{QYR�TPh�^VO5X ] T_`�QSOcXWOzU)K
v f ` na] `�b2q.u�R�QWw6T_`�XYOVQ��.i6i f X ] OVQSR���QYw

P = {(1, 1), (1, 3), (1, 4), (2, 2), (3, 3), (4, 3), (4, 4), (5, 5)}

n_]Nj�f `2i9Oc`�QSXWT o�T ] XYO f ^V^VT�q ]Yj `�OV`7d�QYqLi Oc`�` f�k w_^c^ f!] R K
�\h(�� ]Yf u�OVQpQYq_i O Z\[_] QSXWT j7f ^Vb7o�o�dLO Z X f ` Z w ] U"OeT�XYX�T_^c^yT Z\f i o-T ] (a, a)

ilw_Q  X f U�T ] T2i f�j q.u k TaXYX�X ] T_`�QSOcXWOzU.OcX f X f `$R ]Yn U f�] TaXSX
(1, 3) na] i f!j K�� [L] TaXSX

j�f ` `.b q.u�R�QWw|QSR�T~UaT ] T~Q��"i6i f X ] OVQSR�i9w_Q�X f U"O�q.uBR�QWw|OV`7R.^cb j�f�] T~T_^V^VTxO
� �����cJ4���y� � �zJ4���V����� � �! 5K7v f ` n_] `�b&q.uBR�QWw6Q��"i6i f X ] OVQSR"��QYw

E = {(1, 1), (1, 3), (1, 4), (2, 2), (3, 1), (3, 3), (3, 4), (4, 1), (4, 3), (4, 4), (5, 5)}

n_]Nj�f `2i9Oc`�QSXWT f R5U.OcUaT_^ f `7Q ]Yf ^yTaXYOVqL`�QYqLi OV`�` f�k w_^c^ f�] R K



�

�7K���TL�pMeO k T ] X f�� TaXYX
4 | 22

i f ` 4 - 2
K

�\h(�� waX
a = p2b

K3vPwpd n ^c^ f!] TaXYX
b ∈ N f�Z X f!] QYqLi

p2 | a
K�� n XYXe`�b

n = pb
K�vew

d n ^c^ f�] TaXSX
n2 = p2b2 = ab

QYw
a | n2

��i f ` a > n
QYw

a - n
K

�\u,���P`5XBT_d$TaXYX
a | n2

q.u k U.OcQWT$TaXSX j w�d n ^V^ f!] TaXYX
a | n

K � waX
a =

∏r

i=1
pi

j-n_] pi na] qL^cOVR�Tlo ] OVi�XBTa^�K)MPO Z w ] T�XYX
pi | n2 Z\[L] T_^V^VT

pi

K � f ` Z\[L] o ] Oci�XBT_^
p

d n ^c^ f�] TaXYX6q_i
p | ab

QYw k T ] U"O�TaXYX
p | a f ^c^ f�] p | b

�?QWw�U.O�R�Ta` j�] TQY^cb7XWQYTaXWQ f `&T�XYX
pi | n

K�v n_] i f�j Oc`�d5w ] T_^c^yT
pi

O�o ] Oci�XBT_^cQ Z T_R5XWq ] OcQ f!] Oc`�d f `�T,U
n
��QYw

n = m
∏r

i=1
pi = ma j�n_] m n_]�f XSX�`-TaXYb ] ^cOVd_XgXWT_^tK"��^V^cXYQWw k T ] U.O�TaXYX

a | n
U.OV^cR f XNUaT ] o ]Yf u!OcQNUaT j U.O QSR�b�^V^ f U"OcQWT7K

� K���TL��?`�^VOcd_X �?b�^ f!] Q�QYTaXWQ n_] kp−1 ≡ 1 (mod p)
K-v f X�d f�] TaXSX

1 +

p−1∑

k=1

kp−1 ≡ 1 +

p−1∑

k=1

1 = p ≡ 0 (mod p),

j U1Q
p j�f ^yT ] b7XYX ] �.u�R f XEK�\h(� ��T�X f�� p = 4

K-vew n_]

1 +

p−1∑

k=1

kp−1 = 1 + 13 + 23 + 33 = 37 ≡ 1 (mod 4),

QWw j�f X�d n ^c^ f�] OV`5X f T�XYX
4 j7f ^yT ] b"XYX ] �.u�R f XEKI��^V^zXWQWw d n ^c^ f!]Nj�f X�OV`5X f T_^V^zXWO j�j w

p
Oc`�X f�na]�f XYX�o ] OVi�XBTa^�K


