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OQP7PSRTPVUXWZY\[�]�^`_�a�^�^�b�]#cdbfeVb�g�bfP1U�aT]`e�bfPh_�ij_`k�RjUXWZ^�Wl^`^mRonSijpXq7]rcdR�^`]`W�_�b�PsY\t�]#bfP
u W�P�v`aT]LRwUXx�W u e�P7W�P�gyx�b�]�[�]znSiyUXW u kTbfPjxSRT_JUXWERTP{U�aTP�e7b�]�|~}JWBU�bf^�_`bfeSRTPj^�W�e7W�g{R�]`b�R�^`^
^`W u u bfP u W�P�v`a�]IRwUXx�W u e�P�W P�g

g
p�t�]3b�P�cdR�^�]�W�_

A
_�iTeSR�PoR�^`^

g(x) = Ax,

e�aT]�bfP u W gT^3x�RT_`_�R�^�_`bfPocdR�^�]�W�_�b�P
A

^Sb���W�Y�R u�u bf^IW
3

e�W�c�b�P�_�W�[TP�b�]Ig�b�_�R�U

A =
(

g(e1) g(e2) g(e3)
)

e�aT]
e1 � e2

[X�mp
e3

aT]5_�^�RTP�eSR�]`e�xSR�_�U�b�k{^�[T]`b�]�PSR7|S�Mbf^`^�R�a�]ZW�_
v`a u U�R�U�bf]`kTb�^�W P1^�bMc�b�]
a�PVbfPVe�b u RwU�_`RTP�P�W P�g�b�P~|��oR�^�]`W _`bfPVx�bf]`[�]�v�qVWZ_
v`a u U�RoU�bf]`kTbf^rnSi�UXW u kTbfP�xSRT_#UXW
U�a u v�bf]�|5�Lb�^�aT]zv�q�_�^�WM_�^mRTP7eSRT]`e7xSRT_`bfP�_�[�c e�b�P�_�b�]yq7^�_�i�pSaT]f|I��k�RscdRTPhU�RT]`R
]�W�k{^�W gT^IkT[�]`]�b�k{^M_`irx�[�]`e�b�cdRTP�_�kX]�W U�R�R�^`^

g(x) = AxE,

e�aT]
xE

aT]
x

kT[X[�]`e�W PSR�^`b�]�WHx�RT_`bfP
E = (e1 e2 e3)

[X��pop�RdW�i�^�RTP�kTb�R�^`^
A

x�b�]�[�]
n�irxSRT_�b�P�|
� P1^�RTg�P1q�R�^`^

F = (f1 f2 f3)
aT]3b�P�RTP�PSR�P�xSRT_f|��IRT_`_`R�^�_�b�P�g�b�]3PXq�R�^`^

g(x) = AFxF ,
eSa�]

AF =
(

g(f1) g(f2) g(f3)
)

�M���X �¡E��¢M£¥¤�¦T§
g ¨�©Tª�©�«X¬�­¯®±°
­�²f³Tª`©#©T¨�´�°
®l«T­S°
­Xµ�¶w·�¸º¹�ª�·@²�°¼»m¬�ª`©Tª3ª�½�¸�¸y¬ § ¹ ¦

xy ¾
¹�®l©T­~¬ §¼¿JÀ °ÂÁ7©Tª § °�«T°lµ{©Tª�¬J¶w¬ §�§ © §Ã§ «X¬�­S­�©rÁ7©Tª�¸�© § ª�°�¶w¬�­

A =





1 0 0
0 1 0
0 0 0





°B¶ § ©T­�«{©Tª�«{´m©�¶w¬�­ ¿
¤�¦T§ ­S½�°�¶ § ³T®
®�¬ §

F ¨�©Tª�©oÄ5ÅJ¾�´m©�¶w¬�­�¶w·�¸Æ´f¬m¶ §Ç¦ ª�©T¨#¨T¬mÈ § ·�ªm¬�ª�­�©

F =
(

f1 f2 f3
)

=





1/
√

3 1/
√

2 1/
√

6

1/
√

3 −1/
√

2 1/
√

6

1/
√

3 0 −2/
√

6





·w»mÁd® ¦T§
h ¨�©Tª�©r«X¬�­�®±°
­�²f³Tª�©r©T¨�´�°
®l«T­S°
­XµÉ¶w·�¸Ê¹�ªm·@²�°¼»m¬�ª�©Tªz·�ª § ·�µX·�­�©T® § ¹ ¦ ¹�®l©T­~¬ § ¶w·�¸

¶Ç¹�³T­S­7¶�½�¹{¹V©T¨ f1 ·w»mÁ f2
¿ÂË © § ª�°�¶w¬�­�Ì�Í�ª�«X¬�­S­�©�©T¨�´�°
®l«T­S°
­Xµ�Î�ÏBÐ�Ñ �XÒ

F È{·�¸�¸y¬�ª
« ¦ © §�§ ¨�©Tª�©

AF =
(

h(f1) h(f2) h(f3)
)

=
(

f1 f2 0
)

=





1 0 0
0 1 0
0 0 0





Ó ¬ § ¨ ¦ ®±°
­�²f³Tª�©�©T¨�´�°
®l«T­S°
­1µ{©�ª�­�©�³Tª�½w¹{¹S¬�­�´m©Tª�®±°¼¬�­�·�®±°�ÈT©�Ô §ÃÕ ­~·�ª�¸�©T®±¨T¬mÈ § ·�ªm¬�ª�­�© e3ª�¬m¶Q¹S¬mÈ § °
¨T¬ f3
§ °
®
®�¹�®l©T­~¬�­j³Tªz°
­ § ¬I¹7©Tª�©T®
®�¬�®
®l© ¿�Ó ³Tªm¬�¸y· § Á7©TªÉ«X¬ § ¨ ¦ ®±°
­�²f³Tª�©y©T¨�´�°
®l«T¾

­�°
­Xµ{©Tª�­�©�¶�©T¸�¸�©�¸�© § ª�°�¶#·�¸Ö¸�©T­�²�·T´w´m©Tªz°�«X¬ § ¨ ¦ ·�®±°�ÈT©�´m©�¶w¬�ª�­�© ¿
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O(b���b�c�n u bf^5_�iÉ_�iTgÉUXW�R�^`^5cdR�^`]`W�_�b�PrY\t�]�e�b�P u W ^`b�k1]�i�P�g u W�g{R�]`b�RwUXx�W u e�P7W�P�g�bfP
h

x u bfU
u W�k�R u a�^�^E_�[�c Y\t�]

g
xSRT]`RJUXW7U�R u e�b3R�^`^�v�[�x�x�Rzc�b�erbfP u aTcdn u W gLxSRT_f|��MWl^`^mRLcyR�^�]`W _`bfP

Y\tT]
h

W�_�^�RTP�eSR�]`e�xSR�_`b�Pya�]EW�P{^�b u W�k�R u a�^�^ � cdbfPrUXWS_�k�R�_`b�R�^�^�cyR�Prk�R�PdRTP1U�aTP�eSRzU�iT]
k1q�P7_`k�R�n�[�cFx�RT_`x��X^`b�P¯Y\t�]ZR�^`^ZY�iÉY\]�RTc e�b�P�|�}�RTe�UXW~_�t�kTb�]3aT]IR u�u ^�_�iÉb�P¯cdR�^`]`W�_

B_`iTeSR�PoR�^�^
h(x) = BxE.W�_�^�RTP�eSR�]`e�xSR�_`b�P~|�}LW�_`iTg�[�U�RTP�R�^`^
h(x) = AFxFW5xSRT_`bfP

F
|��S]�iTP�RwUX_`P�Wl^`^`bf^�[�c xSRT_`x��1^�b�P _`i�UTbf^�UXW3R�^`^#kT[X[�]`e�W PSR�^`b�]`P�R�WZ_�^mRTP��

e�RT]`e�x�RT_`bfP�[X��p�xSR�_`b�P
F

a�]�]�b u R�^�bf]�RTe�bzg�bfP�[�c
xF = F−1xEUXW u kTb�^�g�b�]�R�^`^

h(x) = AF F−1xEY\[T]�^`Y�R�]�RTP�e7b�q7^�^�]��X�mk{^�WÂxSRT_�b�P
F

|	�(t�]zR�^`^zt�U�bf]`_�a�^`^mR�e7bf^`^�R¯^�W u�u kT[X[T]`e�W PSR�^�bf]zW
E_`irq7^�P��1^`^�v`R�]3UXWHR�^`^

yE = FyF

cdbfe
yF = AF F−1xE

[X��p�Y�iT]3_ u q7^ u W g�bfP
h(x) = FAF F−1xEWS_�^�RTP�eSRT]�e�xSRT_�b�P

E
|X�LbfPy_`t�k{^mRÉcdR�^�]�W�_`bfPdaT] R u u ^�_`i

B = FAF F−1
|1OQP{^�q�Wl^�WlUX^�k�RTP

cdRTP#^�[ u k�R
B

_`[�c _�iÉR�^`^EY\t�]�_�^�t�U�bf]`_�a�^`^�bf]
F−1

Y\]`iTPr_�^mR�P�eSRT]�e�xSRT_�b�P�^�W u�u xSRT_�b�P
F �_�b�eSR�Pyq7^�Y\t�]

AF

e7b�P u W�P�v`aT]�RJRwUXx�W u e�P�W P�g�bfPrWSxSRT_`bfP
F

[X��pd_ u q7^ u W g�bfPr_�i�t�U�bf]`_�a�^`^�bf]
F

^�W u u xSR�k�R�^`W u�u _�^�RTP�eSR�]`e�xSR�_`b�P~|S}JW�_`RTc�cyRTP�Y�R�^`^�RT]ZW�Y\t u v`RTP�e7bz_�R�^�_�|

 Ð���Ñ £¥¤�¦T§ ¬�­�®±°
­�²f³Tªr©T¨�´�°
®l«T­S°
­Xµ�Á7©�¸�© § ª�°�¶w¬�­ AF °�´m©�¶w¬�­ F = (f1 f2 f3)

¿�Ó�¦
Á7©TªÉ«X¬�­�¸�© § ª�°�¶w¬�­

A = FAF F−1

°B¶ § ©T­�«{©Tª�«{´m©�¶w¬�­ ¿
�M���X �¡E��¢�
 À ° ¦T§ ¬�ª�È�­ Õ�§ ¬�ª § °
®
®{Ì�Í�ª�ª`©�¬���¬�¸L¹�®�¬ §Ç¿�� ­S® °lµ § ¶�© § ¶w¬�­�¶ ¦ Ì ¦ ªÉ¨w°�­S½�© §�§
¸�© § ª�°�¶w¬�­�Ì�Í�ª�«X¬�­�®±°
­�²f³Tª�©�©T¨�´�°
®l«T­S°
­XµX¬�­ h °(¶ § ©�­�«1©Tª�«{´m©�¶w¬�­¯µX¬m¶�©T¨

A = FAF F−1 = FAF F t =
1

6





5 −1 2
−1 5 2
2 2 2



 .

Ä�´�¶�¬�ª�¨T¬�ª�©.¶Q¹S¬�»�°¼¬�® ® § © §�§
F−1 = F t ¬\Ì § ¬�ª�¶w·�¸ «X¬ § ³Tª ¬�­ Ä5ÅL¾�´m©�¶�¶ ¦

F ³Tª ¬�­
Ä5ÅL¾Q¸�© § ª�°�¶ ¿MË ©T­�È�½X­�«X¬�µT°
¨T¬ § ¨w°�¶�Á7©sª`³�È�­�© § Ì�ª�©T¸ A «T°
ª�¬mÈ § µX¬�­�·�¸ © §�§#§ ³T­7ÈT©
µX¬m·�¸y¬ § ª�°�¶mÈ § Ô�¸y¬�­ °
­ § ¬�½ § ©T­º¬�­ ÁS¬�®�«X¬�®�´�¬m¶�¨�³Tª ¿�Ó ¬ § ®�Í�­�©Tª�¶�°lµs© §Ã§ ²�·T´w´m©.¸y¬`«
·�®±°�ÈT©y´m©�¶�¬�ª���·w»mÁ�®l³Tª�©r¶�°lµ¯©T­S¨�³T­�«{´m©Tª�©�¶�© § ¶w¬�ªJ¶w·�¸Æ«X¬�­.·�¨�©T­�� ¿
�EP�RwUdUXW�P�_�^�bf]`PSR�c�b�e�R�^`^3x�bf]�aTk1PSR�b�g�bfP1U�aT]`e�bfP�[�c cdRTP¯k�RTP�p�W ^�^mR�b�P¯Y\q u�u q�n�n��
_`a�^`^`P�W�P7g�RwU u W P�v`aT]�^J[�x�b�]�[Xb�P�e�brb�g�bfP1U�bfk1^`[�]`bf]���[X�mp e�b�^�g�iT]J^Sb�� _�[�c UXWÂU�b�^�[�c
cdR�^`]`W _`b�P�aT]�_��Xcdc�bf^`]`W�_�k��3aT]�R�^�^�cyR�P�Y�iT]3b�P�xSRT_�eSaT]�e�bfP u W�P�v`a�]�R�R�UXx�W u e�P�W�P7g�b�P
a�]�U�a u e�W gT^�b�P�kTb u |��BihbfPºxSRT_�x�bf_�^�iTb�P�e7b�R�U�b�gTb�P1U�bfk{^�[�]�b�]o_�ihaT]#v�q¥cyR�^�]`W _`bfP
x�RT]�Rjc#q u ^�W n u W k�R�^�W [TP�c�b�eVb�^`^r^�R u nSij]`bf_`n�bfk1^`W U�b�xSR�_�U�b�k{^`[�] � _`i R�^�^rcdR�^�]�W�_`bfP�W
bfg�bfP1U�b�k{^`[�]`_�x�R�_`b�Pox u W�]Ze�W�RTg�[�P�R u |7�Lb�^MaT]3e7bf^`^�Rr_�[�c aT]3k�aT]`P�RTP�W~U�RTe�_`[Tc k�R u�u RT_
Y\tT]�� Î\Ð! #" Ò Ð ¢ Î�Ñ �%$ Î Ò  _`[�c aT]EPSaT_�^mRÉaTc�P�b3e�izUXWS_`k�R�k1P%�1^mR�_�RTc�cdRTP�b�g�bfP1U�a�]`e�bfP
c�bfe�e�b�P7PSR�e7W�_`k1q�_�_`W [�P�[Tc x�RT_`x��X^`b�P�[X��p u W P�v`aT]`R#RwUXx�W u e�P�W P�g{R�]�|
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� ?@-�N�9�8L-�=@?@/�6�D7?�8MN
�EP � Î�Ð� " Ò Ð ¢L  Ð�� $ Î�Ñ a�]Jb�P cdR�^�]�W�_M_`[�c>xSRT]`R�pSRT]JP�[ u�u [�]Mq7^�RTP7Y\t�]Le�W R�g�[�PSR u bfP�|
��iTeSRTP�R�cyR�^�]`W _`bf]�a�]�U�a u e�W gT^�b�P7k u RdR�^�^Mp�RTP1^`b�]�R�n�idR u�u R�c�t�v u Wlg{R#_�a�^`^M[X�mp�UXWH_`k�R
_�bÉp1q�]�cdRTP�k�RTP�q7^`P%�1^`^\v`Rre�bf^�^mR�Y\t�]3x u R#_��Xc�cdb�^�]`W _`k�R�cdR�^�]�W�_�b�]f|
�¯���(Ò Î ��Î " Ò¥£¥¤�¦T§

A ¨�©Tª�©¯¬�­ n× n ¾Q¸�© § ª�°�¶ ¿MÀ °�¶�³wµX¬�ªz© §Ã§
A ³Tª � Î�Ð! #" Ò Ð ¢ Î�Ñ �%$��

Ï�Ð $ ·�¸:«X¬ §�� ­S­7¶�°
­S¨T¬�ª § ¬�ª�´m©Tªz¸�© § ª�°�¶ P ·w»mÁ�«T°�©wµX·�­�©T®�¸�© § ª�°�¶ D ¶ ¦ «{©T­�©y© §Ã§

A = PDP−1.

�EP�e�W ]`b�k{^E^�W u�u a�c�n�P7W P�gzRwU#e�W R�g�[�PSR u Wl_`bf]`W P�g�b�Pra�]�R�^`^�e�b�^ x u W ]Â_�PSRTx�x7^5R�^�^�x�b�]�a�kXP�R
bfP�gT[Xe7^ �X�mk u W grn�[T^`b�P�_�RwU

A
|�}LW�Y�iT]

A2 = (PDP−1)(PDP−1) = PD(P−1P )DP−1 = PD2P−1,

UXW u kTb�^�cdbfe�b�P�q�n�n�bfPXxSR�]�W�P�e7q�k{^�W�[TP�g�bf]

An = PDnP−1.

�Mbf^Ma�]I^�]�W UXW R u ^3R�^`^3x�b�]�a�kXP�R
Dn

�\U�R�]�Y\t�]
	 �5[X�mp�_�b�eSRTP�x�bfp�t�U�bf]�UXW�xSRT]�R#c#q u ^`W n u W �
�fb�]`R�c�b�e

P
[X�mp

P−1
|

� b�P7[�c R�^`^�c#q u ^�W n u W ��bf]�R#c�b�e
P

Y\]`iTP�p�t�g�bf]�W�xSiTeSR u bfe�b�P�_`i�Y�iT]IUXW�e�bfP�b�k{UXW U�R �
u b�P{^mR u W�k1p�bf^`b�P

AP = PD.� P1^�RTg�PXq¯R�^�^
A

pSRT]
n

_�^ �X�mkTb�P u W�P�v`aT]�^ [�x�bf]`[Xb�P7e�bJb�gTb�P{U�b�k{^�[�]�b�]
v1, . . . ,vn

cdbfe
c�[T^`_�U�R�]�RTP�e7b�b�gTb�P{U�aT]`e7b�P

λ1, . . . , λn � e3U5_
Avi = λivi

Y\t�]
i = 1, . . . , n

|
�Hi�^
PU�RT]�RocdR�^�]�W�_`bfP�_`[�c pSRT]

v1, . . . ,vn

_`[�c kT[ u [�P�P�bf]�[X��p u i�^
D

U�R�]�Roe�b�P�e�W�RTg�[ �
P�R u cdR�^`]`Wl_M_`[�c>pSR�]

λ1, . . . , λn

nSiye�W RTgT[�PSR u bfP�| �EY
^`b�]�_`[�c>kT[ u [�P�P�bf]`PSR�aT] u W�P�v`a�]�^
[Tx�b�]`[XbfP�e�bÉ_`irkT[�cdc�bf]

P
R�^`^3U�RT]`RrW�P{U�b�]�^�bf]`xSRT]f|�}JW~Y�iT]

AP = A
(

v1 . . . vn

)

=
(

Av1 . . . Avn

)

=
(

λ1v1 . . . λnvn

)

= PD.

}LW~pSRT]3R u u ^`_�iÉUXW�_`R�^�R�^�^3[�c
A

p�RT]
n

_�^ �X�mkTb�P u W�P�v`aT]�^5[�x�b�]�[Xb�P�e�bzb�gTb�P{U�b�k{^�[�]�b�]�_�i
a�]Ee�b�P�e�W R�g�[�PSR u Wl_`b�]�xSRT]f|��Jc�U�aTP{^�_�iÉRTP{^mRTgÉR�^`^

A = PDP−1
aT]Ee�W�RTg�[�PSR u Wl_`bf]`xSRT]f|

�Lid_�b�]�cyR�P�e�W�]�b�k{^�Y\]�i�P
AP = PD

R�^`^�kT[ u [�P�P�bf]`PSRrW
P

a�]�bfg�b�P{U�b�k{^�[T]`b�]M^`W u u
Ac�bfe�b u b�c�b�P{^�b�P�W

D � _�e�W�RTg�[�PSR u _`[�c bfg�bfP1U�a�]`e�bfP�|�}LW�pSR�]�R u u ^`_�i�UXW�_`R�^3Y\t u v`R�P�e�b �

 Ð���Ñ 
 � ­ n × n ¾Q¸�© § ª�°�¶o³Tªo«T°�©wµX·�­�©�® °�¶w¬�ª�´m©�ªo·�¸ ·w»mÁ�¬�­�«{©�¶ § ·�¸ «X¬�­ Á7©Tª n
¶ §ÃÕ »mÈ{¬�­j®±°
­�²f³Tª § ·T´�¬�ª�·w¬�­�«X¬�¬¼µX¬�­S¨T¬mÈ § ·�ª�¬�ª ¿
� b�P7[�c R�^`^�q7^`P%�1^`^\v`R�U�RTe.UXW�U�b�^#[�c _���c�c�bf^�]�W�_�k�R�cyR�^�]`W _`bf]�_�i�Y�iT]�UXW�Y\t u v`RTP�e�b
Y\t u v�e�_`R�^�_ �

 Ð���Ñ�����°
®
®Â¨�©Tª
²�¬�¶ Õ ¸�¸y¬ § ª�°�¶mÈ�¸�© § ª�°�¶ A ¶ ¦�� ­S­7¶�«X¬ § «T°�©wµX·�­�©T®B¸�© § ª�°�¶ D ·�»mÁ
Ä5ÅL¾Q¸�© § ª�°�¶ P ¶ ¦ «{©T­�©�© §�§

A = PDP t.
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�M���X �¡E��¢ � À °(¶ ¦ µ�¶w¬�­�©�¶ § © §Ã§

A =

(

3/4 1/4
1/4 3/4

)

,

Á7©{«X¬É¬¼µX¬�­S¨�³Tª�«X¬�­�© 1 ªm¬m¶Ç¹�¬mÈ § °
¨T¬ 1/2 ¸y¬`«�¸y· § ¶�¨�©Tª�©T­�«X¬ �Ç­~·�ª�¸y¬�ª�©{«X¬ �r¬¼µX¬�­S¨T¬mÈ § ·�¾
ª�¬�ª (1/

√
2)(1 1)t ·w»mÁ (1/

√
2)(1 − 1)t

¿zÀ °(¶�³ §Ã§ ¬�ª�« ¦ ¬�­S®±°lµ § ª�¬m»m¬Q¹ § ¬ § ·�¨�©T­

P =
1
√

2

(

1 1
1 −1

)

·w»mÁ D =

(

1 0
0 1/2

)

,

¨w°
® È{¬ § µX¬�ª
PDP t =

1

2

(

1 1
1 −1

)(

1 0
0 1/2

)(

1 1
1 −1

)

=
1

2

(

1 1/2
1 −1/2

)(

1 1
1 −1

)

= A

¶�·�¸ ¶�© § ¶w¬�­�®�·�¨�©{«X¬#·w¶m¶ ¿
}LW�_�k�R�P1q ]�b u R�^�bf]�R e7W RTg�[TPSR u W _�b�]�W�P�gTb�PhRwUVb�P cyR�^�]`W _�^�W u�u xSRT_�x%�1^�bfP Y\t�] u W�P�v`a�]�R
R�UXx�W u e�P�W P�g{RT]f| � P{^mRTg�R�^`^�UXW�pSRT]�b�P u W�P�v`aT]rRwUXx�W u e�P�W P�g _`[�c pSR�]dcdR�^�]�W�_�b�P

A
W

_�^mRTP7eSRT]`e7xSRT_`bfP�|~}LWB_�iTgy^`W�e�W g{RT]�b�R�^`^L[�c
F = (f1 f2 . . . fn)

a�]Lb�PjRTP�PSRTP�xSRT_L_�i
gTb�_�cyR�^�]`W _`bfP¯Y\t�]3e�bfP u W�P�v`aT]`R#RwUXx�W u e�P7W�P�g�bfP¯W�xSRT_�b�P

F
R�U¯cdR�^`]`W�_�b�P

AF

e�aT]

A = FAF F−1.

�
}JW3Y\[T]`c#q u b�]�R�e�b¯[X��p UXW�_�R�e�b�xSRT]�R _�R�^`_`bfP Y\t�]
n = 3 � cdbfPh_�R�cdcdR RT]`g�q7cdbfP1^

Y\q7P�g�bf]�RT]IY\t�]3g�[Xe7^ �X��k u W�gT^
n

| � �Jc UXW�v`aTcrY\t�]Ze�bf^�^mRrc�b�e�e7W RTg�[TPSR u W _�b�]�W�P�gTb�P

A = PDP−1

_`i.Y�iT]�U�WLR�^�^
D

p�b u ^yb�P�kTb u ^¯aT]dcyR�^�]`W _`bfP
AP

Y\t�]de�b�P u W�P�v`a�]�R RwUXx�W u e�P7W�P�gTb�PhW
x�RT_`bfP

P � e3U5_zxSRT_�b�Pj_`[�c:x�b�_�^miT]JRwU�b�gTb�P{U�b�k{^�[�]�b�]`P�R7|H��b�Pj[�cÆUXW�^maTP�kTbf]JbfY
^`b�]
u W ^`b�_`i�k�RTP UXW�W P�_`b�R�^�^Ée�bf^�^mR�x�RT]�R�aT]zb�P.[�crY\[�]`c#q u b�]�W P�g�RwU�UXW u u k�[�]`b�^ÉR�^�^�U�RT]`R
bfg�bfP1U�b�k{^`[�]`bf]�|
� P1^�RTgs^Sb���R�^`^

v1

aT]ye�b�P Y\t�]`_�^mR�b�g�bfP1U�bfk1^`[�]`P W
P

|Z�JiskT[�c�cdbf]ye�bfP R�^�^�pSR
k�[X[�]`e�W PSR�^`b�]`P�R

(1 0 0 . . . 0)t
W(xSR�_`b�P

P
|���b�P

Av1 = λ1v1

[X�mp
λ1v1

pSRT]JkT[X[T]��
e7W�PSR�^�b�]�PSR

(λ1 0 0 . . . 0)t
W�xSRT_�b�P

P � _`i�Y\tT]`_�^�R�kT[ u q�c�P�b�PdW
AP

kT[�cdc�b�] R�^`^ U�RT]`R
(λ1 0 0 . . . 0)t

UXW u kTbf^IaT]5_�RTc�cyRÉ_`[TcFY\tT]
D

|��(i#_`RTc�cyRÉ_�a�^�^Icd[T^`W U�bf]�RT] cdRTP�R�^`^
e7b�R�P�e�]�R�kT[ u q�cdP7b�]`P�R�[X��k1_�ir_�^ma�cdc�b�]It�U�bf]`bfP�_�|
�Xq�c�cdbf]�RT]�UXW�_�i Y�iT]�U�W�R u u ^`_�i R�^�^de�bfP u W�P�v`aT]�RjRwUXx�W u e�P7W�P�g�bfP _�[�c pSRT]

A
_�[�c

cdR�^`]`W _ �\WS_�^�RTP�eSRT]�e�xSRT_�b�P#�EpSRT]�bfP�U�a u e�W�g�^Eb�P�kTb u cdR�^�]�W�_ÂWSxSRT_�b�PyRwU�bfg�b�P{U�b�k{^�[T]`b�] ��Mb�PoaT]3e�W�RTg�[�P�R u |
� ?@8LN��M=�CED�GBC�D7KL6�/�������KL6�=@8L?@8LN

��q _�k�R U�W3^�Wl^`^mRjnSi U�RTe cdRTP k�RTP gTt�]�R [�c cdRTP pSRT]�b�P cdR�^`]`W _r_�[�c W P1^`b�aT]
e7W RTgT[�PSR u Wl_`b�]�xSRT]�| �Jc>cyR�Pj_ u aTn�n�bf]znSiyUXW u u k�[�]`b�^

P = Q
WBY�RTk{^�[�]�W�_�b�]`W P�g�bfP

A =
PDQt

R�U�b�P�_��Xc�cdb�^�]�W�_`k¯cyR�^�]`W _�_`idUXW�_`RT]Me�b�^J_`W g�R�^�^LcyR�P�R u u ^`W e�k�RTP	�SP7PSRybfP
_`iTeSR�P�Y�RTk{^`[�]`W _`b�]�W�P�grR�U¯bfP�g�[Xe7^ �X�mk u W�g ��W�P{^�bzP�tXe�U�aTP�e�W gT^`UXW _�k{U�RTe�]�R�^�W�_�k��3cdR�^`]`W�_f|
�5bfUXW�_�bf^MRwUyY\t u v`RTP7e�bz_`R�^�_ u W g�gTb�]Iq�^mRTP7Y\tT]3e�b�P�pSaT]3kXq7]`_`bfP�|
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 Ð���Ñ�� ¤�¦T§
A ¨�©Tª�©�¬�­ m×n ¾Q¸�© § ª�°�¶ ¿�Ó�¦ � ­S­7¶I«X¬ § ¸�© § ª�°�¶w¬�ª U, V ·w»mÁ Σ ¶ ¦ «{©T­�©

© §�§��
� ¿

A = UΣV t
¿

� ¿
U ³Tª#¬�­�Ä5ÅJ¾Q¸�© § ª�°�¶�©T¨�¶ § ·�ª�®�¬mÈ m × m

¿
� ¿

V ³Tª#¬�­�Ä5ÅJ¾Q¸�© § ª�°�¶�©T¨�¶ § ·�ª�®�¬mÈ n × n
¿

� ¿
Σ ³Tª#¬�­
	 «T°�©wµX·�­�©T®��{¸�© § ª�°�¶�©T¨ZÌ�·�ª�¸y¬�­

Σ =















σ1 0 0 · · · · · · · · · 0
0 σ2 0 · · · · · · · · · 0

0 0

¿ ¿ ¿
· · · · · · · · ·

¿¿¿¿¿¿ ¿¿¿
. . . σr · · · · · ·

¿¿¿
0 0 · · · · · · 0 · · · 0















«{³Tª σ1 ≥ σ2 ≥ · · · ≥ σr > 0
¿


 ©�È § ·�ª�°�¶w¬�ª�°
­XµX¬�­ A = UΣV t ÈT©T®
®l©�¶SÌ�Í�ªI¬�­zÑ�Î Ò  �� ¢��!$����!$ ��� Ñ�� ¡B¡��H�X¢ÃÒ Î Ò  �� 
�� ���
©T¨ A ·w»mÁ (σ1, . . . , σr) ÈT©T®
®l©�¶ÂÌ�Í�ª A

� ¶�Ñ�Î Ò  �� ¢��!$����!$ ���XÒ5¿
� ÒB ���$ ��Ò Î Ò  £¥Ë © § ª�°�¶w¬�­ Σ ³Tª#½�­S° È § ´�¬m¶ § ³T¸�« ��·w»mÁ «{³Tª�¸y¬`«�³TªÉ¶�°
­XµT½�®l³Tª�¨�³Tª�¾
«X¬�­�©�½X­S°�È § ´�¬m¶ § ³T¸�«{© �wÔ�¸y¬�­ «{³Tª�¬�¸y· § ³Tªd¸�© § ª�°�¶w¬�ª�­�© U ·w»mÁ V °
­ § ¬y½X­S°�È § ´�¬�¾
¶ § ³T¸�«{© ¿
�Mbf^ �SP�P7_ZW P�g�bfPdb�P7kTb u R u g�[�]�Wl^�c R�^`^ x�b�]`aTk1PSR#�X}z�ºR�Urb�PycdR�^�]�W�_ÂY\t�]�pSRTP�e � eSa�]`b �
c�[T^ ��P�P�_�e�bf^Bx7]�R�PXq�c�b�]�W�_�k�R�cdb�^�[Xe�bf]H_`[�c u aTcdn�RT]�_`W g�Y\t�]�eSR�^�[T]`x�b�]`aTk1P�W P�g{RT]f|�}LW
_�k�Rde�[X�mk¯_`b�R�^�^�Y�RTk{^`[�]`W _`b�]�W�P�gTb�P�pSa�P�g�b�]�W p�[�n�cdbfe�e�bÉ_��Xcdc�bf^`]`W _`k�RrcyR�^�]`W _`bf]`PSR
AAt

[X�mp
AtA

| � P1^�RTgdR�^`^
A = UΣV t

aT]3b�Po�X}J� RwU
A

|7}JW�Y�i�]3eSi
AAt = (UΣV t)(UΣV t)t = UΣV tV ΣtU t = U(ΣΣt)U t.

�Jx7_`b�]�U�b�]`R�R�^`^
ΣΣt

aT]�e�W RTgT[�PSR u cdbfe
σ2

i

nSi�e�W�RTg�[�PSR u bfP�_�irUXW�_`bf]LR�^`^�U�WHpSRT]�bfP
e7W RTgT[�PSR u Wl_`b�]�W�P7gzR�U

AAt
|��Lb�^`^mRzgTb�]ER�^`^EkT[ u [�P�P7b�]`P�RzW

U
aT]Âbfg�bfP1U�b�k{^`[�]`bf]�^�W u�u

AAtc�bfe�cd[�^�_�U�RT]�R�P�e�b�bfg�b�P{U�aT]�e�b�P
σ2

i

| �(irc�[T^�_�U�RT]`RTP�e�bz_�a�^`^3Y�iT]IUXWHR�^`^
AtA = V (ΣtΣ)V t.

�Mbf^`^�RLg�bf](R�^`^BkT[ u [�P�P�bf]`PSR�W
V
�\e�bf^ÂaT]�eSaT]�Y\tT]�cyRTP�bfP1UXW�_`RT_(c�b�e#R�^�^(pSR

V t
W _�^ma u�u b�^

Y\tT]
V
�IaT]3b�gTb�P1U�bfk{^�[�]�b�]�^`W u�u

AtA
|

�EP¯U�W k{^�W�g�^�W u�u a�c�n7P�W P�g�nSi��X}z� a�]�R�^�^�cdRTP¯k�RTP�q7^`P%�1^`^\v`R�e�b�P¯^�W u u R�^�^I^mR�q�^�e�bf^
UXW k{^�W�g�R�q7] b�PdcyR�^�]`W _E_`[Tc W�P�P7b�pSi u�u bf]EPSi�g�[�Pr^ �XnyRwUrW P7Y\[�]�cyR�^�Wl[�P�| �(��b�c�n�b u �SP7P�_
W P�[�c _`W g�PSR u x�b�pSR�P�e u W P7g � [�c

A
aT]5b�Py^�bf]`c"!�e�[�k1q�c�bfP1^��ÇcyR�^�]`Wl_�Y\t�]5W P7Y\[�]`cdR�^�W [TP�_ �

_�t�k1P�W P�g ��_`i k�R u�u RTe ����O�_�[�c P�W3p�tT]`e�b�[�c nSij^�bfcdR�Y\t�]`b u aT_�P�W P�g�bfP#��[X��p [�c
AW P�P�bfpSi u u b�]Zn�Wl� u RT]`PSR�^`W u u bfP�x7W u e~|�}JW�_`k�RrPXq�RTP1^ �XeSRrpXq7]�e�bf^�pSaT]IY\q�P�gTb�]�R�]�|

�Jc UXW u i�^`b�]IkT[ u [�P7P
i

W
U

U�R�]�R
ui

[X��p�kT[ u [�P�P
i

W
V

U�RT]�R
vi

_�i�Y�iT]IUXW

A = UΣV t =
(

u1 u2 . . . um

)















σ1 0 0 · · · · · · · · · 0
0 σ2 0 · · · · · · · · · 0

0 0

| | |
· · · · · · · · ·

|||||| |||
. . . σr · · · · · ·

|||
0 0 · · · · · · 0 · · · 0

























vt

1

vt

2|||
vt

n











=
r

∑

i=1

σiuiv
t

i
.
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�Jx7_`b�]�U�b�]`R�Y\t�]�_�^ZR�^�^
uiv

t

i

aT]
m×n

�ÇcyR�^`]`W _`bf] � _�i�R�^�^5_�q�cdcdRTP�W�p7t�g�bf] u bfe�bf^5aT] bfP
q7n�n�e�b u P�W P�g�RwU

A
_`[�c _`q7cdcdRTP RwU

r
_�^ �X�mkTb�PscdR�^�]�W�_�b�]�| �EY
^`b�]�_`[�c kT[ u [�P�P7b�]`P�R

W
U

[X��p
V

a�]MP�[�]`c�bf]�RTe�b�_`iykT[�c�cdbf]MR u�u Rrb u b�c�b�P{^LW
uiv

t

i

R�^`^MU�RT]�Rd_`cdi �
≤ 1

��|
�LaT]`c�b�eÉkT[�c�cdbf]He�b�^(R�^`^HU�R�]�R�_�W�P�gTq u aT]�U�aT]�e�b�P�R�_`[�c&RwUXg�t�]Hp1q�]�_�^`[�]�R�cyR�^�]`W _`bf]`PSR
W�_`q�c�cdRTP�aT]f|��zc UXW�PXq�^mR�]�bfP�e7b u RwU�_`q�c�cdRTP

s
∑

i=1

σiuiv
t

i

c�bfe
s < r

_`iykT[�c�cdbf]�e�b�P7PSR¯R�^`^MU�RT]�RdPSaT_�^mRTP u W�k�R�c�b�e
A

[�c
σi

Y\t�]
i > s

aT]
c �X�mkTbf^�cdW P�e�]`bzaTP�e7bf^�_�^`t�]`_�^mRr_`W P�g�q u aT]�U�aT]`e7bf^

σ1

|
�Bt�]�_`W�gTPSR u x�bfpSRTP7e u W P�g�[X��p�Y\t�] ����OzY\q7P�g�bf]�RT]�e�b�^�_`ijR�^�^#cdRTP�g�b�P�[Tc R�^`^�xSRT]�R
^�R¯cdbfe e�br_�^`t�]`_�^mR�_�W�P�g�q u aT]�U�aT]�e�b�PSR � u ^�]`bf]�RT]Jx�[�]�^�_`k1]�a�n.WÂW�P�Y\[�]`cdR�^`W [TP�b�P~| �LaT]
e7bf^�g�a u�u bf]Zx7W u e7b�]Z_`i�k�RTP�cdRTP¯n�i#e�bf^�p�aT]I_�a�^`^�b�^�kT[Tcdn�]�W�c�b�]`R u RTgT]`W P�g�bfP¯R�Uye�b�c
gTb�P�[Tc>R�^�^MY\t�]`_�q�cdcdRr^`b�]`c�b�]�PSRdeSi

i > s
| �Ã�Lb�^ �SP�P�_LW�eSRTgdxSa�^`^�]�b�c�bf^`[Xe�b�]�Y\t�]

k�[�cdn7]`W�c�b�]�W P�g � c�b�P¯e�b�^`^mR#b���b�c�n�b u a�]Ib�P�x�]�R#W u u q�_�^`]�R�^`W [TP�p1q�]��X}J�&Y\q�P�gTb�]�R�]�| �


