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DFEHG,I6J
K�JML�IONOPRQ0S
u TVU#W v X�Y0Z�Y S X Q X0[#\ S T�Z�[�ZFTVU#W^] Q0S

α X�Y0Z�Y`_ba
c!d S YeXVa
c!\H[�]fc
_g[�]h]iY0ckj.[�_mlon Q j.[qp�cras[�Z�Y0ZtXVa�u'v�wrxMy!z�{6z L�|6} v KVE.I

u · v ~.[�c�T�_
u · v = |u||v| · cos α.

�=��E.� { E x N�� a S a SMS Y0Z@� Q*��� ] ��Y0c�j.[ S X Q [�� S Z�[�_mY�[���[�_��r[�]i�
� l PRQ0S

u X�Y0Z�Y�XVa
]�\H[�c`X0[#\ S T�Z�dVT�_�Wr[�]�d S lon Q�� Z
u · u = |u||u| · cos 0 = |u|2.

� l���c S YV~FY SMS
u,v 6= 0 lon Q ~ � ]
]�[�Z�Y S�S

u · v = 0 ⇔ |u||v| · cos α = 0 ⇔ cos α = 0

XVa
]�\H[ SC� Z�[#\�XVa
X�Y0]�[�c S _g[�j�Y SMS
u T�U#W v

� Z�T�Z S T�~.T�c�Y0]iY���XVa
c!\H[�]fZ �0S Y��0l
���! �¡'¢¤£�¡'¢�¥¦¥�§�§, �¨�¥0©hª�¢�«�¢�¬.�®�¨H§�¡�¯°¥V£�§�£�±=£�¡'¨H§�¬0¢�¡'¢;ª0¢6¡�§�§;¢�¡'¡�©�©i§6§#¥�©s²�³�¯H§�¡´¡'¯�£�¡�¨H§�¬�¢�µ
¶.¨�¥0©�ª0¢�«�¢�¬.�®�¨H§�ª0¢t¥0©�©i§� �±g³�¯�·�¡�¯k¬�«�¡�¢�¥�§�¬�¢t«r±F¸�ª0¯�·0�¡'¯^¥�£e£�¡'¨H§�¬0¢�¡'¢�µ6¶.¨�¥0©�ª0¢�«�¢�¬�¹
!®�¨H§�¡'¯�®�«�«�º
»�© ©�¡�¢4ºq¼�©¾½�¥0¯��¡�¢�ª0¨¿¯�¡�¢�¡�·�©�¡�¢'À

1 µ
u · v = v · u µ

Á µ
(cu) · v = c(u · v), c ∈ R

µ
Â µ

u · (v + w) = u · v + u · w µ
Ã ¡%§�£�±�ºq¼�¢� ¤§#¥mºq¼�©Ä½�¡�¢=!³�¢�¡�¨H§�ºq¢�±�¯`�¡�År¯�³i§�³�¬0¯�¡'¯�²Æ¸m¡�¯`�¡'¯e§�¢�¡��½�¡�ª0¢=·H¥0¯� �¨�¥g¨0¬�¸b¹
«!©�³ Ç'¡'¢�¥0ÉÈM �¡���¬�¨0¡�¯� �³ r¥0¯ Â�ÊHË µ�¶�¨�¥0©hª0¢�«�¢�¬.!®�¨H§�¡'¯�ª�¢C¡'¯�¨0¡�©�¥�§�§4¢�ª0¨¿¯r¥�®!§4¬�¸Ì¸�¥0¯
Í ¥0¢@£�¡�¨H§�¬�¢�¡'¢�¯�¥�·0³ £.¯r¥b³R¨0¬.¬�¢��³ ¯r¥�§�¡'¢@¸Î¥Ï«�¡�¯`�tÐ�¹��r¥0 �À
Ñ w K u N �=c S YV~�Y SMS

u T�U#W v W!Y0Z�\HTVT�Z�j0a
c�Y S [�ZÒc�Y (

x1

y1

) Z�[#dÓ�r[#\ S a
X0[ (

x2

y2

) aC[�cÕÔ´Ö�×Ø Y�d (e1, e2) lon Q ~ � ]
]�[�Z�Y S�S
u · v = x1x2 + y1y2.

Ù [�XVa�d'l°Ú ³rºM±0¢;¸ Í ¥t¢�ª0¨¿¯�¡�¢�¡'·0©�¡�¢�¯r¥�¬V£�¥0¯�¬.Ç Í
e1 ·e1 = e2 ·e2 = 1

¬.Ç Í
e1 ·e2 = 0¥�§�§

u · v = (x1e1 + y1e2) · (x2e1 + y2e2)

= x1x2(e1 · e1) + x1y2(e1 · e2) + y1x2(e2 · e1) + y1y2(e2 · e2)

= x1x2 + y1y2.

�

�=��E.� { E xCÛ � a4XVa
]
] Ø [�Z � \�c�Y�XVa
c!\H[�]fcÜ_g[�]
]iY0cÝX0[#\ S T�Z�[�Z�c�Y�_g[�jF\HTVT�Z�j0a
c�Y S [�ZÒc�Y�a
c Q ~.T�cÞÔ´Ö�× Ø Y�d=~0a
XVc�Y�Y0X (

2
1

) Z#[#dÓ�r[#\ S a
X0[ (

3
4

) lß Z Q c u · v = |u||v| · cos α
��Q Z¦XVa

cos α =
u · v
|u||v| =

2 · 3 + 1 · 4√
22 + 12 ·

√
32 + 42

=
10√
5 · 5

=
2√
5
.

�=]
] S d QF� Z α = arccos 2√
5
l
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� I6� y!z�v I6JMI�� N�� T S dÒX�Y�Z�Y0c�j.[°Z�[#d���] S Y S ~ � ]
]�[�Z°a 3 ��TVU#W � X0[�cÞaCW � ~0Z�[Ó��j0a
_g[�cr×
dÒasT�cÆ[�Z'l�n�[ S�� Z°_��¿U#\H[ S XVa�\ S ai~ S Y SMS Ø Y�d�[�c � Z�T�Z S T�c�T�ZÒ_g[�Z�YHjHl
	�a S�S YÜ[�c^~ Q c.~ S a
]
]
� Q Ø [�XVa�dV[ S T�U#W � X0[�Z S ��~HY�j0ai~�T�_ j.[ SMS YHl
Ã ¡�§%Å�¯�¯� %¡�§�§%«r¥0¢�§Ó».«�¡'¢�¥�£^© ³�¯�½�ª�¢�¥�¥V£.��³ ©��¯�³ ¯�·H¥�¢¦ �¬�¸ ª0¢� �«�¡'Ç�³�¡�©�©i§ ³�¯H§�¢�¡' � �¥0¯¿§�¥
¬.Ç Í £.³�¨H§�³�·H¥!µ��;¯Õ¥V£Ü�¡� � �¥kª�¢ £�³  � �¥`«�¢�¬�½�¡�¨¿§�³�¬�¯!¡'¢'µ Ú ³´³�¯�© ¡'�¡�¢%¸m¡' ¥�§�§� �§�®��¡'¢�¥
Èq¬�¢�§�¬�·�¬0¯r¥0© Ë «�¢�¬�½�¡'¨H§�³ ¬�¯�«r±°¡�¯�©�³ ¯�½�¡�µ
DFEHG,I6J
K�JML�I Û PRQ0S

v X�Y0Z�YÜ[�c X0[#\ S T�ZFT�U#W L [�cÕ]fa
c���['l´n�[�c L z K�L�� L�I wrxMwÎ{6z L�
� E v K�JML�IoE.I Y0X v � Q

L � vL �´j.[qp�cras[�Z�Y�d�dVT�_�j.[�c`X0[#\ S T�Z�dVT�_ � Z4�!Y0Z�Y0]
]�[�]
]�_g[�j L
TVU#W�d Q jHY0cÉY S�S

vL · (v − vL) = 0.

v

vL L

Ñ w K u�Û PRQ0S
e X�Y0Z�YÕ[�c [�c!Wr[ S d�X0[#\ S T�Z%�!Y0Z�Y0]
]�[�]
]C_g[�j^]fa
c���[�c L l�n%[�c T�Z S T�~.T�c�Y0]iY

��Z�T9��[#\ S asT�c�[�cÉY0X v � Q
L ~.[#d Y0X

vL = (e · v)e.

Ù [�XVa�d'l=Ú ³¿£�¡�§Ï¥�§�§
vL = te

ºq¼�¢ ¯�±0·�¬0§
t ∈ R

¡�º
§�¡'¢� �¬�¸
e

¬.Ç Í
vL

��±0r¥=ª0¢ «r¥�¢�¥0© ©�¡�© ©�¥
¸m¡�

L
µ Ú ³ r¥0¢�¡tª0¢

0 = e · (v − vL)
«�¡�¢��¡�År¯�³i§�³�¬0¯ ¥�£�¬�¢�§�¬�·�¬�¯�¥0©�«�¢�¬�½�¡�¨H§�³�¬0¯Rµ Ú ³

ºM±�¢
0 = e · (v − vL) = e · v − e · vL = e · v − e · te = e · v − t(e · e) = e · v − t.

� ©�©i§� �±°ª�¢
t = e · v ¬.Ç Í

vL = te = (e · v)e
µ

�

�=��E.� { E x�� Ù [#d Ss� _ j.[�c�T�Z S T�~.T�c�Y0]iY´��Z�T9��[#\ S asT�c�[�c�Y0Xt[�c%~.T'j S �¿U#\�]fai~�X0[#\ S T�Z u =
(

x
y

) � Q ]fa
c���[�c��!Y0Z�Y0]
]�[�]
]�_g[�j v =
(

1
1

) l
Ö�T�ZÒ_g[�ZÒa
c.~�Y0X v ~.[�Z

e =
1

|v|v =
1√
2

(

1
1

)

.

� Z�T9��[#\ S asT�cÆ[�ckY0X�[�cÉX0[#\ S T�Z u =
(

x
y

) ~.[#d Y0]
] S d Q [�cr]fai~ S d�Y S dV[�cÜT�X�Y0ckY0X
uL =

[(

x
y

)

· e
]

e =

[

1√
2

(

x
y

)

·
(

1
1

)]

1√
2

(

1
1

)

=
1

2
(x + y)

(

1
1

)

=
1

2

(

x + y
x + y

)

=
1

2

(

1 1
1 1

)(

x
y

)

=

(

1/2 1/2
1/2 1/2

)(

x
y

)

.

� a�dV[�Z�Y0Xgj.[ S�S Y�Y SMS j.[�crc�Y ��Z�T9��[#\ S asT�c � Zm[�c^]fa
c�� � Z�Y0X Ø a
]ij0cra
c.~ TVU#WÉj.[ SMS Y�~ � ]
] [�Z��� Z T�Z S T�~.T�c�Y0]iY���Z�T9��[#\ S asT�c�[�ZgatY0]
]f_ � c!Wr[ S l�� � a�d'YÝj.[ SMS Ye~.[�c�T�_ Y S�S a
_ba S [�Z�YÝj.[ S
W � Z%[���[�_���]�[ S _g[�j v � S Ø � S�S _gT S [�c�~.T'j S �HU#\�]fai~�X0[#\ S T�Z'l �
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� ±�§
f

¬.Ç Í
g

£�¥0¢�¥g§�£�±g©�³�¯�½�ª0¢�¥m¥V£.��³ ©��¯�³ ¯�·H¥�¢*¸m¡'`¸m¬0§� ¤£�¥0¢�¥�¯��¡%¸g¥�§�¢�³  �¡�¢
A

¬.Ç Í
B

µ Ú ³�ºM±0¢@r±
f ◦ g(x) = f(g(x)) = f(Bx) = A(Bx) = (AB)x,

 �±b¥�§�§4 �¥0¸m¸�¥0¯� �ª�§�§�¯�³�¯�·0¡'¯�ª0¢C¬.Ç#¨¿ �±�¡'¯F©�³ ¯�½�ª0¢´¥�£.��³�© �¯�³ ¯�· ¬.Ç Í !¡'¯ Í ¥0¢C¸g¥�§�¢�³  �¡�¯
AB

µ
� I6� y!z�v I6JMI�� Û n%[ S�� Y�\ S �._ Y S�S

AB 6= BA a@Y0]
]f_ � c!Wr[ S ~.[�Z°Y S�S a4Y0]
]f_ � c!Wr[ S
� Z f ◦ g 6= g ◦ f l
�=��E.� { E x� PRQ0S

f TVU#W g X�Y0Z�YgZ�T S Y S asT�c`\�ZÒa
c.~ T�Z�ai~.TmaR��]iY0c�[ S _g[�j s Z#[#dÓ�r[#\ S a
X0[
t Z�YHj0aMY0c�[�Zt_gT S ��Z�d'lon Q�� Z j.[�Z�Y�dt_�T S d�X�Y0Z�Y0c�j.[t_mY S ZÒa�dV[�Z

A =

(

cos s − sin s
sin s cos s

)

Z�[#dÓ�r[#\ S a
X0[ B =

(

cos t − sin t
sin t cos t

)

.

� Y�_b_mY0c!d �0SMS cra
c.~.[�c f ◦ g � = g ◦ f � � Z,� ��Z�T S Y S asT�c s + t Z�YHj0aMY0c�[�Z�_gT S �.Z#d�d Q XVa
_ Q d S [�W!Y

AB =

(

cos(s + t) − sin(s + t)
sin(s + t) cos(s + t)

)

.

� [�ced'Y0_ S aMj0ai~ S d Q*��Q Z¦XVao~.[�c�T�_�Y SMS _��.] S a���]fasU#[�Z�Y�_mY S ZÒa�dV[�ZÒc�Y�Y SMS

AB =

(

cos s − sin s
sin s cos s

) (

cos t − sin t
sin t cos t

)

=

(

cos s cos t − sin s sin t − sin s cos t − cos s sin t
sin s cos t + cos s sin t cos s cos t − sin s sin t

)

.

ß Z Q ckj.[ SMS Y ��Q Z¦XVa j.[ S Z�ai~.T�c�T�_g[ S ZÒa�d#\0Y�aMj.[�c S a S [ S [�ZÒc�Y
cos(s + t) = cos s cos t − sin s sin t
sin(s + t) = sin s cos t + cos s sin t.

��� B � :�������5��´B
� ±�§

M =
(

a b
c d

) µ��´¡�§�¢�¥0¨H§#¥0� �¬�¸ © ³�¯�½�ª�¢�¥�£.��³�© �¯�³�¯!·@ �±*¥V£.��³ ©�r¥�¢
M

¡�¯ Í ¡�§� �¨H£�¥0�¢�¥�¹
§�¡'¯ «r±°¡�¯�«r¥�¢�¥0© ©�¡�© © ¬0·�¢�¥0¸Ì �¬0¸  �«rª�¯�¯� =¥V£g£�¡'¨H§�¬�¢�¡�¢�¯r¥

u
¬.Ç Í

v

u

v
D

′

Lex

ey D



���������
	��������������������	������ �!��"��#�%$'&)(*&,+.-�-0/ �

�ª0¢
u =

(

a
c

) ¬.Ç Í
v =

(

b
d

) µ � ¢�¡'¥0¯�¥V£�«r¥0¢�¥�©�© ¡'© ©i¬�·0¢�¥�¸m¸m¡�¯
D

′ ²
A(D

′

)
²r·0¡' *¥V£

A(D
′

) = |u||vL|
�ª0¢

vL

ª0¢Ï�¡'¯°¬�¢�§�¬�·�¬�¯r¥�©h¥=«�¢�¬�½�¡�¨¿§�³�¬0¯�¡'¯m¥�£
v

«�±t©�³ ¯�½�¡'¯
L

 �¬�¸ ª0¢Ï¬�¢¤§�¬�·�¬0¯r¥0©�¸�¬�§
u

µ �;¯ ¢�³�¨H§�¯�³�¯�·0 �£�¡�¨¿§�¬�¢@ºq¼0¢
L

¥V£�©hª0¯!·�
1

·�¡' *¥�£

e = ± 1

|u|

(

−c
a

)

.

È�� ¡'Ç#¨.¯!¡�§���¡'¢�¬�¢�«r±���¬0¢�³�¡�¯¿§�¡'¢�³ ¯�·�¡�¯��r¥�£
u

¬.Ç Í
v

µ Ë Ú ³RºM±0¢�¥0© © §� �±
A(D

′

) = |u| |vL| = |u| |(v · e)e| = |u| |v · e| |e|

= |u|
∣

∣

∣

∣

1

|u|

(

b
d

)

·
(

−c
a

)∣

∣

∣

∣

=

∣

∣

∣

∣

(

b
d

)

·
(

−c
a

)∣

∣

∣

∣

= |ad − bc|.

DFEHG,I6J
K�JML�I � PRQ0S
M =

(

a b
c d

) l � a6j.[qp�cras[�Z�Y0Z*j Q j.[ S [�ZÒ_ba
c�Y0c S [�c�Y0X M � det M �
d�T�_

det M = ad − bc.� a;a
c ��� Z%T�U#\Vd Q Ø [ S [#U#\�cra
c.~.[�c
∣

∣

∣

∣

a b
c d

∣

∣

∣

∣

= det

(

a b
c d

)

.

Ú ¥0 Í ª0¯!�¡'¢Ï¬�¸ £.³!³� �§�ª0©�©i¡�§6§�¥0¢,¡'¯b¢�¡�¨¿§�¥0¯�·�¡�©�¸m¡�b �³ �¬�¢�¯r¥
sex

¢�¡' �«�¡'¨H§�³i£�¡
tey �	�

¬
�!³�© �¡'¯m¨0¬�¸m¸�¡�¢ r± ¥�§�§ £�¥0¢�¥ «r¥�¢�¥0© ©�¡�© © ¬0·�¢�¥0¸°¸m¡�¯m �¬�¸  �«rª�¯�¯� C®�«!«F¥�£

su
¬.Ç Í

tv
µ

Ã ¡�§�§�¥eª0¢¦ �¥0¸m¸�¥�«r¥�¢�¥0© ©�¡�© © ¬0·�¢�¥0¸ ¸g¥�¯^ºM±�¢�¬�¸ ¸g¥�¯Ý¥�£.��³�© r¥0¢t¡'¯ Í ¡�§� �¨H£0¥��¢�¥�§�¡'¯
¸m¡� ¸g¥�§�¢�³  �¡�¯

M ′ =
(

sa tb
sc td

)  �±m¥�§�§�«r¥0¢�¥�©�© ¡'© © ¬0·�¢�¥0¸°¸m¡�¯F¨0¬�¸m¸�¡�¢�¥�§�§ Í ¥m¥0¢�¡�¥0¯
|det M ′| = |sa · td − tb · sc| = |st| · |ad − bc| = st| det M |.

Ú ³RºM±0¢�¥�©�©i§� �±
� ¢�¡'¥0¯�¥V£���³�© �¡'¯

� ¢�¡�¥�¯e¥�£F¢�¡'¨H§#¥�¯�·�¡'© ¯ =
|st| · | det M |

|st| = | det M |.


 ¥0¯k¨�¥0¯É£.³� �¥F¥�§�§t �¥�¸�¸�¥g¢�¡' �®�© §�¥�§t·�ª0©�© ¡'¢*ºq¼0¢�¸m¡'¢�¨0¬�¸m«�© ³�Ç�¡'¢�¥��¡%¬�¸m¢�±��¡'¯`¬.Ç Í
£.³ Í ¥�¢@ºq¼�©¾½�¥0¯��¡�©�³i§�¡�¬0«�¢�¡�Ç'³  �¥° �¥�§� 'µ
Ñ w K u �)�=c S YV~kY SMS

D
� Z�[ SMS�� d�c � ]
] S TVU#WÉW �'~V~0]fai~ S� T�_bZ Q j.[°a,��]iY0c�[ S TVU#W^] Q0S

D′

X�Y0Z�Y Ø a
]ij.[�c Y0X D ��c�j.[�Zgj.[�c ]fa
c�� � Z�YÉY0X Ø a
]ij0cra
c.~.[�ck~0a
X0[�c Y0XF_mY S ZÒa�dV[�c M l´n Q
~ � ]h]�[�Z Y SMS

�=Z#[�Y0ckY0X D′

�=Z#[�Y0ckY0X D
= | det M |.

Ã ¡�§�¡�¢�¸m³�¯�¥0¯¿§�¡'¯� �¥0�� �¬�©�®�§���¡'© ¬�«�«k·0¡'¢�¥0© © §� �±F¥�¢�¡�¥�ºq¼�¢�ª0¯!�¢�³ ¯�·�¡�¯ Í ¬� ¦¡'¯^©�³ ¯�½�ª0¢�¥�£¿¹
�!³�© �¯�³ ¯�·�µ
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�=��E.� { E x�� PRQ0S
M X�Y0Z�Y°_mY S Z�a�d�[�c ��� Z�[�c�Z�T S Y S asT�c t Z�YHj0aMY0c�[�Z�_gT S �.Z#d'lRn Q4��Q Z

XVaÏ_g[�j°WÒ� � ] �ÜY0X°j.[qp�cra S asT�c�[�cÉY0X°j.[ S [�ZÒ_ba
c�Y0c S TVU#W S ZÒai~.T�c�T�_g[ S Z�a�d#\0YF[ SMS Y0c^Y SMS

det M =

∣

∣

∣

∣

cos t − sin t
sin t cos t

∣

∣

∣

∣

= cos2 t + sin2 t = 1.

�=]
] S d Q=��� Z � c�j0Z�Y0Z%[�c`Z�T S Y S asT�cÉa
c S [%Y0Z�[�Y0c � ��Z�[ÒU�a�d�dVT�_ XVa;_ba�d#d Ss� c!\ S [ �C[�]
]�[�Z����0lPRQ0S c ��a�d Ss� ]
]�[ S
M X�Y0Z�Y�_mY S ZÒa�dV[�c ��� Z�d#\0Y0]fcra
c.~�_g[�j�[�c � Y�\ S T�Z�d'l n Qg� Z

det M =

∣

∣

∣

∣

s 0
0 s

∣

∣

∣

∣

= s2,

[�]h]�[�Z¦_g[�j�Y0c�j0Z�Y�T�Z�j°d Q�� Z��¾Y0Z�[�Y�d#\0Y0]iY0c�\�X�YHj0Z�Y S [�ckY0X�] � c.~Hj�d#\0Y0]iY0c�� l
	 ¼�©Ä½�¥�¯��¡;¢�ª�¨.¯!¡'¢�¡�·�©�¡�¢oºq¼�¢��¡�§�¡'¢�¸m³ ¯r¥0¯¿§o¨�¥0¯ ¸�¥0¯�©�ª�§�§�£�³  �¥�·�¡�¯�¬�¸ �³�¢�¡'¨H§6¢�ª0¨¿¯�³�¯!·�µ

1 µ
det

(

cu v
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