
���������	��
��������������������������� ��!#"��$�&%�')(+*�*-, .

/10325476989:<;>=3?@2BA A

CED7FHGJILKNMPO5ILOPQ�R�G
.-S�TVU	W�X-Y<Z\[^]_]`X�]_]<[^acb�U�aJd\[&U	e�bfX-a�[�]<gJX-aih�[�Z_g7Y\U�j�X-Z`X�a7]kU�a�l�[^aimn[�op[�acb�U�g7W�[�]

Ax + By + C = 0
[^b�b�[�YqesrtesX�YkX-mn[^]_[�Y\uwv-Y_m

{

x = x0 + tvx

y = y0 + tvy.

x Xzy|{<}�Y~ZkX�m�m�X�Z_X-gcuw}�Y~[�a��^U�Y\g-[�bEm�[^o���[^a7]kY\��m�UEv�Y_U�l�v�vN��W�YkX-o�U�[�a
r �oqj�Z�[^a�b�U�g7W�[�]�vN�$W�[^a�esX�YkX-mn[^]_Y_U�Z_[�Y\U�a�l1Z_v-m�h�[�Z\gNY\U�j�[^Y��^U�Y\g-[�b�a9S

x hHy��5XVa7��U�Z�]$�-b�b�[^]5[^a���U�Y\g-[�b+mn[�o1��[^a7]_Y_��m�U+[�a�l�vNo+]3�N�$gNb�U�l>e���a�gz]
(x0, y0)

S
x ��y|�Pr�]

A =
(

2 0
0 1

) S���[�Z�]$�-m�h�U�b�o�[�a�Xji[^a���U�Y\g-[�b�m�[^o���[^a7]kY\��m�U�v�Y_U�l�v
��a�o�[�Y�o�[^anb�U�aJd_�-Y_XVXjNh�U�b�o�a�U�a�l-[�a�Z\v�m�l�[�Z@X�j

A
Sz�E[�Z\]k�-m�[^anesX-Y_X-m�[�]\�

Y\U�Z_[^Y_U�a�l�vN��W|[�a|[�gzj�XJ]kU�v-a�uw}�Y�h�U�b�o�[^a9S
x oHy x�� m�a�U+W�U�a�a�[^Y$y���[�Z�]$�-m�[�a1esX-YkX�m�[�]kY\U�Z_[^Y_U�a�l>X�j~g7��Y\jJX-a

x4+y4 = r2
S

  j�[^a7]k��[�b�b ]�g#X-a�m�X-a�W�Xta7�7]_]kXnXj¡uw��a�gz]kU�v�a�[^a

Z_l�a
(t) =







1,
v�m

t > 0,
0,

v�m
t = 0,

−1,
v�m

t < 0.

¢ S���}�Z<��e�e�l�U u£] ¢ S¥¤�¦-X§U	h�v�g-[�a x U)jNU�Z_ZkX��-b�o�Y_[1��e�e�bfX-l�v-Y<�-Y<o�[^] ¢ S¨¤-©-X � ]k[�ª+]_[�a
Z_gJXch�}�Ywd_Ximn[�o�«3¬�v�a�Z�]kY_��[�YkXi[�aS�S S¯®3y�S��Pr�]no�[

9
e�Y\vN��[�az]_]kX-b�[^a°��]kl-}�YkXi[^a

3×3
�±m�X�]_Y_U�Z

A
vN��WnX-az]$X-l²X�]_]³[�a

3
�´j�[^gz]kv�Y

v

U�a�a�[^Wsr-b�b�[^Y³X�a7]kX-b�[�]³U�Z\]_v�Y_Z�]$X-o �]$��]_v�Y\]>Y_[^Z_e�[�gz]_U�j�[�bfX-a�o�Z_h7�Nl�o x [^u£]k[^Y
0

r-Y$y�S¶µ���YVm�r-a�l�X�·sa�a�Z<o�[�]<U)o�[&]_Y_[
v�b�U�gJX`g#X�]k[^l�v�Y_U�[�Y\asX~[^u£]k[^Y

1
r-Y$¸   u£]k[^Y

2
r-Y$¸   u£]k[^Y

n
r�Y$¸ xL¹ a�l�X&Z_U º»Y\v�Y�SN�qX-YkX

h�v�g7Z\]k�j�[�Y\asX
A � v vN��W

n
S¥y

¼ S�µ���Y�m¡r-a�lzX<m���b�]kU�e�b�U�g#X�]kU v�a�[^Y�Xj�esX-Y@Xj1]$X-bsg7Yk��jNZEo�[^]@uw}�Y@XJ]_]@m1��b�]_U�e�b�U ��[^YkX
[�a

m × n
�±m�X�]kY\U�Zqm�[^o|[^a

n × p
�±m�X�]kY\U�Z$¸

½ S�¾>az]$X-lnX�]_]�jNUP�-Y�U
R

3
S

x Xzy§T@X�o|h�b�U�Yqb�}�Z_a�U�a�l�Z\m¡�-a�l�o�[^a�]_U�b�b x oqj�Z�j+U�b�g-[^a�]±�Ne¿X�j�v�hNd\[^g7]$y
{

A1x + B1y + C1z + D1 = 0
A2x + B2y + C2z + D2 = 0.

À [�]�·sa�a�Z�v�b�U�gJXtX-b ]k[�Y\asX�]_U�j�SsÁ)}�Y\Z_}�g§l�[²jNU�b�b�g-v�Yqesrng-vN[^Ân�^U�[�az]k[^Y_asXnuw}�Y
XJ]_]�o�[²v�b�U�gJX&uLX�b�b�[�a�Z_g#XnU�az]kY_��º9X+S x ����a�g§l�[�v-m�[�]kY_U�Z_gz]�Ã¥y

x hHy§T@X�o|h�b�U�Yqb�}�Z_a�U�a�l�Z\m¡�-a�l�o�[^a�]_U�b�b x oqj�Z�j+U�b�g-[^a�]±�Ne¿X�j�v�hNd\[^g7]$y






A1x + B1y + C1z + D1 = 0
A2x + B2y + C2z + D2 = 0
A3x + B3y + C3z + D3 = 0.

À [�]�·sa�a�Zqr�]k[^Y_U�l�[�a�v�b�U�gJX`X�b�]k[^Y_asXJ]kU�j�S7Á)}-Y_Z_}-gtl�[�jNU�b�b�g-v�Y�esr~g-vN[�Ân��U�[�a+�
]_[�Y_a�Xnuw}�Y�X�]_]�o�[~v�b�U�g#X�uLX�b�b�[�a|Z\gJX�U�az]kYk�Jº9X+S�T>U�Z_Z_XtuLX-b�b��-Y�Z�j�r-YkX�X�]_]�l�[
a�r-l�YkX�[^a�g7bfX�jNU�b�b�g-v�Y�esr � mn[�a�l�}�Y�[^Y\]�h��-Z\]$X+S
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¤NS�¬�v�b�bfX&��e�e�j�X-o|��a�o�[�Y3�EY_[�Z\e�[�gz]kU j�[~}j�[�Y�]kY_U�X-a�l���bf�-Y�m¡XJ]kY_U�Zqh�[^]±�No�[�Y^S
x Xzy§T@X�o�Ws�-a�o�[^Y�v-m m�X-a§m1��b ]kU�e�b�U ��[^YkX-YE[^a�}j�[�Y3� x ��a�o�[�Y3��y±]kY_U�X-a�l���bf�-Y@m�XJ�

]_Y_U�Z)mn[�o�[�anX�a�asX-a�}#j�[^Y�� x ��a�o�[�Y��3y3]_Y_UfX�a�l���b��-Y5m�X�]_Y_U�Zk¸�T@X-o�Ws�-a�o�[^Y³v�m
m�X-a�m1��b ]kU�e�b U��^[�YkX�Y�[�a�}#j�[^Y\]_Y_UfX�a�l���b��-Y�m�X�]_Y_U�Z�m�[^o�[^a|��a�o�[�Y�]kY_U�X-a�l��N�
b��-Y$¸

x hHy§T>U�Z_X~X�]_] x as�-Z\]kX-aHy	j�X-Ywd\[
2× 2

�±m�X�]_Y_U�Z
A =

(

a b
c d

) g#X-a¡Z_g7Y_U j�X-ZEZ\v�m [^a
��a�U�g¡e�Y\vNo���gz]

A = LU � o��-Y

L =

(

1 0
l 1

) vN�$W
U =

(

x y
0 v

)

.

�E[�Z\]k�-m
L

vN�$W
U

�+]_]kY��N��gz]�U
a, b, c

vN�$W
d

S�T>U�b�gJX
A

g#X-a�U�a7]_[<Z_g7Y_U j�X-Z
Z\v�m

A = LU
¸

x ��y x�� m a�U7W�U�a�a�[^Y$y»TVU�ZkX�XJ]_]�mnv-]kZ�j�X-Y_X-a�o�[�Y_[^Z_��b ]$X�]PvN��g7Zkr�lz�-b�b�[^Y»uw}�Y�j�X�Ywd\[
3 × 3

�´m¡XJ]kY_U�Z^S
� R���F�G#KNMPO�I�OPQ�R�G

.-S�Á)}�YVX�]_]VY_U�]kX¡[�aig7��Y�j�X�U���X�]kb�X-hiX�a7j���a�o�[�Y<m�X-apZ\U�l§bf�-mne�b�U l�[^apXj¿[^aiesXJ�
YkX-mn[^]_Y_U�Z_[�Y\U�a�l�X�jpg7��Y\j�X�a9S À [^]`uw}�Y\Z\]$X�m�X-aih�[�W�}j�[�Y`osr���Y²[�a�esX�YkX-mn[^]_[�Y
t
S���X�]kb�X-h�l�U�b�b�X�Y�U�az]k[²XJ]_]�m�X-a�Zk�-l�[^Y�]s[�ª�«��Pr�]

t
j�X�YkX�U�az]k[�Y�j�X-b�b�[�]qm�[^b�b�X-a

0vN��W
2π

® � ��]$X-a�m¡X-a�uLr�Y�a�}Jd_XtZ\U�ltmn[�o�[^]_]�X-a7]kX-b9e���a�gz]k[^Y�U
[0, 2π]

S
x Xzy�¬�v-b�b�X�jJX-o�g-v-m�m�X-a�o�v-asX

t = 0 : 10 � t = 0 : 0.2 : pi
vN�$W

t = 0 :
pi/16 : pi

l�[�Y^S����-mtuw}�YqZ\b���]\j��-Y\o�[^]�esr�o�[<]_j�rtZ\U�Z\]kX�Ss¬�v�mnmn[�a7]kX-Y$¸
x hHy§T@X�opWs�-a�o�[^Y<v�m o�� ]s[�ª¿]$X-Y

cos t
os�-Y

t
��YV[^apj�[�gz]kv-Y�S x À [^]\]$X��-YV[^a

·�a�[�Z\Z�U��¿X�]_bfX-hnZ\v�m �-Y�[^]_]E�+]_]kY��+�$gnX�jnX�]\]	�¿XJ]kbfX�hnW�[�b�X²]_U�o�[^an]k�-a�g-[�Y
j�[^gz]kv�Y\[�YqvN�$W§m�X�]kY\U�Z\[�Y�S¥y�
�]ka7�7]\]Ld_X&o�[^]_]kX~uw}�YEX�]_]�e�b�v-]\]$X²uw��a�g7]_U�v�a�[�Y_a�X
cos � tan � arctan

vN�$W
exp

x T@X-o|�-Y�o�[�a�Z\U�Z�]$Xz¸#y�U�U�a7]_[�Y\jJX-b�b�[^]
[0, 10]

S
x ��y�¾�a7j���a�o o�[pesX-Y_X-mn[^]kY\U�Z_[^Y_U�a�lzX�YnjNU>uLX-a�a ]_U�o�U�lzX-Y\[|uw}�Y�XJ]_]�e�b�v-]_]kX�[^a

�^U�Y\g-[�b � [�a|[�b�b�U�e�ZqvN�$W�g7��Y�j�X-a
x4 + y4 = r2

S
x oHy��³b�v-]_]kX�[�a���U�Y_g-[�b�mn[�oc��[^a7]kY\��m�U�v-Y_U�l-v�vN��W�e�b�v-]_]kX�Z\[�osX-a�h�U�b�o�[�a�X�j

o�[�a�asX>[�u£]k[^Y	X�]\])o�[^a1b�U�aJd_�-Y_X�X�j+h�U�b�o�a�U�a�l�[�a
A =

(

k 0
0 1

) x uw}�Y�asr-l�Y_X�v-b�U�gJX
k

yqWsX-Y� o�[^uwv�Y\m�[^YkX�]���o�[^a9S��³Y\v#j�Xtlz��Y_asX�vN�$g7Zkr�X�]\]�]H[�ª�Y_v-]_[�Y_Xto�[^a9S
¢ S���}�Z²��e�e�l�U u£] ¢ S¥¤-©-hcU³h�v-g-[�a9S�T@X�o���Y<uw}�Y\o�[�b�a�U�a�l-[�ai[�u£]k[�Y

1, 10, 100, 1000 �
10000, 100000

r-Y$¸ x TVUEl-}�Y1X�a7]$X�lzX-a�o�[�]�X�]_]����7]_]_a�U�a�l-Z_mn}�a�Z\]_Y_[�]t��Y&v-uw}�Y3�
�-a�o�Y_X�])W�[^bfX�]kU�o�[�a � j+U�b�g-[�])l�U j�[^]_jNU�Z)�-Y�]kv-]kX-b�]�h�[^uL��a�l-]	UNe�[�Y\Z_e�[^g7]_U�j�[�]

100000r-Y�S¥yE��[^Z\]$X�mn[�o§uw}�b d_X-a�o�[�Z\]$X�Y\]_uw}-Y_o�[^b�a�U�a�lzX-Y��+X-b�bfX`h�v�YqU»Z�]kv�Y\Z\]$X�o � X-b�b�X~h�v�Y�U
]$��]_v�Y\] � X-b�bfX&h�v�Y�esrtb�X-a�o�Z\h7�Nl�o�[^a�ZkX�m1]�b�U�g#X1m¡r�a�lzX1U�o�[<]kY\[²gJX�]_[�l-v�Y_U�[�Y_a�X�S

¼ S��Pr�]
A

j�X-Y_Xp[^a
5000 × 1000

�±m�X�]kY\U�Z � B
[^a

1000 × 2000
�´m�X�]kY_U�Z~ZkX�m&]

x[�a
2000

�´j�[^gz]kv�Y�S+�5X~]kU�o�[�a¡esr~uw}�b d_X-a�o�[�Z_��]_]�XJ]_]�h�[�Y_�-g7asX1e�Y\vNo���gz]k[^a
ABx

�

(AB)x � A(Bx)
ZkX�m1]

ABx

x oqj�ZtX�]_]�bfrJ]$X��¿X�]_bfX-h�h�[�Z\]k�-mnm¡X¿v�Y_o�a�U�a�l��
[�aHy�S x �¿X-a�g#X-a�X�a7j���a�osX�esX-Y_[�]�]kU����J]_vN�>uw}�Y�X�]\]�m¡��]kX&]_U�o�[^a9S¥yq¬�v�mnmn[�az]$X-Y �Z_b���]kZ_X�]kZk¸��+e�[^bfX-Y�o�[�]�X-h�Z_v-b���]�U�a�l�[^a|Y\v�b�b»W7��Y�m¡X�a�Zk��]\]k[^Y�esX-Y_[^a7]_[�Z_[^Y_asX�¸


�e�e�l-U�u£] ½ h�b�X-a�o�]k[^v�Y_U���e�e�l-U�u£]k[^Y_asX&ZkX-m&]���e�e�l�U�u£] ¢ h�bfX-a�o|o�X�]kv�Y\��e�e�l-U�u£]k[^Y_asX1Z_g#X
Y\[�o�vjNU�Z_X-Z�Z\g7Y_U�u£]_b�U�l-]�]_U�b�b��N]_[^uLX-a9S��+U�Z�]$X�U�a�b��-mna�U�a�l�Z\osX-lt��Y�m�r-a�osX�l�[�a�o�[^a�.��1uw[�hN�
Y\�sX-Y\U S ¹ a�Z\]_Y_��gz]kU�v�a�[^Y³uw}�Y	Y_[^o�v#jNU�Z_a�U�a�l�[^at·�a�a�Z�esr<W�[^m�Z\U�osX�a9S�����Z³o�[�Z\ZkX`a�v�l�l�Y_X-a7]�Ã


