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10[�\H]_^$`0ab`T^c^CdJeAfg`0hCi�]
3 × 5 jlk `�^chce�m

A n.o fqp�ir^chs`0t_^s`vu�i�^*w�e�]Txcy�hs`zi�t_d�`�^ce n ]�m jm|{.m|^ci k ir^
Ax = b

[.\}]:^s`0a n.o t:ms~&`�^c^����0hcm|^s`zt n w n ]�]�i�]�e
A

e�]:^ci*pg`0hc`�p�i�m|^s~0h
`d4] n w�w n hr[���y0]�t4i�h<]:��`�^|^<d.eg`0]_d�y0]�u�irhFi�w�i k i�]_^$y0hc`�hs`0u n�� i�hc`�^se n ]�irh,����h<`�^c^
n�k d�`0]�u�w�`

A
^se�w�w�^chs` ��� m|^ci�a�m�� n h k [

� `_���He�w�tT` n w�e�t#`���� n h k irh���tT`0]�^shs` ��� m|^ci�a�m�� n h k ir]qfg`_� �V� ir^��g]�]�m�1�1�m�^ n w�e jt#`�[����<]
3 × 3 j�k `�^chce�m k i�u�u�ir^ci�h k e�]g`0]_^si�]�m|t:e�w�u���hs~�]�] n w�w	^Ri���fg`�h

��^shc` ��� m�^si�a0m|� n h k ir]A� �
� pR���He�w�tT`�t n w n ]�]�i�hOf�`0h � e d n ^sirw�i k ir]:^Oh|i�m � i�t_^se d�i y0h���h|e�` d�`0h|e�`0p�w�i�h<����h�u�i

n w�e�t#`&� n h k irhc]g`_�
� o �q¡*��h k ~�]�a_`zw���mc]�e�]�a_`�h�tT`0]�u�i n w�e�t#`�� n h k i�h|]g`zfg`_� ¡}��h k ~0]�a_` � `0hs` j

k ir^chs`0hCfg`0h�u�i n�k u�ir^��g]�]�m n y0]�u�w�e�a�^ k ~�]�a_`¢w���mc]�e�]�a�`0h$�
£ [*¤ n w�w�`4� ��� d�`0u¥ir^|^H¦ P�§�PRYRN.X�¨ w�e�]Txcy0h|^�irt:dT`�^se n ]�m|m|{.m|^si k y0h�[g\H]_^$`0a�`�^|^*d.e

fg`0h�ir^|^*ms~0u�`0]:^ k i�u
m

irt_d�`�^se n ]�irh n.o f
n n p�irtT`0]_^$`�[

� `_����`�u�fgy�]�u�irh k iru�f���a�irhcw�iru�m|d�irt_^ n h|]z]gy0h k `0] ��^c���0hª©�`���mcm|i�w�e k e ]g`�^ce n ]
� ~vm|{.m|^ci k ir^$�

� pR�¬«}y0h��g]�]�mzu�i�^&i�]���]�e�t� n y0]�u�w�e�a0^ k ~0]�a�`¬hci�m � i�t_^se d�i�e�]�a_`¬w���mc]�e�]�a_`�h
^ce�w�w®m�{Jm�^si k i�^ n�k m = n

�
� o �q«}y0h��g]�]�mzu�i�^&i�]���]�e�t� n y0]�u�w�e�a0^ k ~0]�a�`¬hci�m � i�t_^se d�i�e�]�a_`¬w���mc]�e�]�a_`�h

^ce�w�w®m�{Jm�^si k i�^ n�k m < n
�

� uR�¬«}y0h��g]�]�mzu�i�^&i�]���]�e�t� n y0]�u�w�e�a0^ k ~0]�a�`¬hci�m � i�t_^se d�i�e�]�a_`¬w���mc]�e�]�a_`�h
^ce�w�w®m�{Jm�^si k i�^ n�k m > n

�
¯ [*°±ir^chs`0t_^s`¢i�^c^�w�e�]#xcy0h|^Oi�t_d�`T^se n ]�mcm�{Jm�^si k Ax = b

�ugy0h
A

y0h±i�]
3× 3 jlk `�^sh|e�m

k iruqt n w n ]�]�i�hc]�`
a1


a2 n.o f a3 n.o f x =

(

x1 x2 x3

)t [
� `_�q².t.h|e�d � h n u���t_^si�]

Ax
m n0k i�]�w�e�]Txcy�hct n�k p�e�]g`T^se n ]�`d�t n w n ]�]�irhc]g`&e

A
[

� pR�q³ n ^se d�i�hs`�`T^c^
Ax = ai

fg`0h�w���mc]�e�]�a�����h
1 ≤ i ≤ 3

[�© i4i�]´w���m|]�e�]�a�e
dT`0h|^ n.o fqir^|^}`d��V`0w�w�ir]A[

� o �qµ8��hcm|��t¥��^c^ch|{ o tT` k iru n hcu k y�]�a�u�ir]�`�d¶`0w�w�`
b

ms~�ug`0]g`�`�^c^
Ax = bf�`0h�]g~�a n ]¬w���m|]�e�]�a�[

� uR�q²J` k�k `z��hs~0a_`4m n0k ���0hchs`4� ��� a0e��·^sir]�����h�ir]qa n u�^l{ o t:w�e�a
m × n jlk `�^chce�m

A
[

¸ [��8`4h|i�ug` � ~&f:��h±hciru���t_^se n ]�^se�w�w�^shs` ��� m|^ci�a�m�� n h k `�d�i�] � t_d�`0u�hc`�^se�mctJ� k `T^shce�m
A

a�i�h,ir]4�V`0t_^ n h|e�m|i�hce�]�a
A = LU

�ugy0h
L

y�h,i�]¢��]�u�i�h�^sh|e�`0]�a0��w�y�h k `�^sh|e�m k i�u
ir^|^ n h � ~¹u�e�`�a n ]g`0w�ir] n.o f U

y�h&i�]º�#d�irh|^sh|e�`0]�a���w�y�h k `�^sh|e�m�[ª¡}y0hcw�i�u�mcirug`0]
u�i�]�]g`vms~¢tT`�w�w�`�u�i

LU j �V`�t:^ n hce�mcirhce�]�a � irw�w�i�h
LR j �V`0t_^ n hce�mci�h|e�]�a_�O`�d k `�^sh|e�mcir]
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10[���e®m|tT`¢p���h·xc` k i�u�`�^c^±^se ^c^$` � ~
3 n w�e�tT`zmsy�^|^�`�^|^�w���ms`&i�^c^�w�e�]Txcy0h�^±irt_d�`�^ce n ]�m jm|{.m|^ci k Ax = b

]gy�h
A

y�h�i�]qt_d�`�u�hs`�^ce�m|t k `�^sh|e�mr[ � ir^�����h|m|^$`¢mcy�^c^cir^*y0h�`�^|^
p�i�hcy0t:]g`¬e�]_d�i�h|mcir]�^ce�w�w

A
��� e�]:d � \��}eF³¹`�^cw�`0pg� n.o f k ��w ^se � w�e o irhs` k i�u´u�ir]

� ~qw�y kb� w�e a0^ msyT^c^�[ � i�^4`0]�u�hs`¬msy�^|^si�^&y0hz©�`���mcm j i�w�e k e ]g`�^ce n ] � mct:hce d�i�m
A\be8³¹`T^sw�`�pR��[R³¹`�^sw�`0p�m�hc�J^se�]¥y�h*mc~ � `0m|mHm k `�h|^}`�^|^}u�i�]¹� ��� ^$y o t0irh n�k A
fg`�h

]g~0a n ] m � i o e�i�w�w<� n h k ®^gi�� n�k A
hcirug`0]�y0h ^sh|e�`0]�a���w�y�h n.o f ��^c]:{:^c^�xc`0h�e<ms~

�V`0w�wRu�i�^c^s`�[ � ir^±^shciruTx|i�mcy�^c^cir^�y0hC`T^c^±���0hcm|^
LU j �V`0t_^ n h|e�mcirhs`

A
����� ��	� � w�� � \ �

e�³¹`�^cw�`0pR���uCd±mOf�e�^c^s`�^shce�`0]�a0��w�y�hs` k `�^chce�mci�h
L n.o f U

ms~�ug`0]g`�`�^c^
A = LU

[
��
 m·xcy0w�dT`�d�i�hct0i�^�y0hOe�]_^si

L
^chce�`0]�a���w�y�h�e�`0w�w k y0]�f�ir^O��^s`0]�i�]�^sh|e�`�]�a���w�y0h k ` j^sh|e�mzm n�k �V~T^c^&mce�]g`¹hc`0u�irh � irh k ��^ci�hs`�u�i k ir]ºu�ir^4m � irw�`0hze�]�a�ir]ºh n w�w [�� «Hy0h

k `�]¶fg`0h
LU j �V`�t:^ n hce�mcirhce�]�a�i�]¹tT`0] k `0]¹�V~�w���mc]�e�]�a�ir]¶a�i�] n�k `�^|^ w���ms`�^|d�~

^sh|e�`0]�a0��w�y�hs`&m�{Jm�^si k [R¡}��h�ug~��
� `_�¬°Oe�w�u�`*i�]

3×3 jlk `�^sh|e�m
A k i�u4m|w�� kb� ^$`�w n.o f4i�]

3 j d�irt_^ n h
b n.o t:ms~ k i�u

m|w�� kb� ^s`0w [ � ��mFmcirug`0]�m�{.m|^si k i�^
Ax = b k i�ubu�i�^sh|i n w�e�t#` k ir^ n u�i�h|]g`

n.o fºt n w�w�`q`�^c^&u����V~0hzmc` k�k `qm�d�`0hr[,¤ n w�w�` n.o t.mc~ `�^|^&m|dT`0hci�^vy�hzhsy�^|^�
¡*��h�a���h k `0]¬u�ir^��

� pR���He�m|tT`¥].�¬xcy k ����hs`�f.��hzw�~�]�a¬^se�u�u�ib^sh|i n w�e�tT` k ir^ n u�i�hc]�`q^s`0h�[8³¥iru
f#xcy0w � `d � `0h|ir^¢`d t n�kbk `�]�u n ] ^se o�n.o fº^ n.o tT`0] k `0] k y�^s`q^se�u�i�]A[
� i�^c^s` ����]�a0i�hs`�h¢p�hs`´~�^ k e�]�m|^ n ]�i�]�y0h k `0] fg`0h4^se�u�irh � ~ 1��.1��0m n.o f
� ��� ~�^�[ª\}]:d�y�]�uºm|w�� kb��k `�^chce�m|i�h n.o f mcw�� k�� d�i�t_^ n hci�h n.o f ^sirm|^$`qm|^ n h jw�i�tT`�h}� ��� ^ce�w�w

1000 × 1000 n.o f¶a�y0hc]g`bf���a�h|i0[�µ,��h
LU j �V`0t_^ n h|e�m|i�hce�]�a

t n w�w�`¹u�i�w�mvf.��hvw�~�]�a ^ce�u �V`0t_^ n hce�m|i�h|e�]�a�ir] ^$`0h n.o f u�irw�mvf:��hvw�~�]�a ^se�u
p�`0tT~�^cmc��p�m�^se ^s��^se n ]�ir]¬^$`�h�[g¤ n�kbk ir]:^s`0hcirh$�

� o �q«}y0h±tT`0] k `0]�^$y0]�tT`4mce�a¢`�^|^Cu�ir^�y0h±i��®irt:^ce�d:^�`�^c^�`�]:d�y0]�ug`
LU j �V`0t_^ n�jh|e�mcirhce�]�a:�

£ [ 
 ³¹`�^sw�`0p��g]�]�m*i�^c^*t n�k�k `0]�u n��	� ��µ m n�k ��^|����h*©�`0��mcm j��0n h|ug`0]¬i�w�e k e�]g` j^se n ] � ~¢i�] k `�^chce�m�[�\}]:dTy0]�u¥u�ir]q����h�`�^|^�w���mc`¢�#d.]�e�]�a ¯ [ 1��¢e�p n t0ir]A[
¯ [���e�mctT`�]:�bmci�dT`0u�³¥`�^sw�`0pva��0h n0k k `0]vt0��hO©�`0��m|mcirw�e k e�]�`�^se n ]4]gy0hFt n i�� o e ji�]_^ k `�^sh|e�mcir]�e�]_^si y0hCt_d�`0u�hc`�^se�mctR[��8`¢a_y0hc]�` n.o t:ms~ �	� ��µ�^ce�w�w�fTxcy�w � ���0h�`�^c^

m|d�`�hs` � ~&��hs~0a n hc]g`J[�� � irhs`�^ n hc]¶�
A\b

��tT`0w�w�`�mO����h k w�u�e d.e�u�i � k `�^chce ��w�ir�·^Cu�e jd.e�mce n ]R�,e�³¹`�^sw�`0p n.o fb^$`�ir] � a�hc��]�u�w�e�a:�ª^se ^c^ � ~�f#xcy0w � ir]b���0h k w�u�e d.e�u�i�e�]�]g`0]
u��qp���h�xc`�h�[
� `_� � ~�^�����h|m|^

A
d�`0hc`bi�] � e�]:^si�`�w�w�^|���0h�m�^ n hs��mcw�� kb��k `�^sh|e�m k i�u���i�h*hs`0u�irh

y�]¹t n w n ]�]�i�hr
b

i�] k `�^ o f�`0]�u�i�d�irt_^ n h n.o f¹w�~�^H³¹`T^sw�`0pqw���mc`
Ax = b

k i�u ©�`���mcm j i�w�e k e ]g`�^ce n ]
A\b

[®µ,~0h}u��¶i�]¶w��0mc]�e�]�a:�4¤ n w�w�`b`�^c^Hu�i�^�y�h
ir]¥w���mc]�e�]�a�[�µ8e�]�]�m�u�ir^��gi�h�w���mc]�e�]�a_`�h$�

� pR� � ~�^C].��e�m|^sy0w�w�i�^
A

fg`��girh�t n w n ]�]�irh�y0]�hs`�u�i�hr[�µ	~0h±u��¬]:�¬ir]¬w���m|]�e�]�a:�
¤ n w�w�`4`�^c^�u�i�^Hy�h�ir]¥w���mc]�e�]�a�[�µ,e�]�]�m�u�ir^��gi�h�w���mc]�e�]�a_`�h$�

� ��� a0e��·^ ¯ p�w�`0]�u�^si n hce�� ��� a0e��·^sirhc]g`&ms` k ^�� ��� a�e��·^ ¯ p�w�`0]�uqu�`�^ n h|� ��� a0e��·^sirhc]g`4mct#`
h|i�u n d.e�mc`0m*m|t:hce��·^cw�e�a0^±^ce�w�wA².^cir�V`0]A[R²Je�m�^$`¢e�]�w�y k ]�e�]�a�m|ug`0avy�h k ~0]�ug`�a�i�]¬u�ir] £0¯ ��i�p jh|�g`0h|e [ 
 ]�m|^chc��t_^se n ]�irh<����h	hciru n d.e�mc]�e�]�a�ir]v��]�]�m � ~ f�i k m|e�ug`�]A[ � y�m<u�i�m|ms`�] n a�a�hc`0]:^��


