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3×3 jlk eWcnmgo�p A q e�m-h�f�h�adr�s�mgt�h�aue λ1 = 1, λ2 = 0.8, λ3 = 0.6

k hit kwv cnpxr�e�mge�a�t�hBh�f�hiaSr�hiySc v mghim
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{\| c
v = x1v1 + x2v2 + x3v3

r�e�mge}h�a�~�o�aW�gs�mgy v�k'� o�aueWcno v a�er�t�h�cnm�h�h�f�hia jr�h�ydc v mgh�m�aue�_
� ed���bo�~�yWe

3 j r�hiydc v mghim'yWe�a�pgySmgo!r�e�p'p v�k h�a�~�o�aW�gs�mgy v�k'� o�aueWcno v a�e�r�t�h�cgmghhif�h�adr�h�ydc v mgh�m�aue�_� � ���9e�t�s�m An
v1, An

v2, An
v3

mghipg��h�ydcgo�r�h
An

v

tus�m
n
s�m9hic�c8f v t�c�� z y/~�o�f�c

q h�~�cne�~�_� z ���9e�t q s�a�t�him k h�t An
v

t |
n → ∞ ��� h������;�Ut�hic � h�m v m+~�o!cnhB� | y v h�� j� z o�hiaScgh�mga�e x1

�
x2 v/z%q x3

_
� tU��`FaScne�f�a/��eWcgcMr/o q e�mMhia 3× 3 j�k e�cnm�o�p k hit�a | f�mne'h�f�h�aSrWs�mgt�h�a λ1, λ2

v/z%q λ3

_ � r�e�mge�� | � ��mgmne¡� m | fde�a}o�f�h�a�� ��m5t�h�a q s�m5~�o�cgh k him5f v t�c�� z yS~�o�fde
k e�cgmgo�p�h�a;_� h���¢+��mFyWe�a k e�a � h�p�cns kwk ewhia k e�cnm�o�p A

p v�k£q e�m+t�h�h�f�hiaSr�s�mgt�hia v/z¤qhif�h�adr�h�ydc v mgh�m+p v�k r/o;� ��mghipgySmgh�r�� m | a � ��m¥�ge�a;_u¦+o � h q �$r�h�m�o�aScghB��cg� ��mne
� himns�ySa�o�a�fde�m�aue�_¨§bh�c�mns z y�him k h�t�eWcgc�a�o9f�h�m�hiaª©«� v m k h�~¬�_;®�o���pi¯D§bh�c
q e�m�a | f v c k h�t�t�o°e�f v aue�~�o!pgh�m�o�a�f}e�c�c�f���mne�_

± _ { s�p�o�f�h�a v�k²v/z%q t�o�pgyS��cgh�mge�� v cnh�a�p k hic v t�hia v/z%q o�aSr�himgpgo!cnhimne�cgo v a � er/pga�o!cgc¨³�_µ´o ��v y�h�aU��p | e�cgc+e�~�~°e�� ��m�p�c | m q ��m�t�h�c�� ��a�f�himne�mi_
¶ _+·8h�pxc%s k e�~�~°e k �W��~�o�f�e¹¸B¦ jlk eWcnmgo�p�h�mFer�p�c v mg~�hiy 2 × 2

_��5e�tº� ��m+c��/�»erºe�r j
� o�~�t�a�o�a�fde�mMs�m�t�h�_

¼ ^�½�R�T$X/Z\[¨V[\]�^�T
1�_��¡o | cnhim�r�s�a�t�h�m\cno�~�~�������f�o��¥c ± _¾´�¿�o ��v y�hia;_�·=h�p�cns k*k hit q �gs�~���erBh�f�hiaSr�s�mgt�hia
v/z¤q h�f�hiaSr�hiySc v mghim q ��mF� ��m�t�h�~�a�o�a�f�h�a k h�~�~°e�a k s�a�a�o�pgy v mFo¨pxc v m�p�c%e�t;��cns�c v mxc
v/z¤q ~°e�a�t�p � ��f�t�s�mBh��¥cnh�m {�À ¦¡ÁÂcno�tÃ_ �Ä e�a�y$e�a � h�mgs�ySaue�h�f�h�aSrWs�mgt�hia v/z¤qh�f�hiaSr�hiydc v mghim k h�t�y v�k�k e�a�t v cB¬Åhio�f�¬�_µ�

± _ � ySmgo!r Ä eWcn~°e ��j � ��a�yScgo v a�h�mMp v�k ¯
� ed��ÁBo�r�h�c�h�a k e�cnm�o�p A v/z%q h�a���mgh z o�pgo v a p � h�mgs�ySaue�m�t�h�c�p�cn��mgp�cne�h�f�hia jrWs�mgt�h�c@cgo�~�~

A k hit q �gs�~���er'� v cnh�a�p k hic v t�h�a k hit�p | t�e�a}��m�h z o�p�o v a�e�cgcp�y/o�~�~�aue�t�hia k hi~�~�e�a�cgr | � | r�e�mne�a�t�mne�� ��~Æ�ge�a�t�h'ÇFe��/~�h�o�f q�j ySr v cnhimboDo!cnh jmge�cno v a�hia�s�m k o�a�t�mgh�s�a 10−p
_u®�s�a�y�� | e�cgc�a v m k e�~�o!pgh�mge�r�hiydc v m�h�mga�e�_È v�k�k e�a�t v c�¬«a v m k � x ��¬�f�h�m5~�s�a�f�t�h�awer�r�hiydc v m�a x

_ {\| c5fds�mga�e���mgh z o jp�o v a�h�a¹r�e�mne'h�cgc=r�e�~�� m�o�c�c=e�mgf�� k hiaSc v/z%q ~°s�f�f�o�a¹hia�p�c%e�a�tue�m�t���mgh z o�pgo v ap v�k e�adr�s�a�t�p v�kÉk e�a � e�mgeºf�h�m'hia k e�cnm�o�p�_\`FaScne�~�h�c'o�a���e�mne k hicgmne�my$e�a k e�a�y v aScnm v ~�~�h�mge k h�t�y v�k�k e�a�t v cB¬Åa�e�mgf�o�a;¬!_� � � � e k�k eÊpge�yË�Ye�pxc¹o�p�cns�~�~�h�cwt�h�c k o�a�pxc%eÊh�f�h�aSrWs�mgt�hic k h�tÌo�aSr�h�mgp�o�cnhimne jcgo v aÃ_�¸ � pghim�r�himne²e�cgcÊt�hic�c%eÍs�m»hic�c � mneÎcno�~�~!�Ys�~�~!hËe�c�c���cnaS�Sc�cY�ge {\Ï j�Ye�ySc v mgo�pghimgo�a�f�h�a;_
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� z ��ÁBo�r�h�c8pne k�k e�p v�kÂv r�e�a���~���p=hic�c8c%e�~ r � himns�ySaue�mMt�hicMh�f�hiaSrWs�mgt�h¡p v�ks�m�aus�m k e�p�c r
_

� ��m���c v�k e�cgc9m�hicn��mga�himne�h�f�hiaSrWs�mgt�h�c8pgyWe�� ��a�ydcno v a�himgaue v/z ySp | pgySmgo�rWe���c q ��m
k | a�fde�o�cgh�mge�cno v a�himFp v�k ySmns�r/t�h�pi_�®¨hip�c%e�h�mne�� ��a�ydcno v a�him¡� | a | f�mne¹p�~�� k � j
k eWcnmgo�pghim � c%e�f v/z ySp | f�s�mgaueË~�o�cgh p�cg��mgm�hÊp | tue�aueËcuh��

500 × 500
��f�hia v�ke�cgc��gs k � ��mne k hit�mgh�p���~�cne�cnh�c'� m | a Ä e�cg~°e � p'm���cno�aÎ¬«h�o�f�¬¨p v�kÉ� himns�ySaue�m�e�~ j~°e�h�f�hiaSrWs�mgt�hia � o�a�yS~���pgo�r�h�o z y�h j mghih�~�~�ed� k h�t q �gs�~���e�r»t�hia�p | yWe�~�~�e�t�h��BÇ j�Ye�ydc v m�o�p�h�mgo�a�f�hia;_\�9e�t q s�a�t�him k hit�o�aSr�himgp�o�cnhimne�cgo v a�h�a v�kÉk e�a�rWs�~Æ��him'h�cgcr�s�m�t�hbe�c�c=~�hic%e�aus�m k e�p�cgh+hif�h�adr�s�m�t�hbySmgo�a�f�p v�k ~�o�f�f�him@~ | a�f�c9o!� m | a}h�f�hiaSr�s�m jt�h�a�e �

¶ _��¡o=pgyWe a/�ËpgySmgo!r�e Ä e�cg~°e � y v t�� ��m�e�c�c�o�~�~���p�cgmghimne � �B§�_	`FaSc%e�fÊe�c�c�r/o q e�mh�a � p�r�e�m�cgr/o!c¤� � o�~�t���~@o@cuh�����a�f�������f�h�~�~�him�f�o!� j � v m k e�c ��Ä e�cg~°e � yS~�e�mne�m�s�a ja/���uhimw� v m k e�c¤�¤_@§bhicw�ua�a�pwh�aÎeWcgc q s k c%e»� | q h k p�o�tue�a;� k hia cne�fds�mgaue
h�aªh�f�h�a � �Ye�pxc¹o�aScgh�e�~�~!cg�¥��m�pxc v m%�¤_ Ä e�aªyWe�aª~�s�pneÊo�a t�h�aÌcno�~�~Mh�a k e�cnm�o�p�oÄ e�cg~°e ��k h�t q �gs�~���e�r�y v�kwk e�a�t v c�¬«o k mgh�e�t;¬!_ � ��m�e�cgc�yS��a�auewf���mne � himns�y ja�o�a�fde�mB� | t�h�a k | p�cgh k e�aÊt�h�p�pg��c v�k y v aSr�h�mxcnhimne�t�hia�cgo�~�~=©µa v m k e�~�c�¬ � v m j
k eWc�p | `	�¡t v � � ~�h � o k m�h�e�t � ¬ � o�~�t���~�h�a;¬µ�g��
;~°s�pgh�mBo�a � o�~�t�hiaÊcgo�~�~	`�_D¸ k k e�apghitue�a�r�o�~�~ r/o�pgewt�h�a�p | e�adr�s�a�t�him k e�a�y v�kwk e�a�t v aue�o k e�f�h�p z � `¡� v/z¤q�z�v�j~ v m k e�� � f�mne�����_�`badc%e�f�e�c�c¡r/o q e�m¡h�a � �¡§ j ������t�h�~�a�o�a�f A = UΣV t

e�r
A
_

§bhic�c%e}yWe�a�pgySm�o�r�e�p+p v�k � p�h�� ��m�h�~�s�pga�o�a�f�pge�aScgh z ySa�o�a�f�e�m%�

A =

r
∑

i=1

σiuiv
t
i.

�¡o\pghimbe�cgc
A
s�m+pgySmgo!r�h�aºp v�k h�aºp�� k�k ewer r

p�c�� z y�hia k eWcnmgo�pghim�_ Ä e�a�� | mh�a�e�����m v ��o k e�cno v a�er A
f�hia v�k e�cgc8c%e�hia�t�h�~�pg� kwk e�_�§bhia�aue � ~�o�m � mne v�kt�hbcnh�m k him k e�a�o�aScnhFcne�f�o�c k h�t q e�mMp k | pgo�a�f���~°s�mxr�s�mgt�h�a�o � ��m q | ~�~°e�a�t�h+cno�~�~t�hic+pxcn��m�p�c%e

σ1

_
� ed� � y/m�o�r Ä e�cn~�e � y v t}p v�k mgo!c%e�m	������t�hia���m�pg��m���a�f�~�o�fde � o�~�t�h�a v/z%q pghitue�am�o�c%e�mM������h�a�e�����m v ��o k e�cgo v a�e�r � o�~�t�h�a�f�hia v�k e�cgc�c%e k e�cnm�o�p�h�a

n
∑

i=1

σiuiv
t
i,

� ��m v ~�o�y$e n
_SÁ���m	h�a�� ��a�ydcno v a}p v�k q e�m � �¡§ j ������t�h�~�a�o�a�f�h�a � tMr8p k e jcgmgo�p�h�m�aue

U
�
V v/z%q Σ

�;pne k c n
p v�k o�a��ue�mne k hicgmne�m v/z¤q p v�k ��m v t�� z h�mne�m

kwv cgp�r�e�mge�a�t�h � o�~�t;_ � � ��m�eWcgc�pgy$e��ue»hicgc�aS�Scgc��uf���m�� ��a�p�cnhim}e�aSrWs�a�t�him
k e�aÊ¬Æ�uf���m�h�¬!_¾�� � ��¢+��m k | a�fdebcnhim k h�m � h q �r�t�hFa�o�� ��m5e�cgc � o�~�t�hia}pgyS��~�~�h � ~�o�e z�z h���cne � h�~ �¢+��m k � z y�hic � h q �$r�h�m k e�a�~°e�f�mne v�k k e�aBr/o�~�~ q e n

cnhim k h�m�o�pg� k�k e�a �¸ k r/o q e�m=h�a � o�~�twp v�k s�m
100× 100

��o���~°e�mi� q ��m k | a�f�e�cnhim k h�m=yWe�a
k e�a�cne k h�t�o�pg� k�k e�a�� ��m+eWcgc�y v�k ��mgo k himne'p�c v mg~�h�y�h�a�cno�~�~ q s�~!�¥cnhia �

Ï ����f�o��¥c�1 � ~�e�a�t�cnh v mgo�������f�o��¥cnhimgaue'pne k c�������f�o��¥c ¶ � ~°e�a�t�t�e�c v m�������f�o��¥cnhimgaue�pgy$em�h�t v r/o�pge�pMp�ySmgo��¥cg~�o�f�c5cno�~�~ � cghi�Ye�a;_ � o�pxc%e�o�a�~�s k a�o�a�f�p�tue�f's�m k | a�tue�f�h�a¹t�hia ± k e�mgpi_� ¸ k a�o�r/o�~�~ q e�t�h�aºmnsWcgc%e�t�o�a�aue�a�cgh�adc%e�a�p | k | p�cnh�t�h�aº~�s k a�e�p�o�a�pgh�a�e�p�cFc v m�p jt�e�f�hia�t�h�a ±� ¯«hb� h � m��ue�mgo_¾����a�pxcnmg��yScgo v a�h�mM� ��m8mgh�t v r/o�p�a�o�a�f�h�a��ua�a�p�� | q h k pgo�t�e�a;_{ s�p�t�h�p�pnewa v f�f�mne�adc��


