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LNMPO+QSR
T�RVU�QXWXY[Z]\�M_^`TaUcb]dP\Xe?RgfhM-Q?i�RjUkQ
n l n mon0p"q�ros�tvu v w-pjx Zzy p�t�{�|}|as�~�p Z

s�t�w Z {Pw n mor y�� p���{0n�t�p"p��
��{�r�{0�+sa�"��n y |"q�t y n0p�t

v =











v1

v2���
vn











.

���0Z-� w-p Z {0n�{0�
��{ n mon0p"q�ros�t�p�t}��p�rJp"�"q Z {�|�~�p�w R
n �

�C��M-fh�;M��CW��CZ rv{ � {0rgr[n y n y �
�?��p"|"q�t y n�{�n y
Z w-p Z�y p�rgr[t��-~�n y w�s�� y q0{�r y w � � Z q�rop�t �� p�rzq0{ Z ~�{ Z��-  t�{C~�p�w¡p Z 7 mEw y ~�p Z | y s Z p��
��n0p"q�rJs�t v =
(

x y z t xv yv zv

)t ¢
w � t (x, y, z)

� t�t£��~$|"qPsas�t�w y
Z {0rJp�t Z { ¢ t
� t�r y w � � Z q�rJp Z sa�"� (xv, yv, zv)

� tI� {�|�r y�� m
�zp�r
|�n0p"q�ros�t Z$¤�  t�n y
Z w-p Z�y`� � Z q�rop Z (x, y, z) n y w�r y w � � Z q�rop Z t �
¥I¦?§�¨ª©�«�¦�¨ª¬�0¬C«_®�¨ª¯�¯��«_¯�0°?±.²�¨ª¬��¯�¦�±.« ¨&¬)±-³£´4µ�¨&¶.¬�¨&²�²�·�±0¸º¹-¦?´z0§�¨}»j¼.¬)¹.¨ª½P¯�±.¬�¨&¬
¦+²�°�0«�¨�¯�±-³£´¾¬�®�¸�¸�¨�¯I»j¼.¬¿¶.±-§ ¯oÀ-³£½_°�¦�¶P�¹.¨ª½_¯�±.¬�¨ª¬&Á�Â¡¦�¹.¨ª¯�¹-¦�·I¹-¦�½P¯�¦�¶0¯��¯�¯�§�¨ª©�«�¦�¨ª¬�
§ ¨&¸º·�Ã��¯�¯C§�¨Ä·E¯"Å0¸�¸�¨ª¬�¼�¹.¨ª¬�¨&« ·¿¸�¨&§]§�¨Ä§�¨�©z«�¦�¯�¦�±.« ¨&¬�¹-¦?¬�¨&§z�«�¶�Æ�±0¬�¯C¦�·�²�¨ª³&¦�0°�Ç
»V�°�°�¨&«

n = 2
±-³"´

n = 3
Á

È�Ã�¯
u =

(

u1 u2 . . . un

)t ±-³"´
v =

(

v1 v2 . . . vn

)t ¹�0¬��¯�¹�Ã
n
Ç�¹.¨&½P¯�±.¬�¨ª¬

±-³"´
c ∈ R

Á ¥¿¦6§�¨ª©z« ¦�¨&¬�0¬�«_®6É
10Á�Ê�§ §�¦�¯�¦�±.«`É

u + v =











u1 + v1

u2 + v2ÁÁÁ
un + vn











.

Ë ÁCÌ]®�°�¯�¦�² °�¦�½��¯�¦�±.«Í¸�¨ª§�·�½�0°ÎÅ�¬&É

cu =











cu1

cu2ÁÁÁ
cun











.

Ï ÁCÐ�½��°ÎÅ0¬�²�¬�±-§�®�½P¯&É
u · v =

n
∑

i=1

uivi

Ñ Á)È�Å0«�¶.§�¨ª«]a¹Í¨&«�¹0¨&½P¯�±.¬ªÉ

|u| =
√

u · u =

√

√

√

√

n
∑

i=1

u2

i .

Ò�0«z0°�±.¶.¦c¸�¨&§�¹�Ã0¬[¯�¦�§�¦�¶.0¬�¨C¨ª¬�»V0¬�¨&«�´ ¨ª¯�a¹�¹.¨ª½P¯�±.¬�¨&¬Ó¦k² °Î0«�¨�¯Ô±-³"´N¬�® ¸�¸�¨ª¯8¶0¼.¬[¹-¦
»j¼0°ÕÆ�0« §�¨�§ ¨ª©z«�¦�¯�¦�±.«�¨&¬ªÁ
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LNMPO+QSR
T�RVU�Q�����y | �a� p�t {0rgrÔrgn��Nn0p"q�rJs�t�p�t u sa�"� v
� t �?d�b�dz�V�VM-�V�jd s�~ w-p�r`x ZzZ |

p�rVr�t�p"p��
� r;r�{0� c |���{0rVr cu = v sa�"�Ín y | ��� p�t�{0rVr[w-p � t U�baTaU��cU�Q?d��Vd s�~ u · v = 0 �
	C¨ª¯NÅ0¬�«-® ¨ª«=¹-¦�½P¯�¦�¶�
V¸�¨&«=½��«�·�½0¨�¦�«_¯�¨ Æ�Å�¯�¯�¨&½_®�°��®�² ²�¶.¦�»
¯��¯�¯�¹-¦�·�h�¯�¯�§�¨ª·�·�
§ ¨ª©z« ¦�¯�¦�±.«�¨ª¬I»j¼.° Æ�¨&¬I·�0¸�¸��¬�Å0½_«�¨ª¬�¨&¶0°�¨ª¬�·�±0¸ §�¨$¹�¦S¯�¦�§�¦�¶P�¬�¨}¹-¦�·��¯¿»j¼.¬C¹.¨&½P¯�±.¬�¨&¬�¦
² °Î0« ¨ª¯�±-³"´�¬�® ¸�¸�¨ª¯&ÁPÌ4Ã0«�¶P¡�¹�µ�¨�¹-¦�·�¨ª«�Å0¬;´�¨ª°�¯�¦�§�¨ª«_¯�¦�·�½��±-³"´�¹-¦z¶0¼.¬;¨�¯�¯[�¹ §�¨&¸
·�±.¸ ¨�� ¨ª¸�²�¨ª°z±-³"´��«_¹�Å0« §�¨&¬;·�¨&§�0«�§�¨ª¯�¯"¿»j¼.¬;�¯�¯ ¹�¦�·���¯�¯�� À-¯�´z0¶.±0¬�0·;·��¯�·;¶PÅ0°�°�¨ª¬
±-³"½_·�Ã�¦6¶.±-§ ¯oÀ-³£½_°�¦�¶�§�¦�¸�¨&«�·�¦�±.«`Á
�}b�Uc��U�i�R
T�RjU�QXW�� q0{0� � t � t�s&w0�_q�r � tÄw y |�rVt y �&��r y n   n0p�tÄ{PwPw y r y s Z ¢ w n�|

u · (v + w) = u · v + u · w
¤�  t n mon0p"q�rJs�t�p�t u

¢
v sa�"� w �

� p�n y | � ¥I¦Ó»VÃ�¬�§�¦�¬�¨ª½_¯�»j¬�Ã0« §�¨�©z«�¦�¯�¦�±0«�¨&« �¹ 0§�§�¦�¯�¦�±.« ±-³£´ ·�½��°ÎÅ0¬�²�¬�±-§�® ½_¯�
j±�³"´
¸�¨ª§�®�²�²�¨ª«-µz�¬)«�±0¯��¯�¦�±.«��8�¯�¯

u · (v + w) =











u1

u2ÁÁÁ
un











·











v1 + w1

v2 + w2ÁÁÁ
vn + wn











=
n

∑

i=1

ui(vi + wi)

=
n

∑

i=1

uivi + uiwi =
n

∑

i=1

uivi +
n

∑

i=1

uiwi = u · v + u · w.

¥�0§�¹-¦6® ¯�«PÀ-¯�¯VÆ�0§ ¨�»j¼.¬�® ¯�±.¸ §�¨ª©�«�¦�¯�¦�±.«�¨ª¬�«z$¹�0¬Ó¦6·�¯�±.¬�¯�·�¨ª¯�¯�¨&«-µ�0¬�¯�§�¦�·E¯�¬�¦�µ�® ¯�¦�¹-¦ Ç
¯�¨ª¯�¨&«�»j¼0¬Ô¹�0«�°�¦�¶�¸ ®�°�¯�¦�²�°�¦�½��¯�¦�±0«N±-³"´4�§�§�¦�¯�¦�±0«6Á

�

� d T�i�W���� rj� { � s�t�{�|¿|&{0rj| �P� �
��p�t y?� s&w0r � �"q�� y�� w y ~�p Z | y s Z n
¢ w;n�| s�~ u sa�"� v

� t
s�t£ros � s Z {0��{ n mon0p"q�ros�t�p�t¿|�� �P� �
��p�t}{0rgr

|u + v|2 = |u|2 + |v|2.
� p�n y | ��� ¼.¬�® ¯�·�Å�¯�¯�«�¦�«�¶.¨ª«��¯�¯

u
±-³£´

v
Å�¬+±.¬�¯�±.¶.±.«�0°Î)Å0¬+²�¨&¬+§�¨ª©z« ¦�¯�¦�±.«$¨&½P¹-¦�¹�0°�¨ª«_¯

¸�¨ª§ �¯�¯
u · v = 0

ÁSÂ¡¨ª«�±.¸��¯�¯Ä® ¯�«_À_¯�¯jÆ�]§�¨�©z«�¦�¯�¦�±.« ¨&«ha¹¾°ÎÅ�«�¶.§h�¹ ¨ª«h¹.¨ª½P¯�±.¬
±-³"´�²�¬�±0²�±.·�¦�¯�¦�±.«�¨&«N±�¹�0«�·�Ã�»VÃ0¬Ô¹-¦

|u + v|2 = (u + v) · (u + v) = u · u + u · v + v · u + v · v
= |u|2 + 0 + 0 + |v|2 = |u|2 + |v|2.

�

� BJG �"!;: < <?>$#¿B&%J@IGIBJG('K<;:
¥I¦`·�½��«-®Í¯�¦�¯�¯"$²�Ã�¸��¯�¬�¦�·�¨&¬Ô�¹Í¶0±-§ ¯JÀ-³"½_°�¦�¶�·E¯�±.¬�°�¨ª½�±-³£´Nµ�°a ·�¨¡´_®�¬Ô¹�0¬jÆ�¨¿¸��¯�¬�¦�·
¶0¨&¬�® ²�²�´�±a¹N¯�¦�°�°`¨ª«]°�¦�«�Æ�Å�¬Ó�¹-µ�¦�°�§�«�¦�«�¶�Á
))±.¸�¦�´zÃ0¶��¯�¯C¨&«4¸��¯�¬�¦�·�a¹N¯oÀ-²

m × n
¹�0¬)¨ª¯�¯C¯�¹�Ã0§ ¦�¸�¨&«�·�¦�±.«�¨ª°�°�¯Ô»VÅ0°�¯)a¹�¬�¨&¨ª°�°Î

¯�0°6¸�¨&§
m

¬�0§�¨ª¬�±-³"´
n
½0±.°�±.«�«�¨ª¬&Á�*¿¸ ¯�¹�Ã�¸��¯�¬�¦�·�¨&¬

A
±-³£´

B
Å�¬�a¹�¯oÀ-²

m × n
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¬�¨&·�²�¨&½P¯�¦�¹.¨
n × p

·�Ã�§�¨�©z«�¦�¨ª¬�0§ ¨�¹-¦
C = AB

·�±.¸A¨ª«�¸��¯�¬�¦�·Ó�¹�¯JÀ-²
m × p

¸�¨&§
¨ª°�¨ª¸�¨ª«_¯

cij

·�±0¸A°�¦�¶.¶.¨ª¬Ô¦6¬�0§
i
±-³£´�½0±.°�±.«�«

j
·�±.¸

cij =
n

∑

k=1

aikbkj = at
i · bj,

§�Å0¬
ai

Å�¬Ó¬�0§
i
¦
A

±-³£´
bj

Å0¬Ó½0±.°�±0«�«
j
¦
B
ÁcÌ40«�½�0«]0°�°�¯�·�Ã ·�¨�¹�0¬
Æ�¨¡¨&°�¨&¸�¨&«P¯�¦

² ¬�±-§�®�½P¯�¨&«N·�±.¸ ¨ª«N·�½�0°ÎÅ�¬�²�¬�±�§ ®�½P¯Ô¸�¨ª°�°�0« 

¯�¬�0«�·�²�±.«��¯�¨�¯Óa¹ �K¨&«Í¬�0§Í¦
A
±-³"´N¨ª«

½�±.°�±.« «�¦
B
Á

� QSf�� b�^6QSRVQ �=W�� s�rJp�t�{ ¤�  � �ª{ Z w-p�� y qa�zp�r
u · v = utv,

w � t � t"s&w0�Pq�rJp Z�y �  �� p�t£��p�w-p�r � tÓ~�{0rVt y |�~��-� r y�� � y q0{0r y s Z ~�p��
��{ Z p Z ~�{0rgt y |Ó~�p�w$�"{0t�{
p Z t�{Pw�sa�"��p Z { ZzZ { Z ~Íp�w��"{0t�{�p Z qPs���s ZzZ ��� ��|ap�t£n0p�t�{�s��"qa| ��{0rgrKs�~ u sa�"� v

� t
n mon0p"q�rJs�t�p�t}l
	 n×1 mo~�{0rgt y |ap�tvu¿| � � t utv p�rgrSr�{0�z~�p�wP{ Z uvt

� t¿p Z n×n mo~�{0rVt y | �
ÊC«_¯�0¶�«-®]�¯�¯Ó¹-¦�´z0¬Ó¨ª«

m × n
Çv¸��¯�¬�¦�·

A
±-³£´�¨ª«

n
Çv¹.¨ª½P¯�±.¬

v
Á 	¿Ã�¶PÅ0°�°�¨ª¬Ó�¯�¯

AvÅ�¬¿�¹�¯oÀ�²
m × 1 � §Ó¹[·¿¨&« m

Çv¹.¨ª½P¯�±.¬ªÁk¥I¦S·�¨ª¬�0°�°�¯�·�Ã��¯�¯¿¨ª«
m × n

Ço¸��¯�¬�¦�·
A

¶.¨&¬
¨ª«4�¹-µ�¦�°�§�«�¦�«�¶�·�±.¸ ¯�¦�°�°�¹��¬jÆ�¨¡¨&°�¨&¸�¨&«P¯�¦

R
n
±0¬�§�«z�¬�¨�¯�¯)¨ª°�¨&¸�¨&«P¯�¦

R
m
Á

LNMPO+QSR
T�RVU�Q��� �0r A n�{0t�{Íp Z m× n mo~�{0rVt y | � � ��w-pjx Zzy p�t�{0tIn y6fhd T�b�RVi&dP\��SRg�Ve��
Q?RVQ �cM-Q

f |as�~ �   t�r y �
� A |as�~
f(v) = Av, f : R

n −→ R
m.

�C��M-fh�;M��$��� �0r f n�{0t�{ � t�s���p"q�r y s Z p Z�¤ t � Z R
3
� � R

2 |as�~ � t"s�� y �"p�t�{0tÄt£��~�~�p�r
s�t£ros � s Z {0� r � � xy m � ��{ Z p�r � � p�r���p�r � w-p�t¡�zp�� rCp Z qPp�� r�{0rVr � � Z q�rJp Z (x, y, z) |"q0{�{0nam
� y � w_{�| � � (x, y) � � p�rgr�{�|�n�{0t�{0t�~�s�rK~�{0rgt y |ap Z

A =

(

1 0 0
0 1 0

)

,

r � n y � {.t}{0rgr
(

1 0 0
0 1 0

)





x
y
z



 =

(

x
y

)

.

� t�s���p"q�r y s Z p Z¾� tÄ{0�
� r
|���p Z ~�{0rVt y |&{0n�� y ��w Zzy
Z-� �
¥I¦�¬�¨&½�0² ¦�¯�® °�¨ª¬�0¬Ó�¯�¯�¨ª«4�¹�µ ¦�°�§�«�¦�« ¶ ¹�0¬Ó°�¦�«�Æ�Å0¬8±.¸

f(x + y) = f(x) + f(y)
±-³"´

f(cx) = cf(x),»j¼0¬�0°�°�Ä¹.¨&½P¯�±.¬�¨&¬
x
±-³"´

y
·��¸$¯�¬�¨&¨ª°�°� ¯�0°

c
Á

� ¼.¬Ó¸��¯�¬�¦�·��¹-µ�¦�°�§�«�¦�« ¶.¨&«N·�±0¸A´�¼.¬Ô¯�¦�°�°
A

·�Ã�»VÃ�¬Ô¹�¦
f(x + y) = A(x + y) = Ax + Ay = f(x) + f(y)±-³"´

f(cx) = A(cx) = (Ac)x = (cA)x = c(Ax) = cf(x),·�Ã��¯�¯Ô¸��¯�¬�¦�·�a¹-µ�¦�°�§ «�¦�«�¶P�¬�«zÄÅ0¬Ô°�¦�«�Æ�Å�¬��Á *¿¸$¹�Å0«P¯Ó½�0«�¸�0« � ² ¬�¨&³ª¦�·Ô·�±.¸ ¹-¦`¶�Æ�±.¬EÇ
§ ¨�»j¼0¬�·�²�¨&³ª¦Î�°�»V0°�°�¨�¯

m = n = 2 � ¹-¦�·� �¯�¯��°�°��°�¦�«�Æ�Å�¬��a¹-µ�¦�°�§ «�¦�«�¶.0¬$»j¬�Ã0«
R

n¯�¦�°�°
R

m
Å�¬}¸��¯�¬�¦�·�a¹-µ�¦�°�§ «�¦�«�¶P�¬�·�±.¸ ´�¼.¬¡¯�¦�°�° «zÃ0¶0±.«

m × n
Ço¸��¯�¬�¦�·&Á��[¨&¶.¬�¨&²�²�¨ª«

¸��¯�¬�¦�·�a¹-µ�¦�°�§�« ¦�«�¶P�¬8±�³"´�°�¦�«�Æ�Å0¬� a¹-µ�¦�°�§�«�¦�«�¶P�¬ÓÅ�¬)�°�°�¯�·�Ã$¨&½P¹-¦�¹��°�¨&«P¯"�Á
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�C��M-fh�;M�� ����y |"q0{ Z ����p�rgt�{�q�r�{4s�t£rJs � s Z {0� � t�s���p"q�r y s Z�� �4p Z]� s&w0r � �"q�� y�� � y
Z ��p y
R

n ¢ w;n�|¡n�{0t ��p}n0p"q�ros�t y R
n |"q0{ � t"s�� y �"p�t�{�|$s�t�ros � s Z {0� r � ��p Z � y
Z ��p L

y
R

n � � { Z
q0{ Z { Z-� p�p Z � y
Z ��p y

R
n
� � � {0t�{0~�p�rJp�t ¤ s�t£~ � t�p"� y |Í|as�~ y[� ��{ Z p�r s��"� t£��~�~�p�r� p Z s�~ x = x0 + tv

¢










x1

x2���
xn











=











x01

x02���
x0n











+ t











v1

v2���
vn











,

w � t x0

� t)p Z¡� � Z q�r � � L sa�"� v p Z t y q�r Zzy
Z-� |�n0p"q�ros�t ¤�  t L � � { Z {0��s �0y ~�p�w�r y w y�� {0t"p
| � w-pjx Zzy p�t�{0t�n y s�t£rJs � s Z {0��{ � t"s���p"q�r y s Z p Z {0n x

� � L
¢
xL

¢ |as�~ w-p Z n0p"q�ros�t cv
|�s�~ � tI|��PwP{ Z {0rgr x − xL

� t s�t£ros � s Z {0�`~�s�r v � � p�rVr�{ � p�t
0 = (x − xL) · v = x · v − cv · v,

sa�"� ¤ t � Z w-p�rgr�{��   |ap�t�n y �-r c = x · v/v · v sa�"� ¤ �0t
xL = cv =

1

|v|2 (x · v)v,

n y � qPp�r � �0~ y
ZzZ p�tÄs�~ p Z$¤ s�t£~�p��`n y q �0ZzZ p�t y�� p Z lg� � tI� {0t�n y y
Z rop Z s�t£~�p�t�{0r�t y q�rVmZ�y
Z-� |�n0p"q�rJs�t Z v u ��� p Z s�~ {0rgr8�-r Z � rVr �ª{N� y qa�zp�rJp Z x · v = xtv
¢ {0rgr8~��-� r y�� � y q0{0r y s Z

{0n p�rgr�r�{0�¿~�p�w p Z ~�{0rVt y | � t4qPs�~�~��-r�{0r y n¾|&{0~�r�{0rVr�~�{0rgt y |�~��-� r y�� � y q0{0r y s Z � t
{�|"|�s�� y {0r y n ¢ ¤ �0t¡n y

xL =
1

|v|2 (vtx)v =
1

|v|2v(vtx) =
1

|v|2 (vvt)x.

� p�rgr�{$n y |&{0t){0rVr w-p Z s�t�ros � s Z {0��{ � t"s���p"q�r y s Z p Z}� ��p Z � y
Z ��p L ~�p�wÄt y q�r Zzy
Z-� |�n0p"q�ros�t
v
� t p Z � y
Z � � tÄ{0n�� y ��w Zzy
Z-� ~�p�w�~�{0rgt y |ap Z

A =
1

|v|2 (vvt).

� ��|�p�t�n0p�t�{�{0rgr�|as�~An y Z�� ~ Z w-p�r y w y�� {0t�p � t vvt p Z n × n mo~�{0rgt y | �


