CHAPTER 1
MEASURES

Introduction

The Riemann integral, dealt with in calculus courses, is well suited for com-
putations but less suited for dealing with limit processes. In this course we
will introduce the so called Lebesgue integral, which keeps the advantages of
the Riemann integral and eliminates its drawbacks. At the same time we will
develop a general measure theory which serves as the basis of contemporary
analysis and probability.

In this introductory chapter we set forth some basic concepts of measure
theory, which will open for abstract Lebesgue integration.

1.1. o-Algebras and Measures

Throughout this course

N = {0,1,2,...} (the set of natural numbers)
Z={.,-2,—-1,0,1,,2, ...} (the set of integers)
Q = the set of rational numbers

R = the set of real numbers

C = the set of complex numbers.

If ACR, A, is the set of all strictly positive elements in A.

If f is a function of A into B, this means that to every z € A there
corresponds a point f(z) € B and we write f : A — B. A function is often
called a map or a mapping. The function f is injective if

(x#y) = (f(z) # f(y))



and surjective if to each y € B, there exists an © € A such that f(z) = y.
An injective and surjective function is said to be bijective.

A set A is finite if either A is empty or there exist an n € N, and a
bijection f : {1,...,n} — A. The empty set is denoted by ¢. A set A is said
to be denumerable if there exists a bijection f : N — A. A subset of a
denumerable set is said to be at most denumerable.

Let X be a set. For any A C X, the indicator function y 4 of A relative
to X is defined by the equation

(w)_ lifze A
XA =9 0if z € Ac.

The indicator function yx , is sometimes written 14. We have the following
relations:

Xac =1 — X4
XAnB — min(Xm XB) = XaXB

and
Xaup = Max(X 4, X5) = Xa + X5 — XaXs.

Definition 1.1.1. Let X be a set.
a) A collection A of subsets of X is said to be an algebra in X if A has
the following properties:

(i) X € A
(ii)) A e A=A° € A, where A° is the complement of A relative to X.
(iii) If A, B € Athen AUB € A.

(b) A collection M of subsets of X is said to be a o-algebra in X if M
is an algebra with the following property:

If A, € M for all n € N, then U, A, € M.



If M is a o-algebra in X, (X, M) is called a measurable space and the
members of M are called measurable sets. The so called power set P(X),
that is the collection of all subsets of X, is a o-algebra in X. It is simple to
prove that the intersection of any family of o-algebras in X is a o-algebra. It
follows that if £ is any subset of P(X), there is a unique smallest o-algebra
o(€) containing £, namely the intersection of all o-algebras containing £.

The o-algebra o(€) is called the o-algebra generated by £. The o-algebra
generated by all open intervals in R is denoted by R. It is readily seen that
the o-algebra R contains every subinterval of R. Be fore we proceed, recall
that a subset F of R is open if to each x € F there exists an open subinterval
of R contained in F and containing x; the complement of an open set is said
to be closed. We claim that R contains every open U subset of R. To see
this suppose € U and let = € ]a,b[ C U, where —c0 < a < b < c0. Now
pick 7, s € Q such that a <r < x < s <b. Then x € |r, s| C U and it follows
that U is the union of all bounded open intervals with rational boundary
points contained in U. Since this family of intervals is at most denumberable
we conclude that U € R. In addition, any closed set belongs to R since its
complements is open. It is by no means simple to grasp the definition of R at
this stage but the reader will successively see that the o-algebra R has very
nice properties. At the very end of Section 1.3, using the so called Axiom of
Choice, we will exemplify a subset of the real line which does not belong to
R. In fact, an example of this type can be constructed without the Axiom
of Choice (see Dudley’s book [D]).

In measure theory, inevitably one encounters co. For example the real
line has infinite length. Below [0, co] = [0, co[U{oo} . The inequalities z <y
and = < y have their usual meanings if =,y € [0,00[. Furthermore, z < oo
if z € [0,00] and = < o0 if & € [0,00[. We define z + co = 00 + 2 = o0 if
x,y € [0,00], and

x-oo:oo-x:{ 0 ifz=0
o if 0 <z < 0.
Sums and multiplications of real numbers are defined in the usual way.

If A, € X, ne Ny, and Ay, N A, = ¢ if k # n, the sequence (A,)nen, is
called a disjoint denumerable collection. If (X, M) is a measurable space, the
collection is called a denumerable measurable partition of A if A = U A,
and A, € M for every n € N,. Some authors call a denumerable collection
of sets a countable collection of sets.



Definition 1.1.2. (a) Let A be an algebra of subsets of X. A function
p: A — [0, 00] is called a content if

(i) u(0) =0
(i) p(AU B) = u(A) + u(B) if A,B € Aand AN B = ¢.

(b) If (X, M) is a measurable space a content y defined on the o-algebra M
is called a positive measure if it has the following property:

For any disjoint denumerable collection (An)neN+ of members of M

N(UgozlAn) = 2?:1#(1471)-

If (X, M) is a measurable space and the function pu : M — [0,00] is a
positive measure, (X, M, p) is called a positive measure space. The quantity
p(A) is called the p-measure of A or simply the measure of A if there is
no ambiguity. Here (X, M, p) is called a probability space if u(X) = 1, a
finite positive measure space if u(X) < oo, and a o-finite positive measure
space if X is a denumerable union of measurable sets with finite p-measure.
The measure p is called a probability measure, finite measure, and o-finite
measure, if (X, M, ) is a probability space, a finite positive measure space,
and a o-finite positive measure space, respectively. A probability space is
often denoted by (2, F, P). A member A of F is called an event.

As soon as we have a positive measure space (X, M, u), it turns out to
be a fairly simple task to define a so called p-integral

/X f(2)du(z)

as will be seen in Chapter 2.



The class of all finite unions of subintervals of R is an algebra which is
denoted by Ry. If A € Ry we denote by [(A) the Riemann integral

/_ Z Xa(z)dz

and it follows from courses in calculus that the function [: Ry — [0, 00| is a
content. The algebra Ry is called the Riemann algebra and [ the Riemann
content. If I is a subinterval of R, [(I) is called the length of I. Below we
follow the convention that the empty set is an interval.

If A e P(X), cx(A) equals the number of elements in A, when A is a
finite set, and cx(A) = oo otherwise. Clearly, cx is a positive measure. The
measure cy is called the counting measure on X.

Given a € X, the probability measure 0, defined by the equation d,(A) =
Xa(a), if A € P(X), is called the Dirac measure at the point a. Sometimes
we write d, = dx, to emphasize the set X.

If 1 and v are positive measures defined on the same o-algebra M, the
sum u + v is a positive measure on M. More generally, au + [fv is a positive
measure for all real a, f > 0. Furthermore, if £ € M, the function \(A) =
w(ANE), A € M, is a positive measure. Below this measure A will be
denoted by ¥ and we say that u is concentrated on E. If E € M, the class
Mg = {Ae M; AC E} is a g-algebra of subsets of F and the function
6(A) = pu(A), A € Mg, is a positive measure. Below this measure ¢ will be
denoted by 1 and is called the restriction of p to M.

Let Iy, ..., I,, be subintervals of the real line. The set

L x..xI,={(x1,...,x,) ER"; zp € I, k=1,....,n}

is called an n-cell in R™; its volume vol(I; X ... x I,,) is, by definition, equal
to
vol(Iy x ... x I,) = TI}_, I(I).

If I, ..., I, are open subintervals of the real line, the n-cell I; x ... X [, is
called an open n-cell. The o-algebra generated by all open n-cells in R” is
denoted by R,,. In particular, Ry = R. A basic theorem in measure theory
states that there exists a unique positive measure v,, defined on R,, such that
the measure of any n-cell is equal to its volume. The measure v, is called the
volume measure on R,, or the volume measure on R". Clearly, v, is o-finite.
The measure v, is called the area measure on R? and v; the linear measure
on R.



Theorem 1.1.1. The volume measure on R"™ exists.

Theorem 1.1.1 will be proved in Section 1.5 in the special case n = 1. The
general case then follows from the existence of product measures in Section
3.4. An alternative proof of Theorem 1.1.1 will be given in Section 3.2. As
soon as the existence of volume measure is established a variety of interesting
measures can be introduced.

Next we prove some results of general interest for positive measures.

Theorem 1.1.2. Let A be an algebra of subsets of X and p a content

defined on A. Then,
(a) p is finitely additive, that is

p(A U UAL) = p(Ar) + .o+ u(Ay)

if Aq, ..., A, are pairwise disjoint members of A.
(b) if A,B € A,

n(A) = p(A\ B) + p(AN B).
Moreover, if n(ANB) < oo, then
n(AU B) = u(A) + w(B) — (AN B)

(¢) A C B implies n(A) < u(B) if A, B € A.
(d) p finitely sub-additive, that is

p(AU . UA,) < u(Ay) + .o+ p(4y)

if Aq,..., A, are members of A.

If (X, M, p) is a positive measure space



(e) w(An) = p(A) if A= Upen,An, A, € M, and
A C A CA3C ..

(£) pu(An) = p(A) if A=Nnen, An, An € M,
A1 DA D A3 D ..

and pu(A;) < oco.
(g) i is sub-additive, that is for any denumerable collection (An)n€N+ of

members of M,
(Ui An) < B2 0(Ay).

PROOF (a) If A, ..., A, are pairwise disjoint members of A,
(U= Ak) = (A1 U (Up_pA))

= (A + (Ul Ay

and, by induction, we conclude that p is finitely additive.

(b) Recall that
A\ B=AnN B

Now A = (A\ B) U(AN B) and we get
1(A) = p(A\ B) + u(AN B).
Moreover, since AU B = (A\ B) U B,
(AU B) = u(A\ B) + pu(B)
and, if (AN B) < oo, we have
u(AU B) = u(A) + u(B) — (AN B).

(c) Part (b) yields u(B) = u(B\ A) + p(AN B) = (B \ A) + u(A), where
the last member does not fall below p(A).



(d) If (A;),is a sequence of members of A define the so called disjunction
(By)j_ of the sequence (A4;)!, as

Bl = Al and Bk = Ak \ Ufz_llAi for 2 S k S n.

Then By C Ag, UF_jA; =UF_ B, k=1,..,n,and B;NB; = ¢ if i # j. Hence,
by Parts (a) and (c),

(U1 Ar) = X3 u(Be) < X3 pu(A).

(e) Set By = Ay and B, = A, \ A,_1 for n > 2. Then A, = By U ....U B,,
B,NB;=¢ifi+# jand A= U2, B;. Hence

p(An) = -1 1(Br)

and
p(A) = X2 u(By).

Now e) follows, by the definition of the sum of an infinite series.

(f) Put C,, = Ay \ A, n>1.Then C; CCy, CC5C ...,
AN\NA=U2,C,
and u(A) < p(A,) < u(A;) < oco. Thus
#(Cy) = p(Ay) — p(A,)
and Part (e) shows that

(A1) = p(A) = p(Ar\ A) = lim p(Cy) = p(Ar) — lim p(4,).

n—oo n—oo

This proves (f).

(g) The result follows from Parts d) and e).
This completes the proof of Theorem 1.1.2.



The hypothesis ”11(A;) < 0o ” in Theorem 1.1.2 ( f) is not superfluous. If
N, is the counting measure on N and A4,, = {n,n +1,...}, then en, (Ay) =
oo for all n but A1 D A; O ... and en, (N9 A,) = 0 since N2, A, = ¢.

If A, B C X, the symmetric difference AAB is defined by the equation

AAB =g (A\ B)U (B\ A).

Note that
XAAB :‘ XA — XB ’ .

Moreover, we have

AAB = A°AB°

and
(UZ1A)A(UE, B;) C U (A4AB;).

Example 1.1.1. Let x4 be a finite positive measure on R. We claim that
to each set £ € R and ¢ > 0, there exists a set A, which is finite union of
intervals (that is, A belongs to the Riemann algebra Ry), such that

p(EAA) < e.

To see this let S be the class of all sets £ € R for which the conclusion
is true. Clearly ¢ € S and, moreover, Rp C S. If A € Ry, A° € Ry and
therefore £° € S if E € S. Now suppose F; € S, i € N,. Then to each ¢ > 0
and 7 there is a set A; € R such that u(E;AA;) < 27%. If we set

then
HEA(UZA))) < 2 u(EiAA;) <e.

Here
EA(UZA) = {EN (N2 A7) U{E N (U, 4:)}

and Theorem 1.1.2 (f) gives that
p({E N (N A7) U{(E N (UZ4)}) <e
if n is large enough (hint: N;e;(D; U F) = (NierD;) U F). But then

MEA UL Ai) = p({E 0 (M2 A7)} U{E N (UL A)}) < e
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if n is large enough we conclude that the set £ € S. Thus § is a o-algebra
and since Rg € S C R it follows that S = R.

Exercises

1. Prove that the sets N x N = {(7,); i,7 € N} and Q are denumerable.

2. Suppose A is an algebra of subsets of X and p and v two contents on A
such that p < v and u(X) = v(X) < co. Prove that y = v.

3. Suppose A is an algebra of subsets of X and p a content on A4 with
p(X) < oo. Show that

(AU BUC) = u(A) + u(B) + pu(C)
—u(ANB) —u(ANC)—u(BNC)+u(ANBNC).
4. A collection C of subsets of X is an algebra with the following property:

If A, e C,ne N, and A, NA, =¢if &k #n, then U2, A, € C. Prove that
C is a o-algebra.

5. Let (X, M) be a measurable space and (u);—, a sequence of positive
measures on M such that gy < py < g < ... . Prove that the set function

p(A) = lim p5,(A), A€M

is a positive measure.

6. Let (X, M, ) be a positive measure space. Show that

M(QZ:IAk> < \n/ HZ=1M<Ak)
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for all Ay,..., A, € M.

7. Let (X, M, n) be a o-finite measure space with 1 (X) = oo. Show that for
any r € [0, oo[ there is some A € M with r < pu(A) < .

8. Show that the symmetric difference of sets is associative:

AA(BAC) = (AAB)AC.

9. (X, M, ) is a finite positive measure space. Prove that

| 1(A) = u(B) |[< p(AAB).

10. Let £ = 2N. Prove that
cn(EAA) = o0

if A is a finite union of intervals.

11. Suppose (X, P(X), 1) is a finite positive measure space such that u({z}) >
0 for every x € X. Set

d(A, B) = n(AAB), A, B € P(X).

Prove that
d(A,B) =0 < A= B,
d(A,B) =d(B, A)

and
d(A,B) <d(A,C)+d(C, B).

12. Let (X, M, 1) be a finite positive measure space. Prove that

(Ui Ai) > B0 1(Ai) — Bicicjcnit(Ai N Aj)
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for all Ay, ..., A, € M and integers n > 2.
1.2. Measure Determining Classes

Suppose p and v are probability measures defined on the same o-algebra M,
which is generated by a class £. If ;4 and v agree on &, is it then true that pu
and v agree on M? The answer is in general no. To show this, let

X ={1,2,3,4}

and
&={{1,2},{1,3}}.

Then o(€) = P(X). If = tcx and

1 1 1 1
== =0 =0 =0
v 6X,1+3X,2+3X,3+6X,4

then 4 = v on £ and u # v.

In this section we will prove a basic result on measure determining classes
for o-finite measures. In this context we will introduce so called 7-systems
and A-systems, which will also be of great value later in connection with the
construction of so called product measures in Chapter 3.

Definition 1.2.1. A class G of subsets of X is a m-systemif ANB € g
for all A,B € @.

The class of all open n-cells in R" is a 7-system.

Definition 1.2.2. A class D of subsets of X is a A-system if the following
properties hold:

(a) X € D.

(b)If A,B€Dand AC B, then B\ A€ D.
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(c) If (Ap)nen, is a disjoint denumerable collection of members of the
class D, then Uy A, € D.

Theorem 1.2.1. If a class M 1s both a w-system and \-system, then M is
a o-algebra.

PROOF. If A € M, then A° = X \ A € M since X € M and M is a
A-system. Moreover, if (A, )nen, is a denumerable collection of members of
M,

AU UA, =(AiN..NA e M

for each n, since M is a A-system and a m-system. Let (B,)>2; be the
disjungation of (A,)>2,. Then (B, )nen, is a disjoint denumerable collection
of members of M and Definition 1.2.2(c) implies that U2, A, = U2, B, €
M.

Theorem 1.2.2. Let G be a ww-system and D a \-system such that G C
D. Then o(G) C D.

PROOF. Let M be the intersection of all Ad-systems containing G. The class
M is a A-system and G C M CD. In view of Theorem 1.2.1 M is a o-
algebra, if M is a m-system and in that case 0(G) C M. Thus the theorem
follows if we show that M is a m-system.

Given C' C X, denote by D¢ be the class of all D C X such that DNC €
M.

CLAIM 1. If C € M, then D¢ is a A-system.

PROOF OF CLAIM 1. First X € D¢ since X NC' = C € M. Moreover, if
A, B€Dgand AC B, then ANC,BNC € M and

(B\A)NC=(BNC)\ (ANC) e M.

Accordingly from this, B\ A € D¢. Finally, if (A,,)nen, is a disjoint denumer-
able collection of members of D¢, then (A, NC),en, is disjoint denumerable
collection of members of M and

(Unen, An) N C = Upen, (An N C) € M.
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Thus UnEN+An € Deg.

CLAIM 2. If A € G, then M C D,.

PROOF OF CLAIM 2. f Be G, AnB € GCM. Thus B € Dy. We
have proved that G C D, and remembering that M is the intersection of all
A-systems containing G Claim 2 follows since Dy is a A-system.

To complete the proof of Theorem 1.2.2, observe that B € D, if and only
if A € Dg. By Claim 2, if A € G and B € M, then B € D4 that is A € Dp.
Thus G C Dy if B € M. Now the definition of M implies that M C Dy if
B € M. The proof is almost finished. In fact, if A,B € M then A € Dp
that is AN B € M. Theorem 1.2.2 now follows from Theorem 1.2.1.

Theorem 1.2.3. Let p and v be positive measures on M = o(G), where
G is a m-system, and suppose u(A) = v(A) for every A € G.

(a) If 1 and v are probability measures, then u = v.

(b) Suppose there exist E, € G, n € N, such that X = U2 | E,,

E1 Q E2 Q ceuy and

w(E,) =v(E,) < oo, alln € N;.
Then = v.

PROOF. (a) Let
D={AeM; u(4)= v(A)}.

It is immediate that D is a A-system and Theorem 1.2.2 implies that M =
0(G) C D since G C D and G is a m-system.

(b) If u(E,) = v(E,) =0 for all all n € N, then

u(X) = Tim p(B,) =0

n—oo
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and, in a similar way, v(X) = 0. Thus p = v. If u(E,) = v(E,) > 0, set

pn(A) = ,M(En)M(A NE,) and v,(A) = v(ANE,)

for each A € M. By Part (a) u,, = v, and we get
w(ANE,) =v(ANE,)

for each A € M. Theorem 1.1.2(e) now proves that p = v.

Theorem 1.2.3 implies that there is at most one positive measure defined
on R, such that the measure of any open n-cell in R" equals its volume.
Next suppose f: X — Y andlet A C X and B C Y. The image of A

and the inverse image of B are
f(A) ={y; y= f(x) for some z € A}
and
f(B) ={x; f(z) € B}

respectively. Note that
) =X

and

Y\ B) =X\ f1(B).
Moreover, if (A;);cs is a collection of subsets of X and (B;);c; is a collection
of subsets of Y

f(UierAs) = Uier f(As)
and
F N UierB;) = Uier fH(By).
Given a class £ of subsets of Y, set
Y& ={f'(B); Be&}.

If (Y, N) is a measurable space, it follows that the class f~1 () is a o-algebra
in X. If (X, M) is a measurable space

{B; f71(B) e M}
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is a g-algebra in Y. Thus, given a class £ of subsets of Y,

Definition 1.2.3. Let (X, M) and (Y, ) be measurable spaces. The func-
tion f: X — Y is said to be (M, N)-measurable if f~*(N) C M. If we say
that f : (X, M) — (Y, N) is measurable this means that f : X — Y is an
(M, N)-measurable function.

Theorem 1.2.4. Let (X, M) and (Y,N) be measurable spaces and suppose
E generates N'. The function f: X — Y is (M, N)-measurable if

FHEC M.

PROOF. The assumptions yield

Since
we are done.

Corollary 1.2.1. A function f:X — R is (M, R)-measurable if and only
if the set f~'(Ja, 00]) € M for all o € R.

If f: X =Y is (M, N)-measurable and 1 is a positive measure on M,
the equation

v(B) = u(f(B)), BEN

defines a positive measure v on N. We will write v = puf~!, v = f(u) or
v = p;. The measure v is called the image measure of ; under f and f is
said to transport p to v. Two (M, N)-measurable functions f : X — Y and
g: X — Y are said to be u-equimeasurable if f(u) = g(u).
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As an example, let a € R" and define f(z) = x+aif x € R". If B C R",
fY(B)={z; t+a€ B}=B—a.

Thus f~!(B) is an open n-cell if B is, and Theorem 1.2.4 proves that f is
(R,, Ry,)-measurable. Now, granted the existence of volume measure v,,, for
every B € R,, define

u(B) = f(vn)(B) = va(B — a).

Then p(B) = v,(B) if B is an open n-cell and Theorem 1.2.3 implies that
i = v,. We have thus proved the following

Theorem 1.2.5. For any A € R,, and x € R"
A+zxeR,

and

Up(A+ ) = v,(A).

Suppose (2, F, P) is a probability space. A measurable function ¢ defined
on {2 is called a random variable and the image measure P is called the
probability law of £. We sometimes write

Here are two simple examples.
If the range of a random variable £ consists of n points S = {s1, ..., 8,}
(n>1) and Py = %cs, ¢ is said to have a uniform distribution in S. Note

that ]
Pg - EE’,;‘zl(SSk.

Suppose A > 0 is a constant. If a random variable £ has its range in N

and \n
__yoo 7t =X

then ¢ is said to have a Poisson distribution with parameter \.



18

Exercises

1. Let f: X =Y, AC X, and B CY. Show that

F(f7H(B)) C B and f7'(f(A) 2 A.

2. Let (X, M) be a measurable space and suppose A C X. Show that the
function x4 is (M, R)-measurable if and only if A € M.

3. Suppose (X, M) is a measurable space and f, : X — R, n € N, a
sequence of (M, R)-measurable functions such that

lim f,(z) exists and = f(z) € R

n—oo

for each x € X. Prove that f is (M, R)-measurable.

4. Suppose f : (X,M) — (Y,N) and g : (Y,N) — (Z,S) are measurable.
Prove that g o f is (M, S)-measurable.

5. Granted the existence of volume measure v,,, show that v, (r4) = r"v,,(A)

ifr>0and A€ R.

6. Let u be the counting measure on Z? and f(z,y) = z, (x,y) € Z*. The
measure 4 is o-finite. Prove that the image measure f(u) is not o-finite.

7. Let p, v : R — [0, 00] be two positive measures such that p(I) = v(I) < oo
for each open subinterval of R. Prove that y = v.
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8. Suppose & has a Poisson distribution with parameter \. Show that P 2N] =
e~ cosh \.

9. Find a A-system which is not a o-algebra.

1.3. Lebesgue Measure

Once the problem about the existence of volume measure is solved the exis-
tence of the so called Lebesgue measure is simple to establish as will be seen
in this section. We start with some concepts of general interest.

If (X, M,pn) is a positive measure space, the zero set Z, of p is, by
definition, the set at all A € M such that u(A) = 0. An element of Z, is
called a null set or p-null set. If

(Ac Z,and BCA)=BeM

the measure space (X, M, i) is said to be complete. In this case the measure
p is also said to be complete. The positive measure space (X, {¢, X}, u),
where X = {0,1} and o = 0, is not complete since X € Z, and {0} ¢ {¢, X }.

Theorem 1.3.1 If (E,);>, is a denumerable collection of members of Z,
then Uy | B, € Z,,.

PROOF We have
0 < pu(UnyBn) < 552 pu(En) =0

which proves the result.

Granted the existence of linear measure v; it follows from Theorem 1.3.1
that Q € Z,, since Q is countable and {a} € Z,, for each real number a.

Suppose (X, M, u) is an arbitrary positive measure space. It turns out
that p is the restriction to M of a complete measure. To see this suppose
M~ is the class of all E C X is such that there exist sets A, B € M such that
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ACFECBand B\ A€ 2, It is obvious that X € M~ since M C M. If
E € M~ choose A,B € M such that A C E C B and B\ A € Z,. Then
B¢ C E° C A®and A°\ B° = B\ A € Z, and we conclude that E° € M~ If
(E;)2, is a denumerable collection of members of M~ for each i there exist
sets A;, B; € M such that A; C E C B; and B; \ A; € Z,,. But then

Uz Ai C UZ B € UL, B
where U, A;, U2, B; € M. Moreover, (U2, B;) \ (U2, A;) € Z, since
(U1 Bi) \ (U2 A;) C© U (Bi \ A4i).

Thus U°, E; € M~ and M~ is a o-algebra.
If E € M, suppose A;, B; € M are such that A; C E C B; and B;\ 4; €
Z, for i = 1,2. Then for each 4, (B; N Bs) \ 4; € Z,, and

(BN Ba) = p((B1 N Ba) \ Ai) + pu(A) = p(As).

Thus the real numbers 1(A;) and p(As) are the same and we define i(E) to
be equal to this common number. Note also that u(B;) = p(FE). It is plain
that a(¢) = 0. If (E;)°, is a disjoint denumerable collection of members
of M, for each i there exist sets A;, B; € M such that A; C F; C B; and
B; \ A; € Z,. From the above it follows that

P(UZ Ey) = (U2, Ay) = 302 pu(Ay) = X027 a(E).

We have proved that p is a positive measure on M~. If £ € Z; the
definition of i shows that any set A C E belongs to the o-algebra M™. It
follows that the measure i is complete and its restriction to M equals p.

The measure [ is called the completion of 1 and M~ is called the com-
pletion of M with respect to pu.

Definition 1.3.1 The completion of volume measure v, on R" is called
Lebesgue measure on R" and is denoted by m,,. The completion of R, with
respect to v, is called the Lebesgue o-algebra in R™ and is denoted by R, .
A member of the class R, is called a Lebesgue measurable set in R" or a
Lebesgue set in R™. A function f : R” — R is said to be Lebesgue measurable
if it is (R,,, R)-measurable. Below, m; is written m if this notation will not
lead to misunderstanding. Furthermore, R{ is written R~.
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Theorem 1.3.2. Suppose E € R, and v €R". Then E +x € R, and
mn(E + x) = m,(E).

PROOF. Choose A, B € R,, such that A C EC Band B\ A € Z, . Then,
by Theorem 1.2.5, A+ x, B+ x € Ry, v,(A+ x) = v,(A) = m,(F), and
(A+x2)\(B+2z)=(A\B)+z € 2Z,,.Since A+x C E+x C B+ x the
theorem is proved.

The Lebesgue o-algebra in R” is very large and contains each set of
interest in analysis and probability. In fact, in most cases, the o-algebra R, is
sufficiently large but there are some exceptions. For example, if f : R” — R"
is continuous and A € R, the image set f(A) need not belong to the class
R, (see e.g. the Dudley book [D]). To prove the existence of a subset of the
real line, which is not Lebesgue measurable we will use the so called Axiom
of Choice.

Axiom of Choice. If (A;);c; is a non-empty collection of non-empty sets,
there exists a function f : I — U, A; such that f(i) € A; for every i € 1.

Let X and Y be sets. The set of all ordered pairs (z,y), where x € X
and y € Y is denoted by X x Y. An arbitrary subset R of X x Y is called a

relation. If (z,y) € R, we write x ~ y. A relation is said to be an equivalence
relation on X if X =Y and

(i) x ~ z (reflexivity)
(i) z ~y = y ~ x (symmetry)
(ii) (z ~y and y ~ z) = = ~ z (transitivity)

The equivalence class R(z) =4c¢ {y; y ~ =} . The definition of the equiv-
alence relation ~ implies the following;:

(a) x € R(x)
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(b) R(z) N R(y) # ¢ = R(z) = R(y)
(C) UxGXR(x) = X.

An equivalence relation leads to a partition of X into a disjoint collection
of subsets of X.

Let X = [—%, %] and define an equivalence relation for numbers z, y in X
by stating that x ~ y if x — y is a rational number. By the Axiom of Choice
it is possible to pick exactly one element from each equivalence class. Thus
there exists a subset N L of X which contains exactly one element from each
equivalence class.

If we assume that NL € R~ we get a contradiction as follows. Let (r;)7°,

be an enumeration of the rational numbers in [—1,1]. Then

and it follows from Theorem 1.3.1 that r; + NL ¢ Z,, for some i. Thus, by
Theorem 1.3.2, NL ¢ Z,,.

Now assume (r; + NL) N (r; + NL) # ¢. Then there exist ¢’,a” € NL
such that 7, +a' =r; +a" or @’ —a" = r; — r;. Hence o’ ~ a” and it follows
that @’ and a” belong to the same equivalence class. But then ¢’ = o”. Thus
r; = r; and we conclude that (r; + NL);en, is a disjoint enumeration of
Lebesgue sets. Now, since

3 3
U2 (r; + NL)C |—=, =
=+ ND) € |-5.3]
it follows that
3>m(Uz,(r;+ NL)) =% m(NL).

But then NL € Z,,, which is a contradiction. Thus NL ¢ R™.

In the early 1970’ Solovay [S] proved that it is consistent with the usual
axioms of Set Theory, excluding the Axiom of Choice, that every subset of
R is Lebesgue measurable.

From the above we conclude that the Axiom of Choice implies the exis-
tence of a subset of the set of real numbers which does not belong to the class
R. Interestingly enough, such an example can be given without any use of



23

the Axiom of Choice and follows naturally from the theory of analytic sets.
The interested reader may consult the Dudley book [D].

Exercises

1. (X, M, ) is a positive measure space. Prove or disprove: If A C E C B
and p(A) = p(B) then E belongs to the domain of the completion f.

2. Prove or disprove: If A and B are not Lebesgue measurable subsets of
R, then A U B is not Lebesgue measurable.

3. Let (X, M, i) be a complete positive measure space and suppose A, B €
M, where B\ A is a p-null set. Prove that £ € M if A C E C B (stated
otherwise M~ = M).

4. Suppose E C R and E ¢ R~. Show there is an € > 0 such that
m(B\ A) > ¢

for all A, B € R~ such that AC F C B.

5. Suppose (X, M, ;1) is a positive measure space and (Y, N') a measurable
space. Furthermore, suppose f : X — Y is (M, N)-measurable and let
v = puf~t that is v(B) = u(f~!(B)), B € N. Show that f is (M~ ,N")-
measurable, where M~ denotes the completion of M with respect to ;1 and
N~ the completion of N with respect to v.

1.4. Carathéodory’s Theorem
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In these notes we exhibit two famous approaches to Lebesgue measure. One
is based on the Carathéodory Theorem, which we present in this section, and
the other one, due to F. Riesz, is a representation theorem of positive linear
functionals on spaces of continuous functions in terms of positive measures.
The latter approach, is presented in Chapter 3. Both methods depend on
topological concepts such as compactness.

Definition 1.4.1. A function 6 : P(X) — [0,00] is said to be an outer
measure if the following properties are satisfied:

(i) 6(¢) = 0.
(i) 0(A) < 0(B) if A C B.
(iii) for any denumerable collection (A,)22 ; of subsets of X

BU 1A, < T52,0(A,).

Since

E=(ENA)U(ENA9
an outer measure  satisfies the inequality
O(F) <O(ENA)+0(FENA°).

If 6 is an outer measure on X we define M(f) as the set of all A C X
such that
G(E)=0ENA)+0(ENA°) foral ECX

or, what amounts to the same thing,
O(F)>0(ENA)+60(ENA°) for all E C X.

The next theorem is one of the most important in measure theory.
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Theorem 1.4.1. ( Carathéodory’s Theorem) Suppose 0 is an outer
measure. The class M(0) is a o-algebra and the restriction of 0 to M(0) is
a complete measure.

PROOF. Clearly, ¢ € M(f) and A° € M(0) if A € M(A). Moreover, if
A,Be M(0) and E C X,
0(E)=0(ENA)+0(EnNA°

=0(ENANB)+60(ENANB°)
+0(ENA°NB)+0(ENA°N B°).

But
AUB=(ANB)U(ANB°)U(A°N B)
and
AN B°=(AUDB)°
and we get

9(E)>60(EN(AUB))+0(EN(AUB)°).

It follows that AU B € M(f) and we have proved that the class M(0) is an
algebra. Now if A, B € M(#) are disjoint

B(AUB) = 0((AUB) N A) + 0((AUB) N A°) = 0(A) + 0(B)

and therefore the restriction of 6 to M() is a content.
Next we prove that M(0) is a o-algebra. Let (A;)$°, be a disjoint denu-
merable collection of members of M(0) and set for each n € N

B, = Ui<i<nA; and B = U2 A;
(here By = ¢). Then for any F C X
0(ENB,) =0ENB,NA,)+0(ENB,NA)
=0(ENA,)+0(ENB,_1)

and, by induction,
O(ENB,) =3 0(ENA;).

But then
9(E)=60(ENB,)+0(ENB)
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> ¥ 0(ENA)+0(ENB°
and letting n — oo,
O(F) > X2 0(ENA;)+0(EnNB°)

>0(U2 (ENA))+0(EN B
=0(ENB)+0(ENB°) >0(F).

All the inequalities in the last calculation must be equalities and we conclude
that B € M(0) and, choosing F = B, results in

0(B) = 32,0(Ai).

Thus M(0) is a o-algebra and the restriction of 6 to M(6) is a positive
measure.
Finally we prove that the the restriction of 6 to M(f) is a complete

measure. Suppose B C A € M(f) and §(A) =0. If £ C X,
8(E) < 0(EN B) +0(E N B°) < §(E N B°) < §(E)

and so B € M(6). The theorem is proved.

Exercises

1. Suppose 0; : P(X) — [0,00[, ¢ = 1,2, are outer measures. Prove that
0 = max(f1,0s) is an outer measure.

2. Suppose a,b € R and a # b. Set § = max(d,, d;). Prove that

{a}, {b} & M(0).

1.5. Existence of Linear Measure
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The purpose of this section is to show the existence of linear measure on R
using the Carathéodory Theorem and a minimum of topology.

First let us recall the definition of infimum and supremum of a non-
empty subset of the extended real line. Suppose A is a non-empty subset
of [—00,00] = RU{—00,00}. We define —o0o < z and x < oo for all x €
[—00,00]. An element b € [—o0, 0] is called a majorant of A if x < b for all
x € A and a minorant if x > b for all z € A. The Supremum Axiom states
that A possesses a least majorant, which is denoted by sup A. From this
follows that if A is non-empty, then A possesses a greatest minorant, which
is denoted by inf A. (Actually, the Supremum Axiom is a theorem in courses
where time is spent on the definition of real numbers.)

Theorem 1.5.1. (The Heine-Borel Theorem; weak form) Let [a,b] be
a closed bounded interval and (U;);c; a collection of open sets such that

UierU; 2 [a, b] .

Then
Uie Ui D [a, b]

for some finite subset J of I.

PROOF. Let A be the set of all z € [a, b] such that
UiesUi 2 |a, 7]

for some finite subset J of I. Clearly, a € A since a € U; for some . Let
¢ = sup A. There exists an ig such that ¢ € U;,. Let ¢ € |ag, bo[ C U,,, where
ag < bg. Furthermore, by the very definition of least upper bound, there
exists a finite set J such that

UiesUi 2 la, (a0 + ¢)/2] .

Hence
Uiesugio}Ur 2 [a, (¢ + bo) /2]

and it follows that ¢ € A and ¢ = b. The lemma is proved.
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A subset K of R is called compact if for every family of open subsets U;,
1 € I, with U;c;U; O K we have U;c;U; O K for some finite subset J of I.
The Heine-Borel Theorem shows that a closed bounded interval is compact.
If zr,yec Rand F, F CR, let

be the distance between = and y, let

d(z, E) = inf d(z, u)

uel

be the distance from x to E, and let

d(E,F)= inf d(u,v)

ueEveF

be the distance between E and F' (here the infimum of the emty set equals
o0). Note that for any u € E,

d(z,u) < d(x,y) + d(y,u)

and, hence

d(z, E) < d(x,y) + d(y,u)

and
d(z,E) <d(z,y) +d(y, E).

By interchanging the roles of x and y and assuming that E # ¢, we get

Note that if /' C R is closed and x ¢ F| then d(z, F') > 0.
An outer measure 6 : P(R) — [0, 00 is called a metric outer measure if

O(AU B) = 0(A) + 6(B)

for all A, B € P(R) such that d(A, B) > 0.

Theorem 1.5.2. If 6 : P(R) —[0,00] is a metric outer measure, then

R C M(0).
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PROOF. Let F' € P(R) be closed. It is enough to show that F' € M(f). To
this end we choose F C X with (FE) < oo and prove that

O(E) > 0(ENF)+0(ENF°).

Let n > 1 be an integer and define
1
A, = {erﬂFc; d(z,F) > —}.
n

Note that A, C A,,.1 and
ENFc=Uy A,
Moreover, since f is a metric outer measure
O(E) >0(ENF)UA,) =0(ENF)+0(A,)
and, hence, proving

O(E N F°) = lim 0(A,)

n—oo

we are done.
Let B, = A,+1 NAS. It is readily seen that

1
d Bn 7An Z 2R
( +1 ) n(n+ 1)
since if z € B, and
1
d
(z,y) < n(n+ 1)
then
dy, F) < d(y,z) +d(z, F) < = + L1
%5 = 0 ’ nn+1) n+l1 n
Now

0(Aggy1) > 0(Bop U Agp—1) = 0(Bay) + 0(Agp—1)
> ... >XF 0(By)

and in a similar way
0(Aar) > 57 ,0(Bai1).
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But 6(A,,) < 6(E) < oo and we conclude that

We now use that
ENFc=A,U(Ux, B;)

to obtain
O(E N F) < 0(A,) + 52,0(B).

Now, since 0(E N F°) > 0(A,),

O(E N F°) = lim 0(A,)

n—oo

and the theorem is proved.

PROOF OF THEOREM 1.1.1 IN ONE DIMENSION. Suppose § > 0. If
A CR, define

05(A) = inf X322 1(1)
the infimum being taken over all open intervals [}, with [(I;) < ¢ such that
Obviously, 05(¢) = 0 and 05(A) < 05(B) if A C B. Suppose (4,)2, is a
denumerable collection of subsets of R and let ¢ > 0. For each n there exist

intervals Iy, k € N, such that [(Ix,) < J,

and
Y l(Ign) < 0s5(Ay,) +e277.
Then
A —def UZO:lAn C Uz?nzljkn
and
Eifnzll(lkn) <X ,05(A,) + €.
Thus

05(A) < X02,05(A,) +¢
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and, since € > 0 is arbitrary,
05(A) < X2 ,05(A,).

It follows that 65 is an outer measure.
If I is an open interval it is simple to see that

0:(1) < I(1).

To prove the reverse inequality, choose a closed bounded interval J C I. Now,
if

where each I} is an open interval of {(I}) < 0, it follows from the Heine-Borel
Theorem that

for some n. Hence
I(J) < Zpoi (k) < 33241(1k)

and it follows that
I(J) < 0s(I)

and, accordingly from this,
I(I) < 05(I).

Thus, if I is an open interval, then
Os(1) = I1(1).
Note that 05, > 05, if 0 < 67 < d2. We define
0o(A) = (lsl_r% 0s5(A) if ACR.

It obvious that 6, is an outer measure such that 6y(7) =I([), if I is an open
interval.

To complete the proof we show that 6, is a metric outer measure. To this
end let A, B C R and d(A, B) > 0. Suppose 0 < § < d(A, B) and

where each [ is an open interval with (/) < . Let

a={k I,NA#¢}
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and
B={k; I, N B # ¢}.
Then an g = ¢,
A C Ugealy
and
B C Upeply

and it follows that
Y2 1(UIx) > Epeal(Ii) + Xiepl(y)

> 05(A) + 05(B).

Thus
05(./4 U B) > 95<A> + 65(3)

and by letting 6 — 0 we have
0o(AU B) > 0y(A) + 6y(B)

and
0o(AU B) = 0y(A) + 0(B).

Finally by applying the Carathéodory Theorem and Theorem 1.5.2 it
follows that the restriction of 6y to R equals v;.

We end this section with some additional results of great interest.

Theorem 1.5.3. For any § > 0, 05 = 0. Moreover, if ACR
0o(A) = inf 22, U(1)

the infimum being taken over all open intervals I, k € N, such that
UX I 2O A.
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PROOF. It follows from the definition of 6y that 65 < 6y. To prove the
reverse inequality let A C R and choose open intervals I}, k € N, such that
U I O A. Then

0o(A) < Oo(UpZi 1) < X32,00(1)

= 5% (L)

Hence

0o(A) <inf X722, (1})
the infimum being taken over all open intervals [, & € N,, such that
UR I 2 A. Thus 0y(A) < 65(A), which completes the proof of Theorem
1.5.3.
Theorem 1.5.4. If ACR,

0o(A) = inf 6(U).

UDA
U open
Moreover, if A € M(6,),
0o(A) = sup 0o (K).

KCA
K closed bounded interval

PROOEF. If A C U, 0y(A) < 6y(U). Hence
bo(A) < it 0u(0).

U open

Next let ¢ > 0 be fixed and choose open intervals I, & € N, , such that
U Ix 2 A and

(here observe that it may happen that 6y(A) = oo). Then the set U =g4.¢
Up2 ;1) is open and

Oo(U) < E2100(1x) < 352,1(1) < 0p(A) +e.

Thus

Juf - Oo(U) < 6o(A)
U open
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and we have proved that

0o(A) = nf 0o (U).
U open

If K CA, 0y(K)<6y(A) and, accordingly from this,

sup 0o(K) < 6y(A).
KCA
K closed bounded

To prove the reverse inequality we first assume that A € M(6y) is bounded.
Let € > 0 be fixed and suppose J is a closed bounded interval containing A.
Then we know from the first part of Theorem 1.5.4 already proved that there
exists an open set U O J ~. A such that

Ho(U) < QQ(J AN A) + €.
But then
eo(J) S@o(J\U)—f—Q()(U) <90(J\U)+00(J\A)+8

and it follows that
0o(A) —e < Oo(J\U).
Since J ~. U 1is a closed bounded set contained in A we conclude that
QO(A) < sup 90<K)

KCA
K closed bounded

If Ae M(0) let A, = An[—n,n], n € N,. Then given ¢ > 0 and n €
N, let K,, be a closed bounded subset of A,, such that 6y(K,) > 0y(A,) —¢.
Clearly, there is no loss of generality to assume that K1 C Ky, C K3 C ...
and by letting n tend to plus infinity we get

Hence
0o(A) = sup Gy(K).
KCA
K compact

and Theorem 1.5.4 is completely proved.
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Theorem 1.5.5. Lebesgue measure m;y equals the restriction of 0y to M(0y).

PROOF. Recall that linear measure v; equals the restriction of fy to R and
my = v1. First suppose £ € R~ and choose A, B € R such that AC E C B
and BNA € Z,,. But then §y(E~A) =0and F = AU(E~NA) € M(6y) since
the Carathéodory Theorem gives us a complete measure. Hence m;(F) =
v1(A) = 00(E).

Conversely suppose £ € M(fy). We will prove that F € R~ and m;(F) =
0o(E). First assume that E is bounded. Then for each positive integer n there
exist open U, O E and closed bounded K, C F such that

0o(U,) < Oo(E) + 27"

and

HO(Kn) > 00(E> — 27",
The definitions yield A = U°K,,, B = N°U,, € R and

QO(E) = Oo(A) = (90(B> = Ul(A) = Ul(B) = ml(E)

It follows that £ € R~ and 6y(E) = mi(E).

In the general case set £, = EN[—n,n], n € N,. Then from the above
E, € R~ and 0y(E,) = mi(E,) for each n and Theorem 1.5.5 follows by
letting n go to infinity.

The Carathéodory Theorem can be used to show the existence of volume
measure on R™ but we do not go into this here since its existence follows by
several other means below. By passing, let us note that the Carathéodory
Theorem is very efficient to prove the existence of so called Haussdorff mea-
sures (see e.g. [F]), which are of great interest in Geometric Measure Theory.

Exercises

1. Prove that a subset K of R is compact if and only if K is closed and
bounded.
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2. Suppose A € R~ and m(A) < oco. Set  f(z) = m(AN]—o0,z]), z € R.
Prove that f is continuous.

3. Suppose A € Z,, and B = {2z € A}. Prove that B € Z,,,.

4. Let A be the set of all real numbers x such that

1
|x—2—9|§—3
q q

for infinitely many pairs of positive integers p and ¢. Prove that A € Z,,,.

5. Let I, ..., I,, be open subintervals of R such that
QN[0,1] C Up_ 1.
Prove that ¥7_,m(I;) > 1.
6. If E € R~ and m(F) > 0, for every a € ]0, 1] there is an interval I such

that m(E N 1) > am(l). (Hint: m(E) = inf %2 ;m(/}), where the infimum
is taken over all intervals such that U2 I, O E.)

7. If E € R~ and m(E) > 0, then the set £E—FE = {x — y; z,y € E} contains
an open non-empty interval centred at 0.(Hint: Take an interval I with
m(ENI) > 3m(I). Set e = im(I). If | z |[< e, then (ENI)N(z+(ENI)) # ¢.)

8. Let p be the restriction of the positive measure 220:15&% to R. Prove that

Juf pw(U) > p(A)
U open

if A={0}.
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1.6. Positive Measures Induced by Increasing Right Continuous
Functions

Suppose F': R — [0, 00] is a right continuous increasing function such that

lim F(z)=0.
Set
L = lim F(z).

We will prove that there exists a unique positive measure p : R — [0, L] such
that
/L(]—OO,LU]) = F(SL’), r € R.

The special case L = 0 is trivial so let us assume L > 0 and introduce
H(y)=inf{z e R;F(z) >y}, 0<y< L.

The definition implies that the function H increases.
Suppose a is a fixed real number. We claim that

{y €10, L[; H(y) <a} =]0,F(a)]N]0, L.

To prove this first suppose that y € ]0, L[ and H(y) < a. Then to each
positive integer n, there is an z, € [H(y), H(y) + 27"[ such that F(z,) > y.
Then z,, — H(y) as n — oo and we obtain that F'(H(y)) > y since F is right
continuous. Thus, remembering that F' increases, F'(a) > y. On the other
hand, if 0 <y < L and 0 < y < F(a), then, by the very definition of H(y),
H(y) < a.

We now define

p=H(vyo.r)

and get
wu(]—o0,z]) = F(z), x € R.

The uniqueness follows at once from Theorem 1.2.3. Note that the measure
(t is a probability measure if L = 1.
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Exercises
1. Suppose F': R — R is a right continuous increasing function. Prove that
there is a unique positive measure p on R such that

w(la,z]) = F(z) — F(a), if a,2 € R and a < z.

2. Suppose F' : R — R is an increasing function. Prove that the set of
all discontinuity points of F' is at most denumerable. (Hint: Assume first
that F' is bounded and prove that the set of all points x € R such that
F(z+4) — F(z—) > ¢ is finite for every € > 0.)

3. Suppose p is a o-finite positive measure on R. Prove that the set of all
x € R such that p({z}) > 0 is at most denumerable.

4. Suppose p is a o-finite positive measure on R,,. Prove that there is an at
most denumerable set of hyperplanes of the type

z,=c (k=1,..,n, ceR)

with positive p-measure.

5. Construct an increasing function f : R — R such that the set of discon-
tinuity points of f equals Q.



