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GIH9HKJ0LNMPORQ0S

32n+1 + 2n+2 = 3 · (32)n + 22 · 2n = 3 · 9n + 4 · 2n ≡

3 · 2n + 4 · 2n = 7 · 2n ≡ 0 (mod 7).

GIH9HKJ0LNMPOUTVSXWCY[Z]\8^`_ba&c�dfeXgihjhkgBl;^mhjnogih
x p y q2r l z s eut siv;w nx^meyhz^b{	^mnX{	^mhj|}gieynX~u^b{�� p ~u^ vl;df��^meyhz^b{	^mn s e�{	^mn�^`_maWC��Z�\�^`_ma��8~#t���e si��v gie�~ q {��	h qB� � wo� |	hj�je6^ � t�giny� qfv ^ v x2 ≡ 6 (mod 13) p-q�� l�� s e�� v ��^ v

� t�gf{�eoginy� wy� ex^ w n)~ q {��	h q�� ��n��
(

6

13

)

=

(

2

13

)(

3

13

)

= −

(

3

13

)

= −

(

13

3

)

= −

(

1

3

)

= −1.

GIH9HKJ0LNMPO��4S���^ v;q ~�ginyn9hzd w g�t�gie ��qfv ��ey�;^ v;w ^ � t�giny� qfv � dfe w �j� �¡� eKt���{	^mn�^ � t��jt�gihz^ v nog w � w nx^m~u^mn2¢






x ≡ −1 (mod 9)
x ≡ 6 (mod 11)
x ≡ 8 (mod 25)

£¤^m{ v;q noginy� qfv¥� e �iv¥� � v ^ w � wy� g ex^ w n w gin w ^ v |	hj�je�{	^ v gihjhj~ siv	v g¦hzd wyv � v ��^ v
x ≡ −N1x1 + 6N2x2 + 8N3x3 (mod 9 · 11 · 25)

§ s e N1 = 11 · 25 p N2 = 9 · 25 q�� l N3 = 9 · 11
a�¨8�9l	�jnynogie

x1 p x2 q�� l x3
��^ v;q ~#ginyn8nx^ w nog

q�wxw©� e>gi~¥a�¨�� �¡� e x1 = 2 p x2 = −2 q�� l x3 = −1 q�� l¥{	^ v gihjhj~ siv	v g¦hzd wxv � v ��^ v |	hj�je

x ≡ −11 · 25 · 2 + 6 · 9 · 25 · (−2) + 8 · 9 · 11 · (−1) = −4042 ≡ 908 (mod 2475)

n��
9 · 11 · 25 = 2475

a



GIH9HKJ0LNMPO��<S�WCY[Z�� w n�� �o� ^ v a�� v hj�j��n w gin w�� a �	� ��
��	eyn qfv s e

xk ≡ a (mod n),

{ s e SGD(a, n) = 1 p hzd w |}gie q ~¦~

aφ(n)/SGD(k,φ(n)) ≡ 1 (mod n)

q�� l g v nogihz^mn�� v	��qfv ��ey�;^ v nog¦hzd wyv � v ��gie�~ q {��	h q��
��s e p � w>� � gihjh p SGD(k, φ(n))
a

��t � eyn � gihjh s e�^ � t�giny� qfv ^ v hzd w |}gie�n�� SGD(16, 17) = 1 q�� l

16φ(17)/SGD(12,φ(17)) ≡ (−1)16/4 = 1 (mod 17).

� v nogihz^mn�� v	��qfv ��ey�;^ v noguhjd wxv � v ��gie�~ q {��	h q��
�¦s e�{ � SGD(12, φ(17)) = 4
a

WC��Z8\ q hjh p n��
(

3

17

)

=

(

17

3

)

=

(

2

3

)

= −1

wo� � s e@� v ��^ vu� t�gf{�eoginy� wy� ex^ w n@~ q {��	h qu�
��q�� l q ~�^ � t�giny� qfv ^ v l}gf{	^)l}g � n�^ v hzd wyv � v � p x0 p l}gf{	^
(x6

0)
2 ≡ 3 (mod 17)

{�t w � l}gf{	^�t�giey�jn�^ v¥� tfgf{�eogin w � � ex^ w n)~ q {��	h q��
� a
GIH9HKJ0LNMPO��4S � v nogi� a ≡ a′ (mod n) q�� l b ≡ b′ (mod n) p { ���;v	v;w l;^mhjnogih k, l w>� ginyn a′ =
a + kn q�� l b′ = b + ln

a@\8� s e

a + b = a′ + b′ + kn + ln = a′ + b′ + (k + l)n,

wo� a + b ≡ a′ + b′ (mod n)
a@§�^ wxw �	n q ~ s e

ab = (a′ + kn)(b′ + ln) = a′b′ + a′ln + knb′ + kln2 = a′b′ + (a′l + b′k + kln)

q�� l gihjhjn wo� l}gie�t��<ginyn ab ≡ a′b′ (mod n)
a

GIH9HKJ0LNMPO��-S�� � ey�jt]gihjhkg�|	e �i� �-t siv;w nx^meyhz^b{	^mn�� � ��^m~u^ v}w gi~ n�|	e �i��w nyex^ �o� a�§ � �¡� e�t��
(p−1)!

1 + (p−1)!
2 + (p−1)!

3 + . . . + (p−1)!
p−1

(p − 1)!
=

a

b
.

� � nx^me wxq ~ p 6 | (p− 1)! w>� e sf�o� ^me){	^mn�ginyn)t�� w g�ginyn p
{	^mhkgie)n s h _xgiex^ v �Vt siv;w nx^meyhz^b{	^mn p n��X� wo��� gihjh{	^mhkgie

p
l;^mhjnogihz^mn�t�� � � e q ~ t��4~ �	hjny���	hj� � ^meogie�t siv;w nx^meyhz^b{	^mn�~u^b{ b p {	^mn�t��jhjh wos ��g a

a
� v hj�j��n����jh wxqfv;w@w gin w�s e (p−1)! ≡ −1 (mod p) q�� l
gihjhjn wo��p�q ~ 1 ≤ k ≤ p−1 p (p−1)!/k ≡

−l (mod p)
{ s e kl ≡ 1 (mod n) p n`�

(p − 1)!

k
· kl = (p − 1)! · l ≡ −l (mod n).

� v t�^me w ^me v g�ny�jhjh ��p���p ababa p p − 1 s e��	ex^ � � w���p���p ababa p p − 1
� v}� � qfv�q ex{ v � v � p;w>�

(p − 1)!

1
+

(p − 1)!

2
+ . . . +

(p − 1)!

p − 1
≡ −(1 + 2 + . . . + (p− 1)) = −

p − 1

2
p ≡ 0 (mod p).

�
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WCY[Z]�8~ � v nx^ wo�¤wy� �	hjhz^ A = 4(p2p3 . . . pk) + 3 = q1q2 . . . ql
{ s eugihjhkg qi

t�gie
�	ey�j~ nogih � �$�¡q ey~u^ v 4n + 1 � q | w ^meyt�^meog ginyn A s eX�;{	{;g�� a £ ^ v �	e q {�� � nx^ v g2t nyt � nogih�� �
� q ey~u^ v 4n + 1 s e q��o��wo� � � {	^ v�� q ey~u^ v¤wo� {	^mn wy� �	hjhz^6|[^mn���{;gXginyn A

tfgie�� ���¡q ey~u^ v 4n + 1t��jh � ^mn s e�^ v ~ q n wos ��^mh w ^�aWC��Z�� � n p
t�gieog�^mnyn��	ey�j~ nogih � � �¡q ey~u^ v 4n + 3 wxq ~ {	^mhkgie A

a��8~
p = 3 wo� l}gie�t�� 3 | A − 3{�t w 3 | 4(p2p3 . . . pk) q�� l gihjhjn wo� ginyn 3 | pi � dfe v}� � q n i p t��jh � ^mn s e�^ v ~ q n wos ��^mh w ^X~ q n¦ginyn

pi 6= 3
a��8~

p 6= 3 w>� ~ �fw nx^ p = pi � dfe v}� � q n i ≥ 2 q�� lI{ � l}gie©t��4ginyn p | A− 4(p2p3 . . . pk){�t w p | 3 p t��jh � ^mn q��o��wo�¦s e�^ v ~ q n w>s ��^mh w ^ � n�� p 6= 3
� a

GIH9HKJ0LNMPO��-S
	�g�a@¨��4t�� hjh-l	�jnynog�nyt � l;^mhjnogih a q�� l b wo� {;g v guginyn
a

87
+

b

143
=

7

87 · 143
{�t w)w>� {;g v guginyn 143a + 87b = 7

a �@� � hj�z{	^ w gihj� q ey�jny~ � �I� ��� q�� l � � ��^me

143 = 1 · 87 + 56

87 = 1 · 56 + 31

56 = 1 · 31 + 25

31 = 1 · 25 + 6

25 = 4 · 6 + 1

�4� v {;gie�t�� v �I� � ��{	^mnynog��P|}g � h siv ��^ w�
��¡� e)t��

1 = 25 − 4 · 6 = 25 − 4 · (31 − 25) = 5 · 25 − 4 · 31 = 5 · (56 − 31) − 4 · 31 =

5 · 56 − 9 · 31 = 5 · 56 − 9 · (87 − 56) = 14 · 56 − 9 · 87 = 14 · (143 − 87) − 9 · 87 =

14 · 143 − 23 · 87

wo� 7 = 7 · 14 · 143 + 7 · (−23) · 87
a � hjh n wo�¦s e

98

87
q�� l −

161

143
nyt �¦wo� {;g v g�nogih a

c;ex^b{�ey� � � v � w nyeodf~ p ^m~
gi�jh ¢�������������������� �!��"�#%$&"���'�� �!� �(#%�!�

�


