10.

Exercises in Fourier Analysis 2003

. Assume that the functiofi(z) is 2-periodic, andf(z) = (z + 1)? for -1 < = < 1.

Expandf(z) in complex trigonometric Fourier series. Find a 2-periodic solution to
the equation

20" —y' —y = f(x).

. The functionf (t) is 3-periodic, and

t if 0<t<1,
f)=1 1 if 1<t<2,
3—t if 2<t<3.
Find, in the form trigonometric Fourier series, a periodic solution to the differential

equation
y' +3y=f(0)

. Expand the functioros z in sine-series on the interval, 7). Use the result to

calculate

o0

. Letf(t) =1 —¢*for |t| < 1 andf be 2-periodic. Find a bounded solution to

Ou Fu t>0 <z <00
— = — —00 < T
ot 0x?’ ’ ’

u(0,t) = f(t), —oo<t< 0.

. Solve the Laplace equatiau = u,, + r~tu, + r"2ugs = 0 on the annulug <

r < 2 (in polar coordinates) with boundary conditiaf1, 8) = 0,u(2,0) = f(6),
wheref(0) is 2x-periodic, and

f@®)=1——= for |0 <.
7T'

. Find the Fourier transform of the function

__t b) ; c) L
(12 + a?)?’ (12 4 a?)?’ (2+ 1) +2t+5)’
d)e tlsinbt (a>0,b>0).

a)

. The functionf(¢) has Fourier transfornf(w) = Find

THot

a)/iOO tf(t)dt, b)f'(0).

. The functionf (¢) has Founertransforn?ﬂ sinw . Fin d/ (t)|2dt.

. Find/ (Slidx by using Fourier transform.
0 T

x2+1)

. 1 . >
The functionf (¢) has Fourier transforn?|3— Fmd/ |f * f'|?dt, wherex

denotes convolution.
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12.

13.

14,

15.

16.

17.

18.

19.

20.

Compute the Fourier transform of the function
2
fit) = ﬂei“’talw.
0o 1+w
Find also a)/ f(t) costdt, b)/ (t)|dt.
Letf(t) / Ve coswtdw. Flnd/ (t)|dt.
Find en solution to the equation
t
u' (t) + 2u(t) + e_Qt/ e*u(t)dr = §(t).
Solve the integral equation
e} 0
/ e Tu(t —T)dr — / eTu(t — 7)dr = V3u(t) — eI,
0 —o00
Find a solution to the equation
t
u(t) + / e""tu(r)dr = e 21,
For certain linear, time-invariant system the input sigma]j? gives output-signal
t L .
m. Find impulse response, s wt. Is the system causal, stable?
A linear, time-invariant system has impulse respdr(sg¢ = e=4t*, Lety(¢) be the

response to the input signat*”. Find/ et h(t)y(t)dt.
For certain linear, time-invariant system the input &% give out-5|gnab*2t2.
Find the out-signal (in the form of a complex Fourier series), if the input-signal is

o0

> [20(t—2n) = 5(t — 20— 1)].

Letxz(n) be N-periodic, and

, dd 0<n<k—1,
0, dd k<n<N-1.

Find the discrete Fourier transform and use Parseval formula to calculate

2muk

j{: — COS 1 —cos =~
QWM .
— COS —y

Find the discrete Fourier transform of the signal (sequen@e) = sin %, n
0,...,N —1,andz(n) is N-periodic.
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27.

28.

. sinZ L . .
Prove att functiong,,(r) = —2¢""are pair wise orthogonal ih?(R). Find the
™

numbere,, so that
[ - % ]
‘— — c cpn(x)‘ dx
2 n
-0 ].+(E n=—N
is minimized.
1

Find den solutio(z) toy” — y = 0 that minimizes/ 1+ —y(x)]d.
-1

Find the all egenvalues and egenfunctions to Sturm-Liouville problem

"+ Af =0, 0<z<a,
f(0) = f(0) =0, f(a)+2f(a)=0.

Find the all eigenvalues and eigenfunctions to Sturm-Liouville problem

d du
_ —4x 4z _
e da:(e da:) Au, 0<x<l,

u(0) =0, u'(1) = 0.

Expand the functiom=2* in Fourier series in terms of the eigenfunctions.

Solve the problem
v 0%u
—+ =— = 0 2,0 1
8z2+8y2 Y, <r<2,0<y<l,
u(x,0) =0, u(z,1) =0,

u(0,y) =y —y*, wu(2,y)=0.

Solve the problem
0%u  Ou
1+4t=—=—, 0 1,t>0
+ 92— ot <z<l1l,t>0,
u(0,t) =1, u(1,t) =0,

u(z,0) =1 — 2%
Solve the problem

Wl tul, +20u=0, 0<a<1,0<y<l,
U<O’y) :u(lay> =0,

u(z,0) =0, w(x,1) = 2% — 2.
Solve the problem
0 0?
6_?_8—;;:tsmx’ O<z<1,t>0,

u(0,t) = u(l,t) =0,

u(x,0) = sin 27rx.
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31.
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34.
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36.

Solve the problem

ou_ 0
ot~ T ox2’
w(0,8) =t + 1,

u(l,t) =0,
u(z,0) =1—x.

O<z<l1,t>0,

Solve the Laplace equatidkw, = 0 on the regiord < 6 < %, 1 <r <2, (inpolar
coordinates on planet) with boundary condition

u=0forr=1, wu, =0forr=2,

u=0forf =0, u:r—lfor&%.

Expand the functiosin(2 sin ) in trigonometric Fourier series (real form).

A periodic external forcesin wt acts uniformly on a circular membrane with radius
a The transversal oscillation(r, t) satisfies the equation
1 0%u q .
~ 2 =g sinwt, u|p=q=0.
Find den stationary oscillating motion (hamely a solution of fafm ¢) = v(r) sin wt).
What are the resonance (angel) frequencies?

Solve the heat equatiarf = Au = V2u on en cylinder with radius. The top
and bottom surfaces are isolated, whereas the circular surfacé (in cylindrical
coordinates) obeys the cooling law+ 2w, = 0. Initial temperature isi(r,0) =
r? = 2% + 92

a) Find a bounded solution of the fourtr, t) = v(r)e™? to the equation

oz~ ror
u(a,t) = e’

0? 10/ 0 2
u (ra—:nL)—%u, O0<r<a,

wheren > 0 are integers. For which values> 0 is there such a solution?
b) Letw be such that the solution to a) exists. Study how this can be used to solve

%u 1 0/ Ou n?
W:;E(ra)—r—zu, 0<r<a,t>0,
u(a,t) = sinwt, u bounded
u(r,0) =0, ug(r,0) = 0.

(Some eventual integrals need not to be calculated.)

Solve the Laplace equatidffu = 0 in the cylinderf = /22 +342 < R, 0 < 2z <
L, withu = 0 for z = 0 andz = L, andu = sin %= (1 — cos %% ) for r = R.

Find the polynomiaP(x) of at most degree two which minimizes the integral

| W= Pape i,

0
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45,
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Find the polynomiaP(z) of at most degree two which minimiz?é (24— P(z)]2e " /2da.

— 0o

Find the plynomiaP(z) of at most degree two which minimizes the integyal [e®/*—

0
P(z)]*ze*dx as small as possible.

Find the polynomial of the forn®(z) = 2® + az? + bz + ¢ which minimizes the
1
integral/ [P(2)]*dx
0
! 1/ 3/2
Prove at'J 2Py (2)dr = = ( >
0 3\m+1

Find, (for example, by using the generating functiai},(0), where H,, are the
Hermites polynomials.

Prove the following formel for (the generalized) Laguerre polynondigise):

d

L (@) = ~ L (o).

(Tips: Use the generating function.)

Solve the Laplace equatidu = 0 on the domain:? +y2 + 22 < R? with boundary
conditionu = z(2? + y?) daz? + 3% + 22 = R

Solve the following Laplace equatidku = 0 on the domain) < a < r < b (with
spherical coordinatég

u=1+cosf, ifr=a,

u = cos 20, if r=b.
Find a bounded solution to
Uy = Kgy, —oco<x<oo,t>0,
w(z,0) = (1—222)e ", —o0 <z < .
Solve the problem
uy, +uy, =z, 0<z<1, —00<y< oo,
uz(0,y) =0,
u(l,y) = ye IV
Letf be inL?(R). Find a solution to

%u  O%u
@+8—y2:0’ —o<r<oo, 0<y<a,

u(z,0) =0, u(z,a) = f(x).

Prove att

| ewPis < [~ sk

1

x = rcos ¢ sin 6, boundary conditiony = r sin ¢ sin 6, z = r cos 6
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51.
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54,

55.

56.

Find a periodic solution to the equatigh— 3’ + y = f/(t), where

ft) =

0 for 0<t<1,
t—1 for 1<t<?2,

andf is periodic with period 2. {’(¢) is considered in the distribution sense.)

Letf be defined by
-1 for O0<t<1,
ft) =

1 for 1<t<3,

and that letf (¢) be 3-periodic. Fing’(¢) (distributional derivative) and exparfd(t)
in complex trigonometric Fourier series. Use the result to compute the Fourier series
expansion off (t).

Find the following function (that is, evaluate the sum)

> sin(2n —1)0
f(9)=21:ﬁ~

Find the complex Fourier series for the periodic functfgm) which is equal to
z(2? — %). What is the sum of the series at the poitwsand3r/2?
Solve the problem

Uge + 1 =u, 0<ax<2,6>0

u(0,t) = 0, u(x,0) = z — 22,
w(2,t) = =2, uy(x,0) =0

Solve the following Dirichlet problem on the unit digke, y); 2% + y? < 1}

Uy +Uyy =0, r = /22 + 32 <1

where the functiory is the functionf () = sin? § + cos 6 (in polar coordinates)

Let

n

Qn (:L‘) - dx™

Q.. is a polynomial of degree.

(@"(1—-2)"), n=0,1,2,....

(a) Find the leading term and the constant termj{(x).
(b) Find the norm|Q,,|| avQ,,(x) in L?(0,1).
(c) Prove at),,(z) and@,,, (x) are orthogonal irL?(0, 1) if n # m.

The functionf(z) is continuous and has Fourier transfoyift) = 1“(1552). Find
7(0) andffooo f(x)dz
Find the solutiorf(¢), t > 0, to the equation

() = () + Ft) + 3/0 F(r)dr = 2!

with initial condition f(0) = 1, f/(0) = 0.



57. Letu(z,t) be the solution to the following equation with initial condition

Ut = ClUgy, 1>0,0<z<T
u(0,t) = u(mr,0) =0,
’U;(l‘,O) = 07 ut(x,O) = g(.’L’)

/ g (z, £) P < / l9(a) P
0 0

(Tip: Use variable separation).

Prove att fort > 0,

58. For whichk can you guaranteg € C'*), where

@ o=
(b) Z —2n9

Answers

4 2 S (_1)71(1 + Znﬂ-) inmTT n ! 1 + Z’I’Lﬂ') inTx
Lj@) =343 ¢ ~ 73 7r2 :z: n?( 27127r2 +inmT + 1)e
n#0 n#

2 o= 3(1—cos22T) 2nmt
2. y(t) == — 3
y(t) 9 Z m2n2(3 — 4n2n?) P

n=1
> 2
3. cosz = 24 5 1s1n2nx (0 <z < —=). Thesumis—
4 ula.t) 2 N i At L e (et T
L ulr = = —F &5 € cos\nmt — — I
’ 3~ n2n2 2

2 2« (=)™ —ny_ind
5. 1 _ n _ n m
o2 Mt n;m 2z e
n#0

i —alw ™ —a|w
6. a)—%we |l b)ﬁ(1+a|w|)e |l

T =2l w<§_2- )
106 € B sgnw
diabw

(W? 4+ 2bw + a2 + b?)(w? — 2bw + a2 + b?)

T o-lwl( — 9 —
C) 1€ ( isgnw)

d) —

7
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21,

22.

23.

24,

25.

2v2

1

2
(1l —e 1t

1

9

5 21w . T 2
flw)= T for 0 < w < 2, 0 otherwise. a)2— , b)27r(1n3 - §)
GRS
O(t)e 2t cost

u(t) = %e_t/‘/ge(t) + %e\/gt(l —0(t))

26_2“‘ —te 20(t)

1 t
h(t) = 2 A+ z(t) = coswt gery(t) = %e"“' sinwt; not causal, stable.
7T ¢—5/96
26
2 <« 1 2,2 .
— 1—=(-1 ”:| —n 7 [842|n|7 jinmt
V2 S [imgeaeeane
The sumigk(N — k).
= sin &
X(n)y =Y a(n)e ?mmm/N = TON
0 cos =R — cos 1
m(ez —e 2)e~ "l forn £0
Cp =
21(1— e~ 2) forn=0
2sinh 1 2¢~1
LL coshz + 1,67 sinh z
58inh2+1 3sinh2—1
Egenvalued, = v2, wherey,, are the positive roots to the equatiem va = 53~

A1 = r—3?, whereg, is the positive root of equtanh 3 = g; up(x) = e”** sinh Bz
An = 4+ 32, whereg,, n = 2,3,..., are the positive roots of equtan 3 =
g; U, (r) = e 2" sin B
672I — Z 2V AN[\/ /\n + 2(71) } un(x)
n=1 ﬁn(An - 2)
( 1)n—1

(sinhnrz 4+ 7sinhnw(2 — z)) sinnry

1, 2 o (=
u(w,y) = E(y —y)+ 3 ngl n3 sinh 2nm



26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

8 + 1 —2(2k+1)272[(1+1)%/2-1]
u(l‘,t)zl—x—FFkZiome 3( ) [( ) ]bln(2k+1)ﬂ'ﬂf

u(z,y) = _8 sinﬂx—sm( 20-my)
V=T sin v/20 — 72
sinh(y/(2k + 1)272 — 20y)

8 — 1
- =Y —————sin(2k + )7z
w3 ,; (2k+1)3 ( ) sinh /(2k + 1)272 — 20

oo
_ —4r%t . L3 n—1 n 3 1 —n?r?t 2
u(z,t) =e sin 2rx+4-27 sin 1 ;(—1) s Bl D R v (1—e )] sin nrx
=1
. —2n?n2t : _
u(z,t) = (t+1)(1_x)+z_:ln37r3( — 1)sinnrx =
T rord N1 —on?x%t .
= (t+1)(1—x)+zfgfﬁ+gn3ﬂ3e sinnmx
2 2n+ ) SS(-1)n -1 inh(n + 3) =% 1. wl
u(r,0) ZZ [(? > 1n21(2 )Tr 2 ] S.m (n 12)1;‘22 Sin(n—|——)ﬂ- =
= (n+3)7l(n+ 3)%(55)% + 1] sinh(n + 3) 7 2’ In2
sin(2sinz) = 2 Z Jok+1(2) sin(2k 4+ 1)z
k=0
2 Jo (&L
%( () —1) sinwt
()
res. frequences igao_n, whereay ,, n = 1,2,. .., is Jy:S positive root.
S o,
20 8b2[(24 Y)a? —2b]  _enve, . sour
u(r,t) = 27k e~ (3 (—),Wherea are the pos. roots
(r,#) ; o2 (4a2 1 b2)Jo(ax) b - P
2
of Jo(a) + gaJ()(a) =0.
In(wr) .
a. = if J, 0.
o{r) = JHE T (wa)
In(wr) . > .oayt QT .
b. u(r,t) = sinwt + Zak sin —JN(—), whereqy, are the positive
Jn(wa) Pt a a
roots of.J,,(z), and
2w @ LT 2wa
=— JIn I — )rdr| =
= et Eam J, e (= ai)JnH(ak))
u(r, z) bo(%) sin =2 1 IO(%> sin 2m
,2) = = in— — - = sin —
L) L 20(3%%) L
Vi 1,
Y3460 — =
16 (34 6x 5¢ )
3(22% +12)
8
8—1(332 +12)



39.

41.

43.

44,

45,

46.
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56.

Hék(o) 207 Hék+1(0) :2(_1),6216;:!1)') k:O71a

w= 2R + §(m2 +y?+ 2%z - 28
5 5
1 4ab a? b3
u(r,@) = W(T —3a—b) + H(T—Q _7"> COSG‘i’
203 , a’ 9

- _ 2 201

+3(b5—a5) (r r3>(3c05 0—1)
9.2

(4kt + 1)5/2 ©

1, 4 4 [ n coshnz |
=2 -1)+-= d
u(@,y) = ( )+ 7r/O (577 coshyy Sy

wa) =g [ rerfoeca( =5 [ e fieyar)

21 J_o sinh&a 2a ) oo cosh ™= 4 cos T¥

y(t) — Z nm— 2(1 — (_1)n) einﬂ't

2nm(n?m2 — 1+ inw)

n=—oo

n#0
> 2 g .
"t)y=2 5(t—3n—1)=45(t—3n)] = Z(eTE — 1)t
() n;m[( n—1) = o(t — 3n)] n;mg(e 5= 1)e™s
n#0
1 L S
t) == in=-t
f<) 3+n2—:00 nm
n#£0

£(0) = —Z(36% — 20),if 6 > 0 and f(6) = — f(—0) if 6 > 0.

1 oo (=1)"sin(nz) 3.3

u(z,t) = _§ + 5 m cos((2k + 1)7t) sin( (2/€J2rl)7rx)

u(z,y) = —1(2* —y* — 2) + Lz elleru(r,0) = —1(r? cos 20 — 2) + 2rcosf (in

polar coordinates).
(a) Leading termis—1)"(2n)(2n—1) ... (n+1), constanta termis!. (b) /(2n)!.
f0)=1, [% f(z)de = 1.

f(t) = ge' + et
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