Date: 22 October 2005

Material allowed: only the three
MATHEMATICAL SCIENCES attached pages with formulas
Chalmers and Goteborg University Time: 8.30 — 13.30

Christoffer Cromvik,

ph. 0762-721860, will come

at about 9.30 and 12.30

Exam in Fourier Analysis
MAN 530, TMA362

1. State and prove the theorem about the best approximation of a func-
tion f € PCla,b] by means of the functions of an orthonormal system

{¢1,...On}

2. Deduce by means of the Fourier transform the solution of the heat
equation in the half-plane {(x,t) : t > 0}, with given initial values f(z)
for t =0..

3. Find the Fourier series of the function f(z) = z* in the interval [—/, /],
for example in the following way: Choose a constant ¢ in such a way
that the Fourier series of g(x) = f(z) — cx kan be differentiated term
by term, and determine first the Fourier series of ¢'.

4. Solve the initial value problem

uy(z,t) = Cugg(m,t), O<z<m, t>0
uw(0,t) = 0, wu(mt)=0

u(z,0) = 0

u(z,0) = xsinz.

Here ¢ > 0 is a constant.

5. Solve the following Dirichlet problem in the rectangle 0 < z < ¢,

O<y<L
Au = 0
u(0,y) = 0, u(l,y) =1
u(z,0) = 1, wu(z,L) = 1.

6. How many eigenvalues A with A < 50 does the following Sturm-
Liouville problem have?

ff+Af=0 fO)=0 f(1)=-f1)

The grading will be finished by 8 November. You may then get your exam
paper at the reception (mottagningsrummet) weekdays from 12.30 to 13.00.



Solutions to
exam in Fourier Analysis

MAN 530, TMA362
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The function g(z) = 2* — cz is defined and odd in the interval [/, /].
In order to allow differentiation term by term of its Fourier series, we must
choose the value of ¢ so as to make the 2¢-periodic extension of ¢ continuous
on the line. This will be true if g(¢) = 0, which implies ¢ = ¢*. With ¢
determined in this way, g will extend to a piecewise smooth and continuous
function on the line, and the theorem about differentiation of Fourier series
applies. So if the Fourier series of g is

that of ¢ is

, =\ nm nwx
g(z)= Z Tbn cos ——.
1

But ¢'(z) = 32? — (?, and the Fourier series of this even function can be
obtained from entry 16 of the Fourier series table, with § = 7z /¢. One finds

2 _ 120 SN (-1 nrw

2
3x° — 4 - 1 s
Identifying coefficients, we have
, 120 (1"
O

Thus we have the Fourier series of ¢, and we need also that of the term ¢?z.
Entry 1 of the table shows that

203 K (-1
= sin
T n 14

P

Summing up, we get

12 2 nmwr
3 3 n :
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It is of course also possible to compute the coefficients by straightforward
integration.

This is a standard problem for the wave equation, and one knows that
the solution is given by an expression of type

o0
u(z, t) = Z b, sinnzx sinnct.
1

Notice that there will be no cosine term in nct, since the initial values u(z, 0)
are 0. The initial values of u; lead to

[o.¢]
E ncb, sinnr = rsinx, 0<z <.
1

To find the Fourier sine series expansion of z sinz, one can compute the
coefficients directly. But we choose another method, and start by expanding
x in a cosine series. From entry 2 in the table, we have

v
xZE__ —_— O<z<m.
n=1

Now cos(2n — 1)z sinx = (sin 2nz — sin(2n — 2)x) /2, and so
, T . 2 o= sin2nz 2 = sin(2n — 2)x
rsimr = 581115[7—; Zm—f-% Z—

n=1 n=1

In the last sum here, we replace n by n+ 1. Since the first term is 0, the sum
equals
i sin 2nx
5
“—~ (2n+1)

Inserting this above, we get

s 2 — 1 1
. _ T _“ - in2
Trsinax 5 Sin xr - nEZI ((27’L — 1)2 (271 I 1)2) Sin Znx
T 16 n .
= ESIH.CL' — ? ngl m sin 2nx.



We conclude that b; = 7/2¢, that b, = 0 for odd n > 1 and that

b — 8
T re(dn? — 1)
Finally, we get
8 «— 1
U(fﬂ, t) = 210 sin z sin ¢t — E nE:1 m sin 2nz sin 2nct.

Consider first the problem with the boundary condition u(¢,y) = 1 re-
placed by the homogeneous condition u(¢,y) = 0. By separation of variables,
one finds that the solution wu; of this problem is of the form

x L B
o) = D s 5 (s P 4, s T
n=1

The coefficients a,, and b,, are determined by the boundary conditions for
y =0 and y = L. This leads to

> nmwlL nwT
b,, sinh in— =1
; sin 7 sin 7

and the same equation for a,. The expansion in a sine series of the constant
1 is (entry 6 in the table)

4 1 . (2n— D7z
1=- 0<x</l.
7r22n—18m o !
Thus
b 4 1 1,2
A2p—1 = O2p—1 = — . ) n=14..
et el e (2n — 1) sinh (2n — 1)L /¢
and
Cl,gn:bgn:(), 712172,...7
so that
4 & 1
w(ey) =23 (2n — 1)sinh (2n — OrL/l
n=1
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Next we consider the Dirichlet problem obtained by replacing in the gi-
ven problem the boundary conditions u(z,0) = u(z,L) = 1 by u(z,0) =
u(z, L) = 0. To find the solution wus, we can apply the preceding method
after swapping the variables # and y and also the lengths ¢ and L. Thus we
have

o0 g_
y) = ;sin% (a; sinh? + b/, sinh M) :

Because of the conditions for x = 0 and x = ¢, we get expressions for a,
analogous to those of a,, above, whereas all b/, = 0. This means that

(e 9]

4 1 o Zn—Dmy
uz(2,y) = Z < (2n — 1) sinh (2n — 1)7T€/L L L

Since the solution u of the given problem is u = u; + ug, we finally find

_4 00 1 . (2n—1)
u(z,y) ;Z 2n—1)smh(2n—1)7TL/€ ¢

n=1
Nsipn Z=Vmy g @r=Da(l —y)
1 14
4 & 1 _ (Qn —Dry . . (2n— )7z
- h
+7r “— (2n — 1) sinh (2n — 1)7T€/L L o L

We remark that a somewhat simpler method is to observe that the bounda-
ry values 1 on all four sides of the rectangle would trivially give a solution
which is identically 1 in the rectangle. Thus 1 — u solves a Dirchlet problem
with value 1 on one rectangle side and 0 on the other three sides. In this way,
one can write expressions for 1 — u and u of the above type but shorter.

In the case A < 0 we let A = —pu? with ¢ > 0. Then the general solution of
the differential equation is f(x) = acosh px + bsinh pz. The first boundary
condition implies a = 0, and the second leads to by cosh yp = —bsinh . We
get tanh 1 = —p, an equation which has no solution g > 0. Thus there are
no negative eigenvalues.

For A = 0 we get solutions f(z) = ax + b, and the boundary conditions
imply b = 0 and @ = —a, so that a = b = 0. This means that 0 is not an
eigenvalue.

For 0 < A < 50 we let A = 12 with 0 < v < 1/50. The solutions of
the differential equation are f(xr) = acosvz + bsinvz, and the boundary

3



conditions imply @ = 0 and brvcosv = —sinv, so that tanv = —v. We
must thus determine the number of solution of the equation tanry = —v
with 0 < v < v/50. In the v,y plane, this means the number of intersections
between the line y = —v and the curve y = tanv, with v in the indicated
interval. It is immediately seen that the line has precisely one intersection
with each branch of the tan curve, and in particular one intersection in each
interval (n — 1/2)7 < v < nm, n =1,2,... We must thus determine how
many of these intersections that fall in 0 < v < v/50. But v/50 > 27, since
(equivalently) 72 < 12.5. And v/50 < 2.57, since 72 > 8. This means that we
get the first two intersections, and the final answer is two.



