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Solutions:
INTEGRATION THEORY (7.5 hp)
(GU[MMA110] ;CTH[TMV 100])
August 16, 2010, morning , V.
No aids.
Examiner: Christer Borell, telephone number 0705292322
Each problem is worth 3 points.

1. Let (X;M; �) be a positive measure space, fEkgnk=1 a collection of mea-
surable sets, and fckgnk=1 a collection of positive real numbers. Set

�(A) =
nX
k=1

ck�(A \ Ek); A 2M:

Show that � is absolutely continuous with respect to � and �nd its Radon-
Nikodym derivative d�

d�
:

Solution. If A 2 M and �(A) = 0 we have �(A \ Ek) = 0 for k = 1; :::; n
and it follows that �(A) = 0: Hence � << �: Moreover, if A 2M;

�(A) =
nX
k=1

ck

Z
A

�Ekd� =

Z
A

nX
k=1

ck�Ekd�

and thus
d�

d�
=

nX
k=1

ck�Ek :

2. Suppose a > 1. Show thatZ 1

0

xa�1

e2x � 1dx = 2
�a�(a)&(a)

where

�(a) =

Z 1

0

ta�1e�tdt
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and

&(a) =
1X
n=1

n�a:

Solution. We have

I =def

Z 1

0

xa�1

e2x � 1dx = 2
�a
Z 1

0

xa�1e�x

1� e�x dx

= 2�a
Z 1

0

xa�1e�x
1X
n=0

e�nxdx:

Thus by monotone convergence

I = 2�a
1X
n=0

Z 1

0

xa�1e�xe�nxdx

= 2�a
1X
n=0

1

(n+ 1)a

Z 1

0

ya�1e�ydy = 2�a�(a)
1X
n=0

1

(n+ 1)a

= 2�a�(a)&(a):

3. Suppose

�(A) = �1(A) =
1

2

Z
A

e�jtjdt; A 2 BR;

�2 = �� �; :::; and �n = �n�1 � �; n � 2. Moreover, let " > 0 and de�ne

An =
�
x 2 Rn; jj x j2 �2n j� "n

	
where j x j=

p
x21 + :::+ x

2
n if x = (x1; :::; xn) 2 Rn: Show that

�n(A
c
n) �

20

n"2

and conclude that
lim
n!1

�n(An) = 1:

Solution. First note that �n is a probability measure andZ
R

t2d�(t) = 2:
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By the Markov inequality

�n(A
c
n) �

1

n2"2

Z
Rn

(j x j2 �2n)2d�n(x)

=
1

n2"2

Z
Rn

(
nX
1

(x2k � 2))2d�n(x)

=
1

n2"2

nX
1

Z
Rn

(x2k � 2)2d�n(x) +
2

n2"2

X
1�j<k�n

Z
Rn

(x2j � 2)(x2k � 2)d�n(x):

Here, if j 6= k;Z
Rn

(x2j � 2)(x2k � 2)d�n(x) =
Z
R

(x2j � 2)d�(xj)
Z
R

(x2k � 2)d�(xk) = 0

and we get

�n(A
c
n) �

C

n"2

where

C =

Z
R

(t2 � 2)2d�(t) = 20:

Consequently,
lim
n!1

�n(A
c
n) = 0

and since 1� �n(Acn) = �n(An) � 1; we have

lim
n!1

�n(An) = 1:

4. Let C be a collection of open balls in Rn and let V = [B2CB: Prove that
to each c < mn(V ); there exist pairwise disjoint B1; :::; Bk 2 C such that

�ki=1mn(Bi) > 3
�nc:

(Here mn denotes Lebesgue measure on Rn.)

5. State and prove the Hahn decomposition theorem.


