INTEGRATION THEORY (7.5 hp)
(GU[M M A110] ,CTH[tmv100])

August 22, 2012, morning, v

No aids.

Questions on the exam: Christer Borell 0705 292322
Fach problem is worth 3 points.

Notation: Lebesgue measure on R" is denoted by m,,.

1. Suppose k and n are non-negative integers such that k£ < n. Show that

k+a n+a 1 1
/ / ——dxdy = ifa>—1.
1—ay n— k’ 1+a
Solution. We have

/ / k+a n+a dl’dy — / / Z xi+k+ayi+n+adxdy
1—ay —

and by using the Beppo Levi theorem
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Hence
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2. Let f:[0,1] — ]0, 00[ be a Borel measurable function. Show that for every
0 < e <1 there exists a 6 > 0 such that

/Af(a:)da: >0

for every Lebesgue measurable subset A of [0, 1] of Lebesgue measure greater
than or equal to €.

Solution. Suppose 0 < € < 1 and p = my. Since

n—oo

1 1
Lo U {72 1 =t 2
there is a positive number ¢ such that

u(f26)>1—§-

Hence

/ f(@)de > / f(@)dz > cp(An{f > c})
A An{f>c}
— (W A) + p(f > €) — p(AUL{S > )

> e(p(A)+1 =5 = 1) = clu(4) - 3)



and

/Af(w)da: > cg

for every Lebesgue measurable subset A of [0, 1] of y-measure greater than
or equal to €.

3. Let A C R" be a bounded Lebesgue measurable set of strictly positive
Lebesgue measure and denote by k& the smallest integer greater than or equal
to m, (A). Moreover, suppose S = {(x1,...,x,); 0<z; <1, i=1,...,n}.

Show that there are k distinct points jy, ...., jr of Z" and a point x € §
such that

T € ﬂ(jr + A).

r=1
Solution. Since R" is a disjoint countable union of the sets
j+S, jeZ",

we have

)= [ xadr =3 [ v

JEZ™ Y T
-y / yale — j)de = / S xalo — )z
jezn 7S S jezn

Thus there is a point x € S such that
Y Xalz = j) = ma(A)
JEZ™

or

Z Xalz —j) 2 k.

jezn

Now we can find k distinct points jy, ...., jr of Z" such that x,(x — j.) =1
for r =1, ..., k, which is proves that

v € (Ur + A).

r=1



4. Let (X, M, i) be a positive measure space and f:]a,b[x X — R a function
such that f(t,-) € L}(u) for each t € ]a,b[ and, moreover, assume % exists
and

of

E(t,x) |< g(x) for all (¢t,z) € ]a,b] x X,

where g € L£1(u). Set

F(t) = / flt,x)du(z) if t € Ja,b|.
X
Prove that F' is differentiable and

Fl(t) = /X g—{(t,x)du(a:) it € a,b.

5. (Egoroff’s Theorem) Suppose (X, M, p) is a finite positive measure space
and let f,, n € N,, and f be real-valued measurable functions on X such
that f, — f a.e. [u] as n — oo. Show that for every ¢ > 0 there exists £ €
M such that u(E) < € and f,, — f uniformly on E*.



