
Let m = sup{µ(Ej) : E ∈M}. Take An ∈M such that m− µ(An) < 1/2n.
Observe that in B ∈ An, then µ(B) ≥ −1/2n, and if C ∈ X \ An then

µ(C) ≤ 1/2n (otherwise µ(A \B) > m or µ(A ∪ C) > m).
Take P = ∪∞n=1(∩k≥nAk).

Let B ⊂ P . Then for every n, B ⊂ ∩k≥nAk. Let Ãn = An \ (∪n−1j=1Aj). By

countable additivity, µ(B) =
∑

k≥n µ(B ∩ Ãk) >
∑

k≥n−1/2k = −1/2n+1, the last

inequality due to B ∩ Ãk ⊂ Ak. As the estimate is true for every n we see that
µ(B) ≥ 0, i.e. P is positive.

Let C ⊂ X \ P . Then C ⊂ ∪∞n=1(X \ ∪k≥nAk). For every M holds

∪∞n=1(X \ ∪k≥nAk) = ∪∞n=M (X \ ∪k≥nAk).

Set Nn = X \∪k≥nAk ⊂ X \An. It is easy to see that Ñn = Nn\Nn+1 ⊂ X \An.

Thus, µ(C) = µ(C ∩NM ) +
∑∞

n=M µ(C ∪ Ñn) ≤ 1/2M +
∑∞

n=M 1/2n = 3/2M . As
M is arbitrary, this implies µ(C) ≤ 0, i.e. X \ P is negative.
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