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These lectures concern the theory of normed spaces and bounded linear oper-
ators between normed spaces. We shall define these terms and study their prop-
erties.

You can consult the following books.

1. G. Folland: Real Analysis. Modern Techniques and their Applications, John
Wiley & Sons, 1999, Chapters 5-7 and parts of Chapter 4.



1  Vector Spaces

Definition 1.1. A complex vector space (or a vector space over the field C) (or a
complex linear space) is a set V with addition

VxV =YV,
(r,y) = x+vy the sum of z and v,

and scalar multiplication

CxV =V,
(A, x) — Az  the product of A and z,

satisfying the following rules:

r+y+z2)=(@x+y) +z Vry,zeV,
r+y=y+x Vr,yeV,
H0eV:0+x=a VeV,
VeeVI—zeV .x+(—x)=0,

Mz +y)= Xx+ )y Vo,yeV, VAeC,
A+ pzr = x+px VYreV, VA\ueC,
AMpz) = (AMw)z Yx eV, VYA ueC,
lr=2 VzeV.

It is easy to see that the usual arithmetic holds in V.

Remark 1.2. Similarly, we can define a real vector space by replacing C with R
in the definition.

Examples 1.3. 1. C" = {(z1,...,z,) : x; € C Vi}, the complex vector space of
n-tuples of complex numbers with coordinatewise addition

(X1, o)+ W1y Un) = (@14 Y1, T+ Yn)y (1, T0), (Y1, o, yn) €CT
and coordinatewise scalar multiplication

Mzy, .o xn) = Az, o0 Axy,), AeC, (zq,...,x,) € C".
2. An infinite-dimensional complex vector space:

(CN:{(xl,...,a:n,...):xiECW}
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is the complex vector space of sequences of complexr numbers with coordinatewise
addition and scalar multiplication:

r4+y=(r14+vy,. ., Tn+Yn,-..),
Az = (Az1, .., AZy, .. ),

r= (21, Tp,... )y =1, s Yn,...) ECN, X €C.
3. The complex vector space of all continuous complex-valued functions on [0, 1]

C[0,1] = {f : [0,1] = C : f is continuous on [0, 1]}
with pointwise addition
(f +9)@t) = f(t) +9(t), fg€C[0,1], te0,1],
and scalar multiplication
(AL)(E) = Af(t), feC0,1], AeC,te0,1].

These operations are well-defined due to the following fact (from the basic
analysis course): If f, g are continuous functions on [0, 1] and A € C then (f + g)
and Af are continuous on [0, 1].

4. M, (C) = {(aij)i ;=1 : aij € C,i,j = 1,...,n}, the complex vector space of n X n
matrices with complex entries with addition

(aij)i iz + (bij)i =1 = (aij + i) i1,

and scalar multiplication

(So we have addition and scalar multiplication by entries.)

1.1 Vector Subspaces

Definition 1.4. A non-empty subset of W of a vector space V is called a vector
subspace (or a linear subspace) if

1. for every z,y e W, z +y € W;
2. for every € W and every A € C (or R), Az € W,

Remark 1.5. A wvector subspace W is itself a wvector space with respect to the
addition and scalar multiplication defined on V.



Question 1.6. Let D be the closed unit disc, that is
D={ze€C:|z| <1}
It is obvious that D is a subset of C. Is D a vector subspace of C?

No. Conditions (1) and (2) of the definition of a vector subspace are not
satisfied:

1. For z; = 2z, = 1, we have z; + 25 = 2, 50 |21 + 25| = 2. Thus z; + 2, ¢ D.

2. For z = i, we have |A\z| = || for every A € C. Thus Az ¢ D when X is such
that |A] > 1.

Example 1.7. Show that W = {f € C[0,1] : fol f(z)dz = 0} is a linear subspace
of C10,1].

Proof. 1) It is obvious that W is a subset of C|0, 1], i.e., W C C[0, 1].

2) W is a non-empty subset. For example, fy(t) = 2t — 1 belongs to W, since
I3 fotydt = [ 2t —1dt = (25 —t)[5 = 0.

3) For every f,g € W, we have
1 1
[ Grawa= [ ro+ga
0 0

1 1

= / f(t)dt + / g(t)dt (by the linearity of integrals)
0 0

=0+4+0=0.

Thus f+ge W.

4) For every f € W and A € C, we have

/Ol(Af)(t) dt:/ol () dt

1

=A / f(t)dt (by the linearity of integrals)
0

= 0.

Thus \f € W. Hence W is a vector subspace of C0, 1]. O



Example 1.8. Let /2 be the set of all complex sequences z = (,,)>>, which are
square summable, i.e. satisfy

o

Z \xn|2 < o0;

n=1
we write
o0
¢ ={(xy,...,2,,...) 7, € C Vi and Z]a:n]2<oo}.
n=1

Show that ¢? is a vector subspace of C. Recall that CN = {(zy,...,2p,...) 1 2; €
CVi} withx4+y=(x14+ v, T+ Yn,...) and Az = (Axq1,..., ATy, .. .).

Proof. 1). Tt is obvious that ¢? is a subset of CV.

1

— 1 2 o : co 1
2). The sequence z = (1, 3,5,...,7,...) € £% since the series ) | -5 converges.

Thus ¢? is non-empty.

Wl

3). We have to prove that, for any z = (2,)°,,y = (y,)52, € ?, v +y =
(T1 + Y1, Ty + Yn,...) belongs to £2. Thus we have to show that the series
>0 1 |@n + yn|? converges. We will prove this in Theorem 1.11.

4). For any z = (2,)5°, € * and A € C we have \x = (A\zy,...,AZ,,...). Note
that

o o
Z Ay |* = Z 2|2 ]?
n=1 n=1

oS
= AP |zal® < oo,
n=1

so \x € (2.

Hence 2 is a vector subspace of CN, and ¢? is a complex vector space. n
The Cauchy-Schwarz Inequality 1.9.

Yoabe < (Y ad) (O k)
k=1 k=1 1

k=

fO’/’ all ag, by, € R,ag, b, > 0,k=1,2,...,n,n € N.



It follows from

Lemma 1.10. For any x,y € (?, the series Y -, x,Un converges absolutely and

1
00 o] o] 2
Siai< {3t ) {S i}
n=1 n=1 n=1
Proof. Using the Cauchy-Schwarz inequality, for every k € N, we have

k k
D lzalnl = l2al|7nl
n=1 n=1
1 1
k 2 k 2
< {Z \xn\2} {Z |yn\2} by the Cauchy-Schwarz inequality

n=1 n=1

{5 (o)

The latter expression is a finite number independent of k, and so the series

[o.¢]
PNERA
n=1

N|=

converges and

S bt < S} {Se]

n=1

Theorem 1.11. For any x,y € (2,

1 1\ 2

[e'e) (9] 2 () 2
S+ 10l < {zw} +{zw}
n=1

n=1 n=1

and x +y € (2.



Proof. For every n € N,

|$n + yn|2 = (xn + yﬂ)(x_n+y_n)

= |2al® + 20T + Ton + [yl

< Jaal® + 2|z0Fnl + [yal.
Hence, for every k € N,

k k
D lzn vl < (el + 202070 + lyal)

n=1 n=1

k k k
=S el + 2 el + Syl
n=1 n=1 n=1
<Dl 2 el + Yyl
n=1 n=1 n=1
<Y lwal® +2 (Z \%‘2) <Z |yn12> 2wl
n=1 n=1

The latter expression is a finite number independent of k, so the series

oo

> fan + gl

n=1

converges and

Z‘xn+yn’2§ {Z'xnp} +{Z|yn|2}
n=1 n=1 n=1

The theorem is proved.



2 Normed Spaces

Suppose we have a vector space V', the generalisation of R", and we want to know
about size of vectors x € V| and about the distance between two vectors x,y € V.
Suppose we would also like to estimate the distance from a vector x € V to a
vector subspace W C V. To deal with this kind of problem we define a norm on
V.

Definition 2.1. A mapping ||-||: V — R : z — ||z||, where V is a complex (real)
vector space, is called a norm if it satisfies

N1 ||z|| > 0 for all z € V' \ {0};
N2 [[Az|| = |A|||z] for all scalars A € C (A € R) and x € V;

N3 ||z +y|| < ||z||+ |ly|| for all z,y € V' (The Triangle Inequality).
Remark 2.2. Note that N2 implies that ||0|| = 0. Thus we have ||z|| = 0 if and
only if z = 0.
Example 2.3. R? = {(z,y) : z,y € R},

Iz iR = R (2,y) = [[(z,y)]l = Va2 + y2
This is called the Euclidean norm of the vector. The Euclidean norm is just one
way to measure length. Now we shall check that ||(z,y)]s = /22 + y? really
defines a norm on R2?, that is, we shall check that conditions N1, N2, N3 are
satisfied.
N1. For any v = (z,y) # 0,

lolla = Va2 + 4% > 0.
N2. For any v € R? and \ € R,
[Avl[2 = [[(Az; Ay) ||
=V (Az)? + (Ay)?
- R
NV
= [All[v]l2-
N3. For any vy = (x1,91) and vy = (29,72) € R?
[or + a3 = [[(21 + 22,91 + 32) I3
= (21 +22)* + (1 +92)°
=27 + 22170 + 73 + Y5 + 20192 + Yo
= (¢ + i) + (25 + 43) + 2(122 + y1ys)
= [lvil3 + llvall2 + 2(z122 + y192)-
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By the Cauchy-Schwarz inequality;,
1 1
|x1s + yrye| < (2] +91)2 (23 + y3)2
= [lvall2[lv2]l2-
Thus

lvr + w2l < florllz + 2llvellallvall2 + [lval3

= (Jlillz2 + [lvall2)*.
Therefore, ||v1 + vall2 < ||v1]|2 + [|v2]|2- It is called the triangle inequality.

Definition 2.4. A pair (V.|| - ||), where V' is a real or complex vector space and
| - || is @ norm on V' is called a normed space.

Example 2.5. (R?,] - ||2) is a normed space, where R* = {(z,) : 2,y € R} and

(2, y)]l2 = Va? + 32

Example 2.6. ({2 ] - ||2) is a normed space, where

> ={(x1,...,2p,...): 2; € C Vi and Z;O:l|xn|2 < oo}

el = {i W}

Proof. We proved before that ¢? is a complex vector space. Thus we have to verify
that || - ||2 is a norm on £2.

and .
3

The mapping || - |2 : €2 = R:z = |[z]ls = (302, [2,[2)? is well-defined, since the
series > 7| |z, |* converges. Now we shall check that conditions N1, N2, N3 are
satisfied.

N1. It is obvious that, for z € ¢2\ {0}, i.e., z # 0, there is an integer ig € N
such that x;, # 0. Thus

o 3
]2 = {Z Ixn|2} > |wi,| > 0.
n=1

N2. We need to show that [[Az|| = |A|[|x]]2 for all A € C and all z € 2. We
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have

1
[Az]l2 = {ZIA%IQ}

n=1

= {ZIAIQI%IQ}
n=1
= [Al {Z \xnl2}
n=1

= [Alllll2

for all A € C and all x € (2, as required.
N3. We need to show that ||z +y|s < ||z|l2+]|y]|2 for all 2,y € ¢2. By Theorem
1.11, for any z,y € (2,

0 3 00 3 00 3
(z\xn+yn|2) s(Zw) +(z|yn|2) |
n=1 n=1 n=1

Thus we have, for all x,y € (2,
[z +yll2 < [lzll2 + llyll2-
Therefore, (£2,] - ||2) is a normed space. O

Example 2.7. (C[0,1],] - ||) is @ normed space, where
C[0,1) ={f :[0,1] — C: f is continuous on [0, 1]}

and

[fllec = sup [f(£)].
0<t<1
Proof. We showed before that C]0, 1] is a complex vector space. Thus we have to
verify that || - [|» is a norm on C[0, 1], that is, we have to show that conditions
N1, N2, N3 are satisfied.
N1. If f # 0, there is ¢y € [0, 1] such that f(¢y) # 0. Thus
[fllo = sup [f(£)] = [f(to)| > 0.
0<t<1

Therefore || f|l > 0 for all f € C[0,1] \ {0}.
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N2. Let A € C and f € C|0, 1], then
Aflloo = sup [Af(2)]
0<t<1

= sup [A[[f(1)]

0<t<1

= Al sup [f(2)]

0<t<1

= [Alllflloo-

N3. Let f,g € C[0,1]. It is easy to see that for every ¢ € [0, 1],

If@) +g@)] < |fE)]+ 1g(t)]
< Sup |f()] + sup lg(t)]

= [[fllsc + [19llco-

Thus
sup |f(t) + g(t)| < [[fllsc + (19l

0<t<1

hence
1+ glloe < [[fllee + 1lglloo

for all f,g € C[0,1].
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3 Inner Product Spaces

The main examples to keep in mind are C* and ¢2.

Example 3.1. C" = {(21,...,2,) 1 x; € CVi=1,...,n}. It has an inner product

=1

for x = (z1,...,2,) and y = (y1,...,yn). Thus the mapping
(,):C"xC"=C

(x,y) — Z s
i=1

is defined. This mapping has the following properties:
(1) For all z,y € C"

=1
= Zyzi_z
=1

= (y, ).
(i7) For all A € C and z,y € C",

=1

i=1

= \z,y).

(z3i) For all z,y,z € C",

n

(z+y,z2) = Z(% + i)z

=1

= Z TiZi + Z YiZi
=1 =1

= (z,2) + (¥, 2).
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(iv) For all z € C™\ {0},

Thus C™" with an inner product (z,y) = > ., 2;7; is an inner product space. Let
us say precisely what this means.

Definition 3.2. An inner product (or scalar product) on a complex vector space
V' is a mapping

(,):VxV—=C
(z,y) = (z,y)
satisfying, for all z,y,2z € V and A € C, the following conditions:
(i) (z,y) = (y,2),
Az, y) = Mz, y),
(r+y,2) = (r,2) + (y,2),
(z,

x) > 0 whenever x # 0.

)
(i7)
(é4)
(iv)

Remark 3.3. By conditions (i7) and (iii), an inner product is linear in the first
argument.

Definition 3.4. An inner product space (or pre-Hilbert space) is a pair (V, (-, -))
where V' is a complex vector space and (-,-) is an inner product on V.

We would like to find an infinite dimensional version of C"”. One can speak of the
complex vector space CN = {(z;)2, : z; € C Vi}.

Question 3.5. Does the series Y .-, x;7; converge for all z and y from CN?

Unfortunately, this series does not converge for some z and y from CN. Thus there
is no natural way to extend the all-important notion of inner product to CV.

Example 3.6. (* = {(2,)7°, : @, € C Vn € Nsuch that Y >, |x,|? < oo} with
inner product
()P X —C
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given by
oo
n=1
is an inner product space.

Proof. In Section 1 we proved Lemma 1.10:
For any = = (2,)02 1,y = (yn)2, € (2, the series Y >~ | x,7, converges abso-
lutely and

S gl < {zw} {zw}
n=1 n=1 n=1

Thus the mapping

()P % —C (3.1)
(2,9) = Y Tl (3.2)

is well defined.

2) Similarly to the case of C" we can check that the mapping (-, -) : £2x (> — C
satisfies the conditions (i) — (iv) from the definition of the inner product.

[Please check them.| O

Example 3.7. The complex vector space C[0,1] = {f : [0,1] — C : f is continuous on [0, 1]}
becomes an inner product space when endowed with the inner product

(") 1 C[0,1] x C[0,1] — C

/f

Let us check that the conditions (i) — (iv) of the definition of inner product are
satisfied.
(7) For all f, g € C[0,1],

given by

(f.g) = / F(0)g (@) dt
_ / o] @) dt
= (9, f).



(1) For all f,g € C[0,1] and A € C,

1
(g = [ A a
= / f(t) dt (by the linearity of integrals)

=X/, 9)-
(zii) For all fi, fo,9 € C[0,1],

i+ fong) = / (F(8) + Fa(t) 900 dt

/ fi(t)g(t) dt + / fo(t)g(t) dt (by the linearity of integrals)
f17 > <f27 >
(iv) When f € C[0,1] and f # 0,

. f) = / £ T dt
::Anﬂﬂﬁﬁ>0.

Thus (C10,1], (-,)) is an inner product space.
Exercise 3.8. Show that the formula
(A, B) = trace(B*A),

where B* is the adjoint matrixz of B, defines an inner product on the complex vector
space M, (C).

Theorem 3.9. For any x,y, z in an inner product space (V,(-,-)) and any A € C,
(1) (z,My) = Mz, y);

(ii) (z,y+2) = (2,y) + (, 2);

(idi) (0, ) = (z,0) =0;

() if (x,2z) = (y,2) for all z € V, then x = y.

Remark 3.10. By (i) and (iz), an inner product is conjugate linear in the second
argument.
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Proof of Theorem 3.9. (i) Let z,y € V and A € C. Then

(x,\y) = (\y,x) (by (i) of the definition of inner product)
={\y,x)}~ (by (i7) of the definition of inner product)
= (y.z)
= X (z,y) (by (i) of the definition of inner product).

(i7) Let x,y,z € V. Then

(x,y+2) =(y+ z,z) (by (i) of the definition of inner product)
={{y,z) + (z,2)}~ (by (¢ii) of the definition of inner product)

= (x,y) + (z,2z) (by (i) of the definition of inner product).

-(0,x) by (it) of the definition of inner product

(1) Let (z, z) = (y, z) for all z € V. Then, by the linearity of the inner product
in the first argument, for all z € V,

0= <JI,Z>—<y,Z> = <I—y,2>.

In particular, for z = z — y, we have (z — y,x — y) = 0. Therefore, it follows from
(iv) of the definition of inner product that z —y = 0; so x = y. O

3.1 Inner Product Spaces as Normed Spaces

In the familiar case of R, the magnitude ||ull» of a vector u € R3 is equal to
(u, )7
lulls = (22 + 4 + %)% = (w, )3,
where u = (x,y, z). The Euclidean distance between points with position vectors
u, v is ||lu—wvl|2. We can copy this to introduce a natural norm in any inner product

space.

Definition 3.11. The norm of a vector z in an inner product space (V (-, ")),
written ||z|2, is defined to be (z, x)z.
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Remark 3.12. Later we will show that the mapping

1
z = |l = (z, z)?
is always a norm.

Example 3.13. (¢2,(-,-)). We have

Il = (2, 2)? = (wa_> = (Z !a:i\2> :

i=1

Find ||x¢l|2, where zg = (37,0, —4,0,...). By the above,

ol
I

zoll2 = (|3i> + | — 4]*)2 = (9 + 16)2 = 5.

Example 3.14. (C[0,1],(-,-)). We have

|um::(A{ﬂdﬂﬂw)éz([fU@WdQé.

Find || foll2, where fo(t) = 1 — it. By the above

1 3
Ills= ([ 1=t ar)
0
1 3
:(/ (1+t2)dt)
0
1 t31%
= t —_
(0+30)
1\: [4
=(14+2) =4/=
(1+3) = s

Remark 3.15. Consider C]0, 1], the vector space of continuous complex valued
functions on [0, 1]. Note that the normed spaces:

L (C[0,1], | - loo) where [| f[loc = supo<<y | f(#)] and

2. (C[0, 1], || - ll2) where || flla = (Jy [f(£)[*db)2,

have the same underlying vector space, but different norms.
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Theorem 3.16. (Cauchy-Schwarz Inequality) For any x,y in an inner product
space (V. (-,-)),
(=, )] < l[zll2([yll2

with equality if and only if x and y are linearly dependent.

Proof. When y = Az for some \ € C, we have

(2, )| = [(z, Az)]
= [Xz, )]
= [Alll=[l3
= [[Az([2]|]l2
= llyll2[|]2-
Suppose now that = and y are not linearly dependent. Then, for all A € C,

x4+ Ay # 0, so
(x + Ay, x + Ay) > 0.

Thus, by the definition of inner product, for all A € C, we have
(T + Ay, x4+ Ay) = (z, 7 + A\y) + Q\y, 7 + Ay)
= (z,2) + (z,\y) + Ay, ) + (Ay, Ay)
= (z,2) + Mz, y) + My, ) + Ay, ).

Pick A = — &% Then
(y,y)

therefore
(2, 2)(y,y) > (2, y){y, z).

Since (y,z) = (z,y) and ||z||3 = (x,z), we have

[z, )] < lzll2llyll2
for all linearly independent x and y. O]

Remark 3.17. Recall in R3
(v, w) = |vl2/lwl|2 cos 0,

where 6 is the angle between v and w. Thus we can use (-, -) to test if vectors are
orthogonal.
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Inner products are good because they are linear in the first argument, conjugate
linear in the second argument and related to norms, which are not linear.

Example 3.18. Prove that, for any f € C[1,2],

[l 5[ ora)

For which f does equality hold?

Proof. By the Cauchy-Schwarz Inequality 3.16, we have

/ %dt\ (g, f)| (here g(t) =, t € [1,2))

< lgll2llfll2 (by the Cauchy-Schwarz inequality)
1

= ([ #ar) 51
- (% ) 171
- \/g(/f\fu)\?dtf

The equality holds if and only if f(t) = At for some A € C. O
Theorem 3.19. Let (V,(-,-)) be a an inner product space. Then

(i) ||z|l2 >0 for all x € V and ||z||2 = 0 implies x = 0;

(1) |[M\x|l2 = |Al|z||2 for all z € V and X € C;
(@i1) Nz +ylla < lzllz + Nyl for all z,y € V.

Proof. (i) ||#]]z = (z,x)z > 0. By (iv) of the definition of inner product, [|z/; =
(z,2)2 > 0 when z # 0.
(i7) For all z € V, XA € C,

Azl = Az, A\z)2

= (AMz, 7))
= [Alll[l2-

N
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(1ii) For all z,y € V|

lz +yll3 = (& +y, 2 +y)
=(z,z+y)+ Y,z +y)
= (z,2) + (z,9) + (y,2) + (1, 9)
= [l2lI3 + (2, y) + (z, y) + lyl3
= ||z[[3 + 2Re(z, y) + [|yll3
< |lzl3 + 2z, »)| + 1yl
< |lzll5 + 2llzll2llyll2 + [[vl5 by the Cauchy-Schwarz inequality
= (Jlzll2 + lyll2)*.

Thus, for all x,y € V,

[z +yll2 < llzll2 + [lyll2-
O

Remark 3.20. The theorem shows that ||zl = (z,z)2 does define a norm in
any inner product space. Hence, roughly speaking, every inner product space is a
normed space.

Theorem 3.21. (The Parallelogram Law) Let (V, (-, -)) be an inner product space.
Then, for any x,y € V,
Iz + yll2 + llz = yll2 = 2[lz3 + 2lly 13-

(Exercise)

Example 3.22. Consider the normed space ¢! of complex sequences ¥ = (1,)%,

such that Y ° | |z,| < co with norm |[|z|; = Y.~ |z,|. Does the parallelogram
law hold in ¢!? (Exercise).

Is the norm || - ||; induced by some inner product?

Theorem 3.23. (The Polarization Identity) Let (V,(-,-)) be an inner product
space. Then, for any x,y € V

Aa,y) = [lz +yl3 — = = yll5 +illz +ayll; —illz —ayll3,
here i € C is such that i* = —1.
Proof. (Exercise.) O

Note that the polarization identity can be written

3

1 : .
(.} = 7 0 e+ iyl
k=0

Thus, if || - ||2 is known, then the inner product (-,-) can be recovered.
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Remark 3.24. Inner product spaces are much more special than normed spaces,
and their geometry is much closer to the familiar Euclidean geometry.

As we saw, the parallelogram law does not hold in a general normed space, e.g.,
(- 1), (€10, 1], ]| - |leo)- In fact, it holds only in inner product spaces.

If the parallelogram law holds in (V|| - ||), then the formula

3

1 : :
(0,5) = 7 3 e+ g

k=0

defines a genuine inner product on V.
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4 Limits

Let (V,|| - ||) be a normed space. The norm || - || helps us to measure the distance
between two vectors x,y € V letting d(z,y) = ||z —y||, we obtain a metric on V' so
that (V,d) becomes a metric space. Verify that all axioms for metric are satisfied
(Exercise).

We have the usual metric space definition of the limit now:

o0

Definition 4.1. Let (V|| - ||) be a normed space. We say a sequence (x,)%,
xn €V, converges to x € V as n — oo if for every € > 0 there is N € N such that
for all n > N, ||z, — z|| < ¢, i.e. the sequence of real numbers t,, = ||z, — x| — 0
as n — 0o.

Example 4.2. Take the underlying vector space
C[0,1) ={f:[0,1] — C: f is continuous on [0, 1]}
with two different norms:

[fllee = sup [f(2)];
0<t<1

i1 = ( [ 1 |f(t)!2dt)§.

Consider the sequence of functions f,, given by
—nt+1, tel0,i],
fn<t> = 1
0, te 1]
The sequence converges to g = 0 in (C[0,1],] - ||2), but not in (C[0,1], ]| - ||ec)-

Proof. Exercise!

[l
Remark 4.3. The two metrics
doo(f,9) = |/ = glloo, and
do(f,9) = — gll2
are inequivalent on C[0, 1].
Example 4.4. Let us consider the normed space (€%, - ||« ), where ¢ is the

complex vector space of all bounded sequences z = (x,)2°; of complex numbers,
with componentwise addition and scalar multiplication and

|z]|co = sup |x,| (least upper bound).
neN
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1. Consider the sequence of vectors (z)5°_,, where
1 1
"=(1,=...,—,0
i ( 727 Y 7 Y )
and the vector 1 1 1
=(1,=,...,— cel).
£ ( 727 7n7 n+ 17 )
Then 2™ — z as m — 0o in (£, || - ||)-
Proof.
1 1
" — 2|l = |[(0,...,0, = , — .
le = (W m—+1 m+2 )
m times 0o
1 1
= sup : yee
m+1] |m+2
1
= —— =0 asm — oo.
m+ 1

2. Consider the sequence of vectors (y™)°_,, where

y™ =(1,...,1,0,0,...)
= N——

m times

and the vector
y=(1,1,...,1,...).

Then y™ - y as m — oo in (£, || - [|o0)-

Proof.
Myl = 1100, .0, =1, =1, .. |
ly™ = yllee = II( )l

m times

=sup{0,1} =1-»0 asm — oc.

]

Definition 4.5. Let (V|| - ||) be a normed space and let Y be a subset of V. We
say a set Y is dense in (V|| -||) if for every v € V and for every € > 0 there exists

y € Y such that ||lv —y|| <e.

That is we can approximate any vector v € V' by a vector y € Y as closely as

we want.
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Example 4.6. Q is dense in (R, |- |) via decimals.
Example 4.7. Let us consider the normed space (co, || - ||), Where
co={v=(v1,...,0;,...):v; € C,v; = 0 as i — oo}
and
[ulloe = maxfvi;
and cp, the subset of ¢y consisting of those sequences v = (v;)$2; having only
finitely many terms different from zero. Then cp is dense in (co, || - [|o0)-

Proof. Given v € ¢y and € > 0. Since v € ¢y, we have v = (vq,...,v;,...) and
v; = 0 as i — oo. Thus for ¢ > 0 3Ny € N such that |vg] < ¢ for all & > Np.
Take the element

w=(vy,...,0n,,0,...) € cp.
One can see that
2 = wlloo = 11(0,- .., 0, UNo 41, UNG+25 - )l
= supq{|vngs1ls [V 12, - - -} < e
Hence cp is dense in (co, || - [|co)- O
Definition 4.8. Let (V.|| - ||) be a normed space and let v,,...,v;,--- € V. We
say the series Y, v, converges in (V.|| - ||) if the sequence of partial sums

n
k=1

converges in (V, || - ||), that is, if there is S € V such that ||S,, — S| — 0 as n — occ.

Definition 4.9. Let (V.|| - ||) be a normed space and let vy,...,v;,--- € V. We
say the series Y .- v, converges absolutely in (V.|| - ||) if the series Y ;- |lv,l
converges in R, i.e. > 77 ||ug|l < oo.

Example 4.10. Let us consider the normed space (¢2,]| - ||2), where

0 ={(2,)2, 2z, €CV¥n €N, Z |z, [? < oo}

n=1
and
o0
1
lzlla = O lzil?)2.
k=1

(1). Fix a vector z € (%, z = (71,...,%pm,...), and for k € N consider the
vector
P =1(0,...,0,24,0,...).

Then ;7 vF = z with respect to the norm || - 5.
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Proof. The partial sums

n
Sn = E yk
k=1

= (xlyo,O,...,0,0,...)
+(0,ZL‘2,0,...,0,0,...)

+ ...
+(0,0,0,....,2,,0,...)
= ($1,[L’2,...,$n,0,...),
S0
||Sn _£||§ - ||<I'1,J}2, s 7'rn707 .. ) - (131,.752, cee sy Ty Tng1y - - )Hg
- H(O, e 70, —$n+17—$n+2,. . )H%
o0
= Z 21| — 0 as n — oo,
k=n+1
since the series Y - |2x]* < . O
(2). Lety = (1,%,...,%,...). The series Y ° =& < oo, so y € (. We
have proved that the series Y - v¥, where v* = (0,...,0, %,0, ...) converges in

(] - |l2) and >°;2 v* = y. Show that > 7, v" does not converge absolutely in

(&1 - 1l2)-
Proof. For k € N,

1
||Qk||2 = “(Ov 0, E?Oa i )||2
12\ 2

= (&)

1

=
Thus Y2, [[v*]la = > pe; & does not converge. O

(3). The series Y ;- w*, where w* = (0,0,...,0, k1—2, 0,...), converges abso-

lutely in
(@1 - 1l2)-
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Proof.

1
lw"[l2 = 1(0,0,....,0, 5,
112\
= (|%l)
1
=5

Thus >0, [[wklle = >0, % < 0.

27
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5 Completeness of Normed Spaces

Definition 5.1. Let (V, ||-||) be a normed space. A sequence (x,)2°; in V is called
a Cauchy sequence if, for every € > 0, there exists Ny € N such that n,m > N,
implies ||z, — x| < €.

That is all terms are eventually close together. Thus it helps us to check if a

sequence converges (possibly in a bigger space) without finding the limit.

Example 5.2. Let us consider the normed space (cp, || - ||«), Where cg is the
vector space consisting of those sequences v = (v,,)22; having only finitely many
terms different from zero and

0] oe = max fv;].
1eN
Consider the sequence v* = (1,3,...,+,0,...) in (cp, | - [|o). Show that (v*)72, is
a Cauchy sequence in (cp, | - ||co)-

Proof. Given € > 0, take Ny = [1] + 1, where (2] is the integer part of 2. Then,
for all m,n > Ny,

1 1 1 1
”Qn_QmHOO:H(17§>"'aﬁa0a"'>_(Liv' ; — 0, )”oo
10, ..., =2, =20, )l if m >,
=0 0 e i >,
0 if m =n,

[
Remark 5.3. We have shown in Example 4.4 that v* — v = (1, %, o %, ...) as
k — oo with respect to the norm || - ||. Note that v € ¢g, but v ¢ cp. Thus
the sequence v* is a Cauchy sequence, which does not converge in (cp, || - ||o0), but
converges in the bigger space (¢, || - [|oo)-
Lemma 5.4. Let (V|| -||) be a normed space. Every convergent sequence (x,)3
in (V)| -1]) is a Cauchy sequence.

Proof. Given € > 0. Since x,, — x as n — oo, for § there exists Ny € N such that
for all n > Ny, ||z, — z|| < 5. Thus by the triangle inequality

|20 — Tl = |70 — T+ 2 — 24|

< lwn =2l + lz = 2l

<€+€—5
2 2
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for all m,n > Ny. Therefore, for ¢ > 0, there exists Ny € N such that for all
m,n > Ny, ||z, — x| <e. O

Definition 5.5. A normed space (V.|| - ||) is called complete if every Cauchy
sequence converges to a limit in V.

Definition 5.6. A complete normed space is called a Banach space.

Example 5.7. The normed space (cp, || - ||«) i not complete.

Proof. We have proved that the sequence v* = (1,%, . .,%,0,0, ...)in cp is a
Cauchy sequence, which does not converge in (cp, || - ||«); see Example 5.2 and
Remark 5.3. Therefore (cp, || - ||o) is not complete. O

Theorem 5.8. The normed space (R, |- |) is complete.
Theorem 5.9. The normed space (C,|-|) is complete.
You proved this in Real Analysis course.

Theorem 5.10. A normed vector space X is complete if and only if every abso-
lutely convergent series converges in norm.

Proof. Suppose on one hand that X" is complete and ), ||z,|| converges. Writing
Sy = ZZ]\LI Z,, we have

M M
ISv = Sull =1 > zall < D Mlaall < D llwall =0
n=N-+1 n=N+1 n=N+1

as N, M — oo. Thus {Sy} is Cauchy and hence convergent.

On the other hand suppose that every absolutely convergent series converges
and that {z,} is Cauchy. Pick for each j an index n; so that m, n > n; and
| % — za]| < 277. Setting xop = 0, we have

k

T, = Z(xnj — Tn;_,)-

J=1

By the triangle inequality the series > j(xnj — @,;_,) converges absolutely. Hence
Tp, converges to some limit y. To see that {z,} converges to y we note that for
n > ny, and k large enough we have ||z, — x,, || < 27* and hence

= yll < lon = 2a ]l + ll2m, —yll <275+ 277 <270V

and therefore x,, — y as n — oc. O]
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Example 5.11. Let X be a topological space and let C,(X) be the space of
bounded continuous (complex-valued) functions on X. Define the norm || - ||, on
Cy(X) by

[ulloo = sup{lu(z)] : z € X}

Suppose that > || fullee < 00. Then f(z) := 37 fu(z) € Cp(X) and || floc <
Yoot | falloo and >-0° f, converges to f in norm (Check!). By the previous theorem
we conclude that C,(X) is complete.

Example 5.12. Let (X, M, 1) be a measure space. We claim that L'(X, M, p)
is a complete normed space with respect to the norm || f|l; = [ |f(z)|du(z). (Here
we identify functions that are equal a.e.)

In fact, suppose that Y > |/ fu4|[1 < co. Then by the Monotone Convergence

Theorem,
[ 315l =Y" [ 1ndda =32 150 < o0
n=1 n=1 n=1

so that g = 0 |f.| isin L' and hence finite for almost all z. For such x we have
that f(x) := >~ fu(x) is finite. Since by the Monotone Convergence Theorem
(MCT)

/|f|du - / S fuldy < /Z fuldp < (MCT) <3 / Fuddp =3 1 fully < o0,
n=1 n=1 n=1 n=1

we have that f is in L'. Using the MCT again,

N 0o o) 0o
DR I SATED oy TN SATEY:
1 N+1 N+1 N+1

as N — oo. Now the previous theorem proves our claim.
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6 Hilbert Spaces

The inner product spaces C" and ¢? share a further convenient property: they are
. . . . 1
complete with respect to the norm induced by the inner product, i.e. ||z|| = (z,z)z.

Definition 6.1. A Hilbert space is an inner product space which is complete with
respect to the norm generated by the inner product.

Theorem 6.2. The inner product space (£2,(-,-)) is a Hilbert space.

Proof. We shall prove the completeness of (¢2, | - ||2), where

9

1

lzllz = O zal)?
n=1

for z = (x1, 29, ..., 2p,...).
Let (2%)2°, be a Cauchy sequence in (¢2, | - ||2) with z* = (2%, 25 ... 2k ...
We need to show that (z¥)3°, converges to a limit in (€2, - ||2). We shall do it in

three steps:
1. Find a candidate limit a;
2. Show that a € (?;
3. Show that limy_ o 2® = a in (€2, || - ||2).

Step 1. Find a candidate limit a. We have to find a € ¢? such that

ot = (z],25,..., 7, ...)

2? = (22, 23,...,22,...)

23 = (23, 25,20, ..)

af = (b a2k )
converges to

a=(ay,ag,...,a4,,...).

k

2)22, is a Cauchy sequence in (C, |-])

Consider a fixed “column” n. The sequence (x
since

o0
=P <Y Jaf —aif?
i=1

= ||lz* — 2'|I3
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and, by hypothesis, for any ¢ > 0 there exists Ny € N such that k,1 > Ny implies
|z* — 2!||s < €, and this implies that

ok — 2l | < ||zF — 2! < e

Recall that (C,| - |) is complete. Thus (z¥)2°, converges to a limit a, € C as
k — oo, i.e.

lim xk Ay,

k—o0
Consider a = (a1, as, . .., ay,,...) in CV.

Step 2. The candidate limit a belongs to £2. We shall show that (zF — a) € £2
for some k. Since ¢? is closed under subtraction, it follows that

a= 7" —(a"—a) e’
€2 cl?

Let € > 0. By hypothesis, there exists Ny € N such that k,I > Ny implies
|z* — 2!||s < e. Pick N € N. We have, for all k,l > N,

N e’}
S olab -2l <> faf - 2l
=1 =1

= ||lz* — 2|3 < €.

Let | — oo in the finite sum on the left hand side. By the properties of limits in
C, we have

lim Z |z — Z |z — llm zh|
l—o0
= Z |$f —a;f?
i=1

and
N
lim E l2b — 22 <
=00 4 T
1=

Thus Zfil lz¥ — ;] < €2 Since this holds for all N € N, we have, on letting

N — oo,
(0.9}
Z lzF — a;]? < 2
i=1
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Hence 2" — a € (2 and

1
o 2
|z —all = (Z o — af) <e
i=1

for all &k > Nj.
Step 3. limy_,o ¥ = a. We have shown in Step 2 that, for any € > 0, there
exists Ny € N such that k& > Ny implies ||2* — a|s < e. Hence limy_,, 2 = a.
Thus every Cauchy sequence in ¢ converges to a limit in 2, and so 2 i
complete. D

Example 6.3. Let (% be the subspace of ¢? consisting of those sequences x =
(7,)22, having only finitely many terms different from zero. Show that ¢% is not
a complete normed space with respect to the norm

o0 3
1
lzll2 = (z,2)7 = (Zmr?) 7
n=1
therefore (2. is not a Hilbert space.

Proof. 1. Consider the sequence (x*)2°, in (2 with

x' = (1,0,...,0,0,...)

1 1
k
=(1,=,....=.0,..
& ( 727 ’k’ ) )
2. We can see that
1
o0 2
|z — 2|, = (Z ¥ — xil2>
i=1
1
max{k,l} 182 2
- > )

i=min{k,l}+1

= |Smax{k,l} - Smin{k,l}ﬁ — 0 as kal — 00,

where Sy = S, =, since the series > ;o & converges in (R, |- ]). Thus the
sequence (z%)%° | is a Cauchy sequence in ((%, || - ||2)-
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3. We can also see that, for y = (1,%,...,%,...) € %,

’ 9 Y
1 1
k
yla=1(0,.. .0, - =
Iz - ol = e |
© 1\?
:<Z ,—2) — 0 as k — oo.
i1 !

Hence limy_,oo 2% = 3 in 2.

4. Note if a sequence in a normed space tends to a limit, then the limit is unique.
Suppose (z¥)p2, converges to w € 3 C €2, then in (€2, |- ||2), limy_,o0 2 = y and
limy 0o ¥ = w. Thus w = y, but y ¢ (%4. Hence the sequence (z*)$2, does not
converge to a limit in (2. Therefore (% is not complete, and so €% is not a Hilbert

space. ]
Remark 6.4. (%, (-,-)) is an inner product which is not a Hilbert space.

Remark 6.5. Every Hilbert space with || - ||s = (-,-)2 is a Banach space, i.e., a
complete normed space.

Example 6.6. (C[0,1],] - ||) is @ Banach space which is not a Hilbert space,
because it is impossible to define an inner product on C[0, 1] which induces the
norm || - ||eo. Why?

Example 6.7. The complex vector space C[0,1] with the inner product (f, g) =
fo t)dt, is an inner product space which is not complete with respect to the

|mb—ff%=(/rf\w0,

and so is not a Hilbert space.

Proof. In Section 3 we proved that (C[0, 1], (-,-)) is an inner product space. Now
we have to show that (C[0, 1], || - ||2) is not complete.
1) Consider the functions f,, € C[0, 1], where

0, telo,5—2],
1, tels 1]
Show that the sequence (f,)52, is a Cauchy sequence in (C[0,1],| - ||2) but

{f»} has no limit in C([0,1]) and complete the proof.
0
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7 Closed Linear Subspaces

Definition 7.1. Let (V.|| - ||) be a normed space and let X be a subset of V. We
say X is closed if, for every convergent sequence of vectors of X, the limit of it is
in X.

Example 7.2. 1. (R,|-[) and X = (0,1). X is not closed, for example, (7)o, C
(0,1), but

11:O¢mJ)

1m
n—oo N, +

2. (R,]-]) and X =[0,1]. X is closed.

Definition 7.3. Let (V.|| - ||) be a normed space. We say W is a closed linear
subspace of V' if W is a linear subspace and W is closed with respect to || - ||.

Example 7.4. cr is a linear subspace of ¢y, but cp is not closed with respect

to the norm || - . We have proved that, for v* = (1,...,,0,...) from cp,
limy oo v* = v = (1,...,%,#1,...), souv ¢ cp.

Example 7.5. Show that, W = {f € C[0,1] : f(to) = 0}, where ¢, € [0,1], is a
closed linear subspace of C|0, 1] with respect to the norm

[ flloe = sup 7 ()]

te(0,1

Proof. 1. It is easy to show that W is a linear subspace.

2. Let (f,)22, be a convergent sequence of functions from W, that is, f,, € W
for all n € N and there exists f € C|0, 1] such that ||f, — f|l« = 0 as n — oc.
Note that, for ¢y € [0, 1],

| fu(to) = [(to)| < sup |fult) — f(1)]

te(0,1]

=||fn — flloo = 0 as n — 0.

Thus lim,, o fn(to) = f(to). By assumption, f, € W, that is, f,(ty) = 0. Hence
f(to) =0, and so f € W. Thus W is closed with respect to || - ||oc- O

35



8 Banach Spaces

Recall that a complete normed space is called a Banach space.

Examples of Banach Spaces 8.1. 1. (C,|-]).

2. (C" || - [l2), where ||zl = (37 |2f?)? for @ = (2,)1,
3. (2, - |l2), where [|zls = (3, |2:[?)2 for @ = (z,)32,
4. (41 - [1h), where [lzfly = 375, 2] for @ = (2:)2.

5. (0%, ] - lleo), where [|z]loc = supjey || for @ = ()3
6. (co, | - |loo), Where ||z||oo = max;en |z;| for x = (x;)2,.
7. (Cl0,1], [+ lloc), where [|flloc = supsepo 1y [£(2)]-

Proposition 8.2. A closed linear subspace Y of a Banach space (X, | - ||) is a
Banach space.

Proof. Let (y,)s2, be a Cauchy sequence in (Y, || - ||), and so in (X, || - ||). Since
(X, -] is a Banach space, the sequence (y,)22 ; coverges to a limit y € X. By the
assumption, Y is closed. Therefore the limit of the convergent sequence (y,)3
from Y belongs to Y, that is,

limy, =y €Y.
n—oo
Thus (Y, || - ||) is complete, and (Y, - ||) is a Banach space. O

Example 8.3. The Hilbert Space L*(a,b). Let —oo < a < b < oco. L?*(a,b) is the
linear space of Lebesgue measurable functions f : (a,b) — C which are square-
integrable, in the sense that

b
/ |f(t)]?dt < oo (Lebesgue integral),

with pointwise operations and inner product

b
(f.g) = / £ (g0 di
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Remark 8.4. Functions f and g are regarded as equal in L?(a, b) if they are equal
“almost everywhere”, that is, if {¢ : f(¢) # ¢(t)} is a null set. Strictly speaking we
should define the elements of L?(a, b) to be not functions but equivalence classes of
functions equal almost everywhere. For example, f = g in L*(a,b) where f(t) = 1

and
0, t=21neN,
g(t) = .
1, otherwise.

Remark 8.5. For finite a and b € R, the linear space Cla, b] of continuous complex
valued functions on [a, b] is a dense subspace of L?(a,b) with respect to the norm

7]l = {/ab|f(t)|2dt}%-

Remark 8.6. L*(a,b) is complete with respect to the norm || - ||o. The norm || - |5
is induced by the inner product

(f.g) = / F (g (@) d,

so L*(a,b) is a Hilbert space.

8.1 Completion of a Normed space

If a normed space is not complete one can always imbed it into a complete normed
space.

Let (X,| - |lx) be a normed space. A Banach space (X, || - |/z) is called a
completion of X if

e X is a subspace of X
o ||z]|x = ||z] g for all z € X;
e X is dense in X,

Theorem 8.7. Every normed linear space has a unique completion (up to isomor-
phism that fizes points of X ).
We will just give an idea of the proof. It consists of several steps:

Step 1. Define the set X (= a space of equivalence classes of Cauchy sequences
in X): we say that two Cauchy sequences {z,} and {y,} are equivalent (write
{zn} ~{yn}) if ||z, — ynl| = 0 as n — oo. It is not difficult to check that ~ is an
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equivalence relation. Therefore the space of all such sequences can be decomposed
into equivalence classes. We define X to be the set of all such equivalence classes.
Denote by [{z,}] the equivalence class containing {z,}.

Step 2. Define a vector space structure on X: we let

{oni] + {yn}] == {2n +yn}] and A{zn}] = [{Azn}].

One checks that the operations are well defined, i.e. do not depend on particular
choice of sequences in the equivalence classes.

Step 3. Define a norm on X: we let

I{zn |5 = Tim [l

One checks that it is well-defined and satisfies the axioms for norms. Observe that
Iz lls = 0iff 2, — 0 as n — oo, i.e. {z,} is equivalent to the the constant
sequence consisting of zero’s.

Step 4. X as a subspace of X: To each 2 € X we associate the equivalence
class consisting of Cauchy sequences which converges to x, i.e. the equivalence
class of the constant sequence z* = {x, z,...}; z <> [z*]. This map is injective and
Iz]ll % = llz]lx-

Step 5. X is dense in X: let {z,} be a Cauchy sequence in X. Then given
€ > 0 there exists N = N(e) > 0 such that ||y — x,||x < € for all n > N and
hence [|[{z,}] — [z¥]] ¢ = im, ||z, — 2n]|x < € giving the density.

Step 6. X is complete: let #,, = [{z2}x], n = 1,2,... be a Cauchy sequence
in X. For each n take y, € X such that ||z, — [y%]||5 < 1/n which exists by Step
5. Then one shows that sequence (y1,ys,...) is Cauchy and that Z, converges to
the equivalence class of this Cauchy sequence.

Step 7. Uniqueness of the completion.

In a similar way one defines a completion of an inner product space to a Hilbert
space.
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9 LP-spaces

Let (X, M, u) be a measure space. For measurable f: X — C and 0 < p < 0o we

define
1/p
( / |f|”du>

00).

[1£1p

(allowing the possibility that || f||, =
Set

LP(X, M, pu) ={f: X — C: f is measurable and || f||, < oo}.

We denote LP(X, M, u) by LP(p) or LP(X) or simply LP when no confusion
arise.

If X is non-empty and M = P(M), p is the counting measure we denote
LP(X, M, p) by ¢7(X). We denote ¢?(N) simply by ¢7.

e [P is a vector space with respect to the usual addition of functions and
multiplication by scalar. In fact, if f, g € L” then

|f+gl” < Cmax([f],]g)” < 2°(| " + |9]")

and hence
[15+gpan <[ ipan [ lgran <
giving f + g € LP. That f € LP implies \f € L for A € C is trivial.

o [’ 1 < p < oo, is a normed space with respect to || - ||, if we identify
functions which are equal almost everywhere.

Lemma 9.1. Ifa, b >0 and 0 < A < 1 then
A’ < Aa+ (1 —\)b (9.3)
with equality iff a = b.

Proof. The inequality clearly holds for a = 0 or b = 0. Assume a,b # 0 and
consider g(z) = a®b'~*. Then g : [0,1] — R is convex on [0,1] as ¢"(x) =
a®*b'*(Ina — Inb)? > 0 implying g(A - 1+ (1 —A) - 0) < Ag(1) + (1 — X)g(0)
that is equivalent to

a*b' ™ < ha + (1= N\)b.

The inequality is strict if a # b. O
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Theorem 9.2. (Holder’s Inequality) Suppose 1 < p < oo andp '+q ' =

1. If f, g are measurable functions on X then

Fglle < [1f1lpllglly- (9:4)

In particular, if f € LP, g € L9 then fg € L'. In this case the equality in
(9.4) holds iff a|f|P = B|g|? a.e. for some a, >0, (a, 5) # (0,0).

Proof. It || f||, = 0 or ||g||, = O the result is trivial.
In inequality (9.3) let

p q 1
a:|f|p, b:|g—|qand/\:—.
1 f1p 19114 p
Then ) ) Lol
gl <! \flp 1 !g!q (9.5)
1flpllglly — 2 IfllE gl
and hence

1 / 11
e | [ llgldp < =+~
£ 1lpllgllq P g

giving the first statement. The equality holds if we have the equality in (9.5)
which happens iff a = b. O

The number ¢ such that p~! + ¢! = 1 is called the conjugate exponent to p.

Theorem 9.3. (Minkowski’s Inequality) If1 < p < oo and f, g € LP
then

1+ glly < I1F1lp + llgllp-

Proof. The result is obvious if p =1 or if || f + ¢]|, = 0.
Assume p > 1 and || f + g||, # 0. We have

I+ gl < 1+ gD f + gD = 1FIF +glP = + gl f + g/~

After applying the Holder inequality we obtain

L/p 1/q
/ |f +glPdu < ( / \flpdu> ( / !f+g\(”‘”qdu>
1/p 1/q
+ (/\g\pdu) </|f_|_g|(p—1)qdu>
1/ 1/q
= 1l ( s +g|”du) lal, ( [ +g|”du)
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and

1F+ gl < 171+ llgllp-
O

Clearly || f|l, > 0 and ||[Af]l, = |||l f||,- Hence together with the Minskowski
Inequality this shows that LP (where we identify functions that are equal
almost everywhere: ||f||, =0 iff f =0 a.e.) is a normed space.

Remark 9.4. We remark that the triangular inequality fails for p < 1.
Suppose a > 0,b > 0and 0 < p < 1. Then for t > 0 we have t*~! < (a+t)P~!,
and by integrating from 0 to b we obtain a? + b” > (a + b)?. If now E and

F are disjoint sets of positive finite measure in X then letting a = p(E)Y/?
and b = pu(F)/? we get

Ixe + xrllh = /(XE($)+XF($))de:/dﬂ+/dﬂzap+bp
E a
> (a+0)" = (Ixely + lIxrllp)?-

LP, 1 < p < oo is a Banach space.

Proof. We must prove completness of the space. By Theorem 14.10 it is
enough to see that any absolutely convergent series in L” is convergent. Let

{fotn C LP and Y 7 || full, =t B < 0.
Let Gn =3 iy |fel and G = 3207 [fil-

By Minkowski’s inequality, [|Gnll, < >2p_; | full, < B for any n. Hence by
the monotone convergence theorem

/Gpdu:/limGﬁdug BP.

Hence G € L? and, in particular G(z) is finite for almost all x. This implies
that the series > o~ | fi(x) converges for such x. Let F(z) =12, fiu(z). We
have |F(z)] < G(x) a.e. and hence F' € LP.

To see that F' is the limit of >~ fx in L” we observe that

|F—ka’p§ ( Z !fk|> <GP ae.
k=1

k=n+1

By the dominated convergence theorem,

1= silly = [ 17 =3 firdu o
k=1 k=1
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e Some other properties of LP.
Proposition 9.5. For1 < p < oo, the set of simple functions f = Z?Zl a;XE;
where E; is measurable and p(E;) < 0o, a; € C, is dense in LP.
Proof. Clearly 3" | a;xg, € LP: we have [ |xg,[Pdu = p(E;) < oo; as LP is
a vector space ;. a;xg, € LP.

Fix an arbitrary f € L?. It is a fundamental fact of Integration theory that
one can find a sequence of simple functions {f,}, such that f,, — f a.e. and
|fol < |f]- Then f,, € L? and |f,, — f|P < 2°|f|P € L'. Using the dominated
convergence theorem we have

i [ 1f, = fPd = [ tim]f, ~ fldn =0,
e, 1fn = fll, = 0. 0

e Separability of LP.

Definition 9.6. A measure p in a measurable space (X, M) is called sepa-
rable if there exists a countable collection of measurable sets A = {E;}; such
that given € > 0 and A € M there exists E; € A such that u((£; \ A) U (A\
El)) < E.

The Lebesgue measure on [a, b) is separable. For this measure, one can set,
e.g.,
= {Ul_ [, 3) 1 a;j, 8; € QN [a,b),n € N}.

Proposition 9.7. LP(u), 1 < p < oo, is separable if the measure u is
separable.

Proof = Exercise.

e The space L.
Let (X, M, i) be a measure space. For measurable function f on X we define
[fllo =inf{a > 0: p({z: |[f(z)] > a}) = 0}
with the convention inf () = oo.

Note that if || f]lec < 00, p({z : |f(z)] > ||fll}) = 0. ||f]loc is called the

essential supremum of f.

Observe that if f = g a.e. then ||f|lc = [|g||co. We define
L = L¥(X,M,u) ={f: X — C: f measurable and || f||oc < o0}

identifying functions which are equal a.e. We have the following hold.
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Theorem 9.8. 1. Holder’s inequality. ||fgli < ||fllillglc ¥V measur-
able f, g;
2. Minkowski’s inequality. ||f + gllcc < ||flloc + [|9]/00s

3. N fo— flloo = 3IE € M, p(E°) =0, such that

sup | fn(x) — f(x)] = 0 as n — oo;
zeFE

4. the family of simple functions is dense in L°;

5. L 1s a Banach space.

Proof. (1) follows from [ | f(x)g(x)|dp < l|glleo J | f(x)ldp = [ f]l1]lg]l-

(2) We have |f(x) +g(x)| < |f(2)| + |g(2)] < [flloc + llglloo for all 2 in some
E with u(E°) = 0 and hence [|f + glloo < [|flloc + [|9]lc-

(3) Let E = Ny{z = [ful(z) = f(2)] < [[fu = flloo}. Then E¢ = Un{z :
|fu(x) — f(2)] > ||fn — flloo} and hence p(E€) = 0. Moreover, for all z € E

we have

|fu(@) = f(@)| < || fn — fllos = 0.
(4) Use Theorem 2.10 in Folland.

(5) Use arguments similar to ones used to prove the completness of LP-spaces,
1 <p<oo.

]

If X = N and g is the counting measure on M = P(X) then L>(X, M, u)
is denoted by ¢>°. We have

0 ={x = (x1,x9,...) : sup|z;| < oo}.
i

e Relations between different LP spaces.
1. fO0<p<g<r<oothen LY!C LP+ L", i.e.,
VfeL? dge L h e L" such that f =g+ h.
2. f0<p<g<r<oothen LPNL" C L7 and
£l < IAIRIAR
where A € (0,1) is such that ¢! = Ap~t + (1 — \)r~L.
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3. If 0 < p < ¢ < oo then P(A) C (9(A) and || f]l; < [|f]|, for any
ferA).

4 If p(X) < 00, 0 < p < g < oo then LP(u) D Li(p) and || f]l, <
1l g (X) a)1Pa.

Proof. 1. Let f € L7 and let E = {z : |f(x)| > 1}. Take g = fxg and
h = fxge. Then

91" = |f"xe < |fl"xE

giving g € LP. Similarly

\R" = [ f"xBe < |f|"xEe

and therefore h € L". The statement is proved since f = g + h.

2. Use Holder’s inequality.

3. One proves first that ?(A) C ¢*°(A) and then use the second statement.
4. If g = o0

11 = [ 15Pdn < [ 17 = 17 ens)

If ¢ < oo the Holder inequality gives

p/q q—p/q
1= 1 aau< ( fasmera) ([iae) = isguooe

]

We remark that if 41(X) = oo there is no relation in general between L and
L9,
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10 Linear Operators

The motive for introducing and studying Banach and Hilbert spaces was to aid the
investigation of linear differential and integral equations arising in Physics. Such
equations can be written

Ay =w
where y,w denote elements of some linear space of functions (e.g. L*(a,b) or a
space of differentiable functions), and A is a linear transformation, e.g. A = % or

A= 83—;2 + 88—;2, or Ax(t) = fab K(t,s)x(s)ds. In attacking these problems we seek
inspiration from linear algebra.

Definition 10.1. If E/, F' are vector spaces over C a linear operator from E to F
is a mapping

T:FE—F
satisfying
T(A\x + py) = XTx + puTy
for all z,y € E and A\, u € C.

Definition 10.2. If (E, || - ||g) and (F,|| - ||r) are normed spaces a linear operator
T :FE — I is said to be bounded if there exists M > 0 such that

ITz||r < M|jz|s for all z € E.

Definition 10.3. If T : E — F is a bounded linear operator from (F, || - ||g) to
(F,|| - ||F) then the norm (or operator norm) of T is the nonnegative real number

sup{||Tz||r:x € E,||z||p < 1}
and is denoted by || 7|, so

1Tl = sup [T

lzl <1

Lemma 10.4. Let (E,|| - ||g) and (F,| - ||r) be normed spaces and let T : E — F
be a bounded linear operator. Then ||Tz|r < ||T||||z|g for all x € E.

Proof. For x € F,
1

g lzle

T

(kP

]z = 1.
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Since T is a linear operator,

(i) =

and
T 1 1
(gl e
lzlle/1lp zle llr  lzle
Therefore
1 T
e |
2] zl[e /[
Thus [|Tx||r < ||T||||z||g for all x € E. O
Example 10.5. Any matric A € M5, (C) gives a linear operator from C™ to
C™. For any vector v = (z1,...,x,) € C",
air ... Qin 1 Z?:l a1jr;
Ay _ as1 ... Q9pn ZE:Q _ ijl'agjxj
Am1 .- Qmn Tp Z;:l amjxj

belongs to C™. Thus consider the mapping 7" : C* — C™ such that Tv = Av for
v € C", where A € Myxn(C), A= (a;;); "

ij=1-
1. Show that T is a linear operator.

Proof. For any v, = (x,23,... 2}), v, = (2%, 23,...,22) € C" and \,u € C, we

rn
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have

T(Auvy + poy) = A(Avy + pw,)
D1 (AT + p)
> i ag;(Az} + pa?)

Z?Zl amj()\le- + ,uac?)
A E?:l aljx} +u Z?:l Ojljl'?
AD Ty G+ YT a0

n 1 n 2
>‘Zj:1 A T; + NZj:1 AmjLy

> i aux% > i1 @13‘%2
. D e A2, iy Do A2,
Z?:l Amyj %1 Z?:1 Amyj x?
= AMu,; + pAuv,
= NT'v; + pT'v,.
2. Show that
T:(C - fl2) = (C™ - l2) s v Av
is bounded.
Proof.

[N

k=1

ITll2 = {Z \(Ty)klz}

1
m 2) 2

-5

k=1

n
Ak Lj
j=1

By the Cauchy-Schwarz inequality;,

<{ger} {Smr}

1
1
2

= Jlo]l {Z |akj\2} |

Jj=1

n

E , AkjTj

Jj=1
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Thus

n 3
mnzzw}
=1
z g } ol

1Tl < {
A

1T} = sup [[Tul

lufl2<1

=

Ms i

=
Il

17

Thus T is bounded and

]

Exercise 10.6. What will be the norm of T € M,,(C)? Show that ||T|| = maz{|\|*/? :
A is an eigenvalue of T*T}. Hint: Show that ||A*Al| = ||A||* and that the norm of
a selfadjoint matriz s equal to the absolute value of its eigenvalue.

Example 10.7. Consider the normed space (C[0,1],] - ||). Define
T:C[0,1] = C[0, 1]

by the formula

(Tz)(t) = f(t)x(t)
where f € C[0,1] and ¢t € [0,1]. Show that T is a bounded linear operator. Find
177
Proof. 1. Let us show that T is a linear operator. For all z,y € C[0,1], A\, u € C,

[T(Az + py)](t ) F) Az + py)(t)
) (Ax(t) + py(t))
= Af(t) (t) + pf()y(t)
= ANTz)(t) + p(Ty)(t)
= (A\Tx + uTy)(t), te]lo,1].
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Thus
T(\x + py) = \Tx + uTy,

so T is a linear operator.
2. Let us show that T is bounded. For all z € C[0,1],

[T2]loe = sup [(Tz)(t)]

t€(0,1]

= sup [f(t)z(?)]
t€(0,1]

< sup |f(t)] sup |(t)]
te(0,1] te(0,1]

= [ fllosl[#]]oo-

Thus T is bounded.
3. Find ||T|.

1T = sup [|T[|

llzllco<1

< sup [flloll#llo

l[#]loo <1

= [[fllse-
For zq(t) =1, t € [0,1],

[%olloc = sup [zo(t)] = sup 1 =1,
te[0,1] t€[0,1]

and (Txo)(t) = f(t)zo(t) = f(¢), t € [0,1]. Hence
1flloe = 1TZolloc < 1T < [1floc-
Therefore, [|T|| = || f]|co- O

Definition 10.8. Let 7": (X, ||-|[x) = (Y, ]| - |ly) be a bounded linear operator. A
vector z € X is called a mazimising vector for T if ||z||x = 1 and ||Tz|ly = ||T].

Example 10.9. Consider the multiplication operator

T (C0 AL - floo) = (CTO AL - floo)

where f € C]0,1]. We have proved that, for x¢(t) = 1,¢t € [0, 1], ||zo]|oc = 1 and
|Tzolloo = [|T|| = || flloo- Thus 2 is a maximising vector for 7.
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Example 10.10. Define a mapping

R:C[0,1] - C

Rf = / zf(z)dx.

1. Show that R is a linear operator.

Proof. For all f,g € C[0,1] and A\, u € C,
RO +1ng) = [ 2(0f + pg)(a) da
0
= [ 2@ + ng(@) da
= /1 Aef(x) + prg(x) do
0
(z)
0

1

:)\/ xf(x)de + p
0

= ARf + uRyg.

x)dx by the linearity of integrals

Thus R is a linear operator. O
2. Consider C[0, 1] with the norm || f||, = fol |f(t)| dt. Show that R is bounded.
Proof.

Rf| = | / of(x) dr]

< [ er@ias
< [l

= [If1h
for all f € C[0,1]. Thus R is bounded and

|R|| = sup |IRf| < sup 1]l =1

£l [fllh<

3. Show that ||R|| = 1.
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Proof. Consider the sequence of continuous functions f,(t)

see that

and

Therefore

for all n. Hence

1 ulls = / Fu(t)] dt
:/1(n+1)t”dt

0
tn+1 1

=(n+1)

0

n+1

Rf,| = / £fole) da

1
= / z(n+1)z" dx
0
1
= (n+1)/ "t dx
0

xn+2 1
= 1
(n+ )n+20
_n+1
Con+2
n+1
|R|| = sup |[Rf|>[Rf.|=
Iflli<1 n+2

1
IR|| > lim ”*2 _

n—oo 1, +

Thus 1 > ||R| > 1, s0 |R]| = 1.

(n+ 1)t". We can

]

Definition 10.11. Let T: (X, || - ||x) — (Y, || - |ly) be a mapping between normed
spaces. We say T is continuous at x € X if for every € > 0 there exists § > 0 such
that, for every 2/ € X, ||z — 2'||x < ¢ implies

The next statement is Proposition 5.2 in Folland’s book.

| Tz — Ty <e.

Theorem 10.12. Let T : (X, - ||x) — (Y, - |ly) be a linear operator between
normed spaces. Then the following are equivalent:
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(1) T is bounded;
(12) T is continuous on X, that is, T is continuous at all x € X;

(2ii) T is continuous at 0 € X.
Proof. We are going to show that (i) = (i) = (dii) = (7).
(14) = (i7i). This is trivial, since 0 € X.
(1) = (4i). Suppose that T" is bounded and so, for all x € X
[Tz]ly < IT[[l]x-

Given 2 € X and € > 0, set § = 7. Then, for all 2’ € X, |z — || x < ¢ implies

|Tx —T2'||y = ||T(x — a')|ly T is a linear operator
< |IT|||lz = 2'||x T is a bounded operator
<70

= ITll77 = &
17
Thus T' is continuous at all x € X.
(i4i) = (i). Suppose that T is continuous at 0 € X. Thus, for ¢ = 1, there
exists 0 > 0 such that, for every ¥ € X, ||0—a||x < ¢ implies [|T0 — T2'||y < 1.

For any © € X, x £ 0, set 2/ = 2 IIxH € X. Note that

']l =

Een!

51
2lx
5

=2 <.
2<

Therefore, || T'||y < 1, and

0 «x
To' |y = T ( 2
17l H <2||x||x>

lz|lx Dby the definition of norm

Y

= H— Tx T is a linear operator
2z x Y
_ 01
= 5Talls |ITx|ly by the definition of norm.
Thus
)
—||Tz|y <1,
2|z x ||
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SO
2
ITzlly < <zl

for all z € X. Hence T is bounded and ||T|| < 2. O

Theorem 10.13. Let (X, | - ||x) and (Y, || - |ly) be normed spaces. Then the set
L(X,)Y)={T : X =Y : T is a bounded linear operator}

18 a normed space with respect to the pointwise operations:

(T'+ S)(z) =Tx+ Sx and
(AT)(x) = ATz,

where T, S € L(X,Y),A € C,x € X, and the operator norm. If (Y| - |y) is a
Banach space, then so is L(X,Y).

Proof. 1t is easy to verify that L(X,Y) is a normed space with respect to the
operator norm (Check!). Let us show that L(X,Y) is complete whenever so is
(Y, |l - [ly). Take a Cauchy sequence {7,,} in L(X,Y). Since for z € X, ||T,,x —
Tzl < || Tn—"Twl||z]|, the sequence {T,,x} is Cauchy in Y and hence has a limit in
Y. We define now T': X — Y by Tx =limT,x, x € X. It is easy to see that T is
a linear operator. Let us show that it is bounded. For this we observe first that by
the triangle inequality |||T,z| — || Tz||| < |[|[Thx —Tx| and hence ||Tz|| = lim || T, z|.
Applying the triangular inequality to the operator norm we obtain

Tl = T[] < 175 = T

showing that the sequence of real numbers {||7,||} is Cauchy and hence has a limit,
K. Therefore, for z € X,

[T]] = lim | T || < Tim [T, ][] 2f] < Kl

and hence 7' is bounded.

What is left to show is that ||T,, — T'|| — 0, as n — 0.

As {T,,} is Cauchy, given e there exists N such that for any m, n > N, ||T,, —
T|| < € and hence for any x € X ||T,x — Tnx|| < ||Tn — Twllllz|| < €||x]|. Letting
m go to infinity we obtain ||T,,z — T'z|| < €||z|| and hence ||T,, —T'|| < €, giving the
statement.

]

Corollary 10.14. Let (X, || - ||x) be a normed space. Then L(X,C) is a Banach
space.

Proof. 1t follows from the previous theorem, since C is a Banach space. n

Remark 10.15. The Banach space X* = B(X,C) is called the dual space of X.
The vectors ' € X* are called continuous linear functionals.
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11 Dwual Spaces

Definition 11.1. A linear functional on a complex vector space V is a mapping
F .V — C which satisfies

F(Az + py) = AF () + pF(y)
for all z,y € V and A\, u € C.

Definition 11.2. A linear functional on a normed space (X, ||-||.) is called bounded
if there exists K > 0 such that

|F(z)] < K||lz]|x
for all x € X.

Definition 11.3. A linear functional F' : X — C on a normed space (X, || - [|.)
is continuous at x € X if for every € > 0 there exists 0 > 0 such that, for every
ye X, ||z —y|lx <0 implies

|F(z) = F(y)| <e.

Theorem 11.4. Let (X, ||| x) be a normed space and let F' be a linear functional
on X. Then the following are equivalent:

(1) F is bounded;
(17) F is continuous on X, that is, F' is continuous at all x € X;
(1ii) F is continuous at 0 € X.
Proof. 1t follows from the similar theorem for linear operators. ]

Definition 11.5. The norm of a bounded linear functional F' : X — C on a
normed space (X, || - ||x) is

|F]l = sup |F(z)].

[zl x <1

Exercise 11.6. Let C'[0,1] be the complex vector space of continuously differen-

tiable complex valued functions on [0, 1] with the supremum norm || - ||o. Define a
mapping
F:CY0,1] = C
by
F(f)=r(Q).

Show that F' is a linear functional. Show that F' is unbounded. Is F' continuous?
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Theorem 11.7. Let (V,(-,-)) be an inner product space. Then, for everyy € V,
the mapping

¢y V—=C
defined by
¢y(x) = <«T,y>, S V7

: : : : , 1
is a continuous linear functional with respect to the norm ||z||2 = (x,x)z. More-
over,

1oyl = llyll2-
Proof. For all x1,2o € V and A\, u € C,

Gy(Ary + pvs) = (Aey + pa, y)
= Mz1,y) + p(z2,y) by the definition of inner product

= Ay (1) + pepy(22).

Thus ¢, is a linear functional.
(77) By the Cauchy-Schwarz inequality,

|0y (2)] = [{z, y)| < llz[l2]lyll2

for all z € V. Thus ¢, is bounded. This implies that ¢, is continuous on V.
(7i7) By the definition,

oyl = sup |(z,y)]

[[zfl2<1

< sup ||z|]2]|yllz by the Cauchy-Schwarz inequality

llzll2<1
= [lyll2-
For z¢ = ||y21|2’ we have
Y 1
faule = || = vl =1
and

¢y($0) = (70, ¥)

- ()

1

= m(ydﬁ

1
= ——1lyll3 = llyll2-
lylla" "
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Hence

[Yll2 = |y (o) < lldyll < lyll2,

s0 [[oyll = llyll2- O

Example 11.8. Define a mapping
T:C0,1] - C
by the formula

T(f) = 5@/01 ft)e ?dt, i*=-—1.

Is T" a bounded linear functional with respect to the norm || - |37 Recall || f|2 =
1 1o
{Jo lfF @) dt}z. Find [T

Solution. 1) Consider C[0, 1] with the inner product

(f.9) =/0 F(t)g(t) dt.

one can see that

[

il ={ [ 1spat = gt

2) For every f € C|0,1],

T(f) = 5i /O F(t)e 2 dt = {f, ),

where g(t) = —bie .
3) By the above theorem, T" is a bounded linear functional on (C[0, 1], (-,-))

and
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|7 = ||gl]2, where
1
lgl2 = / () di
1
:/ ’_5,6'6721‘/’2612f
0
1
:/ 25¢~ 4 dt
0
1
:25/ et dt
0

1 _
=25 x —e |}

—4
2
= 20— e
25 _
= Z(l — € 4).

Thus ||T]| = 3v1—e 4 O
The following theorem will be proved later.

Theorem 11.9. (Riesz-Fréchet) Let H be a Hilbert space and let F' be a continuous
linear functional on H. There exists a unique y € H such that

F(x) = (z,y)
for all x € H. Moreover, || F|| = |ly||2-
Remark 11.10. The theorem does not hold for an arbitrary inner product space.

Example 11.11. Let £2. be the linear subspace of £ consisting of those sequences
having only finitely many terms different from zero. We know that /% is an inner
product space which is not a Hilbert space (see section 6, Hilbert spaces).

Define a mapping

F:03—C
by
0o - 1
n=1

1. We can see that F(z) = (x,y) where y = (1,3,...,%,...) € *; note that
y & (%
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2. However, F is a bounded linear functional on (3 and

IFlf =" sup [z, )] <[yl

IEZ%,HzHggl

3. Let us show that F is not equal to (-, z) for any z € (%. Let there be z € (%
with F(z) = (z,z) for all z € ¢%. Then (z,y) = (z,2) for all x € ¢3.. Therefore
(en,y) = (en, z) for all n € N| where

en=1(0,...,1,0,...) [I in the nth place].

Hence y,, = z, for all n € N, so y = z and z ¢ (%. Thus F is a continuous linear
functional on an inner product space (%, (-,-)) such that F is not equal to (-, z)
for any 2 € (2.

Definition 11.12. Let (X, || - ||) be a normed space. The Banach space X* =
L(X,C) of all continuous linear functionals on X is called the dual space of X.

11.1 Mappings
Definition 11.13. Let X, Y be sets.

(1) A mapping f : X — Y is injective if, for any x1, 29 € X, 1 # x2 implies

f(x1) # f(22).
(i7) The subset Im f = {f(z) : € X} is called the image of X under f.
(77i) A mapping f: X — Y is surjective if Im f =Y.

(tv) A mapping f : X — Y that is both injective and surjective is called
1jective.

Definition 11.14. Let E, F' be vector spaces, T : EE — I be a linear operator.
The kernel of T is

KerT ={x € E:Tx=0}.

Proposition 11.15. Let E, F' be vector spaces, T : E — F be a linear operator.
Then T is injective if and only if Ker T = 0.

Proof. Let x € Ker T, then

Tx=T0=0.

(=) Suppose T is injective. Therefore x # 0 implies Tx # T0, so x ¢ Ker T,
only 0 € KerT'.
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(<) Let KerT'= 0. For any x1, 25 from FE such that z; # x, we have

x1— 2o £ 0= (17 — x9) ¢ KerT.

Thus

T(l’l) — T(l‘g) = T(l’l — IL’Q) 7é Q
Therefore T'(z1) # T'(x2), so T is injective. O
Theorem 11.16. Let (E, | - ||g), (F,| - ||r) be normed spaces and let T : E — F
be a bounded linear operator. Then KerT is a closed linear subspace of (E, | -||g)-
Proof. (Exercise.) O

Exercise 11.17. Let E be a normed space and let'T : E — C be a linear functional.
Show that f is bounded if and only if KerT' is a closed subspace of E.

Definition 11.18. Let E, F' be vector spaces over C. A linear operator T': £ — F
which is bijective is called an isomorphism of vector spaces.

Definition 11.19. Let (E, |- ||g), (F, ]| - ||#) be normed spaces. A linear operator
T : E — F is called an isometry (or a norm-preserving mapping) if, for all y € FE,

IT(W)lr = [lylle-

Remark 11.20. The Riesz-Fréchet theorem shows that, for any Hilbert space H,
there is a mapping

T:H— H”
given by T'(y) = ¢, where ¢,(x) = (x,y) which is
(1) bijective;
(74) norm-preserving, that is, ||T'(y)|| = |ly||; and
(4ii) conjugate-linear, that is, T(\y + puz) = Xy + a1 z.

Thus a Hilbert space can be identified with its own dual space. Hilbert spaces are
sometimes said to be “self-dual”.

Example 11.21. Let us show that (¢')* can be identified with ¢°°.
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Proof. 1. There is a mapping T : £*° — (¢1)* given by T'(c) = ¢. where

[e%S)
= 5 CnZn,
n=1

¢ = (c)%%; €4 x = (2,)22, € ('. To say (c,)>2, € (> simply means that
the ¢, are bounded say, by M,. For (z,)5, € (', 3> | |x,]| is finite, and hence
> > | cay is an absolutely convergent series:

oo oo oo
D lentn] Y Mlza| = M ) || < 0.
n=1 n=1 n=1

Thus ¢, is well defined on £*.

We have to show that, for all ¢ € £*°, the mapping ¢. € (£!)*, that is, ¢. is a
bounded linear functional on /.

(a) For all z = (2,)%%,,y = (y,)>2, from ¢! and A\, u € C,

cn (Axy, + pyy)

)\chfn + Mzcnyn

Ge(Az + py) =

Thus ¢, is a linear functional.
(b) For all z = (z,)%%, € (1,

n=1

= [lellooll]ls-

Thus ¢. is bounded. Therefore the mapping
T: 0™ = (Y :crs ¢
is well defined.
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2. Let us show that T is linear. For all A\, u € C; ¢ = (¢,)°%,,d = (d,,)2, € £
and = = (z,)52, € (1,

[T(Ac+ pd)(x) = drctpalx)

o0

= Z()\c + pd) s,

n=1

= Z(Acn+ﬂd )T

n=1

Z xn—l—uZd Ty
(
T(c

8

= )+M¢d()
[ ) + 1T (d))().

3. Let us show that T is surjective. Pick any g € (¢')*: we must find ¢ € £*
such that T'(c) = g; that means ¢. = g
(a) Let ¢, = g(e,), where

en=1(0,...,0,1,0,...) (1 in the nth position).

This is the only possible candidate for ¢ since ¢.(e,) = ¢,. Note that, for alln € N,

|en] = [g(en)]
< llgllllenlls ~ (as g is bounded)
= llgll-

Thus ¢ is a bounded sequence, that is, ¢ € £*°, and

[elloe = sup|ea| < lgll-
neN

k(b) To show that ¢. = g, consider any z = (2,)%°, € ¢! and write S*¥ =
> _, Tpen. Note that

n=1
”x'—'SkHIZZ||UL---aOa$k+1a$k+2a-~)H1
= Z |z,| — 0 as k — oo.
n=k+1

Therefore, since g is continuous,

g(x) = gl lim S*)

k—o0

= lim g(S*).
k—o0
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By the linearity of g,

g(sk) =g (Z mn€n>
= Zmng(en)
= ;xncn.

Hence, for any x € ¢,

g(r) = ancn = ¢c(z).

4. Let us show that T is injective. Suppose ¢ # d,c = (¢,)02,d = (dn)52, €
£>°. Thus there exists ny € N such that

Cny 7 iy
Therefore,
9256(6710) = Cng 7é dno = ¢d(eno)7
50 ¢c 7é ¢d-

5. It remains to show that T' is a norm-preserving mapping. We have already
proved that

lelloe < llgll = el
for all ¢ € £*°, and that, for all x € ¢},
|0e(X)] < lelloo [ ]]1-
This implies

IPell = sup |e(z)] < flelco-

[zl <1

Thus ||¢c|| = ||¢||co, S0 T preserves norms:

1T () = lldell = llellco-

Therefore, T is an isomorphism of vector spaces and an isometry. O
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11.2 The dual of LP

Let (X, M, 1) be a measure space. Consider Banach spaces LP(X, M, ), 1 <p <
oo which we simply denote by L? if no confusion arise. Suppose that p and q are
conjugate exponents, i.e. 1—17 +$ =1,if 1l <p < ooor(pgqg)=(1,00) or (oo,1).
The aim of this section is to identify the dual spaces (LP)*.

For g € L1 let
o) = [ fain. fev.

It follows from (extended) Holder’s inequality that ¢,(f) if finite for all f € L?
and

16401 = | / Fodul < | flollgle 1< p< oo

Moreover, ¢, is linear and hence defines a bounded linear functional on L and
641l < llgl,-

Hence the mapping T : LY — (LP)*, T(g) = ¢, is a well-defined linear (easy)
bounded map. Let us clarify when it is injective, surjective and isometric.

Next statement shows that 7" is almost always an isometry and hence injective.

Proposition 11.22. Let 1 < g < oco. Then ||¢4|| = |lgllq- If the measure p is
semifinite, the result holds even for ¢ = oc.

Proof. Let ¢ < co. In order to show the equality for norms it is enough to see that
gl > llglly- If g = 0 a.e. the statement is trivial. Hence assume ||g||, # 0 and
consider

|g|*"'sgng
= R

gl

where sgnz = z/|z| if 2 # 0 and 0 if z = 0.

Then for 1 < p < o0

?

[l _ [lg" _,

lglg="" [lgl

1715 =

SO

J gl
> — frg .
gl = /fg T l9llq

q
fp= o0, q=1, f =520, | flle = 1 and &5l > J g = gl

Let now ¢ = oo and p is semifinite, i.e. VA € M, u(A) = oo, 3B C A, B € M,
such that 0 < p(B) < oo. Then for € > 0 and A = {z : |g(z)| > ||g]|l — €}, We
have pu(A) > 0. Let B C A such that 0 < u(B) < oo and f = u(B) 'xpsgng.
Then ||f]; =1 and

1
Iyl > /fg= m/}gm > gl — e
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Since € is arbitrary, |[¢g]| > |/g]]o- O
Next theorem shows that in ”almost all” cases T' is surjective.

Theorem 11.23. Let p be o-finite and 1 < p < oo. Then for any ¢ € (LP)* there
exists g € L such that ¢ = ¢, and hence L9 is isometrically isomorphic to (LP)*.

Remark 11.24. If 1 < p < oo then the result holds without restriction on p (see
proof in Folland).

Proof. Fix ¢ € (LP)* and assume first that g is finite. Then ygp € LP for all
measurable sets E. Define

v(E) =¢(xe), EeM.

Then v is a complex measure absolutely continuous with respect to . In fact,

e v is o-additive: For any disjoint sequence of measurable subsets {E;} and
E = UPE; we have xg = Y1 XE,;, where the series converges in the LP-
norm:

(U E)YP — 0, as N — oo.

||XE -
N+1

Since ¢ is continuous,

v(E) Z¢XE ZZV

o v If u(A) =0 then x4 =0 a.e. and hence v(A) = ¢(xa) = 0.

By the Radon-Nikodym theorem there exists g € L'(u) such that for any

E e M,
o(xp) = / gdp = / XEgAp

and hence ¢(f) = ¢4(f) = [ fg for any simple function f so that we have the
desired representation on the set of simple functions.

Note however that we have not shown yet that ¢ € L9, only that it is in L.
We postpone the proof of this statement until the end of the proof.

Once we know this, we can prove the equality ¢(f) = ¢4(f) for any f € LP. In
fact, since simple functions are dense in LP, given f € LP, there exists a sequence
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of simple functions f,, such that || f, — f||, = 0. As ¢ is continuous, ¢(f,) = o(f).
On the other hand, ¢(f,) = [ fng — [ fg: by Holder’s inequality,

ot = [ sal <1 [ (4= D1gl <15 = Tlblgll =0,

Hence ¢(f) = [ fg. f € L.
Assume now that p is o-finite. Then there exists an increasing sequence of

sets {E,} such that 0 < p(E,) < oo and X = UPE,. In what follows we will

identify LP(E,), L(FE,) with the corresponding subspaces of LP(X) and L?(X)

respectively. By the preceding arguments there exists g, € L9(FE,) such that
= [ fg, for any f € LP(E,) and

gnlle = 19l Lo el < NI,

where ¢|1r(g,) is the restriction of the functional ¢ to the subspace LP(E,). Clearly
that g, is unique modulo alternation on null set and hence g, = g,, a.e. on E,, for
all m > n. Hence we can define g on the whole space X by letting g = g,, on E,,.
By the monotone convergence theorem we obtain

lalls = lim [lg.]12 < [l6]1

and therefore g € L9.
Now let f € LP Then fxg, € LP(E,) and by the dominated convergence
theorem fxg, — f in LP. Hence

o(f) = lim o(fxz,) :Jlnéo/fg”zﬁlnéo/& fg=/fg

as desired.

Now let us fill the gap in the proof and show that ¢ € LY. We may assume
that g # 0 a.e. Observe that we need the statement only in the case when p is a
finite measure. A more general statement is proved in Folland. As ¢(f) = [ fg
for simple f and ¢ is bounded, we have that

My(g) =sup] [ fol f s simple 171, = 1)
is finite: M,(g) < ||¢|| < co. Moreover, since for any bounded measurable function

Iy I fll, = 1, there is a sequence { f,,} of simple functions such that |f,| < |f| and
fn — [ pointwise, we have, by the dominated convergence theorem,

[ tol =t | [ fugl < M0 (11.6)



Assume g < co. Let {g,} be a sequence of simple bounded functions such that
gn — g pointwise and |g,| < |gn+1| < |g|, it exists due to Theorem 2.10 in Folland.

Let .
7, = lonl"5Eng

-1
19115

Then as in the proof of the previous theorem we have || f,|l, = 1 and [ |fngn| =
|gnllq- By the monotone convergence theorem we have

ol = Jim flnll = i [ 1fug.] < timint ['17,]] = (a5 o9 = 0
= liminf/fng < (by 11.6) < M,(9g).

Hence g € L9.

Assume now ¢ = oo (and hence p = 1). In order to prove that g € L™ it is
enough to see that [|g||cc < Mx(g). Assume contrary that for some e > 0 the set
A={x:|g(x)] > Mx(g) + €} is of non-zero measure. Setting f = y45gng/u(A)
we have ||f]; =1 and

/fg=//4%>%(g)+e

which is impossible by (11.6).
The proof is complete.

Let us summarise:

o 1 <p<oo: (LP)" = L%and (LP)*™* = LP.
We proved this for o-finite measure, but the result holds for general .

e p=1: (LY)* = L™ if the measure p is o-finite. The inclusion T': L™= — (L')*
is isometric if p is semi-finite.
If 11 is not semi-finite the injectivity of T': L™ — (L')*, g — ¢, fails (see

explnation in Folland).

e p=o0: Li C (L™®)*, the mapping T : L' — (L™®)*, g — ¢, is an injective
isometry but almost never surjective. We shall say more about this later.
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12 The Hahn-Banach Theorem and consequences

Let X be a normed space over R or C. Let X* be the dual space of X. How can
we be sure that there are enough elements in X* so that the study of the dual
space becomes interesting? Can we extend a linear bounded functional given on
a subspace to a linear bounded functional on the whole space? The answers to
these questions gives one of the most important results in functional analysis, the
Hahn-Banach Theorem.

Assume first that X is a real vector space.

Definition 12.1. A sublinear functional on X is a map p : X — R such that
p(z +y) < p(x)+ply) and p(Az) = Ap(z) Vr,y € X,A > 0.
Example 12.2. 1. p(x) = |f(x)|, where f is a real linear functional;

2. p(x) = ||=||, where || - || is a norm or seminorm.

Theorem 12.3. (The Hahn-Banach Theorem, real version) Let X be a real
vector space and p is a sublinear functional. Let M be a linear subspace of X and
f: M — R a linear functional such that

f(x) <p(x),z € M.

Then there exists a linear functional F : X — R such that F = f on M and
F(z) <p(x) forallz € X.

Proof. 1. The result is trivial if M = X. Assume M # X and let x € X \ M.
Consider the set M’ = M + Rz, the subspace spanned by x and vectors in M.
It is easy to see that each element in M’ an be uniquely represented in the form
y+Ax,y € M, A € R. If g is a linear extension of f to M’ then

gy +\x) = fly) + Mg(x),y € M.

If @ = g(z) then g(y + A\z) = f(y) + Aa.
The aim is to find « such that g(z) < p(z) for all z € M, i.e.

fy) +Aa < p(Az +y). (12.7)
For A > 0, (12.7) is equivalent to f (%) +a<p (JE + %) or
agp(x+%>—f<%> (12.8)
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and for A < 0, to the condition f <%> +a>—p (—x — %) or

a>—p <—:L’ — %) —f (%) : (12.9)

Let us show that there exists « that satisfies both conditions (12.8) and (12.9).
Let y1, yo € M. Then since

fy2) = f(y1) < p(y2 — 1) = p((y2 +2) — (1 +2)) < p(y2 + x) + p(—y1 — )
we have
—[(y2) +p(y2 + ) = —f(y1) — p(=y1 — 2).
Since v, Y2 were arbitrary, we get

;gﬂg(—f(y) +ply + 1) > s;lﬂ};(—f(y) —p(~y —x)).

Choosing « between these two quantities and letting

gz +y) = da+ f(y)
we obtain the desired extension of f to the subspace M + Rux.

2. If in X one can find a countable set of elements x1, xs,... that together
with M generate the whole space X then the functional on X can be constructed
inductively considering the following chain of subspaces:

M(l) = Span{M, l'l}a M(Q) = Span{M(l)7I2}7 s

Then any element in M belongs to some of the subspaces M*) and the functional
will be extended to the whole X.

3. In general case one uses Zorn’s lemma. Let F be the family of linear
extensions, F', of f to a subspace Mg with F'(z) < p(x). It is partially ordered by
inclusion: Fy < F; if {(z, Fi(z)) : x € Mp} C {(z, Fy(z) : + € Mp,}. Since the
union of increasing family of subspaces of X is a subspace, one has that the union
of totally ordered subfamilies of F lies in F. Hence by Zorn’s lemma F has a
maximal element. It is defined on the whole space since otherwise it would admit
an extension and, hence, would not be the maximal element of F. O

Remark 12.4. 1. Step 2 is presented here with the main reason to demonstrate
that, for separable spaces, the theorem can be proved without using the Zorn
lemma.

2. If p is a seminorm/norm then

f(x) < p(z) < [f(2)] < p(z).

In fact, in this case, |f(x)] = £f(z) = f(£z) and f(z) < p(x) < —f(z) <
p(—x) = p(z) giving the statement.
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Theorem 12.5. (The complex Hahn-Banach Theorem) Let X be a complex
vector space, p a seminorm on X, M a subspace of X, and f a complex linear
functional on M such that |f(z)| < p(z) for x € M. Then there exists a complex
linear functional F' on X such that |F(z)| < p(x) for allx € X and F(x) = f(z)
for all x € M.

Proof. Consider X and M as vector spaces over reals and denote them by Xg
and My respectively. Note that Xg (Mg) and X (M respectively) are different as
linear spaces but coincides as sets. Clearly p is a sublinear functional on Xp.

Let u = Ref. Then u is a real linear functional on My satisfying the condition

u(z)] < p()
and hence u(x) < p(x).
By the real Hahn-Banach theorem there exists a real linear functional U on
Xg such that U(z) < p(x), for all € Xg and U(z) = u(z) for all z € Mp.
Clearly —U(z) = U(—x) < p(—z) = p(z) and hence
|U(z)| < p(x),x € Xg.
Define a functional F' on X by letting
F(z) =U(x) — iU (ix).
F'is a complex linear functional: F is real linear since so is U and
F(iz) = U(iz) —iU(—z) = Uliz) + iU(x) = i(U(z) —iU(ix)) = iF(z),z € X.
F is an extension of f to X, i.e. F(z) = f(x), z € M: as
Imf(z) = —Re(if (z)) = —Re(f(ir)) = —u(iz)
we have
F(z) = u(z) —iu(iz) = Ref(z) +ilmf(x) = f(x).

It remains to prove that |F(z)| < p(x) for all z € X. Assume contrary that for
some xg € X, |F(zo)| > p(xg). Write F(xg) = |F(x0)|e’?. Let yo = ¢ *?x5. Then
U(yo) = ReF(yo) = Rel[e " F(z0)] = |F(z0)| > p(wo) = p(yo).

A contradiction that gives the statement. O]

Corollary 12.6. Let X be a normed space and let M be its subspace. Then for
every linear continuous functional f defined on M there exists a functional F € X*
such that F(x) = f(z) for allz € M and ||F|| = || f]].

Proof. Let p(x) = || fllllz|l, z € X. We have |f(x)| < p(z) for any x € M. By the
complex Hahn-Banach theorem there exists a linear functional F' on X such that
|F(z)] < p(z) = ||f||||z|| for all z € X and F|y = f. Hence, F is bounded and
IFN < LfIl. As (|| = sup{|F(2)] : [[z]| < 1,2 € X} = sup{|F(z)[ : [|=]] < 1,2 €
M} = ||f|l, we have |[F|| = [|f]]. O
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12.1 Corollaries of the Hahn-Banach Theorem
Theorem 12.7. Let X be a normed space.

1. If M is a closed subspace of X then for every vector x € X \ M, there exists
f € X* such that f(x) # 0 and flpr = 0. In fact f can be taken to satisfy
I1fll=1 and f(z) = p(z, M) := infyep ||z — y||.

2. If © # 0 in X, then there exists f € X* such that || f|| =1 and f(z) = ||z].

3. The bounded linear functionals on X separate points: for xz, y € X, x # y,
there exists f € X* such that f(z) # f(y).

4. A subset M C X 1is total in X that is the closed linear span is dense in X if
and only if f € X*, f(x)=0,x € M = f=0.

5. If v € X definez : X* — C by &(f) = f(x). Then the map x — & is a
linear isometry from X to X** = (X*)*.

Proof. 1. We define a functional f on the space M + Cx by
[y + Ax) = Ap(z, M).

Then f is linear, f|y; = 0 and f(z) = p(x, M). Let us find || f||. We have

fly+
11 = sup(ZEE e vrae ey
[Alp(z, M)
_ M
sup{|>\H|y+)\71xH ye M,Ae C,\#0}
o M) pla, M)

inf{[z + A"yl oz, M)

By virtue of the Hahn-Banach theorem, there exists an extension F' € X*
of the functional f with the norm ||F|| = ||f|| = 1. Thus the functional F’
possesses all the required properties.

2. The statement is a special case of the previous one: set M = {0}.

3. If x # y by (2) there exists f € X* such that f(z —y) = ||z — y|| # 0 and
hence f(x) # f(y).

4. Assume first that a set M is total and f(x) = 0 for all z € M. By linearity
and continuity we have that f(z) = 0 for all = in the closed linear span of
M, i.e. forall z € X.
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Assume that all functionals f € X* vanishing on M are identically equal to
zero. Suppose that M is not total and let G be the closed linear span of M.
Then there exists y € X \ G. By (1) there exists f € X* such that ||f| =1
and f(z) = 0 for all z € G, which contradicts the assumption.

5. For each x € X, 7 is a linear functional on X*:

T(AfL+ pfe) = M+ pfe) (@) = Mi(z) + pfo(z) = A2(f1) + p2(fo).

Z is bounded:
2N = [f@)] < [l

and ||Z||x+ < ||z||x. On the other hand, since there exists f € X*, ||f|| = 1,
f(x) = &(f) = ||=l|, we have [[f]| > |[z[lx. Therefore, [|Z||x-- = [|z[|x and
X 3z~ 2 € X is a linear isometry.

]

Remark 12.8. The third statement answers an important question about the
structure of the dual space of a normed space: it is rich enough to separate the
elements of the given space.

If X is a normed space, we let X = {trzeXtCcX™andi: X - X", 2 7
the isometric embedding. Then the closure X is complete as a closed subspace of

the complete space X** and i(X) is a dense set in X. Hence X is the completion
of X.

If X = X** then X is called reflexive, i.e. if the canonical map i : © +— 2 is
an isometric isomorphism.

Exercise 12.9. 1. We have proved that T : [ — (I®°)*, a — ®,, ®,(x) =
> Tia;, is a linear isometry. Use the Hahn-Banach Theorem to show that
the embedding T is proper (that is T'(I') # (I°°)*) by proving that there
exists a bounded linear functional ® € (I°°)* such that ®(z) = lim, . x,
for x = (x,) € c = {x = (x,) € [ : Flim,, 00 T, }

2. Show that there exists ® € L>([0, 1])* such that ®(f) = f(0) for f € C([0,1])
and prove that the canonical embedding T : L' — (L>)* is proper.

Consider some geometrical concepts related to linear continuous functionals.
Let X be a normed space and let f € X*, f # 0. Consider a set ['y = Ker f =
{r € X : f(x) = 0}. It is easy to see that this set is a closed subspace of X of
codimension 1, i.e. span{z, Ker f} = X (Show).

For ¢ € C the set I'. = {x € X : f(x) = ¢} is called a hyperplane. Then
['. =z + Ker f for some z € X (Exercise).
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Assume X is a real normed space, A C X a subset and xg is a boundary point
of A.

I'. is called a supporting hyperplane of the set A containing z if ¢ € I'.
(i.e. f(zo) =c) and either f(z) —c>0forallz € Aor f(z)—c <0forall x € A.

Consider a special case when A = B(0,7) = {x € X : ||z|| < r}. The boundary
of A is the sphere S(0,7) ={z € X : ||z| =r}.

Theorem 12.10. If zq € S(0,r) then there exists a supporting hyperplane of
B(0,7) containing x.

Proof. For xy € S(0,r) there exists f € X* such that || f|| = 1 and f(zo) = ||xo| =
r. Then I', = {x : f(x) = r} is the desired supporting hyperplane since zy € I',
and for all x € B(0,r)

fl@) < |f(@)] <l <,
ie. f(x)—r<0. O
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13 The Baire Category Theorem

This a fundamental theorem in the theory of complete metric spaces. Recall some
terminology. Let X be a metric space with metric denoted by p. For a € X and
r > 0 we set

B(a,r) :={z € X : p(z,a) <1},

the open ball with centrum in a and radius r in X. Let M C X. Recall that that
x € M is called an inner point of M if there exists r > 0 such that B(z,r) C M.
A subset M is called open if any x € M is an inner point, and closed if its
complement is open. The set of all inner points of M C X is the largest open
set contained in M; it is called the interior of M and is denoted by M?°. The
closure, M, of M is the smallest closed set containing M which is the intersection
of all closed sets F' D M.

A set E C X is called dense in X if £ = X. Note that E is dense iff WNE # ()
for any non-empty open set W.

A set E C X is nowhere dense if the closure of E has no inner point (i.e.
has an empty interior). Note that £ C X is nowhere dense if and only if it is not
dense in any open subset of X (Exercise!).

Theorem 13.1. Let X be a complete metric space.

1. If{U, 52, is a sequence of open dense subsets of X then N°U, is dense in

X
2. X s not a countable union of nowhere dense sets.

Proof. 1. 1t would be enough to show that if W C X is a non-empty open set
then W N NPU, # (). We note first that since Uy is dense, U; N W is non-empty.
Since W N Uy is also open, there exists a ball B(x1,r1), 0 < < 1, such that

B(zy,m) C WNU.
Similarly, we find B(xq,72), 0 < 73 < 1/2 such that
Bz, 13) C B(xy,71) N Us.
Repeating the arguments, we obtain balls B(z,,r,), 0 < 1, < 27" such that
m C B(xp_1,mn-1) NU,.

Then the sequence {z,} is Cauchy, as for any n, m > N we have z,,x, €
B(zy,ry) and hence p(zn, 2n) < p(zn,zn) + plan, xm) < 2ry which goes to
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zero as N goes to infinity. As X is complete, the sequence converges to an element
x € X and p(zy,x) < ry for all N. Thus

x € B(xy,ry) CWNUy

for all N. Hence W N (N°U,,) # 0.

2. Let E,, n > 1, be nowhere dense sets in X. Then (E,)¢ are open and
dense in X (if (E,)¢ were not dense in X we could find an open set W such that
WnN(E,)® =0, but then W C E, contradicting the condition of E,, being nowhere

dense). Hence by (1) N°(E,)¢ is dense in X (hence non-empty). Therefore,

(U EL)" = NP°EL D N7 (L) # 0
giving U E, # X. O
The theorem holds for any topological spaces that are homeomorphic to a
complete metric space.

Application to Functional Analysis.

e Open Mapping Theorem

Let X, Y be topological spaces. Recall that a map f : X — Y is called
open if f(U) is open whenever U C X is open; it is called continuous if
f~HU) is open whenever U C X is so. Hence if f is bijective then f is open
if and only if the inverse f~! is continuous.

If X, Y are normed spaces and f is linear then this boils down to the condi-
tion f(B(0,1)) D B(0,r) for some r > 0. In fact, given open U and y € f(U),
there exists € U and 0 > 0 such that f(z) =y and B(z,0) = 2+ B(0,6) C
U. Then using linearity of f and the condition f(B(0,1)) D B(0,r) we can
find 7 > 0 such that y + B(0,7) C f(x) + f(B(0,9)) = f(B(z,9)) C f(U).

Theorem 13.2. Let X, Y be Banach spaces. If T : X — Y is a surjective
linear bounded map then T is open.

Proof. By the remark before the theorem, we only need to show that 7'(B(0,1)) D
B(0,r) for some r > 0. Write B, for B(0,r) for the simplicity.

Since 7' is surjective and X = U°B,,,
Y = UPT(B,).

Hence by the Baire category theorem, one of the T'(B,):s is not nowhere
dense, i.e. T(B,) has a non-empty interior. Since T(B,) = nT(By), T(B)
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is not nowhere dense. Therefore there exist yo € T(By), r > 0 such that
B(yo,T) C T(Bl)

Let us show first that we can find a ball B, (with centrum in zero but different
r) such that B, C T(By). Pick y; = Tx; € T(By) such that ||y —yol| < r/2.

Then for any y € Y, ||ly|| < /2, we have y + y; € B(yo,7) C T(By):

ly + vy —woll < Iyl + llyr — wol| <

Hence

i.e. B2 C T(B,) and hence B,y C T(By).

Now we show that for some r > 0, B, C T'(B;) (by shrinking the radius r
again).

Since for some r > 0 and all y € Y with |ly|| < r, y € T(B;), we have
y € T(By-n) whenever ||y| < r27". Pick y € Y such that ||y| < r/2.
Then, since y € T(By/2), we can find x; € Byjs such that ||y — Taq|| < r/4.

This entails that y — Txy € T(Bijs). Therefore we can find o € By

with ||y — Txy — T'xy|| < r/8. Then y — Txy — Twy € T(Bys). Proceeding
inductively, we find x,, € By-» such that

ly = > Taif| < r27 L, (13.10)
=1

Since X is complete and the series )z, is absolutely convergent, it con-
verges in X to some x € X. Moreover

o <Y llzall < D277 =1,
1 1

i.e. € By. But then, as T is continuous, Y ., Tz; — Tx. On the other
hand, by (13.10), >  Tx; — y, as n — oo. Hence y = T € T(B,) and
T(B1) D Byjs. O

Corollary 13.3. (Banach bounded inverse theorem) If X, Y are Banach
spaces and T € L(X,Y) is bijective, then T™' € L(Y, X) and there exists
C > 0 such that

CYz|| < |Tz| < C|z| for all = € X.
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Proof. Since T is bijective, T~ exists. By the Open Mapping Theorem,
T is open and hence T~! is continuous and therefore bounded. Let C' =
max{||T|, |7} then for all z € X,

CH | 1T e = T T T < 7T T

[Tz < [Tl < ]

IA A

The closed Graph Theorem.

If X and Y are normed vector spaces and 7T is a linear map from X to Y we
define a graph of T by

I'T)={(x,y) e X xY :y=Ta} ={(x,Tz) :x € X}.
X XY becomes a normed space when equipped with the product norm
(@, )|l := max{||z], |y[|}-

Here ||z|| refers to the norm on X while ||y|| refers to the norm on Y.

Definition 13.4. We say that T is closed if I'(T") is a closed subspace in
X xY.

Clearly if T" is continuous then I'(T) is closed, since if x,, — = then T'z,, —
Tz. Closedness means that if x, — x and Tz,, — y then y = Tx. Next the-
orem says that if X and Y are complete then closedness of a linear operator
gives the continuity:.

Theorem 13.5. If X and Y are Banach spaces and T : X — Y is a closed
linear map then T is bounded.

Proof. Let m; and my be projections of I'(T") onto X and Y respectively:
m((z, Tx)) =2 m((x,Tz)) =Tx.
Then m € L(I(T), X) and m € L(I'(T),Y) since
lm1 (2, Tx)) | = [lz]l < |[(z, Ta)|| and [|mi((z, T2))[| = | Tz]| < [|(2, Tz)|

(||l <1, ||me]| < 1). Since X and Y are complete so is X x Y and I'(T) (as
a closed subspace). The map 7 is bijective as a map from I'(T") to X and by
Corollary 13.3 7y ! is bounded. But then T' = 75 o ;' is also bounded. [
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e The Uniform Boundedness Principle. The next theorem, known also
as the Banach-Steinhaus theorem, allows one to deduce uniform estimates
from pointwise estimates.

Theorem 13.6. (The Uniform Boundedness Principle.) Assume that
X is a Banach space and 'Y is a normed space. Let {T,, : « € A} be a family
of operators in L(X,Y). If sup e ||Tox] < ¢z < 0o for all x € X, then
SUPaea || Tal < o0

Proof. Let

E,={x: SUEl |Tox|| < n} = Naeaf{x : [|[Toz]] < n}.
ac

By assumption X = U, FE,. Moreover, each F, is closed as intersection of
closed sets. By the Baire category theorem, some FE, must contain a ball,
B(xg,r). Since for any x € X such that ||z|| < r we have x4z € B(xg,r) C
E,,, we obtain

[Tall < (Ta(x + zo) | + [ Taoll < 2n.
Hence for z, ||z|| < 1, this gives
[Toll = [ Ta(ra)ll/r < 2n/r,

and hence ||T,|| < 2n/r for all a € A. O
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14 Weak and weak * topologies

Weak convergence. Recall that for infinite-dimensional normed spaces closed
and bounded sets are not necessarily (sequentially) compact in the topology in-
duced by the norm: the unit sphere is compact if and only if the space is finite-
dimensional (see Exercise sheet, week I). However we still hope for some type of
convergence using a different topology.

Definition 14.1. Let X be a normed space, {z, :n > 1} C X, z € X. We say
that z,, — x weakly if

f(z,) = f(x) for all fe X",

Remark 14.2. 1. If z,, — = weakly and z,, — y weakly then x = y (the weak
limit is unique). The reason is because then f(z — y) for all f € X* and by
a consequence from the Hahn-Banach theorem, z — y = 0.

2. If ,, —» x in norm, i.e. ||z, — x| — 0 then x,, — = weakly. This follows from

[f(@n) = ()| < L fln — 2]l = 0.

Even with this weaker notion of convergence, it is not always true that bounded
sequences have convergent subsequences. We will have this for reflexive spaces.
Let’s look first at some characterisations of weak convergence.

Theorem 14.3. Suppose x,, — x weakly. Then sup,, ||x,| < oo, i.e. the sequence
15 bounded.

Proof. Apply the Uniform Boundedness Principle. Recall that the mapping x €
X — 2 € X**, where 2(f) = f(x), f € X*, is isometric so that

[ellx = 12 ([ x-

Then z,, € X* and given f € X*, sup, |Z,(f)] = sup, |f(z,)] < oo as f(z,)
converges. Thus by the Uniform Boundedness Principle

sup ||z || x = sup [ Zn [ x- < o0.
n n

Next statement is a characterisation of weak convergence.

Theorem 14.4. Let {z, :n > 1} C X, x € X. Then x, — x weakly if and only
if
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1. sup,, [[zn|| < oo;

2. f(z,) = f(x) for any f € M, where M is a subset of X* whose linear span
(the set of all finite linear combinations of elements in M) is dense in X*.

Proof. Assume first that z,, — = weakly. Then the condition (2) is obvious while
the first one follows from Theorem 14.3.

To see the reverse statement, we take arbitrary f € X* and {fx : k > 1} C
span{ M} such that f — f in X*. We must show that f(z,) — f(z), as n — oc.
Let C' > 0 be such that ||z,|| < C and ||z|| < C. As fi, — f, given € > 0, there
exists K > 0 such that

|fi = fll <e Vk>K.

By the second condition, fx(z,) = fx(x) and hence there exists N > 0 such that
|fr(zn) — fr(x)| <€ for all n > N. Therefore, for all n > N we have

[f(zn) = f(@)] < [f(en) = fre(zn)| + [fx(2n) = (@) + [[x(2) = f(2)]
< f = fellllzall + [fx(za) = fr(@)| + 1L f = frllll=]
< 2eC + ¢
giving the statement. O
Example 14.5. 1. X = R". The weak convergence coincides with the norm

convergence (with respect to any norm on X). In fact, since all norms on a
finite-dimensional vector space are equivalent, it is enough to see the state-
ment for the Euclidean norm |(z(,...2®™)|| = /((zMW)2 + ... + (z™)2.
Let 7, — x weakly in R”. Clearly, fy(z) = 2™, 2z = (2 .. 2() is a

bounded linear functional. Hence x,(;) — 2@ forall i =1,...,n. But then

n

lon =2l = QoG = =) = 0.
i=1
The other implication follows from Remark 14.2.
2. X =02 Let oy, = (x,(:),m,(f), L)el x= (W, 2@ .)€ Then z, — x
weakly iff x,(;) — 20 for all i > 1 and supy, ||z4]| < oo.
In fact, assume first that z;, — = weakly. As fi(z) = (z,¢;) = 29 is a linear
bounded functional, :c,(;) — 2 for any i. The boundedness of the norm ||z ||
follows from Theorem 14.3.

To see the other inclusion let a:l(:) — 2 for all . Then f(x3) — f(z) for all
f: f(x) = (z,a), where a is a finite linear combination of vectors ey, ea, ...,
i.e. a € (4. By the Riesz-Fréchet theorem any bounded linear functional is
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given by f(z) = (x,a), where a € [?, and ||f|| = ||al]l. As (3 is dense in
[?, assuming also the boundedness of ||z ||, Theorem 14.4 will give the weak
convergence.

Note that in ¢? the weak convergence does not coincide with the norm con-
vergence. In fact, the sequence {e;} converges weakly to 0 as e,(;) — 0 for all

i, as k — co. But since |lex|| = 1, ex 7 0 in norm.

Exercise 14.6. 1. Let {z,} be a sequence in LP([a,b]), x € LP([a,b]), 1 <p <
0. Show that x,, — x weakly iff sup, ||2,|| < oo and [ x,(t)dt — [T x(t)dt
for all T € [a,b].

2. Let H be a Hilbert space, x, x, € H, n > 1. Show that x, — x in H if
x, — x weakly and either (a) ||x,|| — ||z|| or (b) imsup ||z,| < ||z|.

Even though weakly convergent sequence does not converge in norm in general,
we have the following useful statement.

Theorem 14.7. Let X be a normed space, {x, :n>1}y C X,z € X. Ifzx, >z
weakly then there exists a sequence of finite linear combinations of elements x1,
Zo, ... that converges to x in norm.

Proof. Let G be the closed linear span of x,:s. It is enough to see that z € G.
Assume contrary that ¢ G. Then by a corollary from the Hahn-Banach theorem
there exists f € X* such that f(x) = p(z,G), ||f|| = 1 and f|¢ = 0. Then
f(z,) = 0 while lim f(z,) = f(x) # 0, a contradiction. O

Weak Topology.

Let X be a normed space and X* be its dual. If fi, fo,..., f, € X*, € > 0,
r € X, let

U$7f17---7fn7€17---6n - {y €X: |fl<y - $)| < Eiai = 17 s 7”}'

The set is open, contains x and hence is a neighborhood of x. The finite inter-
sections of such sets is again a set of this type. Hence in X one can introduce a
topology whose base is the family of neighborhoods of the above form (see Folland,
Chapter 4). It is called the weak topology of X. Then the weak convergence
can be formulated in the following way:

T, — x weakly in X iff for any Uyt . fer....cr, there exists N > 0 such that
ZTn € Us fy... foerrnen for alln > N (Show!)

Weak* Topology

Consider now the dual space X* of a normed space X. Besides the norm
convergence on X*, one can consider the following two topologies:
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e Considering X* as a Banach space we can equip X* with the weak topology
coming from the functionals in (X*)* = X**:

fo = [ weakly if ¥(f,) = &(f) V¢ e X™.

e The other topology, called the weak* topology, is induced by X = {t:z¢€
X}, here z(f) := f(x) for f € X*:

fn — f weakly™ iff,(x) — f(z) Vz e X,

equivalently, z(f,) — z(f) for all z € X.
The neighborhoods

Upi,.., T €1y {f e X" ’f(mz)’ <e€,t=1,... 7n}a

where € > 0, zq,...,x, € X, is a neighborhood base for 0 this topology. We

have:
fn = 0 weakly® iff for any Uy, . zpe1...en there exists N > 0 such that f, €
Usy...zpernen for any n > N (Show!)

Remark 14.8. 1. When speaking of weak*-convergence on a normed space Y one
must always be able to see Y as the dual of some normed space, i.e. Y = X*. One
says that X is a predual of Y.

2. If X is reflexive then clearly the two topologies, weak and weak* topologies,
coincide.

Here is a characterisation of weak* convergence similar to one about weak
convergence with a similar proof.

Theorem 14.9. Let X be a Banach space. A sequence {f, : n > 1} in X*
converges weakly® to f € X* if an only if

1. the sequence is bounded, i.e. sup,|fn| < oo;

2. fu(x) = f(x) for all x in a subset whose linear span is dense in X.

Theorem 14.10. Let X be a Banach space and let {f, : n > 1} C X* such that
the sequence {f,(x) : n > 1} is Cauchy for all x € X. Then there exists f € X*
such that f, — f weakly *.

Proof. As {f.(z)} is Cauchy it is convergent. We let for each z € X, f(z) =
lim f,,(x). Show that f € X*. O

The final theorem of this section is the compactness theorem for bounded sets
of the dual spaces.
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Theorem 14.11. (The Banach-Alaoglu Theorem). Let X be a separable
normed space and {f, : n > 1} is a sequence in X* with ||f,|| <1, n=1,2,....
Then it has a subsequence convergent in the weak*-topology.

Proof. Let {x1,5,...} be a dense subset in X. If {f, : n > 1} is a bounded
sequence of linear functionals on X then the sequence

f1<l'1), f2<x1)7 oo ,fn(xl), ..

is bounded (|f.(z1)] < ||falll|z1|]). Therefore we can choose a subsequence

1 1
fl( )7 2()7"'af'r(11)7"'

such that the subsequence fl(l)(:vl), 2(1)(931)’ . ,fT(Ll)(xl), ... converges. Then from
{ W n > 1} one can choose a subsequence

2 2
A I (U

such that the subsequence f1(2) (x2), f2(2) (x2),..., Jiss (x2), ... converges. Proceeding
inductively we obtain the following system of subsequences:

1 1
f)7f2( )7"’7f’r(7,1)7"‘
2 2
S S A

each of them is contained in the previous one so that { f}zk) (x;) : m > 1} convergence
forall i =1,2,..., k. Taking now the ”diagonal”

1 2 n
ff)72()77f7’(1,)7

we obtain a subsequence of linear functionals such that fl(l)(:cn), f2(2) (), ... con-
verges for all n. Then by Theorem 14.9, the sequence f\"(z), (), ... converges
for all z € X. The statement now follows from Theorem 14.10 O

Remark 14.12. One can prove that for separable normed spaces the weak*-
toplogy on the closed unit ball is metrizable and thus the compactness and se-
quential compactness are equivalent. Therefore the above theorem stays that the
unit ball of the dual space of a separable space is compact.

Remark 14.13. If X is a reflexive space, then any bounded sequence of X has a
weakly convergent subsequence. One proves this fact using the following steps:

Step 1: Let {x,} be a bounded sequence. Set Y to be the closed linear span
of x,:s. This is a separable subspace of X.

Step 2: As Y is closed one can prove that Y is reflexive as well.

Step 3: As (Y*)* =Y is separable, one can show that Y* is separable.

Step 4: exercise=complete the proof.
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The ”sequential” Banach-Alaoglu theorem is a special case of

Theorem 14.14. (Alaoglu’s Theorem) If X is a normed space, the closed unit
ball
B*={feX":|fl <1}

i X* is compact in the weak*-topology.

The proof of this general statement relies on Tychonoft’s theorem about com-
pactness of the product of any collection of compact topological spaces.
An interesting application of the Alaoglu Theorem is the following statement:

Proposition 14.15. Any normed space X can be isometrically embedded into
C(Q2), the Banach space of continuous functions on a compact €.

Proof. Exercise. Hint: Take Q2 = {f € X* : ||f|| < 1} and consider the mapping
X sz g € C(Q). O
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15 Hilbert spaces: Orthogonality. Riesz-Fréchet
Theorem

Let H be a Hilbert space with inner product (-,-). We say that z, y € H are
orthogonal if (z,y) = 0. Write x L y.
If E C H define
Et={zecH:(x,y)=0,ycE}

and call it the orthogonal complement to E.
Proposition 15.1. If E C H then

o E' is a closed subspace in H;

o F g (EJ‘)J‘,'

o (E+)*t = span{E}.
Proof. Exercise. m
Theorem 15.2. (The Pythagorean Theorem.)Ifz; L z; foralll <i<j<n
then . .

1>l = Nyl
1 1

Proof. Exercise. O]

Proposition 15.3. Let H be a Hilbert space, Hy a closed subspace of H and
x € H. Then x L Hy iff the distance from x to Hy equals ||z||.

Proof. Let x L Hy then for any y € Hy we have
lz = ylI* = (z =y, 2 —y) = [[«]* + [lylI* > ||=|*

Hence inf{lz — | : y € Ho} = |l — 0] = |1l
Assume inf{||z —y|| : y € Ho} = ||z|]. Then for any y € Hy and A € C

[ = Ayll = [|]]-
Hence (x — Ay, z — \y) > (x,z) and
Letting A = ¢(x, y) we see that for all ¢ > 0

—2t[(z,y)|* + (2. y)[*{y,y) =2 0
and (z,y)|*t(t{y, y) — 2) > 0. Therefore (z,y) = 0. 0
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Proposition 15.4. Let H be a Hilbert space, M a closed subspace, x € H. Then
there is a unique z € M such that

Iz =2l = p(z, M) := inf{|ly — [ : y € M}.

Proof. Let d = p(x, M) and let {y,} C M such that ||z — y,|| — d. By the
parallellogram law (applied to vy, — x, ¥y, — 7)

2(llyn = 21 + g — 2l%) = 1y — 2) = W = 2)I” + (Y — 2) + (g — 2)|”
ie.
2([lyn = 21 + lym — 2l%) =y = Yll* + Iy + ym — 22)1* (15.11)
1
Since §(yn + Ym) € M, ||223¥= — || > d and we have from (15.11)

YntYm 12
It n
< 20y — 2| + ||ym — z||* — 4d*> — 0 as m,n — oo

Y0 = ymll* = 2llyn — 2l* + 2llym — =[* — 4]

Hence {y,} is a Cauchy sequence. As H is complete, y, — z for some z € H. As
M is closed, z € M. As ||z — y,|| — ||z — z|| we obtain d = ||z — z||.

Uniqueness: Let z1, zo € M be such that ||z; — z|| = p(x, M) = ||z — x| and
let d = p(x, M). By the parallelogram law applied now to (z; — x) and (z3 — )
we obtain

21z — @l* + ll22 — 2l1*) = ll21 + 22 — 22" + [|22 — 2]
giving ||z1 — 2> = 4d? — 4|z — (21 + 22)/2|> < 4d* —4d* =0, ie. 2 = 2. [

Theorem 15.5. (about orthogonal complement) If M is a closed subspace of a
Hilbert space H then H = M @ M*, i.e. each x € H can be expressed uniquely as
r=z+y where z€ M andy € M*.

Proof. Let x € H and let z € M be the closest to x vector in M which exists by
Proposition 15.4. Let y = x — z. Then ||y|| = p(x, M) and since z € M

ply, M) = f{|ly -7l :y€ M} =f{||z —2—g|| : y € M}
= inf{||z —gll: g € M} = p(z, M) = |ly||.
By Proposition 15.3, y € M*. Hence x = (z — 2) + 2 = y + z is the desired
decomposition.

To show uniqueness let © = z; +y1, 21 € M, y; € M~ then 2, +y; = 2+ 1y and
M3y —y=z—z €M+ As MN M+ = {0}, we obtain y; =y and z; = z. O
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Theorem 15.6. (Riesz-Fréchet) If f € H* there is a unique y € H such that
f(x) = {(z,y) for allx € H.

Proof. Uniqueness: if (z,y) = (x,y’) for all x € H, taking + = y — v’ we obtain
(y—v',y —y') =0 and hence y — ¢’ = 0.

Existence: If f is the zero functional them take y = 0. Assume f # 0 and
let M = {z € H: f(z) = 0}. Then M is a proper closed subspace and hence
M+ # {0}. Take 3/ € M+ such that ||y/|| = 1 and let y = f(y/)y’. Then for any
x € M we have f(z) = (z,y) = 0 and for ¥ we have f(y') = (¢/,y). Thus f =,
on span{M,y'}, here ®,(z) = (x,y).

As M is a subspace of codimension 1 (obs! M = Ker f) we have H =
span{M,y'} and hence f = ®, on the whole H. O

We have established before that the mapping H > a — ®, is an anti-linear
isometry. By the Riesz-Fréchet theorem we obtain that the mapping is surjective
and hence H ~ H* (H is self-dual).

15.1 Orthogonal systems

Definition 15.7. A subset {u,}aca of a Hilbert space H is called orthogonal if
Uq L ug whenever a # f5. It is called orthonormal if in addition |lu,| = 1.

Any orthogonal system {e;};c; is linearly independent (i.e. if a finite linear
combination ) ... Aje; = 0, I is finite, then A\; = 0).

Examples 15.8. 1. H = (2, the standard basis {e, },>1 is an orthonormal system;
2. H = L*([—m,x]) then {\/%emt, n € Z} is an orthonormal system;
3. H = L*(R). Consider {t"e /2 :n =10,1,2,...}. It is a linearly independent
system. Applying to it the Gram-Schmidt process we get a system {p;, (t)e_tQ/ 2n=
0,1,2,...} whose elements are called Hermite functions.

Definition 15.9. Let {e, : n € N} be an orthonormal system in a Hilbert space
H, v € H. The formal series Y 2 (z,e,)e, in H is called the Fourier series
of = corresponding this system . The coefficients (x,e,) are called the Fourier
coefficients of x with respect to this system.

Examples 15.10. For H = L*([—7,7]) and {e, =
classical Fourier series and Fourier coefficients.

\/%emt, n € Z} we obtain the

Theorem 15.11. Bessel’s Inequality If {us}taca is an orthonormal set in H

then for any v € H,
>l ua) P < .
acA

In particular, {o € A : (x,u,) # 0} is countable.
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Proof. For finite subset F' C A we have

0 < |z— Z(:c,ua)uaHQ = (x — Z(:L’,ua)ua, T — Z(x, U ) Ugy)

aclF a€EF a€EF
= Jz?+ D e ua)? = 2> uad* = 2> = D [, ua) P,
acF acl acF

and hence > _p [(z,ua)|* < ||z||*. Therefore,

D lwua) =sup{) _ [(x,us)* : F C Alis finite} < |||,

a€A acl

We have B := {a € A: (z,u,) # 0} = U, A, where 4, = {a: [(z,uy)| > 1/n}. If
B were uncountable so would be A,, for at least one n > 1 and hence for any finite
F C A, we would have Y, [(z,uq)|* > card(F)/n implying > ., [{z, ua)|* =
0. A contradiction. Thus each A,, and B are countable. O

Definition 15.12. An orthonormal set is called an orthonormal basis for H if its
linear span is dense in H.

Examples 15.13. 1. {e,} is an orthonormal basis in [2.
2. {\/szﬂe"”t, n € Z} is an orthonormal basis in L*([—, 7).
3. {The Hermite functions} is an orthonormal basis in L*(R).

Theorem 15.14. Let {uy}aca be an orthonormal set. The following are equivalent
1. {uq}aca is an orthonormal basis for H;

(Completness) If (x,uy) =0 for all o then x = 0.

(Parseval’s Identity) ||z||* =Y, [{x, ual? for allx € H;

e

For each v € H x =) ,(,Ua)Uq, where the sum on the right hand side
has only countable many non-zero terms and converges in the norm topology
no matter how these terms are ordered.

For the proof see Folland, 5.27.
Theorem 15.15. FEvery Hilbert space has an orthonormal basis.

Proof. A routine application of Zorn’s lemma shows that the collection of orthogo-
nal sets, ordered by inclusion, has a maximal element; and maximality is equivalent
to the second property of Theorem 15.14. O
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Remark 15.16. Not all Banach spaces have a "topological basis”.

Proposition 15.17. A Hilbert space H is separable if and only if it has a countable
orthonormal basis in which case every orthonormal basis for H is countable.

Proof. 1f {x,} is a countable dense set in H, by discarding recursively any z,, that
is in the linear span of xy,...,x,_1, we obtain a linearly independent sequence
{yn} whose linear span is dense in H. Application of the Gram-Schmidt process
to {y,} yields an orthonormal sequence {u,} whose linear span is dense in H and
which is therefore a basis. Conversely, if {u,,} is a countable orthonormal basis, the
finite linear combinations of the wu,,’s with coefficients in a countable dense subsets
of C from a countable dense set in H. Moreover, if {v,} is another orthonormal
basis, for each n the set A, = {a : (un,v,) # 0} is countable. By completeness of
{u,}, A =U*A,, so A is countable. O

Most Hilbert spaces that arise in practice are separable. Next statement says
that all such infinite-dimensional spaces are isomorphic to ¢2.

Definition 15.18. Let H; and Hj are Hilbert spaces with inner products (-, +);
and (-, )2 respectively. A unitary map from H; to Hs is an invertible linear map
U : Hy — H, that preserves inner product, i.e.

(Uz,Uy)y = (x,y)1 for any z,y € H.

Proposition 15.19. Let {uy} be an orthonormal basis for H. Then the corre-
spondence x + & defined by &(a) = (x,uy) is a unitary map from H to (*(A).

Proof. The map U : x — & is clearly linear and it is isometry from H to ¢*(A) by
the Parseval identity ||z||? = >_ |2(«)[?. If f € (*(A) then > |f(a)|* < oo (in the
series only a countable number of terms are non-zero). The Pythagorean theorem
shows that the partial sums of the series > f(a)u, is Cauchy; hence z = > f(a)u,
exists in H and £ = f, i.e. the map U is surjective and hence invertible. As U is
an isometry,it follows from the polarization identity

1 : : : :
(w.y) = 7(lz +yl* = lle =yl +illz + iyl —illz — iyll*)

it follows that U preserves inner product. O
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16 The Riesz Representation Theorem. Dual of
Co(X)

We recall first some topological facts. A topological space X is said to be locally
compact if for every x € X there is a compact set K such that z € K° (i.e. x is
an inner point of K).

One says that X is Hausdorff if for any distinct x, y € X there are disjoint
open sets V and W such that for x € V and y € W. When X is locally compact
and Hausdorff we write X is LCH. Throughout this section, X will denote an LCH
space.

We write C'(X) for the set of all continuous functions f : X — C,

Co(X)={feC(X):{x:|f(x)| > e} is compact for any £ > 0}.

Co(X) is a Banach space with respect to the uniform norm || f||« = sup,cx |f(2)|-

Radon measures. Let i be a Borel measure on X and £ C X be a Borel
subset of X. The measure p is called outer regular on FE if

w(E) =inf{u(U) : U D E,U is open}
and inner regular on F if
u(E) =sup{u(U): K C E, K is compact}.
If 1 is outer and inner regular on all Borel sets p is called regular.

Example 16.1. The Lebesgue measure on R” is regular.

Definition 16.2. A Radon measure on X is a Borel measure that is finite on
all compacts, outer regular on all Borel subsets and inner regular on all open sets.

The following are proved in Folland, 7.2:

e Every o-finite Radon measure is regular.

e If X is o-compact, i.e. there exist a sequence { K, } of compact subsets of X
such that K,, C K41, n > 1, and X = U, K, then every Radon measure is
regular.

o If X is o-compact then every Borel measure on X that is finite on compact
sets is regular and hence Radon.
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Definition 16.3. A signed Radon measure is a signed Borel measure whose
positive and negative variations are Radon (Recall: if w is a signed measure then
there exist positive measures wy, w_ such that w(E) = wi(E) —w_(E) for any
measurable F), a complex measure is Radon if its real and imaginary parts are
signed Radon measure.

Note that if X is o-compact then every complex Borel measure is Radon. This
follows from the fact that complex measures are bounded and the remark given
above.

We denote the space of complex Radon measures on X by M(X) and for
w € M(X) we define

el = 12 (X),
where |u| is the total variation of p.

Theorem 16.4. The Riesz Representation Theorem. Let X be an LCH
space, and for p € M(X) and f € Co(X) let I,(f) = [ fdu. Then the map
w1, is an isometric isomorphism from M(X) to Co(X)*.

We prove a partial case of the theorem and find the dual (Cg([a,b]))* for the
space of real valued continuous functions on the interval [a, b].

Signed measures on R are related to functions of bounded variation. We recall
the definition.

Definition 16.5. If f : [a,0] > Rand7m:a =20 <z <29 <...<xp 1 <Tp =0
a partition of [a,b] we let Vi (f;[a,b]) = Sr—g | f(zre1) — flxr)]- T {Vi(f;a, b)) }x
is bounded then f is called a function of bounded variation, and we denote
the space of all such f by BV. The number

n—1

V(fila,b]) = sup > [f(zre1) — flan)]

T k=0
is called the variation of f.

V' (f;l]a,b]) is denoted by T in Folland.

If f is a function of bounded variation one can write it as a difference of two
increasing functions: f(z) = ¢(x) — ¢¥(x) (take e.g. w(x) = V(f;[a,z])) To a
function of bounded variation which is right continuous one can associate a signed
measure: Let f = ¢ —1 with increasing functions ¢ and ¢. If f is right continuous,
¢, ¥ can be chosen to be right continuous as well. Set w(E) = p,(E) — py(E)
where p,, 11, are the Lebesgue-Stieltjes measures given on the half open intervals
(¢,d] by pa((c,d)) = (d) — (), pg(e,d)) = ¥(d) — (c). We have wy|([a, b)) =
V(f:la,b).

Conversely, if 1 is a bounded signed Borel measure on R and F'(x) = pu(—o00, x])
then F'is a right continuous function of bounded variation.
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Theorem 16.6. For any | € (Cr([a,b]))* there exists a function of bounded vari-
ation g such that

() = / +(#)dg(t) (16.12)

(meaning the Riemann-Stiltjes integral over the interval [a,b]) and V(g;[a,b]) =
121]-

Proof. In what follows we write C(]a, b]) for Cg([a,b]). C([a,b]) can be considered
as a subspace of the space B([a,b]) of all bounded functions on [a,b] with the
same norm. Let [ be a bounded linear functional on C([a,b]). Then by Hahn-
Banach theorem it can be extended to a bounded linear functional F' on B(|a, b])
with the same norm. In particular, this extension will be defined on functions
he (%) = Xjar(®), T € (a,b], ho(x) = 0. Let g(1) = F(h;). Then g is a function
of bounded variation. In fact, let 7 :a =20 <21 < ... < 2,1 < x, = b be a
partition of [a,b] and let g = sgn(g(xx) — g(xk—1)). Then

Z l9(z1) — g(z11)| = ZEk(g(xk) —g(rp1)) = ZﬁkF(hxk — hyy )

= FQ_eulho, —ha ) NN erlhay, = oy )]
k=1 k=1

But the function > ), ex(hy, — hy,_,) takes values 1, —1 and 0 and hence its norm
is less or equal 1. Thus

n

> lglxe) = glae-n)| < |1
k=1
and V (g; [a, 0]) < |[1]

We show next the representation (16.12). Let f be a continuous function on
[a,b]. Given € > 0 there exists ¢ > 0 such that |f(z1) — f(x2)| < & for any x1, w2,
|z1 — 23] < 6. Choose a partition of [a,b] such that the diameter is less than ¢.
Consider the following step function

| flzg), wpo <z <k >1

fe(z) = { f(1), a<z<m

It can be written in the form

3

fe(@) = ) F(an)(hay () = Doy, (7).

k=1

Clearly, |f(z) — fo(x)] <e, x € [a,b], 1e. ||f — f| <e.
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Consider

= > flan)(g(ze) — gzxa)).

k=1

Hence making the partition small enough we get

b
[F'(fe) —/ f(z)dg(z)| < e.
On the other hand

[F(f) = FU < U = Felloo < e
Therefore

() - / f(@)dg(x)| = |F(f) — F(f.) + F(f.) - / F(@)dg(@)] < (1] + 1)

and I(f) = [} f(x)dg(x).
We have proved already that V(g;[a,b]) < ||I||. On the other hand,

| / F(@)dg()] < [l (g; [0, D),

(f]))! < | flloV (g; [a,]) and hence [lI[| < V(g;[a,b]) and we get [l =
).

ie. |l
Vig:la
O

Remark 16.7. Clearly ,(f) = f;f(x)dg(x) is a bounded linear functional for
any function ¢ : [a,b] — R of bounded variation.

It is known that if g = go everywhere except for finite or countable number of
points in (a, b) then [, =1,,.

If g9 = 9o + K, K is a constant, l;,, = [4,. Conversely if g;, g» define the same
functional one can prove that g; — g2 = const everywhere except for some finite or
countable number of points.

Let for g € BV ([a, b]), we denote by [g] the set of functions g; € BV ([a, b]) such
that the difference g, — g is constant except for finite or countable number of points
in (a,b). In each of such subsets one can choose a unique function g; such that
g1(a) = 0 and right continuous. Therefore we will get a one-to one correspondence
between (C'([a,b])* and the set of right continuous functions of bounded variation
vanishing in a and therefore with measures w, defined by such a function g.

92



The weak™ topology on M (X) = Cy(X)*, in which p,, — piff [ fdp, — [ fdu
for all f € Cy(X), is of considerable importance in applications.

Here is a useful criterion for weak™ convergence for signed measures in M ([a, b]).
Let NBV denote the space of all g € BV that are right continuous on (a,b] and
such that g(a) =0 (N for "normalized”).

Proposition 16.8. Let {g,} C NBV, g € NBV. Assume thatsup,, V (gn; [a,b]) <
oo and g,(x) — g(x) for every x € [a,b]. Then fabfdgn — fabfdg for any
f € C(la,b]).

Proof. Let [, and [ be the linear functionals on Cla, b]) corresponding to g, and g
respectively. We must prove that [,, — [ weakly*. For this we will use Theorem
14.9 (a characterisation of weak*-convergence). By the Hahn-Banach theorem we
can extend [,, and [ to bounded linear functionals on

F = span{Cla, b U {X(a5,0 < a < B < b}}

equipped with the sup-norm. One can show that

(X (a,8) = / X(e,8)(1)dgn(t) = gn(B) — gn(a) = g(B) — g(a).

As span{X(a,g : @ < a < < b} is dense in F and ||l,|| = V(gn;[a,b]) < C < o0
for some C' > 0 and all n, we have [,, — [ weak™ in F* and hence in C([a,b])*. O

Weak topology in Cy(X):

Theorem 16.9. A sequence {f,} € Co(X) converges to f € Co(X) weakly if and
only if sup,ex || fu(2)|| < 00 and f,(x) = f(z) for any v € X.

Proof. Assume f, — f weakly. Then by Theorem 14.4 sup,.y || fn(2)|| < oo and
as the point evaluation is a bounded linear functional on Cy(X) we obtain the

pointwise convergence of f, to f. To see the other direction, note that for any
pe M(X),

| /X (fule) — f@))du(z)] < /X fal@) — F@)\dlpal(z) = 0

as sup,cx |fu(z) — f(z)] < oo and |p| is a finite measure. The statement now
follows from the Riesz Representation theorem. O
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17 Adjoint Operators

Definition 17.1. Let (X, | - ||x), (Y, - |lv) be normed spaces and let 7" : X — Y
be a bounded linear operator. The adjoint operator of T is the linear operator
T :Y* — X* defined by

[T (N(x) = f(Tx)
forall feY* and z € X.

Remark 17.2. One can see that T* f is the composition of bounded linear oper-
ators T and f, so T* f € X*.

Theorem 17.3. Let (X, ||-||x), (Y,||-|ly) be normed spaces and let T : X — Y be
a bounded linear operator. Then T* is a bounded linear operator and ||T*|| < ||T]].

Proof. (i) For all f,ge Y* A, p€ C and z € X,

[T*(\f + pg)l(z) = (Af + pg)(Tx)
=M (Tz) + pg(Tx)
= ANT"(H)(z) + u[T(g9)](z)
= [AT™(f) + T (g)](x).

Thus T™ is linear.
(77) For all f € Y™,

|T* fllx- = sup [[T*(f))(x)]
llzllx <1
= sup |f(Tz)|
llzllx <1
< sup |[flly-IT(2)|ly
lzllx<1
< sup |[flly~ [Tz x
lzllx<1
= [ £y~ IIT.
Thus T* is bounded and
|T*|| = sup [|T"f]|x-
I £1ly=<1
< sup [T flvy-
I £lly =<1
= ||T|.
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Remark 17.4. Let Hy, Hy be Hilbert spaces and let T': H; — H, be a bounded
linear operator. By the Riesz-Fréchet theorem, the adjoint operator of T is the
unique bounded linear operator T* : Hy — H; such that

(z,Ty) = (T'z,y)
for all x € Hy and y € H,.
Example 17.5. The adjoint of the shift operator. Recall that
Sl = 0% (2, 29,...) = (0,21, 29,...).
Find S*,SS* and S*S.

Solution. (i) Since ¢* is a Hilbert space, by the Riesz-Fréchet theorem, S* is the
linear operator S* : £2 — (2 such that

(z,5%y) = (S, y)
for all x = (2;)2,,y = (v;)2, € £%. Note

o)

(Sz,y) = (5):7;

i=1
:Oyl‘i‘ﬁclyQ‘i‘

= Z%‘?iﬂ
i=1
= <$a Z>7
where z = (y2,¥s,...). Therefore, since (x,S*y) = (Sx,y), we have
<$7 Z> = <$7 S*y>
for all € /2. This implies
S*y=2z=(y2,Ys3,--.)-

Thus S* is the backward shift operator.
(i) For all x = (x;)2, € (2,

SS*(x1,xa,...) = S(xe, x3,...)
= (0,29, x3,...).
(i) For all x = (z;)22, € (%,
S*S(xy, xg,...) = S"(0, 21,29, . ..)
= (21, 29,...).

Thus S*S = I2, the identity operator on ¢2. H
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Remark 17.6. For a matrix A = (a;;);;"; the adjoint of A is the usual transpose
conjugate:

* n,m
A" = (bij>i,j=17
where
bij = @y

fore=1,...n,5=1,...,m.

96



18 Spectrum

If Ais an n x n complex matrix then A has at least one eigenvalue: that is, there
exists A € C such that

Ax = Mz

for some non-zero vector x. It is an important tool, and in the infinite dimensional
case, the spectrum of a linear operator is the analogue of the set of eigenvalues.

Remark 18.1. The shift operator S on ¢2:
S(zq,x9,...) = (0,21, x9,...)
has no eigenvalues.
Solution. Let there be A € C such that
Sx = \x
for some x € (2. Hence
(0,21, 22, ...) = (A\x1, AXay .. ),

so Axy = 0, \zg = x1,...,Ax,, = X,,_1,.... Therefore A =0or x; =0. If A =0,
then x,, = Ax,.1 =0 for alln > 1, and so = 0. If xy = 0 and A # 0, then

€

Tg = A = 07
T2
= — = 0
x3 A\ )
Tn—1
n = prm— 07
S
Thus z = 0. Hence Sx = Ax implies = = 0, and so .S has no eigenvalues. [

Definition 18.2. Let (E,|| - ||g), (F, || - ||r) be normed spaces. A bounded linear
operator T' : & — F' is called invertible if there exists a bounded linear operator
S . F — FE such that T'S = Ir and ST = Ig where Ip, Ig are the identity
operators on F' and FE respectively. The operator S is called the inverse of T,
denoted by T—1.

Theorem 18.3. Let T : E — F be wnvertible. Then T is injective and surjective.
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Proof. (i) Suppose x1,x9 € E are such that x; # x9 and Tx; = Txy. Then
2y =T Txy =T 'Tay = x5. Thus 2, # x5 implies T'w; # Txo, so T is injective.
(i1) For any y € F there exists # = T~ 'y such that

Tz =T(T 'y) =vy.
Thus T' is surjective. O

Example 18.4. The backward shift operator T : (> — (? given by
T(fL’l, To, T3, .. ) = (ZEQ,I‘?” . )

is not injective, because (1,0,...) # (0,0,...) but 7(1,0,...) = (0,0,...) =
7(0,0,...). Thus T is not invertible.

Definition 18.5. Let 7" : X — X be a bounded linear operator on a Banach
space X. The spectrum SpT of T is the set

{A € C: A x — T is not invertible }.

Example 18.6. Consider the Banach space (C|0, 1], ||- ||~ ) and the bounded linear
operator

T:C[0,1] — C0,1]
defined by the formula
(Th)() = g() ()
where g € C[0,1]. Find the spectrum SpT of T.
Solution. By the definition
SpT ={X € C: Ax — T is not invertible }.

Note that, for all A € C,

Thf = (Mepy — T)(f) = A = Tf,

SO

Taf(t) = [(Mcp.y — T)()I(¢)
= Af(t) = g(t)f(t)
= (A—g()f(t)
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for all f € C[0,1] and ¢ € [0, 1].
1. For all A € C such that

A¢Img={z€C:z=g(t) for some t € [0,1]}
the function A — g(¢) # 0 as t € [0,1]. Thus, for all A ¢ Img, we can define a
mapping
Sy : C[0,1] = C[0,1]
by the formula

1
A —g(t)

We proved before that S is a bounded linear operator and

(Sxf)(t) f ().

0= =gl

Let us show that S) is the inverse of the operator Ty. For all f € C[0,1] and
t €0,1],

[S\TAf1(E) = [SA(TAf)](2)
= (Thf)(1)

= (A —g@)f(t) = f(1)

and

(A = g(®)(Sxf)(t)

1
A—g(t
(A= s) =
Thus S\T) = I, and Th\Sx = Icp,1), so T is invertible for all A ¢ Img.
2. For every A € Img, the operator T is not surjective, because, for any
f € C0,1], the function

ft) = f(t).

(T)(8) = (A= g(t) f(?)

is equal to zero at a point ¢t such that A = g(¢,). Therefore T) is not invertible
for all A € Img.
3. The spectrum Sp7T = Im g. n
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Lemma 18.7. Let T : X — X be a bounded linear operator on a Banach space
X. Then every eigenvalue X\ of T belongs to SpT'.

Proof. By the assumption, there exists a non-zero vector x € X such that
Tx = \x.

Hence (AM[x — T)x = Az — Tx =0 and (M x — T)0 = 0. Therefore A\Iy — T is not
injective, so AIx — T is not invertible. Thus A € SpT. O

Remark 18.8. The spectrum is larger than the set of eigenvalues.

Example 18.9. Let T': C[0, 1] — €0, 1] be the bounded linear operator defined
by

(THE) =f@t), tel0,1],
on the Banach space (C0,1], ]| - ||o0)-
1. We have proved that SpT = [0, 1].

2. T has no eigenvalues.

Proof. Tf X is an eigenvalue of T' with eigenvector f € C[0, 1], then (T'f)(t) = Af(t)
for all t € [0,1], so tf(t) = Af(t), and therefore

(=) f(t)=0
for all ¢ € [0,1]. Thus f(¢) = 0 for all ¢, and hence T has no eigenvalues. O

Notation 18.10. Let X be a normed space. We shall abbreviate B(X, X) to
B(X). For T € B(X) we denote TT, TTT,... by T? T3, ... etc.

Exercise 18.11. Show that, for any n € N,
[ < 71"

Theorem 18.12. Let T : X — X be a bounded linear operator on a Banach space
X. If |IT|| <1 then the operator Ix — T is invertible and

(Ix =T ZT" lim (Ix +T+T%+...T")

n—oo

in the Banach space B(X).
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Proof. Let S, =Ix+T+ ...+ T". We have

1S, = Swll =1 > THI< D IITIS

k=n+1 k=n+1

As ||T|| < 1, the series > oo, |T||* is convergent and hence {S,}, is a Cauchy
sequence. Since B(X) is a Banach space, {S,} has a limit S € B(X). It is easy
to see that

(Ix = T)S, =Ix —T""' =S, (Ix - T).
Letting n — oo, we obtain (Ix —T)S = Ix = S(Ix —T). Thus Ix —T is invertible
with the inverse S = lim, oo (Ix + T + ... +T7). O

Corollary 18.13. Let T : X — X be a bounded linear operator on a Banach space
X. Then

SpT c{AeC: Al < [T}
Proof. Note that, for A such that |A| > || 7|,

1

1
= Tl <1,
Is7] -

57|

Thus the operator (Ix — %T) is invertible, so there exists a bounded linear operator
S : X — X such that

1 1

Then

Gs) Mx =T)=1Ix = (Nx —T) GS) :

Thus 15 is the inverse of (AIx —T'), so (AIx — T is invertible for all X such that
|A] > ||T"||. Therefore

SpT C {AeC: A < [T}
O

Theorem 18.14. Let T : X — X be a bounded linear operator on a Banach space
X. Then SpT s a closed bounded non-empty subset of C and is contained in the
closed disc {\ € C: |\ <||T|}.

Let’s first look at some examples.
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Example 18.15. Let T be the left shift operator on ¢2.

(i) Show that vectors (1, A\, A%, \3,...), where A € C and |\| < 1, are eigenvectors
of T

(77) Find the spectrum Sp T of T

Solution. (i) For A € C such that |A\| < 1, the series

SN =D AP < 0.
n=0 n=0
Thus zy = (1, A\, A%, A3,...) € 2. One can see that

Tay = T(1,\ A%, ...)

= (A2 N
= ML AN, L)
= )\(’E)\.

Therefore, for A € C such that |A\| < 1, x, is an eigenvector with eigenvalue .
(71) We know that every eigenvalue of T" belongs to Sp7T". Hence

{ANeC: |\ <1} CSpT.
We proved above that
SpT C{Ae C: A <|IT|}-
Recall that ||T']| =1 and SpT is a closed subset of C. Therefore
SpT = (A e C: A < |7l
[

Example 18.16. Volterra Integral Operator. Let V : C([0,1]) — C([0,1]) be
a linear operator given by

(VF)(s) = /0 f(r)dr

Then SpV = {0}.
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Proof. Using induction and integration by parts one can prove that
n _ 1 ° n—1
VD) = gy | 5=t

Hence for any s € [0, 1] we have

|<vnf><s>|gﬁ/:( e <

Thus |V flles < ||7]leo/n! and ||V < 1/n! that gives lim ||[V7||'/" = 0. If X €
SpV then A" € Sp V™. Hence |A|" < [|[V"[, |\ < ||[V"||*/™ and therefore A = 0. [
To prove Theorem 18.14 we need the following lemmas.

Lemma 18.17. Let T : X — X be a bounded linear operator on a Banach space
X. Then SpT is closed.

Proof. Let p(T) = {\ € C: A — T is invertible}. As p(T) = SpT*° we must see
that p(T') is closed. Let A € p(T) and p € C such that [A — p| < [[(A=T)71~%
Then

pl =T = (- + N =T)=O\ =T)(I+ (u—NA —T)™).

As ||(p = NN =T)7Y| = | = Al||(AML = T)7 Y] < 1, by Theorem 18.12, T + (u —
A)(AI — T)~1 is invertible. As product of two invertible operators is invertible we
obtain that pul — T is invertible and hence

BT =)™ ={neClu—A < |(M=T)77" C p(T).
The proof is done. O

Lemma 18.18. The map X — (A — T)7! is differentiable on p(T), i.e. for any
A € p(T) there exists a bounded linear operator Uy r such that

o IO+ R =) = (A =T)* — Uk

iy 7] =0

Proof. Let A € p(T'). By the previous lemma, p(T) is open and B(\,r) C p(T)
for some 7 > 0. Take Uy7 = —(A —T)"% and h € C such that |h| < max((A] —
T)7'|7%, 7). Then

(AV+RI-T) =N =T) 4+ (N -T)2h
=M -=T) "I +h\-=T)) =N -T) '+ (X -T)%h

103



As ||h(AM —T)7 Y| < 1, by Theorem 18.12, I + h(Al — T)~! is invertible with the
inverse (I +h(M —T)™ )7t =372 h*(\ — T)~*. Hence

(VR =T) ' =N -=T)'+ (M -T)"%h

= i RO —T) ™" — (N[ =T) "+ (M - T)h
k=0

=Y WA =T) =2 RRA - T)
k=2 k=0

Therefore,
(I N+R)I=T) = (A =T) '+ (AN = T)72h|
lim
h—0 |h|
2 0 1k _ \—k-3
15D o eV v s B
h—0 |h|

]

Proof of Theorem 18.14. From Lemma 18.17 and Corollary 18.13, we have
that the spectrum is a closed subset of {A € C : |\ < ||T'||}. We must only
see that SpT is non-empty. Assume contrary that Sp7 = (). By Lemma 18.18,
A — (M — T)7! is differentiable on C and hence continuous. As

AL =T) "M = [[(u =T) | < M =T)7F = (ul = T) 7],

one can easily see that the scalar function A — ||(A — T)~!|| is continuous on C.
Thus the latter is bounded on the compact subset {\ € C : |\| < 2||T||}. For A,
|A| > 2||T||, we have

1AL =) = I = A7)

< (as AT < 1/2) = AT DoAY
k=0

> 1
< AT CINHITIE = N s
— L— (A7
A7 1
2or
< S-<IT]

Thus the function A — ||(Al — T')~!|| is bounded on the whole complex plane.
Take now f € X* ¢ € X. Then the function ¢y : C — C, A\ — f(Al — T)7L¢)
is bounded. In fact, by the previous argument, we have

[ =T) 7 < IIFIIAL =T) el < AT = T)Hlllgl < €

104



for some C' > 0. Moreover, as A\ — (A — T)~! is differentiable on C one can
easily see that so is ¢y : C — C. By Liouville’s theorem from complex analysis, we
have that 1 is a constant function. In particular, ¢(0) = ¥(1), i.e. f(=T71¢) =
S((I=T)7&). As this holds for any f € X* and £ € X we obtain —7~! = (I-T)~!
and hence —T = [ — T which is impossible. Thus Sp T is non-empty.
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