
Exercises in Spectral Theory and Operator Algebras V

1. Let r be a real number satisfying 0 < r < 1. Show that an infinite-dimensional
Banach space contains a sequence of unit vectors {un} satisfying ‖un − um‖ ≥ r for
all n 6= m. Deduce then that the unit ball of a Banach space E is compact iff E is
finite-dimensional.

2. Let F be a finite-dimensional subspace of a Banach space E. Show that there is an
operator P ∈ B(E) satisfying P 2 = P and PE = F . Hint: Pick a basis x1, . . . , xn for
F and find bounded linear functionals f1, . . . , fn on E such that fi(xj) = δij . Deduce
then that every finite-dimensional subspace F ⊂ E is complemented in the sense that
there is a closed subspace G ⊂ E with G ∩ F = {0} and G+ F = E.

3. Show that for any Banach space E, K(E) is a norm-closed two-sided ideal in B(E).

4. Let T ∈ K(E). Show that T ∗ ∈ K(E∗). Hint: Use Ascoli’s theorem.

5. Find a necessary and sufficient condition that the diagonal operator T on `p, 1 ≤ p <
∞, given by

T (x1, x2, . . .) = (a1x1, a2x2, . . .)

is compact.

6. Show that Mf : L2([a, b])→ L2([a, b]), Mfξ(x) = f(x)ξ(x), f ∈ L∞([a, b]) is compact
iff f = 0.

7. Let C2(H) be the space of Hilbert-Schmidt operator on a separable Hilbert space H.
Let {ek} be an orthonormal basis in H. Show that 〈A,B〉 =

∑
k〈Ak, Bek〉 defines

an inner product on C2(H) and C2(H) is complete with respect to ‖A‖2 = 〈A,A〉1/2.
Show also that ‖A‖ ≤ ‖A‖2, A ∈ C2(H). Moreover, if k ∈ L2(X × X,µ × µ), then
‖Ik‖2 = ‖k‖2, where Ik ∈ B(L2(X,µ)) is given by

Ikξ(x) =

∫
k(x, y)ξ(y)dµ(y), ξ ∈ L2(X,µ).

8. Let (X,µ) be a finite measure space. We will call a system of measurable subsets
D = {αj × βj ⊂ X ×X : 1 ≤ j ≤ J} diagonal if αi ∩ αj = ∅, βi ∩ βj = ∅. For such D
let

πD(T ) =

J∑
j=1

Mχβj
TMχαj

, T ∈ B(L2(X,µ)),

and r(D) = max1≤j≤J(min{µ(αj), µ(βj)}). Show that if Dk is a sequence of diagonal
systems such that r(Dk)→ 0, k →∞. Then ‖πDk(T )‖ → 0 for each compact operator
T . Hint: prove the statement first for rank one operators using the previous exercise.
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9. Can a compact operatorA on infinite-dimensional space satisfy the equation
∑n
k=0 ckA

k =
0, where we set A0 = I. Formulate a criterium when this is possible.

10. Find the spectrum of the compact operator on L2([0, 1]) given by

Ax(t) =

∫ 1

0

min{t, s}x(s)ds, x ∈ L2([0, 1]).

11. Find parameters p, q, r for which the integral equation

x(t) = λ

∫ 1

−1
(1 + 2t+ 3st)x(s)ds+ pt2 + qt+ r

has a solution in L2([−1, 1]) for any λ ∈ C.

Assignment: 8, 10, 11.
The exercises 1-4 are from Arveson ” A short course on spectral theory”
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