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Solving algebraic equations

An algebraic equation of degree n with complex coefficients is an equation:

fX)=aX"+a X" "+ + a1 X +ap, =0,

where a; € C, n > 0 and a9 # 0 (if n = 0, f(X) is a constant polynomial). According
to the Fundamental theorem of algebra (proved by C.F. Gauss' in 1799), if f(X) is non-
constant polynomial, then the equation f(X) = 0 has n complex solutions (roots) z1, ..., z,
and f(X) = ag(X — x1)--- (X — z,). Some of the z; may be equal and the number of
occurrences of x; as a root of f(X) = 0 is called its multiplicity.

One of the main mathematical problems before 18th century was to express solutions of al-
gebraic equations through their coefficients using the four arithmetical operations (addition,
subtraction, multiplication, division) and radicals. Such possibility was known for n = 1,2
since antiquity, and for n = 3,4 since 15th century. Finding similar expressions for equa-
tions of degree 5 was an unachievable task. The idea that such formulae may not exist was
a motivation for the works of many mathematicians during 18th century and finally lead to
the results, which are a part of the theory developed by Evariste Galois in the beginning of
19th century.

In this chapter, we look at some methods of solving the equations when general formulae
exist. We can always assume that ag = 1 (if not, divide both sides of the equation by ag # 0).
We recall how to solve quadratic equations and afterwards discuss the cases of cubic and
quartic equations.

! Johann Carl Friedrich Gauss (1777 — 1855) was a German mathematician — one of the most
prominent in the history of the subject. He left very important contributions in many parts of
mathematics and many other natural sciences including number theory, algebra, statistics, anal-
ysis, differential geometry, geodesy, geophysics, mechanics, electrostatics, astronomy and optics.



1.1 Quadratic equations. A quadratic equation f(X) = 0 has 2 roots x1,x2 and f(X) =
a0 X%+ a1 X +az = ap(X — 21)(X — 22). Comparing the coefficients on the left and right in
this equality, we get the Vieta formulae?:

ai
T + T = _;
0
a2
T1T2 = —
ao

Denoting Z—; = p and Z—(ZJ = ¢, we get an equivalent equation:

X?+pX+q=0

and solve it by transforming to an equation with roots x; + £ whose sum is 0, that is,
replacing the equation above by the equivalent expression in which X? + pX is completed
to a square:

(X—&-];))Q—&-(q—zf) —0.

Solving, we get the two solutions:

[2 2
$1=—§— %—q and $2:—g+ pz—q.

The number A = p? — 4q = (v1 + 12)? — 42179 = (z1 — 22)? is called the discriminant of

the polynomial X? + pX + ¢ (see p. 258). It is non-zero if and only if the roots x1, 2o are
different.

1.2 Cubic equations. A cubic equation f(X) = 0 has 3 roots x1,z9, 23 and f(X) =
a0 X3 +a1 X2+ aX +az = ag(X — 1) (X — 22)(X — x3). Comparing the coefficients on the
left and right in this equality, we get the Vieta formulae:

ay

T+ T2+ T3 =——,

ao
a2

T1T9 + Tox3 + 1123 = —, (1.1)

ago

as

T1X2T3 = ——,

ag

2 Franciscus Vieta, in Franch Francois Victe, (1540-1603) was a Franch mathematician who intro-
duced modern notation in connection with algebraic equations.



The equation having the roots z; + ;Tlo, where i = 1,2, 3, has the coefficient of 22 equal to 0,
since the sum of these 3 numbers is zero. Technically, we get such an equation substituting

X=Y - ;Tlo in the given cubic equation:

a0 X+ a1 X%+ ax X + a3 =

3 2
a (V= o2} 4 (Y=ot ) 4an (V= o2 ) +as=ap(Y? +pY +q)
3ag 3ag 3ag

where p and ¢ are easily computable coefficients (it is not necessary to remember these
formulae, since it is easier to remember the substitution and to transform each time, when
it is necessary). Thus we can start with an equation:

X?+pX +q=0. (1.2)

We compare the last equality with the well-known identity:

(a+b)* —3abla+b) — (a®> +b*) =0 (1.3)

and choose a, b in such a way that:

p = —3ab,
q=—(a®+0b%). (1.4)

If a,b are so chosen, then evidently z = a + b is a solution of the equation (1.2). Since

a® + % = —q,
3

313 p
b= ——
“ 27’

a3, b3 are solutions of the quadratic equation:

3
p
2 +qt— = =0.
T
Solving this equation gives a®, b®. Then we choose a, b, which satisfy (1.4) and get © = a +b.

An (impressing) formula, which hardly needs to be memorized (it is easier to start “from
the beginning”, that is, from the identity (1.3), than to remember it) is thus the following:



sl q @  p> sl oq ¢  p?
= b: —_—— —_— - - = - e 1'
T =a+ \/2+\/4+27+\/2 \/4+27 (1.5)

We leave a discussion of different choices of signs of the roots to exercises, but notice that
in order to solve a cubic equation, it is sufficient to find one root z; and solve a quadratic
equation after dividing the cubic by x — 1. The above expression (in different notations)
was first published by Gerolamo Cardano® in his book “Ars Magna” in 1545 and is known
today as Cardano’s formula. However, the history surrounding the formula is very involved
and several Italian mathematicians knew the method before Cardano (notably, Scipione del

Ferro, Antonio Fiore and Niccolé Tartaglia about 20 years earlier that the appearance of
Cardano’s book ).

The discriminant of the cubic (1.2) is A = —(4p® +27¢?) = [(z1 — x2) (22 — 23) (23 — 21)]*.
See p. 258 and Ex. 1.3 below.

1.3 Quartic equations. Such an equation f(X) = apX* + a1 X3 + a2 X% + a3 X + a4 =
ap(z — 21)(X — 29)(X — 23)(X — x4) has 4 roots x1,x9, x3,x4. Similarly as for quadratic
and cubic equations, we can write down the Vieta formulae expressing relations between
the roots and the coefficients of the equation (we leave it as an exercise). Solving a quartic
equation (we assume ag = 1 and denote the remaining coefficients avoiding indices):

Xt mX3 4+ pX2+¢X +7r =0, (1.6)

it is not important to assume that m = 0 (but it could be achieved substituting X — %
instead of X similarly as in the quadratic and cubic cases). We simply complement X *+m X3
in such a way that we get a square of a quadratic polynomial and when it is done, we find

a parameter A so that the quadratic polynomial in square brackets

<X2+T;LX+/2\)2— [(TTJF/\—p)X?Jr(”;’\—q)XjL(/f—rﬂ =0 (17

is a square of a first degree polynomial. This is achieved when the discriminant of the
quadratic polynomial in the square bracket equals 0 (see Ex. 1.8), that is,

RO T

This is a cubic equation with respect to A. Solving it, we get a root A\, which gives a possibility
to factorize the quartic polynomial (1.7) into a product of two quadratic polynomials and

3 Girolamo Cardano (1501 — 1576) was an Italian mathematician and physicists. He is also known
as a technical inventor.



then solve two quadratic equations. The method described above was given by L. Ferrari*

in the middle of 16th century and published in Cardano’s book mentioned above.

As we noted before, many attempts to solve quintics (that is, fifth degree polynomial equa-
tions) were fruitless. Already during 18th century some mathematicians suspected that sim-
ilar formulae as for equations of degrees less than 5 are impossible. It is not too difficult to
see that the situation with the equations of degree 5 differs from the situation in the case
of equations of lower degree (see Ex. 1.6). J.L. Lagrange® was the first mathematician who
tried to prove that there are no algebraic formulae for solutions of the general fifth degree
algebraic equations. His thorough analysis of polynomial equations and their solutions led
him to a notion of resolvent, which was later used by Galois and found broader applications
in the modern numerical applications related to computations of Galois groups. The final
proof that it is is impossible to express a solutions of general quintic equations using the
four arithmetical operations (addition, subtraction, multiplication, division) and extracting
roots applied to the coefficients of the equation was proved by Abel® in 1823 (earlier an
incomplete proof was published by Ruffini” in 1799). Galois gave an independent proof of
the same result using different methods, which we follow in Chapter 13.

EXERCISES 1

1.1. Solve the following equations using Cardano’s or Ferrari’s methods:

(a) X3 —6X +9=0; (e) X% —2X3+2X%2+4X —8=0;
(b) X>+9X2+18X +28=0; (f) X* —3X3+ X?2+4X —6=0;
(c) X3+3X2—6X +4=0; (g) X*—2X3+X?2+2X —1=0;
(d) X3 +6X +2=0; (h) X% —4X3 —20X? —-8X +4=0.

1.2. Show that the system (1.4) has exactly three solutions (a, b) and find all three solutions
of the equation X3 4+ pX + ¢ = 0 following the discussion above concerning Cardano’s
formula.

1.3. (a) Using Vieta’s formulae (1.1) show that the discriminant A(f) = [(x1 — x2)(z2 —
x3) (w3 — 11))% of f(X) = X2+ pX + ¢ is equal to A(f) = —(4p® + 27¢?) (w1, 22,23 denote
the zeros of f(X)). Note that the equation X3 + pX + ¢ = 0 has multiple roots if and only
if A=0.

* Lodovico Ferrari (1522-1565) was an Italian mathematician who was a servant, later a student
and finally a successor of G. Cardano at the Universisty of Pavia.

5 Joseph-Louis Lagrange (1736-1813) was an Italian mathematician, who mostly worked in France.
His contributions to the theory of algebraic equations are very important as well as his contri-
butions in many other fields of mathematics, physics and astronomy.

6 Nils Henrik Abel (1801-1829) was a Norwegian mathematician who first proved that the general
quintic equation is impossible to solve by purely algebraic means.

" Paulo Ruffini (1765 — 1822) was an Italian mathematician and physician.



(b) Assume that p, q are real numbers. Show that the equation f(X) = X3 +pX +¢ =0
has 3 different real roots if and only if A(f) > 0.

1.4. The discriminant of the polynomial X2 — 6X + 4 equals A = 432, so the equation
X3 —6X + 4 = 0 has three different real roots (see Ex. 1.3). The formula (1.5) gives

r1 = V24 2i+ V-2 —2i.

Find the solutions of the equation without using Cardano’s formula and identify these solu-
tions with the expressions given by Cardano’s formula.

Remark. The case of the cubic polynomials having 3 real roots in the context of Cardano’s
formula was a serious problem for mathematicians during at least 300 years. As A = —(4p3+
27¢%) > 0, we have % + ’2’—; < 0 in the formulae (1.5), so in order to compute the real number
x1, we have to manipulate with complex numbers on the right hand side. The Cardano’s
formulae were considered as “not correct” as the real values (even integer values) of the roots
are expressed through the complex numbers which were considered with great suspicion.
Mathematician tried to find “better” formulae in which negative numbers under square
roots do not appear in order to eliminate what was known as “Casus Irreducibilis”. First
during the 19th century it became clear that it is impossible to find “better” formulae — in
general, it is impossible to express the real roots of a cubic with 3 real roots by so called
real radicals, that is, without help of complex numbers. We explain this phenomenon closer
in Chapter 13.

1.5. Assume that a cubic equation X3 + pX + ¢ = 0 has 3 real solutions, that is, A =
—(4p® + 27¢%) > 0. Show that there exists r € R and ¢ € [0, 27] such that the solutions of
the cubic equation are

2 4
m1:2%cos§, x2:2%cos¢—; 7T, x3=2€/;cos<p+ T

1.6. (a) Find a cubic equation having a solution o = \B/a +Vb+ \3/a — \/l;, where a2 —b = ¢3
and a, b, c € Q. Write down all solutions of the equation you have found and motivate that
a solution to any cubic equation x® 4+ px 4+ ¢ = 0, where p, ¢ are rational numbers, can be
written as « above.

(b) Find a quintic equation (that is, an equation of degree 5) having a solution a =

\E’/a—i—\/l;—l— \S/a— Vb, where a2 — b = ¢® and a,b,¢ € Q. Choose a,b in such a way that
the polynomial having « as its zero is irreducible over Q. Can every quintic equation with
rational coefficients be solved by a number given as a above?

Remark. The quintic equation, whose one of the zeros is a in (b) above (see it on p. 136),
is sometimes called de Moivre’s quintic. Of course, we have a formula giving a solution
of such an equation, since we construct it starting from a solution. But our objective is
to prove that there are cases when for a quintic equations with rational coefficients it is



impossible to express a solution using the four arithmetical operations (addition, subtraction,
multiplication, division) and extracting roots applied to the coefficients of the equation. Here
we have an example that sometimes it is possible even if the polynomial can not be factored
(over the rational numbers) into a product of polynomials of degrees less than 5. In fact, there
are less complicated examples which exemplify this statement like X° — 2, but compering
(a) and (b) gives an idea what can make a difference that there exists a formula for a general
cubic equation, while there is no such a formula for general quintic equations.

1.7. Solve the binomial equation X™ — a = 0 of degree n > 0, where a € C.

1.8. Show that a given trinomial aX?+bX +c € C[X] is a square of a binomial pX +¢ € C[X]
if and only if the discriminant of the trinomial b?> — 4ac = 0.

USING COMPUTERS 1

Maple gives a possibility to find solutions of equations of low degrees in closed form (ex-
pressed by arithmetical operations on coefficients and using radicals). Thus all equations of
degree at most 4 and some other simple equations (like the equations f(X™) = 0 when f
has degree at most 3) can be solved. The solutions are obtained by:

>solve(f (X))

in order to solve the equation f(X) = 0. The numerical real values of zeros can be obtained
using >fsolve(f (X)) and all values by >fsolve(f(X),complex). Of course, you can use
these commands in order to find the zeros of the equations, for example, in Ex. 1.1, but the
intention in this section is rather to get some experience and feeling of raw computations
before the computer era. Nevertheless, if you want to get exact values of all zeros (when such
values are possible to give and the suitable procedures are implemented), then it is possible
to use the command >solve as above or the following commands, which give a greater
flexibility already for polynomials of degree 4 and which we explain through an example
(see Ex. 1.1(h)):

>alias(a=Root0f (X"4-4*X"3-20%X"2-8*X+4))

>allvalues(a)

T+ VT—\6+2VT, 1+ VT+\6+2VT, 1 —=VT+6—-2V7, 1 —VT—1/6-2V7

Notice that the command alias(a=RootOf (£f(X))) defines one of the zeros of f(X). Asking
allvalues(a), we get all possible values. If we want to identify the value denoted by a, we



can compere it with all possible values. So for example allvalues(a) [1] gives the first one
and we can consider the difference of it with a defined by alias(a=Root0f (f(X))). If it is
0, then a denotes just this value.

It is also possible to get the discriminants of the polynomials (see p. 258) pointing the
variable with respect to which the discriminant should be computed:

> discrim(X~3+pX+q, X);
—4p® — 274

but it may be instructive to try to get this result without use of a computer (see Ex. 1.3
and its solution).



2

Field extensions

A short introduction to groups, rings and fields is presented in the Appendix. Here we only
recall some notations, which play an important role in this chapter. If a field K is a subfield
of a field L, then we say that K C L is a field extension. If K;, i € I (I an index set) are
subfields of L, then the intersection NK;, ¢ € I, is also a subfield of L. If L O K and X is a
subset of L, then K(X) denotes the intersections of all subfields of L, which contain both
K and X (K(X) is the least subfield of L containing both K and X). If X = {ay,...,a,},
then we usually write K(X) = K(oq,...,a,). If X = K’ is a subfield of L, then K(K’) is
denoted by KK’ and called the compositum of K and K’. Every field is an extension of
the smallest field contained in it — the intersection of all its subfields. Such an intersection
does not contain any smaller fields. A field without any smaller subfields (one says often
proper subfields) is called a prime field.

The rational numbers is the only infinite prime field (up to isomorphism of fields). For every
prime number p, there is a finite prime field F,, consisting of the residues 0,1,...,p—1 of the
integers Z modulo p, which are added and multiplied modulo p (the field F, is the quotient
of Z modulo the ideal generated by the prime number p — see A.4 for more details).

By the characteristic of a field K, we mean the number 0 if the prime subfield of K is
infinite and the number of elements in the prime subfield of K if it is finite. The characteristic
of K is denoted by char(K).

T.2.1 (a) The characteristic of a field is 0 or a prime number.

(b) Any field K of characteristic 0 contains a unique subfield isomorphic to the rational
numbers Q and any field of characteristic p contains a unique subfield isomorphic to F,.

EXERCISES 2

2.1. Which of the following subsets of C are fields with respect to the usual addition and
multiplication of numbers:



(a) Z; (e) {a+b¥/2, a,b € Q};
(b) {0,1; (6) {a+b92.0,b € Q):
(c) {0} (&) {a+bv2, a,b e Z;
(d) {a+bv2, a,b € Q}; (h) {zeC: |z <1}.

2.2. Show that every subfield of C contains Q.
2.3. Give an example of an infinite field of characteristic # 0.

2.4. Show that the characteristic of a field K is the least natural number n > 0 such that
na = 0 for each a € K or it is 0 if such n does not exist.

2.5. (a) Let L D K be a field extension and let o € L \ K, o? € K. Show that

K(a) ={a+ ba, where a,b € K}.

(b) Let K(y/a) and K (v/b), where a,b € K,ab # 0, be two field extensions of K. Show that
K(y/a) = K(v/b) if and only if ab is a square in K (that is, there is ¢ € K such that ab = ¢?).

2.6. Give a description of all numbers belonging to the fields:

(2) Q(v2); (b)) Q) () QV2,3);  (d) Q(V2,V3).

2.7. Show that

(a) Q(V5,iV5) = Q(i, V5);

(b) Q(V2,V6) = Q(v2, V3);

(¢) Q(V5,VT) = Q(V5 + V7);

(d) Q(va, vb) = Q(va+ vb), when a,b € Q, Va+ Vb #0.

. Give a description of the following subfields of C:

Q(X), where X = {v/2, 1 +2/8};
Q(i)(X), where X = {\/2};

K1 K, where K1 = Q(i), Ky = Q(+/5);
Q(X), where X = {2 € C:z*=1}.

2.9. Let K be a field.

(a) Show that all the matrices {_(Z Z] , where a,b € K, form a field L with respect to matrix

addition and matrix multiplication if and only if the equation X2 4+ 1 = 0 has not solutions
in K.

(b) Show that L contains a field isomorphic to K.

(¢) Use (a) in order to construct a field with 9 elements and find its characteristic.

10



Remark. We discuss finite fields in Chapter 5, where general construction of finite fields is
given.

2.10. Let K be a field

(a) Formulate a suitable condition such that all matrices {_2 “ E b} , a,b e K, form a field
with respect to the matrix addition and multiplication.

(b) Use (a) in order to construct a field with 4 elements and write down the addition and
the multiplication tables for the elements in this field.

2.11. In a field K the equality a* = a is satisfied for all @ € K. Find the characteristic of
the field K.

2.12. Let K be a field of characteristic p.
(a) Show that (a + b)?" = a?” +b*" when a,b € K and m is a natural number.
(b) Let p divide a positive integer n. Show that a” 4+ b" = (a¥ + b» )? when a,b € K.

(¢c) Define ¢ : K — K such that ¢(x) = 2P. Show that the image of ¢, which we denote by
KP, is a subfield of K.

2.13. Let K C L be a field extension and let M7, My be two fields containing K and
contained in L.

(a) Motivate that M; My consists of all quotients of finite sums Y «;8;, where a;; € My and
Bi € Mo.

(b) Motivate that for each x € M7 My there are ay, ..., € My and fB,..., B8, € My such
that x € K(a1,...,Qm,B1,---,0n)-

2.14. Let K be a field of characteristic p. Show that for any a € K, the polynomial f(X) =
X? — X + a has p zeros in K or no zeros in K (H137).

11






3

Polynomials and irreducibility

In this chapter, we gather a few facts concerning zeros of polynomials and discuss some
simple metods helping to decide whether a polynomial is irreducible or reducible. In many
practical situations, this information is very essential for studies of field extensions. A short
presentation of polynomial rings can be found in the Appendix (see A.6).

Let K be a field and let f(X) = ap, X" + --- + a1 X + ao be a polynomial with coefficients
a; € K. When a,, # 0, then n is called the degree of f(X) and is denoted by deg f. The zero
polynomial is the one with all coefficients equal to 0. Its degree is usually not defined, but
sometimes it is defined as 1 or co. For practical reasons, we shall assume that the degree of
the zero polynomial is 1.

If L is a field containing K, then we say that a € L is a zero of f € K[X] if f(«a) = 0.

T.3.1 Factor Theorem. Let K C L be a field extension.

(a) The remainder of f € K[X] divided by X —a, a € L, is equal f(a);

(b) An element a € L is a zero of f € K[X] if and only if X — o|f(X) (in L[X]).

A polynomial f € K[X] is reducible (in K[X] or over K) if f = gh, where g,h € K[X],

degg > 1 and degh > 1. A non-constant polynomial which is not reducible is called irre-
ducible. Of course, every polynomial of degree 1 is irreducible.

In the polynomial rings over fields, every non constant polynomial is a product of irreducible
factors and such a product is unique in the following sense:

T.3.2 Let K be a field. Every polynomial of degree degree > 1 in K[X] is a product of
irreducible polynomials . If

f=pi...oe=01...00

where p; and p} are irreducible polynomials, then k =1 and with suitable numbering of the
factors p;,p;, we have p; = c;pi, where ¢; € K.



We gather a few facts about irreducible polynomials in different rings. More detailed infor-
mation is given in the exercises.

In the ring C[X], the only irreducible polynomials are exactly the polynomials of degree 1.
This is the content of the Fundamental Theorem of (polynomial) Algebra, which was
the first time proved by C.F. Gauss in 1799: If f(X) € C[X], then f(X) =c¢(X —21)... (X —
zn), where n is the degree of the polynomial f(X), ¢ € C and z; € C are all its zeros (with
suitable multiplicities).

In the ring R[X] all irreducible polynomials are of degree 1 and the polynomials of degree 2
of the shape ¢(X2 4 pX +q) such that A = p? —4q < 0 and ¢ € R, ¢ # 0. This follows easily
from the description of the irreducible polynomials in C[X] ( see Ex. 3.5).

In the ring Q[X] of the polynomials with rational coefficients, there are irreducible polyno-
mials of arbitrary degrees. For example, the polynomials X" — 2 are irreducible for every
n > 1 (see Ex. 3.7). In order to prove that a polynomial with integer coefficients is irreducible
in Q[X] (which is a frequent situations in many exercises in Galois Theory), it is convenient
to study the irreducibility of this polynomial in Z[X] in combination with Gauss’s Lemma
or reductions of the polynomial modulo suitable prime numbers (see Ex. 3.8).

T.3.3 Gauss’s Lemma. A nonconstant polynomial with integer coefficients is reducible in
Z[X] if and only if it is reducible in Q[X]. More exactly, if f € Z[X] and f = gh, where
g,h € Q[X], then there are rational numbers r,s such that rg,sh € Z[X] and rs = 1, so
f=(rg)(sh).

Remark. Gauss’s Lemma is true for every principal ideal domain R and its quotient field
K instead of Z and Q. The proof of this more general version is essentially the same as the
proof of the above version on p. 93.

If f(X)=a, X"+ -+a1 X +ap is a polynomial with integer coefficients a; fori = 0,1,...,n,
then its reductions modulo a prime number p is the polynomial f(X) = @, X" +---+
a1 X +ag whose coefficients are the residues of a; modulo p. We denote the reduction modulo
p by f(X) (mod p). The reduction modulo p is a ring homomorphism of the polynomial
ring Z[X] onto the polynomial ring F,[X] (compare the text on reduction modulo a ring
homomorphism on p. 77).

EXERCISES 3

3.1. (a) Show that a polynomial f € K[X] of degree 2 or 3 is reducible in K[X] if and only
if f has a zero in K, that is, there is zo € K such that f(zg) = 0.

(b) Show that the polynomial X + 4 over the rational numbers Q, has no rational zeros,
but is reducible in Q[X] (notice that Q may be replaced by R).

3.2. Make a list of all irreducible polynomials of degrees 1 to 5 over the field Fy with 2
elements.

14



3.3. Show that if a rational number %, where p, g are relatively prime integers, is a solution
of an equation a, X" + -+ 4+ a1 X + agp = 0 with integer coefficients a;, ¢ = 0,1,...,n, then
plao and gla,.

3.4. Factorize the following polynomials as a product of irreducible ones:
(a) X* +64 in Q[X]; (e) X3 —2 in Q[X];

(b) X% +1in R[X]; (f) X%+ 27 in R[X];

(c) X7+ 1in Fo[X]; (g) X2+ 2 in F3[X];

(d) X*+2in F5[X]; (h) X* + X +2 in F3[X].

3.5. (a) Show that if a real polynomial f(X) € R[X] has a complex zero z, then also the
conjugated number Z is a zero of f(X).

(b) Show that a real polynomial of degree at least 1 is a product of irreducible polynomials
of degrees 1 or 2.

3.6. Using Gauss’s Lemma show that the following polynomials are irreducible in Q[X]:
(a) X1 +1; (b) X4 —10X2+1; (¢) X* -4 X3 +12X2 - 16X +8.

Remark. The polynomials (a)—(c) are chosen in such a way that any reduction of them
modulo a prime number gives a reducible polynomial over IF,. Se Ex. 5.12.

3.7. (a) Prove Eisentein’s criterion: Let f(X) = a, X" + -+ a1 X + a¢ € Z[X] and let
p be a prime number such that p|ag, plai,...,plan_1,p 1 an and p? { ag. Show that f(X) is
irreducible in Z[X].

(b) Show that the polynomials X™ — 2 for n = 1,2, ... are irreducible over Q.

(c) Show that the polynomial f(X) = % = XP~l ... 4 X 4 1 is irreducible over Q for
every prime number p.

3.8. (a) Show that if a reduction of a monic polynomial f(X) € Z[X] modulo a prime
number p is irreducible as a polynomial in IF,[X], then f(X) is irreducible in Q[X].

(b) Show that if a monic polynomial f(X) € Z[X] has reductions modulo two prime numbers
p,q such that f(X) (mod p) is a product of two irreducible factors of degrees di,,d2, and
f(X) (mod ¢) is a product of two irreducible factors of degrees di4,d2q and {d1p,d2p} #
{diq,d2q}, then f(X) is irreducible in Q[X].

(c) Using (a) or (b) show that the following polynomials are irreducible in Q[X]:

(c1) X'+ X +1; (co) X5+ X2 +1; (co) X*+3X +4;
(cq) X° +3X +1; (c5) XC+5X%2+ X +1; (c6) XT+ X4+ X2 +1.

3.9. (a) Let f(X) = X*+pX?+¢X +r be a polynomial with coefficients in a field K. Show
that f(X) = (X% +aX +b)(X? +d'X + V'), where a,b,a’,b are in a some field containing
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K if and only if a? is a solution of the equation r(f)(T) = T3 + 2pT? + (p*> —4r)T —¢* = 0
called the resolvent of f(X).

(b) Show that f(X) in (a) is a product of two quadratic polynomials over K if and only if
() ¢ # 0 and the resolvent r(f) has a zero, which is a square in K or

(x%) ¢ = 0 and the resolvent r(f) has two zeros, which are squares in K or § = p?> —4r is a
square in K.

3.10. Show that over every field there exists infinitely many irreducible polynomials.

3.11. Show that if a monic polynomial with rational coefficients divides a monic polynomial
with integer coefficients, then has also integer coeflicients.

USING COMPUTERS 3

An implementation of algorithms giving a possibility to factorize polynomials over the ra-
tional numbers Q or over finite fields F, is usual in many program packages. In Maple,
it is possible to construct finite field extensions of Q and F, and factor polynomials over
them, but we postpone our general discussion of field extensions to the next chapter. The
command >factor (£(X)) gives a possibility to factor a polynomial f(X) € Q[X] over
@ or to establish its irreducibility. If we want to know the same over the real or com-
plex numbers, we can use >factor (f (X) ,real), respectively >factor (£ (X) ,complex). The
command >irreduc(f (X)) gives true or false depending whether f(X) is irreducible or
not over the field of rational numbers. The same over the real numbers is achieved by
>irreduc(f (X),real).

The same thing over any finite field IF,, is achieved by the command >Factor (£ (X)) mod p.
Observe the usage of the capital letter F in the last command. Over the finite fields IFp,
there is the command >Irreduc(f (X)) mod p. For example, the following command lists
all quadratic irreducible polynomials over the field Fs:

> for i from O to 4 do for j from O to 4 do if Irreduc(x"2+i*x+j) mod 5 = true

then print(x~2+i*x+j) fi od od
3.12. List all monic irreducible polynomials of degrees less than 4 over the field Fs.

3.13. Verify the results of Ex. 3.1, 3.4 and 3.8 using Maple.
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4

Algebraic extensions

Let K C L be a field extension. We say that an element a € L is algebraic over K if there
is a non-zero polynomial f € K[X] such that f(a) = 0. If such a polynomial does not exist,
« is called transcendental over K. If o € C is algebraic over Q, then we say that « is an
algebraic number. A number a € C, which is not algebraic is called transcendental. If
«a € L is algebraic over K, then any non-zero polynomial of the least possible degree among
all the polynomials f € K[X] such that f(«) = 0 is called a minimal polynomial of «
over K. The degree of f is called the degree of o over K.

T.4.1 Let o € L O K be algebraic over K.

(a) Any minimal polynomial of a over K is irreducible and divides every polynomial in K[X)|
which has a as its zero.

(b) An irreducible polynomial f € K[X] such that f(a) = 0 is a minimal polynomial of «
over K.

(¢) All minimal polynomials of o over K can be obtained by multiplying one of them by
nonzero elements of K.

Using the last statement, we usually choose the minimal polynomial, which is the unique
minimal polynomial whose highest coefficient equals 1. The degree of the minimal polynomial
of o over K is called the degree of a over K. An extension K(«) of K is called simple and
« is called its generator.

T.4.2 Simple extension theorem. (a) If « € L D K is algebraic over K, then each
element in K («) can be uniquely represented as ag + aja+ -+ + a,_1a" "1, where a; € K
and n 1is the degree of the minimal polynomial of o over K. Thus [K(a) : K] = n and
1,a,...,a" ! is a basis of K(a) over K.

(b) If « € L 2 K s transcendental over K, then K|a] ~ K[X]|, where K[X] is the ring of
polynomials over K.



If L O K is a field extension, then L can be considered as a vector space over K. By the
degree [L : K], we mean the dimension of the linear space L over K. If this dimension is
not finite, we write [L : K| = co. T.4.2 says that [K(«) : K] = deg(f) when « is algebraic
and f its minimal polynomial.

T.4.3 Tower Law. Let M O L and L 2 K be finite field extensions. Then M 2 K is a
finite field extension and [M : K] = [M : L|[L : K].

An extension L DO K is called algebraic if every element in L is algebraic over K. It is
called finite if [L : K] # oo. We say that the extension L O K is finitely generated if
L=K(ay,...,ay), where o; € L.

T.4.4 A field extension L O K is finite if and only if it is algebraic and finitely generated.

T.4.5 If K C M C L are field extensions such that M is algebraic over K and o € L is
algebraic over M, then it is algebraic over K.

T.4.6 Let L O K. All elements in L algebraic over K form a field.

If L O K, then the field of all elements of L algebraic over K is called the algebraic closure
of K in L. If K = Q and L = C, then the field of algebraic elements over QQ will be denoted
by A and called the field of algebraic numbers. A field K is called algebraically closed
if it does not posses algebraic extensions, that is, for every field L O K, if a € L is algebraic
over K, then a € K. This means that K is algebraically closed when the only irreducible
polynomials over K are polynomials of degree 1. The fields C and A are algebraically closed
(see Ex. 13.14 for C and Ex. 4.17 for A).

EXERCISES 4

4.1. Which of the following numbers are algebraic?
(a) 1+ v2+ 3 (d) V7 + 15

(b) V3 + V/3; (e) V7 + V2

(¢) V3 + v () Y1+ Ve.

4.2. (a) Show that if f € K[X] is irreducible over K and L D K is a field extension such

that the degree deg f and the degree [L : K] are relatively prime, then f is irreducible over
L.

(b) Prove Nagell’s Lemma: Let L D K be a field extension of prime degree ¢. If f € K[X]
has prime degree p and is irreducible over K, but reducible over L, then ¢ = p.

Remark. We use Nagell’s Lemma in Ex. 13.6, where following Nagell, we prove, in a very
simple way, insolvability in radicals of some fifth degree equations.
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4.3. Find the minimal polynomial and the degree of o over K when:

(a) K=Q a=VV3+1; (d) K =Q(i), a = v2;
(b) K =Q, 0 =2tz (©) K = Q(2), o = V2
() K=Q,a°=1,a#1; (f) K=Q, o? =1, a # 1, p a prime number.

()K—Q,L=Q(\/§,\/§,\/5);

(g) K =Q(V3), L=Q(V1+V3);

c) K=Q, L=Q(i,2); (h)K Fy, L = Fy(a), where a* +a? +1 = 0;
(i) K =F3, L = F3(a), where a® + a? +2 = 0;
() K = R(X? + 55), L = R(X).

4.5. Show that a complex number z = a + bi is algebraic (over Q) if and only if ¢ and b are
algebraic.

4.6. Show that the numbers sinrm and cosr7 are algebraic if r is a rational number.

4.7. Let L = Q(f/?) Find a,b, ¢ € Q such that z = a + b¥/2 + ¢v/4 when

(a) 1 (b)l‘—il ; (c)a:—il—i—\g/i

V2 1412 12
4.8. Let L = Q(ﬂ, \/3) Find a,b, ¢,d € Q such that = a + bv/2 4+ ¢v/3 + dv/6 when
@oe—t i et (e 2HVS

V2 + V3 1+v2+ V3 1+vV2+V3+6

4.9. Let L = Fy(a), where a*+a+1 = 0. Find a, b, ¢, d, € F5 such that z = a+ba+ca®+da3
when
1

; (b)z=a% (c)z=a'; (d)x:m~

(a);v:é

4.10. (a) Show that if « € K(X) N K, o = %7 where p,q € K[X] and SGD(p,q) = 1,
then [K(X) : K(a)] < n, where n = max(degp,degq).

(b) Show that if & € K(X) \ K, then « is transcendent over K.

(c) Show that with the notations in (a), there is an equality [K(X) : K(a)] = n.

Remark. A famous theorem of Liiroth says that all subfields L of K(X) containing K are
of the form K(«), where oo € K(X). The results of the exercise may be used in a proof of
Liiroth’s theorem (for a proof see XX[?]).

4.11. Let My, M5 be two fields between K and L.
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(a) Prove that if M; and M, are algebraic extensions of K, then also MjMs is an algebraic
extension of K.

(b) Prove that if [M; : K] # oo and [My : K] # oo, then [M1M; : K] # .

(¢) Show that if [M; : K] = r and [My : K| = s, where (r,s) = 1, then [M1M; : K| =rs
and M1 N MQ =K.

(d) Is there any “general” relation between [M; : K], [My : K] and [M; M, : K]?

4.12. Show that if [K(a) : K] is odd, then K(a) = K(a?). Is it true that K(a) = K(a?)
implies that [K(«) : K] is odd?

4.13. (a) Show that if L is a field containing C and [L : C] # oo, then L = C.

(b) Show that if L is a field containing R and [L : R] # oo, then L =R or L = C.

4.14. Is it true that for each divisor d to [L : K| there exists a field M between K and L
such that [M : K| =d?

4.15. It is (well-)known that the numbers e and 7 are transcendental. It is not known
whether e+ 7 and em are transcendental. Show that at least one of the numbers e+ 7 or er
must be transcendental.

4.16. (a) Let K C L be a field extension and let f(a) = 0, where a € L and f(X) is a
polynomial whose coefficients are algebraic over K. Prove that « is also algebraic over K.

(b) Assume that the number « is algebraic. Prove that also the following numbers are
algebraic:

(b1) a?  (b2) Va;  (b3) ¥/1+ o

4.17. Show that the algebraical closure of a field K in an algebraically closed field L con-
taining it is also algebraically closed (for example, since A is the algebraical closure of Q in
C, it is algebraically closed — see Ex. 13.14).

USING COMPUTERS 4

Finite algebraic extensions of rational numbers Q@ and of finite fields I, can be constructed
in Maple using the command RootOf like:

> alias(a = RootOf(X"2+1));
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which defines the extension Q(7) with ¢ denoted here by a. If a field K = Q(a), where
a is defined by RootOf (see p. 7), then we can both factorize a polynomial g(X) over K
by >factor(g(X),a) or ask whether it is irreducible using >irreducible(g(X),a). For
example, the polynomial X* + 1 over the field Q(4) is factored by the command:

> factor(X"4+1,a);

(X% —a)(X* +a)

If we want to define a finite field as an extension of I, for a prime number p, then we write
> alias(b = RootOf (X"3+X+1 mod 2));

We have defined the field Fo(b) (we use b if it is the same session in which we used a above),
whose degree is 8 over Fy (the polynomial X3 + X + 1 is irreducible over F3) and we can
make computations with it. For example:

>simplify(b~7 mod 2);

which could be expected in the group of order 7 of all nonzero elements in the field Fo(b). It is
possible to solve problems like Ex. 4.7, 4.8 or 4.9 finding for example >simplify (1/(b~2+b+1))
in the field Fa(b).

In Maple, it is possible to find the minimal polynomial of an algebraic number over Q and
over finite algebraic extensions of it (even if these tools are far from being perfect as yet and

the results of computations should be always checked). For example, take o = /1 + /3.
We guess that this number has degree 6 over Q (but one can try with bigger values than
the expected degree of the minimal polynomial and one has to be cautious). We use the
following commands:

> with(PolynomialTools);
> r:= evalf ((1+sqrt(3))~(1/3));
1.397964868
> MinimalPolynomial(r,6);
3 6
-2-2 X + X

One can check the irreducibility of this polynomial (of course, it is irreducible by Eisenstein’s
criterion):

>factor (X"6-2*X"3-2)

X6 —2Xx3_9

In general, we can find the minimal polynomial of a over a finite extension K of Q finding
such polynomial over Q and then factoring this polynomial over K. We can check which of
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the factors has « as its zero. If we continue with v above and if we want to get the minimal
polynomial of this number over K = Q(v/3), then we note easily that X3 — (1 +/3) is a
polynomial with coefficients in K of degree 3 having « as its zero. Since we already know
that [Q(«) : Q] = 6 and [K : Q] = 2, so [Q(«) : K] = 3, which means that the polynomial
X3 — (1 ++/3) is minimal for a over K by T.4.2. In Maple, we can use the command:

>factor (X"6-2+¥X"3-2,sqrt(3))

(X3 —14+V3) (=X +1+V3)

which says that the two polynomials of degree 3 are irreducible (the second factor is the
minimal polynomial of a). Observe, that instead of sqrt(3) one could define the field K
using construction with RootOf.

Working in a field generated by algebraic numbers, it is possible to express the elements
of the field by the elements of a basis using the command rationalise as the following
example shows. We work in the field Q(v/5,v/7) and we want express a number in this field
by the powers of the generators v/5,/7:

>a:= sqrt(5); b := sqrt(7)

[
Nl=

EN|
Nl=

>expand(rationalize(1/(a+b)))

3 11
E\/5+ o 1/19v7 — 2/19V7V5
4.18. Solve some of the exercises in Ex. 4.7, 4.8 or 4.9 using Maple.

4.19. Find minimal polynomials of the following numbers « over given fields:

(a) @ = V2 4+ /241 over Q; (c) a= V2 +V2+1 over Q(v/2);
(b) o = V/2 + i over Q; (d) a= V2 +i+1 over Q(3).

4.20. Factorize the given polynomial f(X) € Q[X] into irreducible factors over K = Q(a),
where a is a zero of f(X):

(a) f(X)=X°~2; (d) f(X) =X —-3X> 1
(b) f(X) = X5 —5X +12; (e) f(X)=X0+2X3—2;
(c) f(X)=X5+3X3+3; ) F(X)=XT+7X3+7X%2 47X — 1.
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5

Splitting fields. Finite fields

If K is a field and f € K[X], then we say that L is a splitting field of f over K if
L=K(ay,...,an) and f(X) =a(X —a1)...(X — ay), where a € K. We say that f has
all its zeros in L and that L is generated over K by these zeros. Sometimes, the splitting
field of f over K is denoted by Ky. If 7 : K — K’ is an embedding of the field K into
a field K’, that is, 7 is a injective function such that 7(x 4+ y) = 7(z) + 7(y) and 7(ay) =
7(2)7(y) for z,y € K, then 7 can be extended to an embedding of the polynomial rings
7 : K[X] — K'[X] (denoted by the same letter): 7(f(X)) = 7(an) X"+ - +7(a1)X +7(ao)
when f(X) =a,X"+...4+a1 X +a¢ € K[X] (compare to a more general context on p. 77).
Very often, we consider the case when 7(K) = K’, that is, the function 7 is an isomorphism
of the fields K and K'.

T.5.1 (a) If f is an irreducible polynomial over K, then there exists a field L O K such
that L = K («) and f(a) = 0.

(b) If T : K — K' is a field isomorphism, [ an irreducible polynomial over K,L = K(a),
where f(a) =0 and L' = K'(o), where 7(f)(a/) = 0, then there is an isomorphism o :
K(a) = K'(d!) such that in the diagram:

K(a) — K'(d)

I

!

T

we have o(a) = & and o|g = 7.

In particular, if K = K’ and 7 = id, then o is an isomorphism over K (that is, the
isomorphism o maps each element in K on itself) of the two simple extensions of K by two
arbitrary roots of f(X) = 0.



Usually, the above result is called Kronecker’s' theorem. An inductive argument gives
the following theorem, which will be used frequently:

T.5.2 (a) Every polynomial f € K[X| has a splitting field over K.

(b) If 7 : K — K’ is an isomorphism of fields, L is a splitting field of a polynomial f € K[X]
and L' is a splitting field of the polynomial 7(f) € K'[X], then there exists an isomorphism
oc:L—L

which extends T (that is o|x = 7). In particular, if K = K' and 7 = id, then two splitting
fields for f over K are K-isomorphic (that is, the isomorphism o maps each element in K
on itself).

Moreover, if [ is separable, then there are exactly [L : K| different possibilities for o when
T 1§ given.

If f(X) =apX+...+a, X" € K[X], then we define the derivative f’ of f as the polynomial
f(X) = a; + 2a2X + ... + na, X" 1. Exactly as for the polynomials in R[X], we have
(fi+ f2) = f1+ f5 and (fif2) = fif2+ f1f5, which can be checked by an uncomplicated
computation.

T.5.3 A polynomial f € K[X] has no multiple zeros in any extension L O K if and only if
SGD(f, f") = 1.

Using this theorem and the construction of the splitting fields, it possible to give a description
of all finite fields.

T.5.4 The number of elements in a finite field is a power of a prime number.

(a) If p is a prime number and n > 1, then the splitting field for X" — X over F, is a finite
field with p™ element.

(b) Two finite fields with the same number of elements are isomorphic. More exactly, every

finite field with p" element is a splitting field of X?" — X over Fp,.

If a field K is algebraically closed, then all polynomials with coefficients in K split already
in K, that is, for every polynomial f(X) € K[X], we have f(X) = ag(X —a1) - (X — aw),
where ag,; € K (see p. 18). The field of all complex numbers or the field of algebraic

! Leopold Kronecker (1823 — 1891) was a German mathematician known for his very important
contributions in many fields of mathematics, but especially in number theory.
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numbers have this property (see Ex. 13.14 for C and Ex. 4.17 for A). By an algebraic
closure of a field K, we mean a field K, which is algebraic over K and algebraically closed.
This means that such a field K contains a splitting field of every polynomial with coefficients
in K. We have:

T.5.5 For every field K there exists an algebraic closure K and two algebraic closures of
the same field K are K-isomorphic.

EXERCISES 5

5.1. Find the degree and a basis of the splitting field over K for f € K[X]| when
JE=Qf= (X=X =5 (@ K=Qf=X'+1,

(a

(b) K=Q, f=X°-2 (f) K =Q), f=X"-2

(c) K=Q, f=X*"-2; () K =Qi), f=(X*-2)(X*-3);
(d)K=Q, f=X*+X2-1; ()K Q, f = XP — 1, p a prime number.

5.2. Decide whether the following pairs of fields are isomorphic:

(a) Q(V2) and  Q(iv2);
(b) Q(V/1+V3) and  Q(vV1—+3);
(c) Q(v2) and  Q(V3).

5.3. Let L be a splitting field of a polynomial f(X) of degree n with coeflicients in a field
K. Show that [L: K] <nl.

5.4. Prove that a field with p™ elements contains a field with p" elements if and only if m|n.
5.5. (a) Let f(X) be an irreducible polynomial of degree n over a field F,. Show that

F,[X]/(f(X)) is a field with p” element, which is isomorphic with the splitting field of the
polynomial X?" — X and f(X) divides X?" — X.

(b) Let f(X) be an irreducible polynomial in F,[X]. Show that f(X)|X?" — X if and only
if deg(f(X))[n.

5.6. Let v,(n) denote the number of the irreducible polynomials of degree n in F,[X]. Prove
that 1
n
Zdvp(d) =p" and vp(n) = - Zpdu (E) ,
d|n d|n

where p(n) is the Mdbius function, that is, p(n) = 0 if there is a prime number p whose
square divides n, u(n) = (—1)* if n is a product of k different primes, and u(1) = 1.
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5.7. (a) Prove that a finite subgroup of the multiplicative group K* of a field K is cyclic.
(b) Prove that if L O K are finite fields, then there is an element v € L such that L = K (7).

5.8. (a) An irreducible polynomial f € F,[X] of degree n is called primitive if f{ X™ — X
when m < p". Prove that the number of primitive polynomials of degree n is equal to
%g@(p” —1), where ¢ is the Euler function, that is, ¢(n) for integer n > 0 equals the number

of 0 < k < n such that ged(k,n) = 1.

(b) Show that for every finite field F and for every n there exists irreducible polynomials of
degree n over F.

5.9. Show that (fg)' = f'g + f¢’ when f, g € K[X].

5.10. (a) Let L be a splitting field of the polynomial X™ — 1 over a field K. Show that the
zeros of this polynomial, that is, the n-th roots of 1, form a finite cyclic group and that
L = K(g), where ¢ is a generator of this group.

(b) Motivate that the number of the n-th roots of 1 in a splitting field of X™ — 1 over a
field K is n if and only if the characteristic of K is 0 or it is relatively prime to n (does not
divide n).

(c) Let L be a splitting field of a polynomial X™ — a over a field K (a € K*). Show that
L = K(g,a), where € generates the group of solutions of X” —1 =0 in L and « is any fixed
solution of the equation X™ —a = 0 in L. Motivate that all solutions of X™ —a = 0 are na,
where 7 are all different n-th roots of 1.

5.11. (a) Let a € K, where K is a field and let p be a prime number. Show that the
polynomial XP — a is irreducible over K or has a zero in this field.

(b) Show that (a) is not true in general for binomials X™ — a when n is not a prime number.

Remark. The result in (a) was first proved by Abel (see [Tsch, p. 287]). A more general
result on reducibility of binomial polynomials X™ — a is known as Capelli’s Theorem (see
[Tsch], p. 294): The polynomial X" — a, where a € K (K of characteristic 0), is reducible
over K if and only if there is a prime p dividing n and b € K such that a = b or n = 4 and
a = —4b* (for a proof see [Tsch], IV §2, [XXSchinzel]).

5.12. The polynomial X% 4 1 is irreducible over Q. Show that any reduction of X* + 1
modulo any prime number p gives a reducible polynomial over FF),.

5.13. Let K be an algebraic closure of a field K and let L be an extension of K contained
in K. Show that K is also an algebraic closure of L.
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USING COMPUTERS 5

It is possible to construct a splitting field of a polynomial (of not too high degree) using the
command >Root0f (see p. 7) and the command >allvalues, which gives values of all zeros
of the polynomial whose zero is defined by the command >Root0f, for example:

>alias(a=Root0f (X"4-10%X"2+1))

>allvalues(a)

V3 VI B VI VB4 VE V33

>factor (X"4-10%xX"2+1,a)

(=X —10a + a®)(X — 10a + a®)(X + a)(— X +a)

Thus the field K = Q(v/2 + v/3) is the splitting field of f(X) = X* — 10X? 4 1, since it
splits in the linear factors when one of its zeros is adjoint to the field Q (in fact, we have
allvalues(a) [2] equal to v/2 + /3, but all zeros give, of course, the same field).

The command >factor (f (X),{a,b}) gives a possibility to check whether the extension by
the chosen zeros of f(X)(here a,b) really gives a splitting field (in its splitting field, the
polynomial f(X) should split completely into linear factors). Unfortunately, the command
>alias can not be defined in terms of another alias, which sometimes makes that the output
in terms of different RootOfs is not easy to grasp. For example, we find that the splitting
field of f(X) = X3 —2 is generated by two of its zeros (we choose a simple example in order
to save the space - see Ex. 5.16):

>a:=Root0f (X~3-2)

RootOf(_Z3 — 2)

>factor(X~3-2,a)

—(=X + RootOf(_Z> — 2))(X? + RootOf(_Z> — 2) X + RootOf(_Z* — 2)?)

>b:=Root0f (X" 2+a*xX+a~2)

RootOf(_Z* + RootOf(_Z> — 2) 7 + RootOf(_Z* — 2)?)

> factor(X~3-2, {a, b})
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(=X + RootOf(_Z* + RootOf(_Z> — 2)_Z + RootOf(_Z> — 2)?))
(X+RootO f(_Z*+RootO f(_Z>—2)_Z+RootO f(_Z>—2)?)+RootO f (_Z3—2))(— X +RootO f (_Z>—2))

Using a, b the output is (=X + b)(X + a + b)(=X + a) (which is X3 — 2 — use command
>simplify to the product). It is easy to check that a = V2 and b= 5\3/5, where € = _1%“/5
is a 3rd root of 1.

5.14. Check that the fields you constructed in Ex. 5.1 really are splitting fields of the given
polynomials f.

5.15. Find the degree of the splitting field over the rational numbers for polynomials f in
Ex. 4.20.

5.16. Find the least number of zeros of the polynomial f(X), which generate its splitting
field over Q:

(@) F(X)=X5-2,  (b) f(X)=X5—5X+12 () f(X)=X"— X +1.
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6

Automorphism groups of fields. Galois groups

Let L be a field. An automorphism of L is a bijective function o : L — L such that

(2) o2+ 1) = o(2) + (1)

(b) o(xy) = o(x)o(y)

for arbitrary z,y € L. If L O K is a field extension, then an automorphism ¢ : L — L is

called K-automorphism if

(c) o(x) = z for every z € K.

T.6.1 All K-automorphisms of L form a group with respect to the composition of automor-
phisms.

The group of all K-automorphisms of L is denoted by G(L/K) and called the Galois
group of L over K'. If G is an arbitrary group, which consists of automorphisms of L (e.g.
G =G(L/K), where L D K), then we define

LC ={x € L :V,eq o(x) = z}.

It is easy to check that LY is a subfield of L. Sometimes, we want to construct some elements
of the field LY. Two most usual constructions are given by the trace (denoted Trg) and
the norm (denoted Nr¢) with respect to G:

Trg(a)= Y o(a), and Nrg(a)= [] ola), (6.1)

ceG ceG

since clearly Trg(a), Nrg(a) € LY for o € L. Notice that Trg(a + 8) = Trg(a) + Trg(B)
and Nrg(af) = Nrg(a)Nrg(8) for a, 8 € L. The norm and the trace are often denoted by
TI'L/LG and NI’L/LG.

! Sometimes, the group of all K-automorphisms of L is called Galois group only if L D K is a
Galois extension (see its definition in Chap. 9). We prefer the present convention for pedagogical
reasons (in particular, to decrease the number of notions and notations).



T.6.2 If G is a group of automorphisms of L (finite or infinite ), then LE is a subfield of
L and [L: L% =|G]|.

Almost all exercises will concentrate around this important theorem whose part claiming
the inequality [L : LY] < |G| is often called Artin’s Lemma. The theorem is a consequence
of the following result:

T.6.3 Dedekind’s Lemma. Ifoq,09,...,0, are different automorphisms of a field L and
the equality a101(x) + azoe(x) + ... + apo,(x) = 0, where a; € L, holds for every x € L,
thenay = ax=...=a, =0.

Dedekind’s Lemma can be also formulated as a statement saying that different automor-
phisms of a field L are linearly independent over L (e.g. in the vector space over L consisting
of all the functions f : L — L). By the Galois group over K of an equation f(X) =0 or
the polynomial f(X), where f(X) € K[X], we mean the Galois group of any splitting field
Ky over K. Instead of the notation G(Ky/K), sometimes we denote it by Gy (when K is
clear from the context) or Gy (K).

If Ky = K(aa,...,0p), where a;, ¢ = 1,...,n are all zeros of f(X)=0and 0 € G(K;/K),
then o (o) is also a zero of f(X) = 0 (see Ex. 6.1). We write o(;;) = a(;), that is, we use the
same symbol o in order to denote the permutation o : {1,...,n} — {1,...,n} of the indices
1,...,n of the zeros of f(X) corresponding to o. It is also an easy exercise (see Ex. 6.3) to
show that the permutations o of 1,...,n corresponding to the automorphisms in the Galois
group G(K;/K) form a subgroup of the symmetric group S, (this subgroup depends of
course on the numbering of the zeros of f(X) = 0). We shall denote any permutation group
corresponding to f(X) = 0 by Gal(K;/K) or Galy or Galy(K). In fact, Galois worked with
his groups just in this way considering them as permutations groups. Since this notational
distinction is not usual, we shall refer to “permutation (Galois) group” each time we want
to consider the Galois group of a polynomial as a permutation group of its zeros. The Galois
group G(Ky/K) acts on the set X, = {1,...,n} when the zeros ai,...,a, of f(X) are
ordered in some way and the action of o € G(Ky/K) is defined by o(i) = j if and only if
o(a;) = aj. We shall apply the general terminology concerning actions of groups on sets as
presented in the Appendix (see A.8).

EXERCISES 6

6.1. Let L D K be a field extension.
(a) Show that if & € L is a zero of f € K[X] and 0 € G(L/K), then o(«) is also a zero of f.

(b) Show that if L = K(ay,...,q,) and two automorphisms o, 7 € G(L/K) are equal for
every generator «; (that is, o(a;) = 7(a) for each i), then o = 7 (that is, o(«) = 7(a) for
every o € L).
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6.2. Find the Galois groups G = G(L/K) for the following extensions L D K:
(a) L=0Q(V2), K =Q; (d) L =0Q(V2,V3), K =Q;
(b) L=Q(V2), K=Q;  (e) L=Fy(X), K = Fo(X?)
() L=0Q(V2), K =Q; (f) L =TF5(X), K =F5(X").

6.3. (a) Show that any automorphism of any field restricts to the identity on its prime field.
In particular, the identity is the only automorphism of a prime field (that is, Q or F,).

(b) Let K be a field of characteristic p # 0. Show that o(z) = 2P, € K is an automorphism
of K.

(¢) Use (a) and (b) in order to prove Fermat’s Little Theorem: If @ is an integer and p a
prime number, then p divides aP — a.

6.4. Show that the field of the real numbers R has no non-trivial automorphisms.

6.5. Show that if [L : K| < oo, then the order of the Galois group G(L/K) divides the
degree [L: K].

6.6. (a) Show that if o is a K-automorphism of the field K(X), then o(X) = %55, where
a,b,c,d € K and ad — be # 0.

(b) Show that all functions on K(X) of the form defined in (a) form the group of all auto-
morphism of K(X) over K (the functions of this form are often called Mobius functions
by analogy with the case K = R).

(c) Show that the group of automorphism of K(X) over K is isomorphic to the quotient
of the matrix group GLy(K) of all nonsingular (2 x 2)-matrices by the subgroup of scalar
matrices al, where a € K, a # 0 and I is the (2 x 2) identity matrix.

6.7. Let L = Fy(X) and let G be the group of all Fo-automorphisms of L (see Ex. 6.6). Find
LE.

6.8. Let L = F3(X) and let G be the group of all automorphisms of L such that o(X) =
aX + b, where a,b € F3 and a # 0. Find L.

6.9. (a) Let L = R(X,Y) and G = {01, 02}, where o7 is the identity and o9 is defined by
79(X) = —X, 0o(Y) = Y. Find LC.

(b) Prove with the help of (a) that if f(X,Y) € R(X,Y) is such that f(—-X,Y) = —f(X,Y),
then [ f(sinz,cosz)dz = [ g(t)dt for a function g € R(¢) and ¢ = cos z.

6.10. (a) Let L =R(X,Y) and G = {01, 02}, where o is the identity and o2 is defined by
02(X) = =X, 05(Y) = =Y. Find LC.

(b) Let f(X,Y) e R(X,Y) and f(—X,-Y) = f(X,Y). Using (a) show how to express the
integral [ f(sinz,cosx)dz as an integral of a rational function.
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6.11. Let L = Q(X,Y) and G = {01, 02,03, 04} be the group of automorphisms of L defined
by the table:

Find L¢.
6.12. Let L = Q(X) and G =< o >, where o(X) = X + 1. Find L¢.
6.13. (a) Let L = K(X,Y) and G =< 01,02 >, where o7 is the identity and o2(X) =

Y, 02(Y) = X. Find LC.

(b) Let L = K(X1,...,X,) and G = S,, where for 0 € S,,, 0(X;) = X,(;). Show that LY =
K(s1,...,8n), where s; are the elementary symmetric polynomials of X7, ..., X, that is,
51 = Zlgiﬁn XZ‘, S9 = Zl§i<j§n Xin, S3 = Zl§i<j<k'§n Xl'Xij, ey Sp = X1X2 cee Xn

6.14. Is it true that if [L : Kj] # oo and [L : K3] # oo, then [L : Kj N K3] # oo, where
K1, Ky are subfields of the field L7

USING COMPUTERS 6

There is not an evident general procedure to find the automorphism group of a given field
extension L D K. In some cases, it is possible to describe such a group using Ex. 6.1 when
the extension is represented as L = K(a) and the minimal polynomial f(X) of o over K
is given. Then each automorphism is uniquely determines by the image of o and such an
image is a zero of the polynomial f(X) in L. For example, take K = Q(+v/2). Then we define

>alias(a=Root0f (X~4-2))

>factor(X~4-2,a)

(X —a)(X +a)(X?+a?)

Thus f(X) = X* — 2 has two zeros +a in K = Q(a), where a = +v/2 and there are two
automorphisms o(a) = a (the identity) and o(a) = —a.

Take f(X) = X3 —7X + 7 and define K = Q(a), where a is a zero of f(X). Thus:
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>alias(a=Root0f (X~ 3-7X+7))

>factor (X~3-7X+7,a)

(=X — 14 +4a + 3a®)(X — 14+ 5a + 3a®) (=X + a)
Thus the zeros of f(X) in K are a, —14+4a+3a?, 14—5a—3a? and there are 3 automorphisms
oo(a) = a,o1(a) = =14+ 4a + 3a?,02(a) = 14 — 5a — 3a%. We can check that o?(a) = o2(a)

(that is, 0% = o9 (which is evident, since G(K/Q) = {0¢, 01,02} is a cyclic group of order
3). In Maple, this can be done in the following way:

o:=a —> -14+4*a+3*%a”2
a — —14 + 4a + 3a*
simplify(o(o(a)))
14 — 5a — 3a®
Thus 0% (a) = o2(a).

Let us consider one more example. Let K = Q(i) and let f(X) = X* — 2, so that L =
K(v/2) = Q(i, v/2). We find all automorphisms of L over K defining:

>alias(c=Root0f (X"2+1))

>alias(d=Root0f (X"4-2))

>factor (X~4-2,{c,d})

(=X +ced)(X 4+ cd)(X +d)(-X +d)

Thus, we have 4 automorphisms of L = Q(i, v/2) over K = Q(i) given by o(d) = +d, +cd,
where c =i,d = 2.

6.15. Find the orders of the Galois groups G = G(K/Q) and find all automorphisms of the
field K when:
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(a) K = Q(a), a is a zero of f(X) = X% —-2X3 -1,
(b) K = Q(a), a is a zero of f(X) = X8 —2X* + 4;
(c) K =Q(a), a is a zero of f(X)= X' —10X5 + 1.
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7

Normal extensions

An extension L O K is normal if every irreducible polynomial f(X) € K[X], which has
one zero in L has all its zeros in L (that is, L contains a splitting field of f(X)).

T.7.1 A finite extension L O K is normal if and only if L is a splitting field of a polynomial
with coefficients in K.

N is called the normal closure of L O K if N D L is a field extension such that N D K is
normal and if N O N’ D L, where N’ is a normal extension of K, then N’ = N.

T.7.2 Let L = K(a1,...,a,) be a finite extension. Then the normal closure of L O K is
unique up to a K-isomorphism. More exactly, every normal closure of L O K is a splitting
field over K of f = f1--+ fn, where f; is the minimal polynomial of a; over K.

EXERCISES 7

7.1. Which of the following extensions L O K are normal:

(a) L=Q(V2), K =Q; (f) L= Q(\[) K =Q(v2);
(b) L =Q(V2), K = Q; (g) L=Q(V2,i), K = Q;

(c) L=Q(V2,V3), K =Q; (h) L =Q(X), K = Q(X?);
(d) L=C, K =R; (i) L ( ), K =C(X?);
(e) L=Q(V2,i), K =Q; (J)L F3(X), K = F3(X?).

7.2. Find the normal closure of the following field extensions L D K:

(a) L=Q(V2), K =Q (d) L =Q(X), K =Q(X°);
(b )L QW2 f) K=Q (e) L=0Q(X), K =Q(X*);
() L=Q(e),e’=1c#1, K= (f) L =F5(X), K =Fs(X").



7.3. Let L O M O K be field extensions.

(a) Let L O M and M O K be normal extensions. Is L O K normal?
(b) Let L 2O K be normal. Is L O M normal?
(¢) Let L O K be normal. Is M O K normal?

7.4. (a) Let L O K be anormal extension and «, 8 € L two zeros of an irreducible polynomial
with coefficients in K. Show that there is an automorphism o € G(L/K) such that o(a) = 3.

(b) Show that if L is a finite normal extension of K and 7 : M — M’ is a K-isomorphism
of M with a subfield M’ of L containing K, then there is an automorphism o € G(L/K)
whose restriction to M is equal to 7 (in particular, every automorphism of M over K has
an extension to an automorphism of L over K).

7.5.Let L O M D K be field extensions.
(a) Show that if M D K is normal and ¢ € G(L/K), then cM = M.

(b) Show that if L D K is normal, then M D K is normal if and only if cM = M for each
o€ G(L/K).

7.6. Let L O K and My, M5 be two fields between K and L. Prove that
(a) if M7 O K and M5 2 K are normal, then M; M 2 K and My N My D K are normal;
(b) if My D K is normal, then M; My O M, is normal.

7.7. Let L DO K be a field extension and «, 8 € L. Show that if K(a) O K and K(5) 2 K
are normal extensions and K (o) N K(8) = K, then [K(«, ) : K] = [K(«) : K][K(8) : K].

7.8. Let K C L be a normal extension and let f(X) be a monic polynomial irreducible over
K but reducible over L. Show that for every two monic irreducible factors f;(X) and f;(X)
of f(X) in L[X], there is an automorphism o;; : L — L such that o;;(f;(X)) = f;(X) (04,
maps the coefficients of f;(X) onto the corresponding coefficients of f;(X)). In particular,
all irreducible factors of f(X) in L[X] have the same degree.

7.9. An irreducible polynomial f € K[X] is called normal if a splitting field Ky of f over
K can be obtained extending K by only one of the zeros of f, that is, Ky = K(a), where

f(a) =0.
(a) Show that an irreducible polynomial f € K[X] is normal if and only if its splitting field
over K has degree equal to the degree of f(X).

(b) Show that the binomials X™ — 2 over Q are not normal when n > 2.
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USING COMPUTERS 7

In the exercises below you can use the command >galois(f (X)), which gives the Galois
group of the polynomial f(X) over Q and the factorization of f(X) over the extension of Q
by a zero of f(X) using >factor(f(X),a).

7.10. For the given polynomial f(X) and its zero a find the degree over Q of the normal
closure L of K = Q(a) and the minimal number of zeros of f(X), which generate L over Q:

(a) f(X)=X%—-2X3 —1; (d) f(X)=X%+3X2+3;
(b) f(X)=X°—X°+1; () f(X)=X"-X+1;
(c) f(X)=X6+4+2X3 -2 ) FIX)=X"+7X34+7X%+7X — 1.

7.11. Decide whether the polynomial f(X) is normal over Q (see Ex. 7.9):

(a) f(X)=X° - X*—4X3 +3X%+3X —1;

(b) f(X) = X5 —5X +12;

(¢) f(X)=X"+ X6 —12X5 - 7X* +28X3 + 14X?% - 9X + 1;
(d) f(X)= X8 —72X6 4+ 180X* — 144X2 + 36 (see [D]).
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8

Separable extensions

An irreducible polynomial f € K[X] is called separable over K if it has no multiple zeros
(in any extension L 2 K — see T.5.3). We say that o € L O K is a separable element
over K if it is algebraic and its minimal polynomial over K is separable. We say that L O K
is a separable extension if every element of L is separable over K. A field K is called
perfect if every algebraic extension of it is separable (that is, every irreducible polynomial
in K[X] is separable).

T.8.1 (a) All fields of characteristic 0 and all finite fields are perfect.
(b) If char (K) = p, then an irreducible polynomial f € K[X] is not separable if and only if
/=0, which is equivalent to f(X) = g(XP), where g € K[X].

We say that v € L is a primitive element (sometimes called field primitive element)
of the extension L D K if L = K(v) (see a remark after the proof of the theorem below for
a comment concerning this terminology).

T.8.2 Primitive element theorem. If L = K(ay,...,ay,), where ay, ..., o, are algebraic
and all with at most one exception are separable over K, then there is a primitive element
of L over K. In particular, every finite separable extension has a primitive element.

Sometimes we say that a field extension K C L is simple if it has a primitive element, that
is, there is v € L such that L = K(v).

EXERCISES 8

8.1. (a) Show that Fo(X) is not separable over the field Fo(X?).

(b) For every prime number p give an example of a non separable extension of a suitable
field of characteristic p.



(¢) Motivate that the field extension in (a) is normal.

8.2. Let K C L be a quadratic field extension. Show that L = K(«a), where o? = a € K
unless characteristic of K is 2 and L is separable over K. Show that then, we have L = K («),
where o? = o + a for some a € K. Motivate that K C L is not separable if and only if
characteristic of K is 2 and L = K (a), where o? =a € K.

8.3. Let K be a field of finite characteristic p.

(a) Let « € L DO K, where L is a finite extension of K. Show that « is separable over K if
and only if K(af) = K(«).

(b) Show that K C L is separable if and only if KLP = L (see Ex. 2.12(c)).
(c) Show that K is perfect if and only if K? = K.

(d) Show that if L is an algebraically closed field and K its subfield such that [L : K] < oo,
then L is a Galois extension of K (see also Ex. 11.9).

8.4. (a) Show that L = K(ay,...,ay) 2 K is separable if and only if the elements ay, . .., ay,
of L are separable over K.

(b) Show that the normal closure of a finite separable extension L D K (see p. 35) is a
separable extension of K.

8.5. Let L O K be a field extension. Show that all elements o € L separable over K form a
subfield Ly between K and L.

Remark. The degree [L; : K] is called the separable degree of L over K and is denoted by
[L: K] (if [L : K] < o0, then this means that [L : K] divides [L : K] and [L : K] = [L : K]
when L D K is separable).

8.6. Let L O K and char (K) = p. Show that for each o € L there exists an exponent p”
such that o®" is separable over K (that is, aP” € L, where L, is defined in Ex. 8.5).

8.7. (a) Let N D L D K, where N is a finite normal extension of K. Show that the number
of different restrictions o|y, where o € G(N : K) equals [L : K], (see Ex. 8.5).

(b) Let K C L be a finite field extension and let N be an algebraically closed field (see the
definition on p. 18). Let 7: K — N be an embedding of fields. Show that [L : K], is equal
to the number of different embeddings ¢ : L — N whose restriction to K equals 7.

8.8. Let L be a finite extension of K and let L O M DO K. Show that the extension L O K
is separable if and only if the extensions L O M and M O K are separable.

8.9. Let L be a finite extension of K and L O M D K. Show that [L : K]; = [L : M];[M :
K], (see Ex. 8.5).
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8.10. Find a primitive element of L O K when
(a) L =Q(V2,V3), K =Q; (d) L=R(X,Y), K =
K

(b) L=Q(V2-i,v3+1i), K=Q; ()L Q(X,Y),
() L=Q(V2+V3,vV2+i,V3 1), K=Q; (f) L =Q(V2,V2),

R(X2,Y?);
Q(X +Y, XY);

=

8.11. Show that if L = F3(X,Y), K = F5(X?,Y?), then the extension L D K is not simple,
that is, one can not find v € L such that L = K(v).

8.12. (a) Let K € L = K(v) be a finite field extension and let M be a field such that
K C M C L. Show that M is generated over K by the coefficients of the minimal polynomial
of v over M.

(b) Show that the extension L O K is simple and algebraic if and only if the number of
fields between K and L is finite.

8.13. Give an example of a finite extension L O K such that the number of fields between
K and L is infinite.

8.14. Let L O Q be a finite and normal extension of odd degree. Show that L C R.

8.15. Let K C L be an extension of finite fields.
(a) Motivate that L = K (v) for any generator of the cyclic group L* (see Ex. 5.7).
(b) Is it true that L = K () implies that v is a generator of the group L*?

Remark. It follows from (a) that any generator y of the cyclic group L* is a (field) primitive
element of the extension K C L. In the theory of finite fields, such generators are also called
primitive elements of this extension. In order to avoid misunderstandings, we shall use a
longer term group primitive elements (see [R], p.214).

(c) Let K = F5 and L = F3n. Find the numbers of group primitive and field primitive
elements in L for n = 2,3, 4.

8.16. Let My, My be two fields between K and L. Prove that if M; and M, are separable
extensions of K, then also M;Ms and M7 N My are separable extensions of K.

USING COMPUTERS 8

The proof of T.8.2 is effective if the zeros of the minimal polynomials of «, 8 such that
L = K(a,B) are known (and K is infinite). Then it is possible to find ¢ € K such that
v = a+ ¢f is a primitive element of L over K (see the proof of T.8.2 on p. 105). Another
possibility is to try to guess v and check that L = K(v) = K(a, ). This can be done
if we have the minimal polynomial of v and we are able to define L, for example, using
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the command RootOf. For example, we want to check that Q(v/2,V/3) = Q(v/2 + V/5).
In some way (say, using Maple), we find the minimal polynomial of /2 + /5, which is
f(X)=X9%—15X% — 87X3 — 125. Then we define:

>f:=X->X"9-15X"6-87X"3-125

>alias(c=Root0f (£ (X))

We can denote >r:=+/2+ /5 and check >simplify(f(r)), which gives 0. We can also check

that ¢ is just r compering >\evalf (r) and >\evalf(c) (note that f has only one real zero).
Now we take

>factor(X~3-2,c)

1
~ 10055 (—225X2 — 545X — 175X c* +10X " — 209¢% — 130¢® + 7¢%) (45X — 109¢ — 35¢* +2¢7)

which shows that V/2 = 2 (109¢+35¢*—2¢") € Q(c) and similarly for /3. Thus Q(V/2, v/3) C
Q(f/ﬁ + \"/g), and the inverse inclusion is evident. But Maple can be successfully used in a
similar way in order to prove that other elements than those chosen in the proof of T.8.2
are primitive.

8.17. Find a primitive element ¢ of L O K when:

(a) K =Q,L = Q(+2,V2) (see Ex. 8.10(f)); (c) K = Q(¥/2), L = K(¥/3,V/5);
(b) K =Q, L=Q(V3,V5) ; (d) K=Q(V2), L=K(V2
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9

Galois extensions

A field extension L D K is called Galois if it is normal and separable.

T.9.1 Let L O K be a finite field extension and G(L/K) its Galois group. Then the following
conditions are equivalent:

(a) [L: K] =|G(L/K)];

(v) LOWO) = K

(¢) There is a group G of K -automorphisms of L such that K = L¢ and then, G = G(L/K);
(d) L O K is normal and separable;

(

e) L is a splitting field of a separable polynomial over K.

If L O K is a field extension, F the set of all fields between K and L and G the set of all
subgroups to G(L/K), then we define two functions:

f:G—F and g: F—G

in the following way:
f(H)=L" ={z € L:VYoeyo(z) =z}

and
g(M)=G(L/M)={0 € G(L/K) : Vyepmo(z) = z}.

T.9.2 The main theorem of Galois theory. If L O K is a finite Galois extension,
then f and g are the inverse anti-automorphisms between partially ordered by inclusion
sets F of all fields between K and L and the set G of all subgroups of G(L/K), that is,
f og= Zd]:, go f = ’Ldg and f(Hl) 2 f(HQ) Zle Q HQ, and g(Ml) 2 g(MQ) ’LfMl Q Mz.

Sometimes both the last theorem and the following one are called the main theorem of Galois
theory:



T.9.3 Let L O K be a Galois extension and M a field between K and L.
(a) The extension L D M is a Galois extension.

(b) The extension M 2 K is a Galois extension if and only if G(L/M) is normal in G(L/K).
If this holds, then G(M/K) = G(L/K)/G(L/M).

EXERCISES 9

9.1. Which of the following extensions L O K are Galois?
) K =Q, L=Q(V2); ()K Q(XZ) ()

(a

(b) K = Q, L=Q(v2); (f) K =F,(X?), L ( ) p a prime number;
(c) K (\f),L—Q(\/i); (g )K IFz(X”-X) Fa (X);

(d) K =Q(i), L =Q(, V2); (h) K =R(X?), L = R(X)-

9.2. Find all subgroups of the Galois group G(L/K) of the splitting field L of the polynomial
f as well as all corresponding subfields M between K and L when

(a) K =Q, f(X) = (X?-2)(X*-5); (e) K = Q(i), ()):X4—2

(b) K =Q, f(X) = (X* - 1)(X? - 5); (f) K =Q, f(X) = X?
(c) K=Q,f(X)=X°~-1 (g) K = Qf(X) X1 4+ X2 -
(d) K =Q, f(X) =X*+1; (h) K ()f(X):XB—l

9.3. (a) Let f(X) € K[X] be a polynomial of degree n over a field K and let K; =
K(ay,...,ay) be asplitting field of f(X) over K, where o are all zeros of f(X) in K. Show
that the permutations o of the indices 7 of the zeros a; corresponding to the automorphisms
o € G(L/K) according to o(a;) = a,(;) form a subgroup of S,.

(b) Give a description of the Galois group G(K;/K) as a permutation subgroup of S,
(n = deg f) for polynomials f(X) in Ex. 9.2.

9.4. (a) Let f(X) € K[X] be a polynomial and f(X) = f1(X) - fi(X) its factorization
in K[X] into a product of irreducible polynomials f;(X). Show that the permutation group
Gal(K;/K) consists of permutations, which have k orbits on the set {1,...,n}.

(b) Show that the permutation group Gal(K;/K) in (a) is transitive (that is, for each pair
i,j € {1,...,n}, there is 0 € Gal(Ky/K) such that (i) = j) if and only if the polynomial
f(X) is irreducible in K[X].

(c) Show that if the Galois group Gal(K;/K) of a polynomial f(X) € K[X] acts on X,, =
{1,...,n} with k orbits, then f(X) is a product of k irreducible polynomials in K[X].

9.5. Show that the extension L O K is Galois, find the Galois group G(L/K), all its sub-
groups and the corresponding subfields between K and L when
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(b) K=Q,L= Q(\sﬁ7 )a€3 =1l 7é 1; (e) K = R(X23Y2)7L = R(Xv Y)a
- (f) K = R(X2 + Y2, XY),L =R(X,Y).

b

(a) K =Q,L=Q(v2,1i); (d) K =R(X?+ ), L = R(X);
(¢) K =Q,L=Q(+v2,i)

9.6. Is it true that if L O M and M O K are Galois extensions, then L O K is a Galois
extension?

9.7. Let G be the automorphism group of the field F3(X) consisting of all the automorphisms
X — aX + b, where a # 0 (see Ex. 6.8). Find all subgroups of G and the corresponding
subfields between the field F5(X)® corresponding to G' and F3(X).

9.8. Let L D K be a Galois extension and M a field between K and L. Show that [M :
K] = |G(L/K)|/|G(L/M)].

9.9. Let L O K be a Galois extension and M a field between K and L.

(a) Show that G(L/M) is a normal subgroup of H(L/M) = {0 € G(L/K)|oc(M) = M}.

(b) Prove that the number of different fields between K and L, which are K-isomorphic to
M equals

[M: K] _ |G(L/K)

|G(M/K)| [H(L/M)|"
(¢) Show that M D K is Galois if and only if every automorphism ¢ € G(L/K) restricted
to M maps M on M, that is, H(L/M) = G(L/M).

(d) Let N(G(L/M)) be the normaliser of the group G(L/M) in G(L/K) (see p. 227). Show
that H(L/M) =N(G(L/M)) and G(M/K) = N(G(L/M))/G(L/M).

(e) Let 0 € G(L/M). Show that G(L/o(M)) = cG(L/M)o~1.
9.10. Let L O K be a Galois extension with Galois group G(L/K) = {o1,...,0,}. Let
a € L and let G(L/K)a be the orbit of @ under the action of G(L/K), that is, the set of all

different images o;(«) for 0; € G(L/K). Let G, = {0 € G(L/K) | o(a) = a} = G(L/K(«)).
Show that

(a) | G(L/K)a |= 1SEIL — (K (a) : K;

(b) The minimal polynomial of & over K is

)= I (X -oa)

ca€G(L/K)a

(c) Let
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Fo(X)= ][] (X-oa).

c€G(L/K)
Show that F,(X) = fo(X)ICl.

9.11. Let K C L be a Galois extension and H a subgroup of the Galois group G(L/K).
(a) Show that Try : L — L¥ is a surjective linear mapping (see (6.1)).
(b) Let aj,...,a, be a basis of L over K. Show that L = K(Trg(ay),...,Trg(am)).

9.12. Let L D K be finite fields and let |K| = q.
(a) Show that L D K is a Galois extension.

(b) Show that the Galois group G(L/K) is cyclic and generated by the automorphism
o(x) = 29 (called the Frobenius automorphism of L over K).

(c) Find Nrp/ g (z) for x € L and show that every element of K is a norm of an element of
L (see (6.1)).

9.13. Let L = Fy(a), where a is a zero of the polynomial X* + X + 1 € F,[X]. Show that
G(L/F3) contains exactly one subgroup H of order 2 and find 8 € L such that L¥ = Fy().

9.14. Let M; O K and M, D K be finite Galois extensions and L a field, which contains
both M7 and M,. Show that

(a) MMy O K and My N My 2 K are Galois extensions;
d)

(d) If there is an isomorphism of M; and My over K (that is, there is an isomorphism
T : My — Mj which is the identity on K'), then the Galois groups G(L/M;) and G(L/Ms) are
conjugated in G(L/K) (that is, there is 0 € G(L/K) such that G(L/M;) = cG(L/M3)o~1).

9.15. Construct an extension L D Q whose Galois group is

(a) Co; (b) Cs; (c) Cu;

(d) Cs; (e) Co x Cy (f) Co x Cy;

(g) Cy x Cq x Co; (h) C3 x Cs; (i) D4 (the symmetry group of a square);
(j) S3; (k) Sy; (1) Ay

Remark. The inverse Galois problem asks whether every finite group is (isomorphic
to) the Galois group of some Galois extension of the rational numbers Q. This problem is
still unsolved even if for infinitely many finite groups G, it is possible to construct suitable
Galois extensions K D Q having G as its Galois group. For example, all abelian groups, and
even all solvable (see Chapter 13) groups have this property. Also the symmetric groups S,

46



and alternate groups A, can be realized as Galois groups over the rational numbers (see
Ex. 13.4(c) and Ex. 15.12 for S,, and [MM], 9.2 for A,,). Notice that every finite group can
be realized as the group of all automorphisms of a finite algebraic extension K D Q (see
[KollarETCXXX]).

More generally, the same problem can be formulated for other fields K and the corresponding
question whether a given finite group can be realized as the Galois group (or an automor-
phism group) of a suitable field extension of K has an answer in some cases and remains
open in many other (see the presentations of the inverse Galois problem in e.g. [MM]).

(1) Using Ex. 13.4(c) and A.9.3 show that for every finite group G there exists a Galois
extension of number fields whose Galois group is isomorphic to G.

9.16. Prove that every cyclic group is a Galois group of a Galois extension L O Q.

9.17.Is it true that L > M D K, where [L : K| < oo and |G(L/K)| = 1, implies
GOM/EK)| = 17

9.18. Let L O K be a Galois extension and My, My two fields between K and L. Let
G(L/Ml) = Hl, G(L/MQ) = HQ. Find G(L/MlMg) and G(L/Ml N Mg)

9.19. Let L O K be a Galois extension with an abelian Galois group G(L/K). Let f be the
minimal polynomial of & € L over K. Show that f is normal over K (that is, f has all its
zeros in K(«) — see Ex. 7.9).

9.20. Let K C L be a Galois extension and let IV be a field containing L. Let M be any
field such that K C M C N.

(a) Show that LM D M is a Galois extension and the natural mapping of ¢ € G(LM/M)
onto its restriction to L is an injection of G(LM /M) into G(L/K).

(b) Consider G(LM /M) as a subgroup of G(L/K) using the restriction in (a) and show that
LGEM/M) — A M (so [LM : M] = [L: LN M)).
(c¢) Motivate that G(LM /M) = G(L/K) if and only if LN M = K.

Remark. The property of Galois extensions given by (a) and (b) is often called the theorem
on natural irrationalities.

9.21. Let K C L be a Galois extension of number fields and assume that K is a real field,
that is, K C R. Show that either L is also real or L contains a subfield M such that
[L: M]=2and M is real.

9.22. Let K C L be a Galois extension with Galois group G(L/K) = {o1,...,0,}. Show
that if @ € L has n different images o;(a), then L = K («), that is, the element « is primitive
for the extension K C L.
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9.23. Let K be a field of characteristic different from 2 and f(X) € K[X] be a sepa-
rable polynomial of degree n. Denote by ai,...,a, the zeros of the polynomial f(X)
in its splitting field L = K(a,...,a,) with (permutation) Galois group Gal(L/K). Let
A(f) = lcicjenlai — a;)? be the discriminant of f(X) (see p. 258).

(a) Show that A(f) € K.

(b) Show that K(y/A(f)) is the fixed field of the subgroup Galy(L/K) of Gal(L/K) con-
sisting of all even permutations, in particular, all permutations in Gal(L/K) are even if and
only if A(f) is a square in K.

9.24. Let K be a field of characteristic p such that f(X) = XP? — X +1 has not a zero in K.
Show that if « is a zero of f(X) in its splitting field L over K, then all other zeros of this
polynomial are a+i for i = 1,...,p—1 and L = K(«). Deduce that L is a Galois extension
of K, f(X) is irreducible over K, [L : K| = p and that G(L/K) is a cyclic group of order p
(see also Ex. 11.8).

USING COMPUTERS 9

f K C L is a Galois field extension, then a description of its Galois group G(L/K) is easiest
if L is represented as a simple extension L = K(a) and the minimal polynomial f(X) of
a over K is known. Then it is possible to factorize f(X) over L (using >factor (f(X),a)
where a is defined by >alias(a=Root0f (£ (X)))) and define all automorphisms o of L over
K sending a onto all zeros of f(X) in L (which can be obtained from the factorization of
f(X)over L). If L = K(a,...,ax) for a; € L (in Maple it is easier to denote the zeros by,
say, ai), then as we know from T.7.2, the field L is a splitting field of the polynomial f(X),
which is the product of the minimal polynomials f;(X) of «;. In a particular case when
[L:K]= Hle deg f;(X), every automorphism is uniquely given by a mapping of every
on a fixed zero of f;(X). If L is obtained in several steps as a splitting field of a polynomial
f(X), then it is also possible to describe this field by gradually adjoining its zeros as in the
following example:

>a:=Root0f (X"4-2)

a = RootOf(_Z* - 2)

factor(X~4-2,a)

—(X% 4+ RootOf(_Z* — 2)*)(X + RootOf(_Z* — 2))(=X + RootOf(_Z* — 2))

so Q(a) is not a splitting field. We continue and adjoin another zero:

>b := RootO0f (X"2+Root0f(_Z"4-2)"2, a)
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b:= RootOf(_Z? + RootOf(_Z* — 2)?, RootO f(_Z* — 2))

>factor(X~4-2, {a, b})

(=X + RootOf(_Z* — 2))(=X + RootO f(_Z* 4+ RootOf(_Z* — 2)?, RootO f(_Z* — 2)))
(X + RootOf(_Z* + RootOf(_Z* — 2)%, RootO f(_Z* — 2)))(X + RootOf(_Z* — 2))

which using a,b can be rewritten as X* — 2 = (=X + a)(—X + b)(X + b)(X + a). Thus
Q(a, b) is a splitting field of X* — 2.

9.25. Describe the Galois groups of the polynomials in Ex. 7.11(a),(c)(d) using a chosen
zero generating the splitting field.

9.26. Show that the polynomials f(X) are normal, list all automorphisms of their splitting
fields K and describe the Galois groups when

(a) F(X) = X3-3X+1; (b) f(X) = XO—X3+1; (c) f(X) = XO4+3X54+6X44+3X3+9X+9.

9.27. Find the orders of the Galois groups of the following polynomials and determine the
minimal number of zeros of each polynomial which generate its splitting field:

(a) f(X)=X°—-5X +12 (b) f(X) = X%+ 20X + 16; (c) F(X)=X° - X +1.
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10

Cyclotomic extensions

This chapter can be considered as an illustration of the general theory of Galois extensions
in a special case, which plays a central role in number theory. If € € C is a primitive n—th
root of 1, that is, e” = 1 and ¥ # 1, when 0 < k < n (for example, £ = e%)7 then the field
Q(e) is called the n-th cyclotomic field.

T.10.1 (a) The degree [Q(e) : Q] = ¢(n), where ¢ is a primitive n-th root of unity and ¢ is
the Euler function.

(b) Each automorphism o in the Galois group G(Q(e)/Q) is given by ok(e) = &, where
k € {1,...,n} and ged(k,n) = 1. The mapping o — k (mod n) gives an isomorphism

G(Q(e)/Q) = (Z/nZ)".

The cyclotomic fields can be defined over arbitrary fields K. If n a positive integer, we denote
by C,(K) the splitting field of the polynomial X™ — 1 over K and by G,,(K) the group of
all n—th roots of 1 in C,(K), that is, the group of all solutions in C, (K) of the equation
X" —1=0. We call C,(K) the n—th cyclotomic field over K. If K has characteristic p
dividing n, then X" — 1 = (X% — 1)P, so the splitting field of X™ — 1 is the same as the
splitting field of X 5 —1,s0 investigating the cyclotomic fields over K, we can assume that
the characteristic of K does not divide n. We always assume this in the exercises below.
A consequence of this assumption is that the equation X™ — 1 has n different zeros (its
derivative nX" ! is relatively prime to it — see T.5.3). Thus the group G, (K) has order
n and is cyclic (see Ex. 5.7). The primitive n—th roots of 1 over K are the generators of
the group G,(K). If ¢ is one of them, then all others are given by &/, where 0 < j < n
and ged(j,n) =1 (see A.2.2). Thus the number of such generators is the value of the Euler
function ¢(n) (see p. 256). The n—th cyclotomic polynomial over K is the polynomial

0<k<n,
ged(k,n)=1

If K =Q, then &, x(X) is usually denoted by &,,(X).



T.10.2 Let K be a field whose characteristic does not divide n.
(a) We have:

X" 1=[[Pax(X) and &, x(X)=][(x*- 1)@,
dln dln
where p denotes the Mobius function (see Ex. 5.6).

(b) The cyclotomic polynomials ., i (x) are monic and their coefficients are integer multiples
of the unity of K.

(¢) All irreducible factors of @, i (x) are of the same degree.

(d) If K = Q, then ,,(X) = @, 0(x) is irreducible over Q.

EXERCISES 10

10.1. Find the cyclotomic polynomials @, (X) for n =1,2,...,10.

10.2. The kernel r(n) of an integer n > 1 is the product of all different prime numbers
dividing n. Show the following:

(a) @p(X) = XP~'1 4+ .-+ X + 1, where p is a prime,

(b) B (X) = @) (X7 ) when n > 1,

(€) Ppn(X) = P, (XP)/P,,(X), where p is a prime not dividing n,

Explain how to use (a), (b), (c) in order to compute the cyclotomic polynomials @, (X).
Compute Pop(X) and P195(X).

10.3. Show the following identities:

(a) @, (X) = ®p(X*), where k is any divisor of n such that r(k) = r(n) (see the definition
of r(k) in Ex. 10.2).

(b) If 7, s are relatively prime positive integers,then

@ o(X) = [ (@ (X))@
d|r

10.4. Show that @g,,(X) = &,,,(—X), when m > 1 is an odd integer.

10.5. Let m,n be to relatively prime positive integers.

(a) Show that Q(emn) = Q(em)Q(en) and Q(e,,) NQ(en) = Q.
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(b) Show that &,,(X) is irreducible over Q(&, ).

(c) What can be said about Q(e,,)Q(gy,) and Q(e,,) N Q(ey,) when m, n are not necessarily
relatively prime?

10.6. Find 7 such that Q(n) is the maximal real subfield of the n—th cyclotomic field Q(e,,)
(n > 2) and motivate that [Q(e,) : Q(n)] = 2.

10.7. Let K = Q(ep,) be p—th cyclotomic field, where p is a prime number. According to
T.10.1, the group G(K/Q) is isomorphic to (Z/pZ)*.

(a) Show that the group (Z/pZ)* is cyclic (of order p — 1).

(b) Show that for each divisor d of p — 1 there exists exactly one M C K such that [M :
Q] =d.

(c) Let 0 € G(K/Q) = (Z/pZ)* generate this Galois group and let o(e,) = €3, where g

generates the cyclic group (Z/pZ)*. Show that if d is a divisor of p—1 and p— 1 = dm, then
Gq = {0% 0™,...,0(@=U™) is the (unique) subgroup of G(K/Q) of order d and K% =
Q(84), where

Ou=cep+0"(ep) + -+ 07" (ey)

Remark. The elements 6, for d dividing p — 1 are called Gaussian periods.

10.8. Find all quadratic subfields (that is, K with [K : Q] = 2) in the following cyclotomic
fields:

(a) Qes); (b)) Qles);  (¢) Qer).

10.9. Using Gaussian periods (see Ex. 10.6) find the description of all subfields of the cy-
clotomic fields K = Q(e,) for
(a)p=5 ()p=7 (c)p=1T.

In each case, find explicitly the corresponding Gaussian periods.

10.10. Let p > 2 be a prime. Show that the only quadratic subfield M of K = Q(e,) is
M =Q(y/p) if p=1 (mod 4) and M = Q(\/—p) if p =3 (mod 4).

Remark. This result can be obtained using (quadratic) Gauss sums (see [L], Chap.VI, §3).
The result shows that quadratic fields Q(y/£p) are subfields of cyclotomic fields. This is true
for all quadratic fields, and in still more generality, for all finite abelian Galois extension
of Q. In fact, the Kronecker-Weber theorem says that every finite abelian extension of the
rational numbers Q is a subfield of a cyclotomic field (see [XXX]).

10.11. Find and factorize the cyclotomic polynomials:
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(al) @7, (X); (a2) Pigr, (X); (a3) Pag ., (X).

(b) Show that the orders of irreducible factors of @, r,(X) are equal to the order of p in the
group ZZ if pf n.

10.12. (a) Let d,n be positive integers and d | n. Show that if a prime p divides $4(z) and
@, (x) for an integer x, then p | n;

(b) Show that if a prime p divides ®,,(x) for an integer x, then p | n or p =1 (mod n);
(c) Show that ¢1(0) = —1 and &, (0) =1 when n > 1;
(
(

d) Let n be a positive integer. Show that there exists infinitely many primes p with p =1
mod n).

Remark. This is a special case of the famous Dirichlet’s theorem about primes in
arithmetic progressions, which says that in any arithmetical progression ak + b, where
a, b are relatively prime integers and k& = 1,2, ..., there are infinitely prime numbers. The
last part of this exercise says that there exists infinitely many primes in the progression
nk + 1 (a = n,b = 1). For a proof of the Dirichlet’s theorem in its general version see
[SCoursArith].

10.13. (a) Prove that for any finite abelian group there is a positive integer n and a surjective
homomorphism ¢ : (Z/nZ)* — G.

(b) Show that every finite abelian group G is a Galois group G(K/Q) for a number field K.
See the Remark after Ex. 9.15.

10.14. (a) Let L be a splitting field of a polynomial X™ — a (a € K,a # 0) over a field K
whose characteristic does not divide n (see Ex. 5.10). Show that the Galois group G(L/K)
contains a normal subgroup H isomorphic to a subgroup of Z,, such that the quotient G/H
is isomorphic to a subgroup of Z;. What is the maximal possible order of G(L/K)?

(b) Show that the Galois group G(L/K) in (a) is isomorphic to a subgroup of the group of
8 11) , where a € Z}, b € Z,, (a subgroup of the group GLy(Z,,) of all invertible
(2 x 2)-matrices over the ring Z,).

matrices (

(c) Give a description of the Galois groups over Q of the irreducible binomials X? — a, where
a € Q and p is a prime number.

(d) Give a description of the Galois group over C(X) of the binomial T" — X.

27

10.15. Let g, = e™* for k=1,2,....
(a) Show that the group of all roots of 1 in K = Q(g,,,) is €¥,, k =1,...,m when m is even
or iafn, k=1,...,m when m is odd.

(b) Show that Q(ey,) = Q(gy), where n > m, if and only if m = n or n = 2m and m is odd.

(c) Show that Q(e,,) € Q(e,,) if and only if m | n or m is even, n is odd and F | n.
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10.16. Find the orders of the Galois groups of the following binomials over the field Q:

(a) X*+1; (b) X% —3; (c) X6 +3; (d) X6 —3;
(e) X6 +4; (f) X8 +1; (g) X8 +2; (h) X8 —2.

USING COMPUTERS 10

It is not difficult to compute the cyclotomic polynomials over the rational numbers, but in
Maple, we get &), (X)) using the command >cyclotomic(n,x) preceded by the command
>with(numtheory), which loads several commands related to number theory. Below, we
suggest some numerical experiments.

10.17. Look at the coefficients of the cyclotomic polynomials @, o(X) and find the first n
for which there is a coefficient of >cyclotomic(n,x) whose absolute value is bigger than 1.
What could be an explanation that such a coefficient finally appears?

10.18. (a) Study the orders of the Galois groups of irreducible binomials X — a for some
set of integer values of a. What is the size of this group for all possible values of a?

(b) Do the same for binomials X” — a, X8 —a and X° — a.
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Galois modules

If G is an arbitrary group and A an abelian group, then A is called a G-module if to every
a € A and o € G corresponds an element o(a) € A in such a way that o(a+b) = o(a)+o(b),
(c0’)(a) = o(0’(a)) and e(a) = a (a,b € A, 0,0’ € G, e is the unity in G). If K C L is a
Galois extension with G = G(L/K), then both L™ and L* can be considered as G-modules,
where the action G is given by (o,z) — o(z) for 0 € G and x € LT or z € L*. These two G-
modules play a very important role in many applications of Galois theory in algebra, number
theory and algebraic geometry. For the general terminology concerning G-modules and more
examples see A.7 (in particular A.7.4). In particular, we explain there the notion of the
group ring K[G] of a finite group G = {01 = 1,09,...,0,} over a field (or a commutative
ring) K, whose elements are sums a101 + a202 + - - - + a, 05, where a; € K. Any G-module
A can be considered as a module over this ring and conversely (for details see A.7.4).

In this chapter, we gather some results on field extensions, which are concerned with
G(L/K)-module structures related to L. The first is the normal basis theorem, which ex-
plains the structure of L™ as a Galois module. Hilbert’s Theorem 90 (which has number
90 in Hilbert’s treatise on algebraic number theory published in 1895) gives an informa-
tion about the multiplicative group of L considered as a module over G(L/K). Hilbert’s
theorem and the closely connected to it so called Noether’s equations showed the way
to the general definitions of the cohomology groups and found a natural place in their
context. We apply Hilbert’s Theorem 90 (or rather a consequence of it) to abelian Kummer
theory concerned with important class of Galois extensions whose elementary description
follows a pattern, which is typical in much deeper Class Field Theory — a fundamental part
of algebraic number theory of abelian Galois extensions.

T.11.1 Let K C L be a Galois extension and G(L/K) = {01 = 1,09,...,0,} its Galois
group. Then the following properties of the extension K C L hold and are equivalent:

(a) There exists a € L such that o1(a),02(a),...,on(a) is a basis of L over K.

(b) LT is a cyclic K|G]—module, that is, there is o € L such that LT = K[G|a for some
acL.



Any basis o1(a) = a,03(a),...,0n(c) of L over K is called normal. Also an element «
defining such a basis as well as its minimal polynomial are called normal!. Thus the last
theorem says that every finite Galois extension has a normal basis.

T.11.2 Hilbert’s Theorem 90. Let L O K be a cyclic extension of degree n and let o be
a generator of the Galois group G = G(L/K). If a € L, then

(a) Nrg(a) = 1 if and only there is 8 € L such that « = %

(b) Trg (o) = 0 if and only if there is § € L such that a = 8 — o(3).

One of the applications of Hilbert’s Theorem 90 (in the multiplicative version (a)) is a
possibility to describe cyclic extensions over a field which contains sufficiently many roots
of unity:

T.11.3 Let K be a field containing n different n-th roots of unity. If L is a cyclic extension
of K of degree n, then there exists a € L such that L = K(a) and o™ € K.

For the case of characteristic of K dividing the degree of a cyclic extension see Ex. 11.8.

Remark 11.1 The last result T.11.3 is often called Lagrange’s theorem. It was proved by
Lagrange about one century earlier than Hilbert’s Theorem 90. It is possible to use Hilbert’s
result in its proof, which gives a simplification of the argument, so Lagrange’s theorem is
often considered as an application of Hilbert’s Theorem 90. The simplification is obtained
when one notes that Nr(e) = e® = 1, so that there exists o € L such that ¢ = (a7 by
T.11.2 (a). However, it is useful to define « explicitly for practical reasons (even if this
could be deduced from the proof of Hilbert’s Theorem 90) - see Ex. 11.6.

Remark 11.2 Hilbert’s theorem 90 is a specialization to cyclic groups of a more general
result on cohomology groups. If G is a group and A is a G—module, then the first
cohomology group H!(G, A) is the group of functions (with respect to the usual addition
of functions) f : G — A such that f(oco’) = f(o) + o(f(0’)) called 1-cycles modulo
1-boundaries, which are 1-cocyles of the form: f(o) = a — o(a) for some a € A. In
multiplicative notations, the 1-cocyles are f : G — A such that f(oo’) = f(o)o(f(o’)) and
the 1-boundaries f(o) = 7(ay for some a € A.

If we write f(o) = a,, then we recognize that in the proofs of T.11.2, we considered 1-
cocycles f : G — K* (T.11.2 (a)) and f : G — K* (T.11.2(b)) with suitable choices
of . The conditions defining 1-cocyle ayor = ay0(ay,) are often called Noether’s equa-
tions and Hilbert’s Theorem 90 can be considered as a statement about solutions of these
equations.

Using the notion of the first cohomology group, the statements of Hilbert’s Theorem 90 are
simply the claims that H'(G, K*) = 1 and H*(G, KT) = 1 (every 1-cocyle is 1-coboundary).

! This creates a conflict with the historically older use of the notion normal polynomial, which we
introduced in Ex. 7.9. Usually it is possible to easily recognize which notion is discussed.
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In fact, the same arguments as those given in the proof of T.11.2 show that for any finite
automorphism group G of K these two groups are trivial. The cohomology groups H"(G, A)
are defined in a natural way for all integer n and the groups H"(G, K*) =1 for all n > 0,
while H"(G, K*) are very interesting groups related to the field K.

As an illustration and application of some of the results in this chapter, we shall consider a
class of field extensions which are splitting fields of arbitrary families of binomials X™ — a
where a € K and m is fixed. We exclude the case a = 1, that is, the case of cyclotomic fields,
considered in chapter 10 assuming that the field K contains m different m-th roots of 1.
This theory is known as (abelian) Kummer theory. Notice that the condition concerning
roots of 1 simply says that the ground field K has characteristic 0 or its characteristic is
relatively prime to m (see Ex. 5.10 (b)).

The exponent of any group G is the least positive integer m such that ¢ = 1 for all
o € (. A Galois extension K C L is called of exponent m if the exponent of its Galois group
divides m. A Galois extension K C L of exponent m is called a Kummer extension if it is
abelian (that is, its Galois group is abelian) and the field K contains m different m-th roots
of 1. The simplest example is a splitting field of a polynomial X™ — a over such a field K. It
is L = K(«), where « is any fixed zero of this polynomial (see Ex. 5.10). The Galois group
G(L/K) is abelian and 0™ = 1 for every automorphism ¢ € G(L/K) (see Ex. 9.20). A zero
a of X™ — a will be denoted by %/a. Even if this symbol may denote any of the m different
zeros na, where 1 is m-th root of 1, the field K( %/a) is uniquely defined, since the factor n
belongs to K. We denote by K*™ the subgroup of the multiplicative group K* = K \ {0}
consisting of all m—th powers of nonzero elements in K.

The fundamental facts about Kummer extensions of exponent m are contained in the fol-
lowing theorem:

T.11.4 Let K be a field containing m different m-th roots of 1.

(a) If K C L is a Kummer extension of exponent m, then every subextension of fields
M C N, where K C M C N C L is also a Kummer extension.

(b) All Kummer extensions of K of exponent m are exactly the splitting fields of sets of
binomial polynomials X™ — a for some a € K. In particular, all finite Kummer extensions
of K are L = K(%/ay,..., ¥/a,) for some elements ay,...,a, € K.

(¢) There is a one-to-one correspondence between the isomorphism classes of finite Kummer
extensions of K of exponent m and the subgroups A of K* containing K*™ such that the
index [A : K*™] is finite. In this correspondence, to a Kummer extension L of K corresponds
the subgroup A of K* consisting of all a € K such that a = o™ for some o € L, and to a
subgroup A of K* corresponds any splitting field over K of all binomials X™ — a for a € A.
Moreover,

IG(L/K)| = [L: K] =[A: K*™). (11.1)
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EXERCISES 11

11.1. Construct a normal basis for each of the following field extensions:

(a) Q(i) over Q; (¢) Q(e), €5 =1, # 1 over Q;
(b) Q(\/Z \/3) over Q; (d) Fa(y), 73 + 72 + 1 =0 over Fs.

11.2. (a) Show that in a quadratic Galois extension K C L an element o € L is normal if
and only if o ¢ K and Tr(a) # 0 (see (6.1)).

(b) Show that in a cubic Galois extension K C L, where K is a real number field, an element
«a € L is normal if and only if o ¢ K and Tr(a) # 0. An open question: Can K in general
be replaced by an arbitrary field?

11.3. (a) Let K C L be a Galois extension and let « € L be a normal element. Show that
L = K(«), that is, a normal element is field primitive. Is the converse true?

(b) Let K C L be finite fields. Is it true that the group primitive elements (that is, the
generators of the cyclic group L*) are normal? Is the converse true? (see Ex. 8.15).

11.4. (a) Let X,Y, Z be a Pythagorean triple, that is, an integer solution of the equation
X?2 +Y? = Z? with positive and relatively prime X,Y, Z. Consider the complex number
a=2x+yi € Q(i), where x = X/Z and y = Y/Z and notice that Nr(a) = 1 in Q(¢). Use
this observation together with Hilbert’s Theorem 90 in order to find a formula for X,Y, Z.

(b) Find in a similar way a formula for integer solutions of the equation X2 + 2Y? = Z2.

11.5. (a) Let K be a field containing n different n-th roots of 1. Using Kummer theory
(T.11.4) show that if X™ — a, X™ — b are irreducible polynomials in K[X], then K ({/a) =
K (3/b) if and only if there is  such that 0 < 7 < n, ged(r,n) = 1 and ba™" € K*™.

(b) Give a description of all quadratic extensions of the rational numbers Q using (a).

11.6. (a) Motivate that E = Q(1/—3) is the least number field containing the 3rd roots of
1, and show that every cubic Galois extension L of E there is o € E such that L = E(J/«).
Show also that one can always choose o € Z[e], where ¢ = %m’ that is, a = a + be,

a,b eZ.

(b) Show that there is a one-to-one correspondence between cyclic cubic extensions K D Q
and the cyclic cubic extensions L = FK of E such that L O Q is Galois with cyclic Galois
group Zg. Show that two two cyclic cubic extensions K7 and Ky of Q are isomorphic if and
only if the extensions L1 = EK; and L, = EK> are isomorphic over E.

(c) Show that a cubic extension L = E(/«) of E (o € E), is a Galois extension of Q if and
only if Nr(a) = aa € Q*2 or aNr(a) € Q*3. In the first case the Galois group G(L/Q) is
the cyclic group Zg, and in the second, it is the symmetric group S3.
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(d) Motivate that o = f f2, where f € Z[e] satisfies the condition Nr(a) = aa € Q*3 in (c).
Show that Q(v), where v = ¢/a+ /@, is a Galois cubic extension of Q and find the minimal
polynomial of v over Q. Give a few examples of cyclic cubic extensions K D Q.

11.7. (a) Let E = Q(4). Show that for every cyclic quartic Galois extension L of E there
is @ € F such that L = E({/a). Show also that one can always choose a € Z[i], that is,
a=a+biabecZ.

(b) Show that there is a one-to-one correspondence between pairs of cyclic quartic extensions
K D Q, K3 D Q, where K; is a real and K> is non-real, and the cyclic quartic extensions
L =FEK; = EK, of FE such that L D Q is Galois with Galois group Zy x Z4. Show that two
cyclic quartic extensions K7 and K5 of Q are isomorphic if and only if both are real or both
are non-real and the extensions I.; = FK; and Ly = EK5 are isomorphic over E.

(c) Show that a quartic extension L = E(/«) of E (a € E), is a Galois extension of Q if
and only if Nr(a) = aa € Q** or o®Nr(a) € Q**. In the first case the Galois group G(L/Q)
is the group Zs X Z4, and in the second, it is the dihedral group Dy (the symmetry group
of a square).

(d) Motivate that a = ff3g?, where f € Z[i] and g € Q* satisfies the condition Nr(a) =
aa € Q** from (c). Show that Q(v), where v = /a + va, ava = Nr(f)|g], is a cyclic
quartic extension of Q (real if g > 0, non-real if ¢ < 0) and find the minimal polynomial of
~v over Q. Give a few examples of cyclic quartic extensions K D Q.

11.8. Let K be a field of prime characteristic p and let L be a Galois field extension of K
of degree p. Show that L = K («), where « is a zero of a polynomial X? — X — a for some
a € K (compare Ex. 9.24).

Remark. The polynomial X? — X — a over a field K of characteristic p is often called an
Artin-Schreier polynomial, and K C L is called an Artin-Schreier extension. The
description of cyclic Galois extensions of degree p given in the exercise above is called Artin-
Schreier theorem. Such extensions play an important role, for example, in the Kummer
theory and in the study of radical extensions over fields of characteristic p (see Chap. 13 for
characteristic 0). See also Ex. XXX.

11.9. Let K C L be a finite field extension and L an algebraically closed field. Show that
[L:K]=2.

Remark. This is a part of the Artin-Schreier theorem, which says that that not only an
algebraically closed field of finite degree > 1 over its subfield has in fact degree 2, but also
that K must be a real field (that is, —1 is not a sum of squares in K), which is really closed
(that is, there is no bigger real field containing it) and L = K (i), where i = —1. For a proof
of this last part of the Artin-Schreier theorem see [Lang,xxx|. The best known example of
this situation is the extension R C C.
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USING COMPUTERS 11

11.10. Use Ex. 11.6, respectively Ex. 11.7, in order to write Maple procedures, which list
cubic, respectively quartic, polynomials with integer coefficients whose Galois groups are
cyclic of order 3, respectively 4.

62



12

Solvable groups

As a preparation for the next chapter in which we discuss solvability of equations by radicals,
we need som knowledge about solvable groups.

A group G is called solvable if there exists a chain of groups:

G=GyD>G1D...0G, ={e}
such that G;11 is normal in G; and the quotients G;/G; 41 are abelian for i = 0,1,...,n—1.

T.12.1 (a) If G is solvable and H is a subgroup of G, then H is solvable.

(b) If N is a normal subgroup of G and G is solvable, then the quotient group G/N is
solvable.

(¢) If N is a solvable normal subgroup of G such that the quotient group G/N is solvable,
then G is solvable.

We look at several examples of solvable and some non-solvable groups in exercises below.
In particular, we look at solvable and non-solvable subgroups of the permutation groups.
By the permutation group S,,, we mean the group of all bijective functions on a set X with
n elements. Usually, we choose X = {1,2,...,n}, but sometimes other choices are more
suitable. The following result is usually used in the proof that among algebraic equations of
degrees at least 5, there are equations not solvable by radicals:

T.12.2 The symmetric group Sy is not solvable when n > 5.

EXERCISES 12

12.1. Show that the following groups are solvable:



(a) Every abelian group G.

(b) The group G = Ss3 (this group may be considered as the group of all symmetries of an
equilateral triangle — see (c)).

(¢) The group G' = Sy (this group may be considered as the group of all symmetries of a
regular tetrahedron).

(d) The dihedral group D,, of all symmetries of a regular polygon with n sides for n = 3,4, ...
(for definition of D,,, see the Remark after Ex. 12.4).

(e) The group H*(Z) of quaternion units +1, +i, 45, £k, where i2 = j2 = —1,ij = k and
Jji = —ij.

Remark. According to the famous Feit-Thompson Theorem (proved by Walter Feit and
John G. Thompson in 1962 and conjectured by William Burnside in 1911), every finite
group of odd order is solvable. As a rather long exercise, one can prove that every group of
order less than 60 is solvable. The least non-solvable group is the group As (of order 60) of
all even permutations of numbers 1,2, 3,4, 5 (see Ex. 12.2).

12.2. The aim of this exercise is to show that every alternate group A,,, where n > 5 is not
solvable.

(a) Let G be a subgroup of the group A,,, where n > 5 and N a normal subgroup of G such
that G/N is abelian. Show that if G contains every cycle (a, b, ¢), then also N contains every
such cycle.

(b) Deduce from (a) that the group A,, for n > 5 is not solvable.

(c) Why the symmetric groups S,,, n > 5 are not solvable?

12.3. (a) Show that a group G is solvable if and only if there exists a chain of groups:

G=GyD>G1D...0G,={e}
such that G;41 is normal in G; and the quotient group G;/G;+1 is cyclic of prime order for
1=0,1,...,n— 1.

(b) Show that a solvable group whose order is not a prime number contains a nontrivial
normal subgroup (a normal subgroup different from the identity and the whole group).

12.4. Denote by G, the set of all functions ¢, : Z/nZ — Z/nZ, where p,(z) = ax + b,
a,b € Z/nZ, a € (Z/nZ)* and by T,, all translations ¢1 5(x) = z + b.

(a) Motivate that the functions ¢, () are bijections on the set {0, 1,...,n—1} and as such
can be considered as permutations belonging to the group .S, of all permutations of this set
(with n elements).

(b) Show that G,, is a subgroup of S,, of order n¢(n), where ¢(n) is the Euler function.
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(c) Define @ : G, — (Z/nZ)* such that ®(p,) = a. Show that & is a surjective group
homomorphism, whose kernel is 7,. Motivate that G, is solvable.

(d) Let p be a prime number. Show that G, is transitive on the set {0,1,...,p—1} and that
every @q.b € Gn, Pab F $1,0, has at most one fix point x € Z/pZ.

(e) If p is a prime number prove that G, has exactly one subgroup of order p — the subgroup
T, consisting of all translations ¢15, b = 0,1,...,p — 1, which is generated by ¢; ;. Show
that 7, contains all elements of order p in G,.

(f) Show that G,, is isomorphic to the group consisting of the matrices

ab

01)’
where a € (Z/nZ)*, b € Z/nZ with respect to matrix multiplication. Notice that the deter-
minant:

det: G, = (Z/nZ)*

is a surjective group homomorphism (in (b) was denoted by @) and that the kernel of this
homomorphism is the subgroup isomorphic to 7, and consisting of matrices with ¢ = 1.
Check that the group G,, acts on the set of the column vectors [z, 1],z € Z/nZ (that is,
maps by matrix multiplication a vector of this type on a vector of this type again) and,
when n = p is a prime, then every matrix has at most one fix vector [z, 1]t (compare to (e)).

Ramark. The subgroup of G, (n > 2) consisting of matrices with a = +1 is called the
dihedral group (of order 2n). It is often denoted by D,,.

12.5. Let G be a transitive subgroup of the symmetric group .S, on a set X with p elements.
Show that the following conditions are equivalent:

(a) G is solvable;

(b) Each different from identity element of G fixes at most one element of X;

(c) The group G is conjugated to a subgroup of G, containing 7, (for notations see Ex. 12.4).
In order to prove (a)—(c) show the following two facts:

(d) The order of any transitive group G on a set X with p elements is divisible by p.

(e) If H is a subgroup of a transitive group G on a set X with p elements, then H is also

transitive on X or every element of H acts as the identity on X.

12.6. Show that every p—group, that is, a group whose order is a power of a prime, is
solvable.

Remark. A famous result proved by William Burnside in 1904 says that if the order of a
finite group is divisible by at most two prime numbers, then the group is solvable.
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13

Solvability of equations

Throughout this chapter, we assume that all fields have characteristic 0. A field extension
L DO K is called radical if there is a chain of fields

K=K/ CK, C...CK,=1 (13.1)

such that K; = K;_1(«;), where o* € K;_1 and r; are positive integers fori =1,...,n— 1.
We say that an equation f(X) =0, f € K[X]is solvable by radicals over K if the splitting
field K; of f(X) over K is contained in a radical extension L DO K. In general, we say that
an extension K C L is solvable (by radicals) if L is a subfield of a radical extension of K
(so f(X) = 0 is solvable by radicals over K says that K is a solvable extension of K). We
say that an equation f(X) =0, f € K[X], where K is a subfield of the real numbers R, is
solvable by real radicals if the splitting field of f(X) over K is contained in a radical
extension L D K such that L C R.

T.13.1 An equation f(X) =0, f € K[X] is solvable by radicals if and only if the Galois
group of f over K is solvable.

The general equation of degree n over K is
FXO) =X = X)) = X" = s; X" 4 5, X" 2 4+ (=1)"s, = 0,
i=1
where s; are the elementary symmetric functions of X1, Xs,..., X, thatis, s = > X;, s9 =
ZXin7. ey Sp = X1X2 .. Xn

T.13.2 The Galois group over K(s1,$2,...,8,) of the general equation f(X) = 0 of n-th
degree is Sy, so f(X) =0 is not solvable by radicals when n > 5.

This result is a consequence of T.13.1 taking into account that the symmetric groups S,, are
not solvable for n > 5. It is not difficult to construct rational polynomials f(X) of degree



5 having the symmetric group S5 as its Galois group. According to the same result, the
equations f(X) = 0 are not solvable by radicals (see several exercises below).

Another famous result is concerned with a surprising phenomenon related to irreducible
(rational) cubic polynomials (and also, polynomials of higher degrees) — even if such a
polynomial has real coefficients and 3 real zeros, the formulae expressing these zeros (like
Cardano’s formulae (1.5) in Chapter 1) can not contain only real radicals. This follows from
the following fact:

T.13.3 (Casus irredicibilis) Let f(X) be an irreducible polynomial having 3 real zeros
and coefficients in a real number field K. Then f(X) is not solvable by real radicals over the
field K.

EXERCISES 13

13.1. Show that L D Q is a radical extensions when:

() L=Q(V1+V3); (b)) L=Q(V1-v5/V2+V3).

13.2. Argue that the following equations are solvable by radicals over Q (without solving
these equations):

(a) X4 —4X2-21=0; (b) X6 —2X3-2=0.

13.3. Show that in the definition of an equation solvable by radicals, we can always assume
that in the chain (13.1) the degrees r; of the consecutive extensions K; 1 C K, are prime
numbers.

13.4. Let p be a prime number and K a real number field.

(a) Prove Weber’s theorem: If f € K[X] is an irreducible polynomial of degree p with p — 2
real and 2 complex non-real zeros, then its Galois group is S,.

(b) Show that the equation X® —p?X —p = 0, p a prime number, is not solvable by radicals
over Q.

(c) Show that the polynomial f(X) = (X2 4+4)(X —2)(X —4)--- (X —2(p—2)) + 2 is
irreducible and has exactly p — 2 real zeros (hence its Galois group is S, according to (a)).

13.5. For every n > 5 give an example of a polynomial equation f(X) = 0 over Q whose
degree is n and which is not solvable by radicals.

13.6. The aim of this exercise is a direct proof (using only the definition of solvability by
radicals, but without Galois theory and the relation between solvable equations and solvable
groups) that any polynomial equation f(X) = 0, where f(X) € Q[X] is irreducible and has
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3 real and 2 non-real (conjugated) complex roots is not solvable by radicals over Q. Let
f(X) be such a polynomial and assume that there is a chain of fields

Q=KiCK,C...CK,=1L

such that K; = K;_1(o;), where o € K;_1, the exponents r; are prime numbers (see Ex.
13.3) for i = 1,...,n — 1 and the splitting field of f(X) over Q is contained in L. Of course,
the polynomial f(X) has a factorization over K,, = L. Choose the least ¢ < n such that
f(X) is irreducible in K;_; but reducible in K;. In the exercise, we want to show that this
is impossible, that is, f(X) must be still irreducible over K;. This contradiction shows that
f(X) =0 can not be solvable by radicals.

(a) Using Nagell’s Lemma (see Ex. 4.2) show that [K; : K;_1] = 5, where K; = K;_1(a;),
o = a; € K;_1.

P =

(b) Show that f(X) is irreducible over Kj.

13.7. Motivate that every equation f(X) = 0 of degree deg(f) < 4, where f € K[X], is
solvable by radicals.

13.8. Show that the equation f(X) = 0 is solvable in radicals over K if and only if the
equation f(X™) = 0 is solvable by radicals over K (n > 1 a natural number).

13.9. Prove Galois’ theorem: An irreducible polynomial equation of prime degree p over a
number field is solvable by radicals if and only if its splitting field is generated by any two
of its zeros.

(a) Let f(X) be a polynomial of degree p over a number field K and let L be its splitting
field over K. Show that L is generated by two of the zeros of f(X) if and only if each
non-trivial automorphism in G(L/K) has at most one fixed point as a permutation of the
zeros of f(X). Motivate that the group G(L/K) is transitive (see Ex. 6.2).

(b) Prove Galois’ theorem considering G(L/K) as a subgroup of S, (see p. 30) and using
Ex. 12.5.

13.10. Let f(X) € K[X] be an irreducible polynomial of prime degree p > 2 over a real
number field K (that is, K C R). Using Galois’ Theorem (see Ex. 13.9) show that if the
equation f(X) = 0 is solvable by radicals, then f(X) has exactly one or p real zeros. Notice
that this result gives an alternative solution of Ex. 13.4.

13.11. Let f(X) be an irreducible polynomial of degree 5 over the rational numbers and
A(f) its discriminant (see p. 258).

(

a)
(b) Show that there are both solvable and unsolvable equations f(X) = 0 over K with
A(f) > 0.

Show that if A(f) < 0, then the equation f(X) = 0 is not solvable by radicals.
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13.12. Show that the general cubic equation f(X) = X3 — 51X%2 4 59X — s3 = 0 over
the field K = Q(g, 51, s2,53), where € = 1, # 1, is solvable by radicals constructing a
suitable chain of fields (13.1) between Kg = K and L = K (X1, X2, X2) (s1 = X1+ X0+ X3,
so = X1 X5 + XoXs + X3X1, 55 = X1 X0X3).

13.13. Show that if an equation f(X) = 0, f € K[X], where K is a subfield of the real
numbers R, is solvable by real radicals, then the degree of its splitting field L C R over K
is a power of 2.

13.14. Show that the field of complex numbers is algebraically closed in the following steps:
(a) If K is a Galois extension of R and the degree [K : R] is odd, then K = R.

(b) If K is a quadratic extension of R, then K = C, while there are no quadratic extensions
of the field C.

(¢) If K is a Galois extension of C (a splitting field of an irreducible polynomial over C),
then there is a field containing it, which is a Galois extension over R. Using (a) and (b) show
that this field containing K is equal C (so K = C).
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14

Geometric constructions

Let X be an arbitrary set of points in the plane containing (0,0) and (1,0).

e A line is defined by X if it goes through two points belonging to X.

e A circle is defined by X if its center belongs to X and its radius equals to the distance
between two points belonging to X.

We say that a point P = (a, b) can be directly constructed from X by using a straightedge
and a compass (a straightedge-and-compass or ruler-and-compass construction) if P is an
intersection point of two lines or two circles or a line with a circle, which are defined by X.
Let X7 be the set of all points in the plane, which can be directly constructed from X = X,
X5 the set of all points which can be directly constructed from X7, X3 the set of all points
which can be directly constructed from X5 ans so on. We say that a point P = (a,b) can be
constructed from X by a straightedge-and-compass construction if P € X* = [J2, X;
(that is, P € X; for some i > 0). We say shortly that X* is the set of points constructible
from X.

One also defines real numbers constructible from X as such r € R that |r| = the distance
between two points constructible from X.

Very often one takes X = {(0,0), (1,0)}. Those numbers which can be constructed from X =
{(0,0),(1,0)} will be denoted by K. The least number field which contains the coordinates of
(0,0) and (1,0) is of course Q. The constructible lines through (0,0), (1,0) and (0,0), (0,1)
(it is easy to see that the point (0,1) is constructible from (0,0) and (1,0)) are, as usual,
called the axis.

T.14.1 Let K be the least subfield to R which contains the coordinates of all points belonging
to a given set of points X in the plane. A point P = (a,b) can be constructed from X by a
straightedge-and-compass construction if and only if there is a chain of fields:

K=KyCKyC...CK,=LCR (*)



such that a,b € L and [K;y1 : K;] = 2 fori = 0,1,...,n — 1. In particular, the set of
numbers which are constructible from X (like K when X = {(0,0),(1,0)}) is a field.

In practise, one uses this theorem when one wants to show that a point P = (a,b) is not
constructible — one shows that [K(a,b) : K] is not a power of 2. If one wants to show that
a point can be constructed one uses often the following theorem:

T.14.2 Let K be the least subfield of R which contains the coordinates of all points be-
longing to a point set X in the plane R%. A point P = (a,b) can be constructed from X
by a straightedge-and-compass construction if and only if one of the following equivalent
conditions hold:

(a) There exists a Galois extension L O K such that a,b € L and [L : K] is a power of 2.
(b) There exists a Galois extension L O K such that a +bi € L and [L : K] is a power of 2.

In the following exercises, the terms “to construct” or “can be constructed” should be
understood as constructed by using a straightedge and a compass. We always start from a
set X, which contains (0,0) and (1, 0).

EXERCISES 14

14.1. Show that the following geometric constructions are impossible:

(a) to construct a cube of volume 2 when a cube of volume 1 is given, that is, to construct
a segment of length /2 when a segment of length 1 is given (“doubling of a cube”);

(b) to construct the angle 20° when the angle 60° is given (“trisection of an angle”);
(c) to construct a square of area m when a disk of area m (that is, of radius 1) is given

(“squaring of a circle”).

14.2. Let X be a set of points in the plane. Prove that P = (a,b) can be constructed from
X if and only if its coordinates can be constructed from X.

14.3. (a) Is it possible to construct a disk whose area is equal to the sum of the areas of two
given disks?

(b) Is it possible to construct a sphere whose volume is equal to the sum of the volumes of
two given spheres?

14.4. Is it possible to construct a square whose area is equal to the area of a given triangle?

14.5. Is it possible to construct a cube whose volume is equal to the volume of a regular
tetrahedron whose sides are equal to 17
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14.6. Prove the following theorem of Gauss: A regular polygon with n sides is con-
structible (by straightedge-and-compass construction) when a segment of length 1 is given
ifand only if n =2", 7 > 2 o0r n =2"p1py...ps, v > 0, s > 1 and p; are different Fermat
primes (p is a Fermat prime when p = 22 41, ¢ > 0):

(a) If k|n and a regular polygon with n sides is constructible, then a regular polygon with
k sides is constructible;

(b) If n = kl, where k and [ are relatively prime, then a regular polygon with n sides is
constructible if and only if regular polygons with k sides and [ sides are constructible;

(¢) If n=2", r > 2, then a regular polygon with n sides is constructible;

(d) If n = p?, where p is an odd prime, then a regular polygon with n sides is not con-
structible;

(e) If n = p, where p is an odd prime, then a regular polygon with n sides is constructible
if and only if p is a Fermat prime.

14.7. Construct a regular polygon with n sides when (0,0) and (1,0) are given if
(a) n=5; (b) n = 15; (c) n = 20.

14.8. Which of the following angles « can be constructed when (0,0) and (1,0) are given:
(a) a =1° (b) a = 3°%; (c) a=5°.

14.9. Give an example of an angle « which is not constructible when (0,0) and (1,0) are
given, but which can be trisected when this angle is given (an angle is given if three different
points (0,0), (1,0) and (a,b) are given defining the rays from (0, 0) through (1,0) and (a, b)).
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15

Computing Galois groups

In earlier chapters, we had several opportunities of finding Galois groups of specific poly-
nomials. In general, computing the Galois group of a given polynomial over a given field is
numerically complicated when the degree of the polynomial is already modestly high. For
polynomials of (very) low degrees it is possible to specify some numerical invariants, which
tell us about the isomorphism type of the Galois group depending on the values of these
invariants. For arbitrary polynomials there is a variety of numerical methods, which for not
too high degrees make the computational task possible to implement in more or less effective
way. There are several computer packages in which Galois groups of irreducible polynomials
up to varying degrees can be computed, notably, Maple, GP /Pari, Sage and Magma.

Let K be a field and F(Xy,...,X,) € K(Xi,...,X,) a rational function in n vari-
ables Xi,...,X,. The symmetric group S, acts as an automorphism group of the field
K(Xy,...,X,) when for o € S,:

O'F(Xl,...,Xn) = F(Xa(l)w--;Xa(n))

and o is a permutation of {1,...,n}. Let G be a subgroup of S,,. We denote by Gr the
stabilizer of F' in G, that is, Gp ={oc € G| oF = F}.

T.15.1 (a) Let G be a subgroup of S,. Then for every subgroup H of G there exists a
polynomial F € K[X1,...,X,] such that H = Gp.

(b) Let G = 01Gp U---U0,,GF be the presentation of G as a union of different left cosets
with respect to Ggp. Then o;F(Xy,...,X,) fori =1,...,m are all different images of F
under the permutations belonging to G.

Let f(X) € K[X] be a polynomial of degree n and L = Ky = K(a,...,a,) its splitting
field over K, where «; are all the zeros of f(X) in L taken in an arbitrarily fixed order.
Assume that Gal(Ky/K) C G, where the Galos group of f(X) over K is considered as a
group of permutations of {1,...,n} in the usual way: o(a;) = a,(;) (this means that we use
the same symbol o to denote the permutation o € Gal(K;/K) of the zeros of f(X) in Ky



and the corresponding permutation on the set of the indices of these zeros). From now on,
we assume that F(Xy,...,X,,) is a polynomial.

By a general polynomial with respect to a subgroup G C S, and F(Xy,...,X,) €
K[Xy,...,X,], we mean the polynomial:

ra.r(T) =[[(T = (0:F)(X1,..., X0)), (15.1)
i=1
where the product is over a set 0;, 7 = 1,...,m, of representants of all left cosets of Gz in G.

Of course, o; F does not depend on the choice of a representant of 0;G g, since o;7F = o; F,
when 7 € Gp. We usually omit G in rg r € K[X1,...,Xp,T], when G = S,,. If G = S, and
F(X1,...,X,) = Xy, then r¢ p(T) is the general polynomial of degree n as defined on p.
67.

Let f(X) € K[X] be a polynomial with the zeros a1, ..., a, in a field extension of K. By a
resolvent polynomial of f(X) with respect to a subgroup G C S,, and F(X;,...,X,) €
K[X4,...,X,], we mean the polynomial

m

ra.r(A(T) =[[(T = (6:F)(ay,. .., an)). (15.2)

=1

The values (0;F)(a1,...,a,)) are obtained by a homomorphism of K[Xj,...,X,] onto
Klag,...,ay) sending X; onto «;. Notice that these values need not be different. They
generate over K a subfield of Ky, which plays an important role in studies of the Galois
group Gal(Ky/K), in particular, through the following result:

T.15.2 Let f(X) € K[X], F(Xa,...,X,) € K[Xq,...,X,] and assume that Gal(K;/K) C
G, where G is a subgroup of Sy. Then:

(a) The resolvent polynomial ra r(f) has its coefficients in K ;

(b) If all the zeros of rq r(f) are different, then Gal(K;/K) is conjugated in G to a subgroup
of G if and only if at least one of the zeros of rg p(f) belongs to K.

Even if the assumptions above are not satisfied, the splitting field of the resolvent rg r(f) in
K¢ and the degrees of irreducible factors of the resolvent very often give information about
the Galois group Gal(K;/K) (see the exercises below).

Remark 15.1 If in T.15.2, we have K = Q, F(Xq,...,X,) € Z[X1,...,X,] and f(X) €
Z[X] has the highest coefficient 1, then r¢ ¢ (f)(T) is a polynomial with integer coefficients.
A proof of this property can be given in broader context of integers in arbitrary (number)
fields but, unfortunately, we can not present it here (troszke rozwinac, czy potrzebne?).

There exists a general algorithmic procedure for finding the isomorphism type of the Galois
group Gal(K;/K), which uses T.15.2 and was already known to Galois. Unfortunately,
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the value of this procedure for practical computations is rather limited. We describe it for
two reasons. First of all, it shows that the Galois group of any polynomial can be found
if the zeros of it are known (over number fields, it is often sufficient to know the zeros
with appropriate precision). On the other hand, we will use it in the proof of Dedekind’s
Theorem (T.15.4), which gives a very good method for computing of Galois groups in many
situations.

Consider a field k and let K = k(Y1,...,Y,,) be the field of rational functions of ¥;. In the
field K(X1,...,X,) of rational functions of X; take the polynomial

F(X1,..., X)) = X1Y1 + -+ X,V

Let f(X) € k[X] and let ky = E(aq,..., o) be a splitting field of f(X) over k. Then
Ky =k(Y1,...,Y,) is a splitting field of f(X) € K[X] over K and Gal(K;/K) = Gal(ky/k)
(see Ex. 15.9). In the notations of T.15.2, choose G = S,,. It is clear that Gp C S,
consists of only the identity permutation. The resolvent of f(X) with respect to G = S,
and F'(X4,...,X,) is:

re,r(f)(T) = H (T — (oY1 + - + Q) Yn))

O'ESn
This polynomial has degree n! and is a product of irreducible polynomials r; (7', Y7, ...,Y,)
in k[T, Y7,...,Y,]:
re.r()(T)=r(T.Y1,...,Y) -1 (T,Y1,...,Yn). (15.3)

The polynomials r; are called Galois resolvents of f(X). We will assume that r; is the
polynomial having 0 = a1Y; + - -+ + o, Y, as its zero.

T.15.3 The Galois group Gal(ks/k) is isomorphic to any group Gy, of those permuta-
tions of Y1,...,Y, which map r;(X,Y1,...,Y,) onto itself for i = 1,...,t. Moreover, all
ri(T,Y1,...,Y,) have the same degree [ky : k| with respect to T and they have a common
splitting field K¢ = k§(Y1,...,Y,) over K = k(Y1,...,Y,).

Another, often very effective technique for description of the Galois groups of polynomials, in
particular, over number fields, uses a result proved by Dedekind. This is also a very general
method, but in the case of number fields there is usually a lot of arithmetical information,
which can be used in order to determine the Galois groups. Therefore, we formulate a special
case of Dedekind’s theorem in the case of the integers Z.

Let ¢ : R — R* be a ring homomorphism mapping an integral domain R into an integral
domain R*. Let K and K* be fields of quotients of R and R*, respectively. Let f € R[X]
be separable (that is, without multiple zeros). Denote by f* the image of f under the
homomorphism extending ¢ to R[X] by applying ¢ to the coefficients of the polynomials
in R[X]. Such an extension is sometimes called reduction modulo ¢, since the simplest
example is the homomorphism ¢ : Z — ), of reduction modulo a prime p.
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T.15.4 (Dedekind) (a) Let f € R[X] be a separable monic polynomial and assume that
its image f* € R*[X] is also separable and deg(f) = deg(f*) = n. Then the Galois group of
f* over K* has an embedding into the Galois group of f over K.

(b) Let in (a), R=1Z, R* =F, and let ¢ : Z — T, be the reduction modulo a prime number
p. If f € Z[X] and

fr=0r 0%

where f7 are irreducible over F,, then Gal(Qs/Q) considered as a permutation subgroup of
Sy contains a permutation which is a product of cycles of length deg(f;*) fori=1,... k.

Usual proofs of the first part of this theorem use the relation between Galois groups and the
Galois resolvents of f and f*. Even if it is possible to give a proof relying on the properties
of rings, we choose the ”old fashioned” proof using Galois’ resolvents (see T.15.3). A proof
in the modern language can be found in [L], Chap.VII, §2.

EXERCISES 15

15.1. Consider f(X) = X3 + pX + g € K[X] with zeros a1, az, a3 in some extension of the
field K, where char(K) # 2. Let A = A(f) = (a1 — a2)? (a2 — a3)? (a3 — a1)? = —4p3 — 27¢>
be the discriminant of f(X) (see Ex. 1.3).

(a) Show that K; = K(ay,a2,a3) = K(VA, ;) and if f(X) is irreducible in K[X], then
its Galois group is isomorphic to Cs or S3 depending on VA € K or VA ¢ K.

(b) In the notations of T.15.2, choose G = S3 and F (X1, X2, X3) = (X1 — X2)(Xo —
X3)(X5 — X;). Show that Gp = A3 and rg r(f) = X? — A(f). Assume that f(X) is
irreducible over K and deduce the description of the Galois group of f(X) in (a) from
T.15.2.

15.2. (a) Let K be a field of characteristic different from 2, L = K(X1,...,X,), F(X1,...,X,) =
[Licicjcn(Xi — X;) and G = S,,. Show that r¢,p(T) = T? — F?2 and Gp = A,,.

(b) Let f(X) € K[X] be an irreducible polynomial with zeros a1, . . ., ay, in an extension of K
and A(f) = [[1<;<j<n (i —a;)? its discriminant (see Ex. 9.23). Use (a) and T.15.2 in order

to show that the Galois group Gal(K;/K) is contained in A,, if and only if \/A(f) € K.
15.3. Let f(X) = X* +pX?2 + ¢X + r, where p,q,r € K and char(K) # 2,3. Show that

fX)=X"+pX?+gX +7r = (X?+aX +b)(X?+dX +V) for a,b,a’,b in some field
containing K, if and only if a? is a zero of the polynomial

r(f)(T) = T3 + 2pT? + (p? — 4r)T — ¢*
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Remark. The polynomial r(f)(T) = T2 + 2pT? + (p*> — 4r)T — ¢* is usually called the
resolvent of f(X) = X* + pX? + ¢X + r and, in fact, it is a resolvent in the context of
the general definition of this notion in (15.2) (see Ex. 15.5). This exercise gives a somewhat
different method of solving quartic equations than the method described in Chap. 1 on p.
4: Tt is possible to factorize the polynomial f(X) by solving the cubic equation r(f)(T) = 0
(this gives a, a’,b,b’). The zeros of f(X) are the zeros of the two quadratic factors of f(X).

15.4. Denote by ay, as, a3, ay the zeros of a separable polynomial f(X) = X*+pX2+¢X +r
in its splitting field Ky over K.

(a) Show that the zeros of its resolvent r(f)(T) (see Ex. 15.3) are (a1 +0ay4)?, (a2 +ay4)?, (az+
044)2.
(b) Show that the discriminants of the polynomials f and r(f) are equal (see Ex. 15.2 and

p. 258). In particular, if a quartic polynomial f(X) is separable, then its resolvent r(f)(X)
is also separable.

(c) Show that the splitting field Ky of f can be obtained from the splitting field K, ) of
its resolvent r(f) over K by adjunction of one arbitrary solution of the equation f(X) =0,
that is,

Kf = K(al,ag,ag,a4) = Kr(f)(ozi),
where i =1, 2, 3, 4.

15.5. (a) Let K be a field of characteristic different from 2 and F(X1, X2, X3, X4) = (X1 +
X2)2 + (Xg +X4)2> S K[Xl,X27X37X4]. Show that GF = D4 = ‘QU{(173,2,4), (1,4,2,3),
(1,2), (3,4)}, where V4 = {(1),(1,2)(3,4), (1,3)(2,4), (1,4)(2,3)} if G = Sq and Gp =V,
if G = A4. Motivate that r¢ p(T) is the same for both G =S4 and G = A,.

(b) Let f(X) = X* 4+ pX? + ¢X + 7 and let a1, a9, a3, a4 be the zeros of f(X) in its
splitting field K over K. Motivate that the resolvent defined in Ex. 15.3 equals the resolvent
ra,p(f)(T) =r(f)(T)=T°+2pT% + (p* — 4r)T — ¢*.

Remark. Very often one meets a somewhat simpler choice F(X7, Xa, X3, X4) = X1 X2 +
Xs3X, for which Gp = Dy (when G = S4). The choice of F in the text of the exercise is
adjusted to the “ad hoc” resolvent obtained in a natural way from factorization of a quartic
polynomial as a product of two quadrics in Ex. 15.3. The coefficients of rg r(f) for the
“simpler” choice of F are: rg p(f)(T) = T2 — pT? — 4rT + 4pr — ¢*

15.6. (a) Assume that f(X) = X* 4+ pX? + ¢X + r is irreducible over K. Let

A= A(f) = A(r(f)) = —4p3¢® — 27¢* + 16p*r — 128p?r? + 144pg°r + 25613

be the discriminant of f and r(f) (see Ex 15.4(b)) and § = p? — 4r. Using Ex. 15.4 (with or
without Ex. 15.5) show that
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S4 if [Kr(f) : K] = 6,
A4 if [Kr(f) : K] = 3,

G(Ky/K) = { Dyif [K,(y): K] =2 and f is irreducible over K, y),
Cy if [Ky(p) : K] =2 and f is reducible over K, (4,
V4 if [Kr(f) : K] = 1.

(b) Show that:

Sy when r(f) does not have zeros in K and VA ¢ K,

Ay when 7(f) does not have zeros in K and vA € K,

D4 when r(f) has only one zero 3 € K and /A & K

G(Kr/K)= if 3#0and VoA & K if 3 =0,

Cy when r(f) has only one zero 8 € K and /BA € K
if 3# 0 and VSA € K if 3 =0,

Vi when r(f) has all its zeros in K.

In each case give an example of a polynomial f over Q with the corresponding Galois group.
15.7. Let f(X) = X* + pX? + ¢X + r be reducible in K but without zeros in K. Then

_ [ V4 when r(f) has only one zero in K
GK/K) = {CQ when 7(f) has all its zeros in K

15.8. (a) Show that the resolvent 7(f) of f(X) = X* + pX? + r has always one of the zeros
in K and it has all three zeros in K if and only if v/r € K (K a field of characteristic # 2).
Check also that the discriminant of f(X) (and r(f) — see Ex. 15.4(b)) is

A= A(f) = 16r(p” — 4r)”,

so K(VA) = K(\/r).

(b) Show that if f(X) = X* + pX2 + r is irreducible in K[X], where K is a field of
characteristic different from 2, then

V, if r is a square in K,
G(K¢/K) = { Cy4 if r is not a square in K and r(p* — 4r) is a square in K,
Dy if r and r(p? — 4r) are not squares in K.

15.9. Show that the splitting fields of irreducible trinomials X* + ¢X + r over Q may give
all possible types of Galois groups which appear in Ex. 15.6, that is, Sy, A4, Dy, Cy and Vjy.

15.10. (a) Let K = k(Y1,...,Y,) be the field of rational functions of Y; over a field k. Let

k' be a finite Galois extension of k. Show that K’ = k'(Y1,...,Y,,) is a Galois extension K
and Gal(K'/K) = Gal(k'/k).
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(b) Compute the resolvent rg p(f) in (15.3) when n =2, k =Q and f(X) = X?+pX +¢
has zeros a1, as. When r¢ p(f) is irreducible?

15.11. Using Dedekind’s Theorem T.15.4 show that the Galois groups over Q of the given
polynomials are

(a) S5 for f(X) = X5+ X% +1; (b) S5 for f(X)=X°—-X —1;
(c) As for f(X) = X® + 20X + 16; (d) A for f(X) = X® — 55X + 88,

15.12. (a) Using Dedekind’s Theorem T.15.4 show that for every n the symmetric group
S, is the Galois group of a field extension of Q.

(b) Construct polynomials in Z[X] with Galois groups Sg and Sg.
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16

Supplementary problems

In this chapter, we give

16.1. (a) Consider K = Q(/1 + ¥/2). Show that o = /1 + /2 is a zero of f(X) = X6 —
3X*4+3X2 -3, [K:Q] =6 and K does not contain any quadratic extension of Q.

(b) Let K = Q(+/1+ /3). Show that K does not contain a cubic extension but contains a
quadratic extension of Q.

16.2. (a) Call a number field (that is, a subfield of the complex numbers) normal if it is
normal over the rational numbers. Show that two isomorphic normal subfields of the complex
numbers are equal.

(b) Show that for every n > 2 there exists n isomorphic but different subfields of the complex
numbers.

16.3. Write down multiplication tables for given finite field defining it as a splitting field of
f(X) over K if

(a) f(X)=X?2+ X +1and K =TF; (b) f(X)=X3+2X +1and K = F3;

16.4. Show that there exists a polynomial in Z[X] of degree 6 whose Galois group is As.

Hint. Take a Galois extension of Q with group As and consider the fix field of a subgroup
of order 10 in As.

16.5. Show that over a finite field every irreducible polynomial is normal (see Ex. 7.9 for
the definition of normal polynomial).

16.6. Find the order of the Galois group of X1 — 5 over Q. (Fy).

16.7. Let K C L be a finite Galois field extension. Show that if a prime number p divides
[L : K], then there is a subfield M of L containing K such that [L : M] = p.



16.8. (a) Let o = V2 + V3 4 --- + /n (n > 2). Show that [Q : Q] = 2™ where 7(n)
denotes the number of primes less or equal n.

(b) Find a primitive element of Q(v/2,v/3,/5) over Q.

(c) Using (a) show that o = v/2++/3+---+/n is a primitive element of Q(v/2,v/3, ...,/n)
over Q.

(d) Assume that [K(\/a1,...,\/a,) : K] = 2". Show that K(\/ay,..., /an) = K(y/a1 +
o an).

(e) Show that Q(\/p1,...,+/Prn) = 2" when p1,...,p, are different prime numbers.

16.9. Let k be a field of characteristic, L = k(X1,...,X,) and K = k(s1,...,Sn), where
s; are the elementary symmetric polynomials of the variables X1i,..., X,. Show that a =
X1 +4+2X5+---+nX, is a primitive element of the extension K C L.

16.10. Let f(X)be an irreducible polynomial of degree 4 with two real and two nonreal
zeros. Show that the Galois group of f(X) is either Dy or Sj.

16.11. Show that Q(gm,en) = Qe + £1), where &,,,, £, are m-th and n-th primitive rooth
of 1.

16.12. Let F be a finite field of characteristic p. Find the following degrees:
(a) [F(X) : F(XP)); (D) [F(X,Y) - F(XP,Y7P)].

16.13. (prel) (a) Show that a polynomial X?"*! —a, a € Q, never is normal.
(b) Show that a polynomial X4 — a, a € Q is normal if and only if a = b, b € Q.

(c) If a polynomial X™ — a, a € Q which is irreducible over Q is normal then n = 2% or
n = 2*3!, whee k > 0.

16.14. Show that if f(X) is a polynomial of odd degree whose reduction modulo one prime
p is a product of a first degree polynomial by an irreducible polynomial, and for another
prime ¢ its reduction is a product of a quadratic polynomial by an irreducible polynomial,
then the Galois group of f(X) over Q is the symmetric group S,,.

16.15. Find Galois groups of the Taylor polynomials T,,(X) = Y7 )f—, for n > 0. (Tsche?)

16.16. Let K = Q({/a) where a is a positive integer be such that [K : Q] = n. Show that
if M is a subfield of K and [M : Q] = d, then E = Q({/a).

16.17. Show that C(X) is a Galois extension of C(X™ + X ™), n > 1. Find the degree and

the Galois group of this extension (the Galois group is the dihedral group D,, generated by
o(X)=—X and 7(X) = eX, where ¢ = ¢™+ - see also Ex. 12.4).

84



16.18. Let F be a finite field with ¢ = p™ elements. Show that F(X) is a Galois extension
of F(X? — X). Find the degree and give a description of the Galois group.

16.19. (Verma) Let F be a finite field with ¢ elements and let G = G(F(X)/F) be the group
of all Mobius transformations over F(see Ex. 6.6). Show that

(a) |Gl =¢* —q.

1127 q+1
(b) F(X)C = F(Y), where Y = %

(c) If H; is the subgroup of G consisting of o(X) = aX + b,a,b € F,a # 0, then F(X)": =
F((X9— X)97h).

(d) If Hy is the subgroup of G consisting of 0(X) = X +b,b € F, then F(X)2 = F(X?- X).
(d) Find all subfields of F(X) containing F(X)“ when F has 2 or 3 elements.

16.20. Show that a finite group is solvable if and only if every nontrivial subgroup H of G
contains a normal subgroup N such that H/N is a notrivial abelian group.

16.21. Let K C L be a Galois extension and let G(L/K) = G. Show that if G contains a
subgroup H such that H does not contain any normal subgroups of G other than the unit
subgroup, then there is a polynomial of degree |H| for which the field L is a splitting field.

16.22. (a) Let K be an algebraically closed field (see p. 18) containing a finite field F,,. Show
that the algebraic closure F,, of F,, in K (see p. 25) is equal to the union |J;-; Fpn. Show
also that Fp, = [~ Fpn'.
16.23. Let F be a finite field and F C K C F, where K is a field and F an algebraic closure
of F (see p. 25). Show that if K is not finite, then the order of each nontrivial automorphism
o € A(K/F) is not finite.

16.24. Let L be an algebraically closed field and K a subfield of L such that [L: K| > 1 is
finite. Show that the characteristic of L is 0, [L : K] = 2 and L = K (i), where i> = —1.

16.25. Let K C L be a Galois extension and G = G(L/K) its Galois group. Show that if
L is finite, then both functions Trg : L — K and Nrg : L — K are surjective. Give an
example showing that this is not true for Nrg when L is infinite (see p. 29 and Ex. 9.11).

16.26. Show that the field K = Q(«), where o = \/(2 +1/2)(3 ++/3) is Galois and show
that the Galois group G(K/Q) is the quaternion group of order 8 (see Ex. 12.1(e)).

16.27. Let K C L be a Galois extension. Show that L is a splitting field of normal polyno-
mials over K (see the definition of a normal polynomial in Ex. 7.9).
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16.28. Assume that an irreducible polynomial f(X) = a, X" + -+ + a1 X + ap € Q[X] has
a zero of absolute value 1. Show that the degree of f(X) is even and the polynomial is
symmetric, that is, a; = a,—; for i =0,1,...,n.

16.29. Let K be a field of characteristic different from 2.
(a) Motivate that if the group of roots of 1 in K is finite, then its order is even.
(b) Show that the group of roots of 1 in a number field K of finite degree over Q is finite.

(¢) Find the groups of roots of 1 in the quadratic fields Q(v/d) and in the biquadratic fields
Q(Vd1,V/dz) (d,dy,ds # 1 square-free integers not equal 1 and dy # da).

16.30. Show that if K is a field and X a variable, then there is infinitely many fields M
such that K C M C K(X).

16.31. (a) Find the degree of the extension K(Xi,...,X,) 2 K(X" ..., X%), where
Xi,..., X, are variables and dy, . . ., d,, are positive integers (K any field).(Bergman,Verma)

(b) Let K be a field and let k,I,m,n be nonnegative integers such that kn — Im # 0. Find
the degree [K(X,Y) : K(X*Y! X™Y™)], where X,Y are variables.

(c) Choose in (a), K = C. Show that the extension K (X*Y!, X™Y™) C K(X,Y) is Galois
and describe its Galois group.

16.32. Let K C L be a field extension and M;, Ms two subfields containing K and contained
in L.

(a) Let Mj, My both have one of the properties: separable, normal, Galois over K. What
can be said about the same property of M;Ms and My N My over K7

(b) Let L have one of the properties: separable, normal, Galois over both M; and M. What
can be said about the same property of L over My Ms and My N My?

16.33. (George M. Bergman gbergmanmath.berkeley.edu) Let K C L be an algebraic field
extension and let f(X) € L[X]. Show that there exists a nonzero polynomial g(X) € L[X]
such that f(X)g(X) € K[X].

16.34. Let K C L bea finite field extension. Show that K(X) C L(X) is also finite and
[L:K]=I[L(X): K(X)].

16.35. Let L; O K, i = 1,2, be finite field extensions. Show that there exists a normal
extension L of K such that L; C L for ¢ = 1,2. If L; O K are separable, then there exists a
Galois extension L of K containing both.

16.36. Let € be a zero of the polynomial f(X) = % Motivate that K = Q(e) is the

splitting field of f(X) over Q and find all subfields of K (a primitive element for each such
subfield expressed as a polynomial of ¢).
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16.37. Let f(X) € K[X] be a nonzero polynomial. Show that for every positive integer d
there exists g(X) € K[X] such that f(X) divides g(X¢9).

16.38. (Calcut) Let n > 2 be a natural number and k an integer such that ged(k,n) = 1.
Then, we have:

() [Qcos 27) : Q] = .

p(n) if 41n;
(b) [Q(sin 27) : Q] = @ if n=0 (mod 8);
%") if n=4 (mod 8),n > 4,

p(n) if 41n;
(c) [Q(tan 222) . Q] = § £ if =0 (mod 8);
@ it n=4 (mod 8),n > 4.

16.39. Let G be a group and let G’ denote the commutator subgroup of G (see p. 230).

(a) Show that a finite group G is solvable if and only if for each subgroup H # 1 of G, we
have H' # H.

b) Show that if H is a normal subgroup of a solvable group G, then H’ is also normal in G.
( group group G,

Remark. Notice that this exercise shows that in the definition of solvable group it is possible
to choose a chain G = Gg D G1 D ... D G, = {e} such that G;41 is normal in G; and
G;/Git1 is abelian in such a way that G;41 is normal in G (and not only in in G;) for
i=0,1,...,n— 1.

16.40. (a) Let K be a field and f(X) = X" 4+ pX + ¢ € K[X] a trinomial such that ¢ # 0.
Show that the splitting field of f(X) over K is the same as the splitting field of the trinomial

g(X)=X"4+tX +t, where t = £

qn—te

3

ow that the (Galois group of an irreducible trinomial g = +tX + 1 1s cyclic
b) Sh h he Galoi f irreducibl i ial g(X X3 X i li

of order 3 if and only if there is ¢ € K such that ¢t = —# (notice that the discriminant
A(g(X)) = —4t3 — 27t2).

(¢) Let 1 = x be a zero of an irreducible trinomial g(X) (in (b)) in its splitting field. Show
that the two other zeros are:

622 — 9z — ax — a® — 27 622 — 9z + ax — a® — 27
Tog = ; Tr3 = — .
2a 2a

(d) Let r(X) € K[X] be such that x5 = r(z). Motivate that f(r(X)) = f(X)g(X) for some
polynomial ¢(X) € K[X]. Find g(X).

16.41. The normal core of a subgroup H in a group G is the biggest subgroup of H which
is normal in G.
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(a) Show that the normal core of H in G is

Hg = m gHg L.
geG

(b) Let K € M C L be field extensions such that L is a Galois extension of K and let
H = G(L/M), so that M = L¥. Show that the normal closure M* of M in L is the fixed
field of the normal core Hg.

16.42. Let K C L be a Galois extension of degree n. Show that L is not a splitting field of
a polynomial of degree less than n if and only if the core of each subgroup of G(L/K) is
nontrivial.

16.43. Let G be a group and K a field. Assume that G is a Galois group of a Galois
extension of K and call the Galois index of G over K the least degree of the polynomials
with coefficients in K whose splitting field has G as its Galois group.

Show that the Galois index of G over K is equal to the minimal index of subgroups of G
whose core is trivial.

16.44. What are the degrees of irreducible polynomials whose splitting field over QQ has
Galois group S47 Answer the same question for Sj.

16.45. Let K C L be a Galois extension of degree n whose Galois group G(L/K) is abelian.
What is the degree of irreducible polynomials in K[X] having L as its splitting field? Answer
the same question when G(L/K) is the quaternion group (of order 8 — see Ex. 12.1(e)).

16.46. Let K C L be a separable field extension and let N be a normal closure of K C L.
Show that the group G(N/L) does not contain nontrivial normal subgroups of the group
G(L/K). Notice that K C N is a Galois extension by Ex. 8.4(b).

Remark. Another way of expressing the situation in the exercise is to say that the core of
G(N/L) in G(N/K) is trivial (see Ex. 16.41).

16.47. Find the orders of the Galois groups for the following polynomials:

(a) X6 —3X%2+6; (b) X6 +5X%2-10; (c) X®+3X3+3; (d) X6 —-7X2+T7.
16.48. Let K C L be a Galois extension and let o € G(L/K) be an involution of L (that

is, an element of order 2 i G(L/K)). Show that K C L° is Galois if and only if o is in the
center of G(L/K).

(b) Let K =Q and L C Cin (a). Explain when Ly = LNR is Galois over Q (see Ex. 9.21).
16.49. Let K C L be a field extension and «a, 5 € L be elements such that o™, " € K for

some positive integers m,n. Find conditions assuring that K («a, 3) = K(«f). What can be
said about K (o, 8) = K(a+ 8)?
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16.50. Let f(X) be a polynomial of degree n over a field K whose Galois group is S,,. Show
that any splitting field of f(X) over K can not be generated by less than n — 1 of its zeros.
Is it true that if f(X) has the Galois group A,, over K, then its splitting field can not be
generated by less than n — 2 of its zeros?

16.51. Let N D L be a normal closure of a finite separable field extension L D K. Show
that G(N/K) is not abelian if L D K is not normal.

16.52 (XXXBerg, 22.11(b)). Let f(X) be an irreducible polynomial of prime degree p
over a field K and let M be a subfield of a splitting field of f(X) over K. Show that f(X) is
still irreducible over M if and only if p does not divide [M : K]. (Suggestion: use Ex. 4.2(a)
and Ex. 5.3.)

16.53. Let G = G(L/K) be the Galois group of a Galois field extension K C L and let G’
be the commutator subgroup of G (see p. 230). Show that LG D K is an abelian Galois
extension of K (that is, LS is a Galois extension of K and the Galois group G(LY /K) is
an abelian group). Show also that for every Galois extension M D K such that G(M/K)
is abelian, we have M C L¢ (thus LS is the maximal abelian extension of K , which is
contained in L).

16.54. Let L be a splitting field of an irreducible polynomial f(X) € K[X] and let f(a) =0
for a € L. If K C M is a Galois extension, where M C L, then

(a) the polynomial f(X) is irreducible over M if and only if M N K(«) = K

(b) all irreducible factors factors of f(X) in M[X] have the same degree (see Ex. 7.8) and
the number of them equals [M N K|a] : K].

16.55. Let K be field and f(X),g(X) € K[X] two irreducible polynomials. Let L be a
splitting field of f(X)g(X) over K. Let a be a zero of f(X) and § a zero of g(X) in L.

(a) Show that f(X) is irreducible over K (f) if and only if g(X) is irreducible over K («);

(b) Generalize (a): If f(X) = f1(X)--- f(X), where f;(X) are irreducible in K(5)[X], and
9(X) = g1(X) -+ gs(X), where g;(X) are irreducible in K(«)[X], then r = s. Moreover,
it is possible to number f;, g; in such a way that if o; € L is a zero of f;(X) and §; € L
is a zero of g;(X), then K(a, ;) is isomorphic to K(83,a;) for i = 1,...,r. Motivate that

deg f deg g; = deg g deg f;.

Remark. This correspondence between pairs of irreducible polynomials over fields was first
observed by Richard Dedekind (see [XXX]).

16.56. (a) Show that the number of roots of 1 in a finite extension field K of the rational
numbers is finite.

(b) Find all roots of 1 in a cyclotomic field Q(e), where € is a primitive n-th root of 1.
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16.57. Let K C L be a finite field extension and R a subring of L containing K. Show that
R is also a field.

[e3

16.58. Find all n such that for any given angle a, the angle &
straightedge and a compass).

is constructible (by using a

16.59. Let K be an arbitrary field and let L = K(X) be the field of rational functions
over K. Show that the six functions X — X, X » 1 - X, X — 1/X, X — 1/(1 — X),
X - X/(X—-1), X — (X —1)/X form an automorphism group G of L = K(X) over K,
which is isomorphic to Ss. Show also that LY = K(g), where

(X2 - X +1)3

Q(X)Zm

Compare Ex. 6.7 and Ex. 16.19.

16.60. Let L be a splitting field of a polynomial f(X) of degree n with coefficients in a field
K. By Ex. 5.3, we know that [L : K] < nl. Show that [L : K| always divides n!.

16.61. (a) Let K C L be a separable field extension and assume that there is n such that
[K (o) : K] <mn for every a € L. Show that the extension K C L is finite and [L : K] < n.

(b) Show that (a) need not be true when K C L is not separable.

16.62. Let L be a separable extension of K and [L : K] = n. Show that there are at most
2"~ 1 fields M such that K C M C L.

16.63. Show that if L is a simple and algebraic extension of a field K, then every intermediate
field M between K and L also is simple over K (L need not be algebraic over K in which
case the claim is Liiroth’s theorem — see Ex. 4.10).

16.64. Let L = K(a, 8) be a field extension such that « is algebraic and § is transcendent
over K. Show that the extension K C L is not simple.

16.65. Let K C M C L be three fields and let L be algebraic over K. Is it true that the
degree of a € L over M divides the degree of a over K7

16.66. Let ' C M C L be three fields and let L be algebraic over K. Show that [M : K]
and [M(«) : M] are relatively prime for « € L, then the minimal polynomial of o over M
has its coeflicients in K.

16.67. Give an example of a polynomial f(X) € Z[X] of degree n with n real zeros whose
Galois group over Q is S, for n = 3,4,5.
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16.68. Let M;, M5 be two finte extensions of a field K contained in a field L. Show that
[MlMQ : K} = [M1 : K][MQ : K] implies that Ml n M2 =K.

16.69. Show that the multiplicative group K* of a field K is cyclic if and only if K is a
finite field.

16.70. Show that a finite extension over its prime subfield contains only finitely many roots
of 1.

16.71. Let K C L be a finite field extension. Show that K is perfect if and only if L is
perfect (see p. 39 and Ex. 8.3).

16.72. Show that the splitting field of the polynomial X* — 7X? + 3X + 1 is real and its
Galois group is A4.
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Proofs of the theorems

Theorems of Chapter 2

For the proof of Theorem T.2.1 see A.3.8.

Theorems of Chapter 3

For the proofs of the Theorems T.3.1 and T.3.2 see A.6.1 and A.6.2, respectively.

T.3.3 Gauss’s Lemma. A nonconstant polynomial with integer coefficients is reducible in
Z[X] if and only if it is reducible in Q[X]. More exactly, if f € Z[X] and f = gh, where
g,h € Q[X], then there are rational numbers r,s such that rg,sh € Z[X] and rs = 1, so
f=(rg)(sh).

Proof. We start with a definition. A polynomial with integer coefficients f(X) is called
primitive if the greatest divisor of its coefficients is equal 1. The product of two primitive
polynomials f(X)g(X) is also primitive. In fact, if there is a prime number p dividing all
the coefficients of f(X)g(X) then we can take the reduction of the product modulo p. The
result will be a zero polynomial so that f(X)g(X) = 0 in the ring F,[X]. But a product
of two polynomials with coefficients in a field is zero only if one of the factors is 0. If, say,
f(X) =0, then all the coefficients of f(X) are divisible by p, which is impossible (f(X) is
primitive). This proves that the product of primitive polynomials is primitive.

Note now that if f(X) is an arbitrary polynomial with rational coefficients, then f(X) =
e(f) fo(X), where fo(X) is primitive and ¢(f) is a rational number. In fact, we can find the
least positive integer I such that the coefficients of [ f(X) are integers an then divide [ f(X)
by the greatest common divisor k of its coefficients. This is fo(X). Thus defining ¢(f) = %
we have f(X) = ¢(f)fo(X). The rational number ¢(f) is called the contents of f(X).
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Of course, if a polynomial f € Z[X] is reducible in Z[X], then it is reducible in Q[X].
Conversely, suppose that f € Z[X] and f = gh, where g, h € Q[X]. We have g = ¢(g)go and
h = c¢(h)ho, where go,hg € Z[X] are primitive polynomials. Hence f = c(g)c(h)goho. Let
c(g)c(h) = ™, where m,n are relatively prime integers. Assume that n # 1 and choose a
prime p dividing n. Then the equality nf = mgohg shows that p divides the right hand side
and since p does not divide m, it must divide all the coefficients of the product gghg. But
this is clearly impossible, since the product is a primitive polynomial. The conclusion is that
p can not exist and consequently n = 1. Hence, we have a decomposition f(X) = (mgo)(ho)
into a product of two integer polynomials. Now taking r = ﬂ) and s = ﬁ, we have two

cg
rational numbers such that rg, sh € Z[X] and rs = 1. O

Theorems of Chapter 4

T.4.1 Let « € L O K be algebraic over K.

(a) Any minimal polynomial of a over K is irreducible and divides every polynomial in K[X|
which has o as its zero.

(b) An irreducible polynomial f € K[X] such that f(a) = 0 is a minimal polynomial of «
over K.

(¢) All minimal polynomials of o over K can be obtained by multiplying one of them by
nonzero elements in K.

Proof. (a) Let p be a minimal polynomial of o over K. If p = p1p2, where deg(p1) < deg(p)
and deg(ps2) < deg(p), then p(«) = 0 implies p; () = 0 or pa(«) = 0, which contradicts the
choice of p as a polynomial of the least possible degree having « as its zero.

(b) We have, f(X) = p(X)q¢(X) + r(X), where deg(r) < deg(p) or r = 0. f(a) = 0 and
p(a) = 0 imply that also r(a) = 0, so r must be the zero polynomial according to the
definition of p, that is, p | f.

(c) Let both p and p’ be minimal polynomials of o over K. According to (a), they divide
each other, so p’ = ¢p, where c is a nonzero element of K. O

T.4.2 Simple extension theorem. (a) If « € L D K is algebraic over K, then each
element in K () can be uniquely represented as ag + ajo + - -+ + ap_1a™ 1, where a; € K
and n is the degree of the minimal polynomial of o over K. Thus [K(a) : K] = n and
La,...,a" 1t is a basis of K(a) over K.

(b) If « € L O K is transcendental over K, then Kla] = K[X]|, where K[X] is the ring of
polynomials over K.
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Proof. Consider the ring homomorphism

¢ : K[X] — Kla],

where p(f(X)) = f(«). We have

Kerp = {f € K[X]: ¢(f) = f(a) =0} = (p(X)),

since every polynomial having « as its zero is a multiple of p(X) by T.4.1 (b). It is clear that
the image of ¢ is the whole ring K[a]. By the Main Theorem on ring homomorphisms, we get
K[X]/(p(X)) = K[a]. As we know, each class in K[X]/(p(X)) can be uniquely represented
by a polynomial

apg+ a1 X + "'(In_an_l, a; € K,

so that each element in K[«a] can be uniquely written as the image

ap 4+ ara+ - -an_1a" 1t a; € K,

of such a polynomial. Finally, we observe that K[a] is a field, since the polynomial p(X) is
irreducible (by an earlier theorem, K[X]/(p(X)) is a field if and only if p(z) is irreducible).

If « is transcendental, then it is clear that the kernel of the homomorphism ¢ is (0), since
by the definition of «, the equality ¢(f(X)) = f(a) = 0 implies that f must be the zero
polynomial. Of course, ¢ is surjective. Thus ¢ is an isomorphism of the rings K[X] and
K|[a]. Notice that the field of quotients of these rings K(X) and K(«) are also isomorphic.
O

T.4.3 Tower law. Let M O L and L O K be finite field extensions. Then M D K is a
finite extension and [M : K] = [M : L][L : K].

Proof. Let e;, i = 1,...,1, be a basis of L over K, and f;, j =1,...,m, a basis of M over
L. If z € M, then there is a unique presentation x = 27:1 l;fj, where l; € L. For each j

. . . l
there is a unique presentation [; = Zi:l aije;, where a;; € K. Therefore,

m

m l
xr = lefj = ZZaijeifj
j=1

j=14i=1

and the presentation of = as a linear combination of e; f; with coefficients a;; € K is unique.
This shows that Im products e; f; form a basis of M over K, that is, [M : K] = [M : L][L :
K]. O

T.4.4 A field extension L O K is finite if and only if it is algebraic and finitely generated.
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Proof. Assume that L O K is a finite extension. Then there is a basis eq,..., e, of L over
K,so L =K(ey,...,e,), that is, L is finitely generated over K. Take x € L and consider
the powers 1,z,22,...,2™ € L. Since the number of these elements is n + 1, they must be
linearly dependent over K, that is, ag+a1z+asz?+- - -+a,z™ = 0, where not all coefficients
a; € K are equal to 0. Thus x is an algebraic element over K, that is, L is an algebraic
extension of K.

Assume now that L DO K is algebraic and finitely generated. This means that L =
K(ay,as,...,q.) and we have the following tower of fields:

KgK(al) gK(a17a2) g"‘gK(ala"';aT)'

Foreachi =0,...,n—1, we have a;;1 algebraic over K, so it is algebraic over K (ay, aa, ..., q;).
Hence the extension K(aq, a9, ..., q;) C K(ag,as,...,q;, ;1) is finite. Consequently the
extension K C L is finite as its degree is the product of the degrees [K (a1, o, ..., i, qp1)
K(ap, az,... ;)] U

T.4.5 If K C M C L are field extensions such that M is algebraic over K and o € L is
algebraic over M, then it is algebraic over K.

Proof. Let a be a zero of a polynomial f(X) = X"+ a,,_1 X" !+ + a1 X + ag, where
a; € M for i =0,1,...,n — 1. Consider the tower of field extensions:

K C K(ag, ... an—1) € K(ag, ..., ap_1, Q).

Since the elements «yg, ..., a,_1 are algebraic over K, the first extension is finite by T.4.4.
Since « is algebraic over the field K(ao,...,a,—1), the second extension is finite by the
same theorem. Thus, the extension K(ay,...,q,—1,@) 2 K is finite by T.4.3, the element

« is algebraic over K by T.4.4

O
T.4.6 Let L O K. All elements in L algebraic over K form a field.
Proof. Let o, € L be two elements algebraic over K. Then the extensions K(«, ) 2
K(a) 2 K are finite. Hence according to theorem T.4.4 they are algebraic. But a + §,
af € K(a,p), and o/ € L, when 8 # 0. Hence the set of algebraic elements in L is closed

with respect to the four arithmetical operations, that is, the elements of L algebraic over K
form a field. O

Theorems of Chapter 5

T.5.1 (a) If f is an irreducible polynomial over K, then there exists a field L O K such
that L = K(«) and f(a) = 0.
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(b) If 7 : K — K’ is a field isomorphism, [ an irreducible polynomial over K, L = K(«),
where f(a) = 0 and L' = K'(o), where 7(f)(a/) = 0, then there is an isomorphism o :
K(a) = K'(¢/) such that in the diagram:

K(o) —= K'(d)

I

!
JE——

T

we have o(a) =o' and o|g = 7.

In particular, if K = K’ and 7 = id, then o is an isomorphism over K (that is, the
isomorphism o maps each element in K on itself) of the two simple extensions of K by two
arbitrary roots of f(X) = 0.

Proof. (a) As we know from the proof of T.4.2, the quotient L = K[X]/(f(X)) is a field,
since f(X) is irreducible in K[X]. The class [X] = « is a solution in L of the equation
f(X)=0and L = K(«a).

(b) The isomorphism 7 : K — K’ can be extended to an isomorphism of the polynomial
rings 7 : K[X] — K'[X] (just applying 7 on K to the coefficients of the polynomials).
This isomorphisms maps the irreducible polynomial f(X) onto the irreducible polynomial
7(f)(X) in K'[X]. Thus we have an isomorphism of the the quotient rings:

T KX/ (F(X)) = K'[X]/(=(/)(X))

such that the class of [X] = « in the first ring maps onto the class of [X] = o’ in the second
one. Since K[X]/(f(X)) = K(«a) and K'[X]/(7(f)(X)) = K'(a/), 0 = 7* is the required

extension of 7. O

T.5.2 (a) Every polynomial f € K[X] has a splitting field over K.

(b) If T : K — K' is an isomorphism of fields, L is a splitting field of a polynomial f € K[X]
and L' is a splitting field of the polynomial 7(f) € K'[X], then there exists an isomorphism
oc:L—L

which extends T (that is ol = 7). In particular, if K = K' and 7 = id, then two splitting
fields for f over K are K-isomorphic (that is, the isomorphism o maps each element in K
on itself).
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Moreover, if f is separable, then there are exactly [L : K| different possibilities for o when
T 1S given.

Proof. (a) We apply induction with respect to the deg f = n and an arbitrary field K. If
deg f = 1, then of course L = K. If deg f > 1 and f; is an irreducible factor of f, then
according to T.5.1 (a), there is a field L; = K(«;) in which f;(X) = 0 has a solution
ay. Thus f(X) = (X — a1)g(X), where the degg = deg f — 1 and the highest coefficients
a of f and g are the same. The polynomial ¢ has a splitting field L over L;, that is,
gX) =a(X —ag) - (X —ay) and L = Li(ag,...,ap), so L = K(ag,as,...,q,) and
fX)=a(X —a1)(X —ag) - (X — ay).

(b) Let L = K(aq,...,a,) and L' = K(af,...,al,), where f(X) = a(X —a1) - (X — apn),
a€ K,and 7(f)(X)=a (X —a}) - (X —al),d € K

We apply induction with respect to the degree [L : K] for arbitrary pairs of fields K and
L If[L:K]=1,then f(X)=a(X —a1)(X —a2) - (X —ay), oy € K, so 7(f)(X) =
a(X —a))(X —ah) (X —al,) and o € K, that is, L’ = K'. We take o0 = 7.

Assume now that [L : K] > 1. Then there exists 7 such that o; ¢ K. Ma may assume that
i =1, so ay is a solution to the equation f;(X) = 0, where f1(X) is an irreducible factor of
f(X) and deg f1 > 1. Let o} be a zero of 7(f1)(X), which is an irreducible factor of 7(f)(X).
According to T.5.1 (b), we have an extension o7 of 7 to an isomorphism of K («;) onto
K(af). Now L is a splitting field of f over K(a1) and [L: K (1)) = [L: K|/[K (1) : K] <
[L : K]. According to the inductive assumption, there exists an isomorphism o : L — L/,
which extends oy. Of course, o extends 7, since oy extends 7.

If f(X) is separable and « is a zero of fi1(X) then o(a) is a zero of 7(f1)(X), since 0 =
o(f1(a)) = 7(f1)(o(a)). Thus 7(f1)(X) has d different zeros, where d = deg f1. Hence we
can choose o7 in exactly d different ways. Since f(X) is separable over K(«1), we can use
induction as above to the extension L of K («aj). Each choice of o; gives [L : K(a1)] = [L:
K]/[K(oq) : K] = [L: K]/d different choices of o. Thus the total number of extensions ¢ of
Tequalsd-[L: K]/d=[L:K].

When K = K’ and 7 = id, it is now evident that two splitting fields of f(X) over K are
isomorphic. O

T.5.3 A polynomial f € K[X] has no multiple zeros in any extension L 2 K if and only if
ged(f, f') =1.

Proof. Let a € L be a multiple zero of f(X), that is, f(X) = (X —a)?q(X) (the multiplicity
of o is at least 2), where ¢(X) € L[X]. Then f/(X) = 2(X — a)g¢(X) + (X — a)?¢'(X), so
f(a) = f'(a) = 0. Hence ged(f(X), /(X)) # 1 as it is divisible by X — .

Conversely, let d = ged(f, f') be not a constant polynomial and let « be a zero of d(X) in
some field containing K (here we use T.5.1). We have f(a) = f'(a) = 0. Hence f(X) =
(X — a)q(X), so f(X) = ¢(X) + (X — a)¢'(X). The last equality shows that g(a) = 0.
Hence ¢(X) = (X —a)q1(X) and f(X) = (X — a)?q1(X), that is, the polynomial f(X) has
multiple zeros.

O
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T.5.4 (a) The number of elements in a finite field is a power of a prime number.

(b) If p is a prime number and n > 1, then the splitting field for X?" — X over F, is a finite
field with p™ element.

(¢) Two finite fields with the same number of elements are isomorphic. More exactly, every
finite field with p" element is a splitting field of X?" — X over Fp.

Proof. (a) Let K be a finite field. The prime subfield of K is of course also finite, so let F, for
a prime number p be the prime subfield contained in K (see Chapter 2). Let a,...,a, be
a basis of K over FF,,. Each element of K is uniquely represented as ajaq + - - - + an 0, Where
a; € Fp, so the number of elements of K equals the number of such linear combinations,
that is, it is equal p”.

(b) Let K be a splitting field of the polynomial X9— X, where ¢ = p™, over IF,,. The existence
of K follows from T.5.2. Let

M={aceK|a!=a}

be the set of all solutions of the equation X? = X in K. If o, a1, a0 € M, then

(1 +a2)? =af +ad = a1 + s, () = ajad = aqas,

and

1\1 1 1
() ST )
o % o

so the elements of M form a subfield of K. The subfield M is of course a splitting field of
the polynomial X — X over F,, so by T.5.2 it is isomorphic to K. In particular, the fields
M and K have the same number of elements which equals ¢ = p", since all zeros of the
polynomial f(X) = X?— X are different. In fact, we have f'(X) = ¢X97' —1 = —1, that is,
the polynomials f(X) and f'(X) are relatively prime (see T.5.3). This proves that M = K,
so K is a field consisting of p™.

(c) Let K be any field with ¢ = p™ elements. Since all nonzero elements of K form a group
with respect to multiplication and the order of this group is ¢ — 1, we have a9~ = 1 for each
nonzero o € K. Hence all elements of K including 0 satisfy the equation X¢ = X. Thus K
is the splitting field of the polynomial X7 — X over IFp,. O

T.5.5 For every field K there exists an algebraic closure K and two algebraic closures of
the same field K are K-isomorphic.

Proof. As a first step, we prove that for every field K, there exists a field K; O K such
that every irreducible polynomial f(X) € K[X] has a zero in Kj.
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Let S denote the set of all irreducible polynomials f € K[X]. For each f € S, we take a
variable Xy and form the polynomial ring R = K[... X ...] generated over K by all the
varaiables X ;. Consider the ideal 7 in this polynomial ring generated by all f(Xy), where
f € S. We claim that this ideal is proper, since 1 ¢ Z. If this is not true, then there are
polynomials f;(Xy,) such that

1= g1f1(Xf1) +--- +g7’f’l"(Xf7‘)

for some polynomials g; € R. The polynomials g; depend on some finite number of variables
X¢. Let M be an extension of K in which each polynomial f(Xy,) has a zero ;. Take a
ring homomorphism mapping each variable Xy, on o; and all remaining variables X on 0.
The equality above maps then onto 1 = 0, which is impossible. Hence 1 can not belong to
the ideal 7.

Since 7 is a proper ideal, we have a maximal ideal M containing Z (see A.15.1) and we have
the natural surjection of the ring R onto its quotient R/M, which is a field K; by A.4.4.
Notice now that the field K is mapped into the field K7, since the kernel of the surjection of
R onto K is zero when restricted to the field K (a field has only two ideals (0) and itself,
but in this case the kernel is (0), since 1 is not in the kernel — see A.4.6). Thus, we can
identify K with a subfield of K. Moreover, every polynomial f(Xy) has a zero in K, since
the image of X is a zero of this polynomial (f(X¢) equals zero in K ). This proves the first
assertion of our proof.

Now we repeat the process and construct a chain of fields

K=K¢CK CKyC--CK,C---

such that each polynomial over K has a zero in Kj, each polynomial over K3 has a zero in
K3 and so on. Define K = U;’io K;. We claim that K is an algebraic closure of K.

In fact, if f(X) € K is an irreducible polynomial, then the coefficients of f(X) are already
in some field K;. Hence, this polynomial has a zero in K., that is, it has a zero in K.
As f(X) is irreducible in K[X] and has a zero in K, it has degree 1. Thus the field K is
algebraically closed, since the only irreducible polynomials over K have degree 1 (see p. 18).

Now we prove that two algebraic closures K and K’ of the same field K are isomorphic.
Consider the set of all pairs (L, ) such that L is a subfield of K containing K and ¢ an
injection of L into K’ over K. This set is not empty, since we have the pair consisting of
K and the identity as . Such pairs are ordered when we declare a pair (L, ¢) less or equal
(L', ") when L C L' and ¢ restricted to L is equal ¢. If ) is a set of pairs (L, ) such that
for two pairs (L1, 1) and (La, 2), we have L1 C Ly or Ly C Ly, then taking L° = ULey L
and defining g on Ly so that its restriction to L is ¢ (for (L, ) € V), we get an upper bound
of the set Y. Thus, we can apply Zorn’s Lemma (see A.14.1), which says that there exist a
maximal pair. Let (M, ¢) be such a maximal pair and let M’ = (M) be the corresponding
subfield of K’. We want to prove that M = K and M’ = K'. If not, then there is & € K such
that o & M. The element « is algebraic over M (since it is algebraic over K), so let us take
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its minimal polynomial f(X) over M. Since f(X) € M[X], we can take the image of this
polynomial applying ¢ to its coefficients. This polynomial, as a polynomial with coefficients
in M’ has a zero o’ € K'. By T.5.1, there is an isomorphism 1 : M(a) — M’(a’) which
restricted to M is equal to ¢. Thus the pair (M, ¢) is not maximal if « could be chosen
outside of M. This contradiction shows that M = K. Now the image ¢(K) is an algebraically
closed subfield of K’, which is algebraic over it. But this is only possible when K’ = p(K),
since an algebraically closed field has not nontrivial algebraic extensions. O

Theorems of Chapter 6

T.6.1 All K-automorphisms of L form a group with respect to the composition of automor-
phisms.

Proof. If 0,7 € G(L/K) are automorphisms of L over K, then one easily checks that their
composition o7 also is an automorphism of L over K. The inverse ¢! is an automorphism

of L over K, which also can be easily checked. O

T.6.2 If G is a group of automorphisms of L (finite or infinite ), then LE is a subfield of
L and [L: L% =|G|.

Proof. First we show that [L : LY] > |G|. Let G = {o4,...,0,}. Here G need not to be a
group — simply a set of different automorphisms of L. Assume that L has dimension m < n

over L and let eg,...,e,, be a basis of L over LE. Consider the following system of m
homogeneous linear equations:

oi(er)zr + - +onler)r, =0
o1(e;)x1 + -+ op(e)r, =0

o1(em)x1 + - + onlem)z, = 0.

Since the number of equations m is less than the number of variables n, the system has a

nontrivial solution (x1,...,x,) € L™. Let z = 2211 a;e;, where a; € LE, be an arbitrary
element of L. Multiply the ¢ — th equation in the system by a; for ¢ = 1,...,m and notice
that for every j = 1,...,n, we have a;0;(e;) = oj(a;e;), since a; € LY. Then add all the

equations. The result is the following equality:

o)z + -+ op(z)r, =0,

which holds for every « € L. But it contradicts to the Dedekind’s Lemma, since (z1, ..., 2,) #
(0,...,0). Hence [L : LY] > |G|. Notice that the proof implies that the degree [L : LY] is
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always at least equal to the number of automorphisms in any set (not necessarily a group)
G. In particular, if there exists an infinite group of automorphisms of L, then the dimension
of L over LE is not finite.

Now we prove that [L : LE] < |G|, when G is a finite group of automorphisms of L. Let
G = {o1,...,0,} and assume that m = [L : LE] > |G| = n. Assume that ej,...,e,, is a
basis of L over L% and consider the homogeneous linear system:

1310'1_1(61) 4+ 4 xmafl(em) =0

xlafl(el) +-~-+xm0[1(em) =0

zio, (e1) 4+ + 2o, Hem) = 0.
Since the number of equations n is less than the number of variables m, the system has a
nontrivial solution (z1,...,%;) € L™. Assume that z; # 0. Since the system is homoge-

neous, any multiple ¢* (x1, ..., x,, ), where ¢ € L, is also a solution of the system. Therefore,
we can choose z; arbitrarily in L. Let’s do it in such a way that

0'1(.131) + -+ O'n(l‘l) 75 0.

Such a choice is possible by Dedekind’s Lemma (the sum to the left can not be 0 for all
x1 € L). With this choice of x1, we map the i — th equation of the system (x) by the
automorphism o; and we get:

oi(xz1)er + -+ o1(xm)em =0
01-(9:1)61 4+ 4 ol-(xm)em = 0

om(x1)er + -+ om(Tm)em = 0.

Adding all the equations above, we get the following equality:

Trg(xy)er + -+ + Tra(zm)em = 0,

where Trg(z1) = 01(x1) + - - + on(x1) # 0. This gives a contradiction, since ey, ..., e,, are
linearly independent over LY and Trg(z;) € LY. Hence [L : L] < |G|. O

T.6.3 Dedekind’s Lemma. If 01, 09,...,0, are different automorphisms of a field L and

the equality ajo1(x) + asoa(z) + ... + anon(x) = 0, where a; € L, holds for every x € L,
thenai =as=...=a, =0.
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Proof. We prove the Lemma by induction on the number of automorphisms n. If n = 1,
then the equality aj0q(x) = 0 for every x € L, implies that ay01(1) = a1 = 0.

Assume now that the Lemma is true when the number of automorphisms is less than n > 1
and let

a101(z) + azoa(x) + ...+ anop(z) =0 (2)

for every x € L, where a; € L. Since the last equality holds for every x € L, we may choose
an arbitrary a € L and replace z by az. Then we get:

a101(a)or(x) + azoz(a)oe(x) + ...+ anop(a)op(r) =0 (3)

Now we multiply the equality (2) by o, («) and subtract from it the equality (3):

a1 (on(a) —o1(a@))or(z) + az(on () —oa(@))oz(z)+. ..+ an—1(on(a) —op_1(a))on_1(x) =0

Using the inductive assumption, we get that all the coefficients in the last equality are equal
to 0, that is, a;(o,(a) —o;(a)) =0 for i = 1,...,n — 1. Since the automorphisms oy, ..., 0,
are different, for every i = 1,...,n — 1 there is an element «; € L such that o, (a;) # (o).
Choosing a = «, the equality a;(op(a) —o;(a)) = 0 implies that a; =0 fori=1,...,n—1.
Now we go back to the equality (2), which gives a,o0,(x) = 0 for every 2 € L. When x = 1,
we get a, = 0 and the proof is complete. O

Theorems of Chapter 7

T.7.1 A finite extension L O K is normal if and only if L is a splitting field of a polynomial
with coefficients in K.

Proof. Let L = K(ay,...,a,) and let f; be the minimal polynomial of a; over K for
1 =1,...,n. According to the definition of a normal extension, every polynomial f; splits
into linear factors in L. The same is true about the product f = f1--- f,, so L is a splitting
field of f over K, since it contains all its zeros and is generated over K by some of them:
Aly...,0p.

Conversely, assume that L is a splitting field of a polynomial f € K[X]. Wa want to show
that if an irreducible polynomial g € K[X] has a zero « € L, then g splits in L into linear
factors. Let M be a splitting field of the polynomial g over L and let o’ be any zero of g in
M. We want to show that o’ € L, which will show that g already splits in L. Consider the
following chain of field extensions:
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M

L<a>/ \Lm’)
N

K(a) K()
AN

Since L is a splitting field of f over K, both L(«) and L(a’) are splitting fields of f over
K(a) and K (o), respectively. Since K («) 2 K (o), there is an isomorphism of the splitting
fields L(a) and L(a’) of f extending an isomorphism of K(a) and K(«'). Hence [L(«) :
K(a)] = [L(a)) : K(o)]. Of course, [K(«) : K| =[K(d/) : K]. Thus

K

[L(a) : K()][K (o) : K] _ [L() : K]
[L: K] [L: K]

But [L(«) : L] =1, since a € L, so [L(«') : L] = 1, which means that L(a/) = L , that is,
o' eL. ]

T.7.2 Let L = K(ay,...,a,) be a finite extension. Then a normal closure to L O K is
unique up to a K-isomorphism. More exactly, every normal closure of L O K is a splitting
field over K of f = f1--+ fn, where f; is the minimal polynomial of o; over K.

Proof. Let f; be the minimal polynomial of «; over K. If N is a normal closure of L. D K,
then f; splits in N. Hence N contains a splitting field of f;. Let f = f1--- f,. Then N also
contains a splitting field of f. But this splitting field of f is normal, so N coincides with it.

O
Theorems of Chapter 8
T.8.1 (a) All fields of characteristic 0 and all finite fields are perfect.
(b) If char (K) = p, then an irreducible polynomial f € K[X] is not separable if and only if

' =0, which is equivalent to f(X) = g(XP), where g € K[X].
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Proof. (a) Let K be a field of characteristic 0 and let f(X) = a, X"+ - +a12+ag € K[X]
be an irreducible polynomial. Let ged(f, f’) = d. Since deg f > 0 and char(K) = 0, we have
f # 0 (zero polynomial). We have d | f and degd < deg f’ < deg f, so d must be a constant
polynomial as a divisor of an irreducible polynomial f. Hence d is a constant polynomial, so
by T.5.3, the polynomial f is separable.

Assume now that K is a finite field of characteristic p. First note that the function o(x) = 2P
is an automorphism of the field K (see Ex. 6.5 (b)) and since K is finite, we have o(K) = K
(the number of elements in o(K) and K is the same). This equality says that each element of
K is a p—th power. Let now f(X) be a minimal polynomial of an algebraic element over K in
an extension of this field. We want to show that f(X) is separable. If not, then according to
(b) below, there is a polynomial g € K[X] such that f(X) = g(X?) = by, XP+- - -+b1 XP+by
for same b; € K. But all b; are p—powers in K, so we have b; = cf for some ¢; € K. Hence

f(X):mepm+...+b1Xp+b0:Canpm_F..._FC}l’XP_'_Cg:(Cme+._'+ClX+CO)p’

which shows that f(X) is not irreducible contrary to the assumption. Hence f(X) is sepa-
rable, which proves our claim concerning the finite field K.

(b) Assume that f € K[X] is irreducible and not separable. Hence by T.5.3, we have
ged(f, f) = d, where d is not a constant polynomial. Since d|f is irreducible, we have d = f
(up to a constant), so f|f’. This is only possible when f’ is identically equal to zero. Since
f(X) =na, X" 4. -+2a2X +ay, we get that the only nonzero coefficients a; in f(X) may
be those, which correspond to X for i divisible by p — if X has nonzero coefficient in f(X)
and p 1 i, then the coefficient of X*~! in the derivative is also nonzero, so the derivative is
nonzero. Hence f(X) is a polynomial in X7, that is, f(X) = g(X?) for some g(X) € K[X].
Conversely, it is clear that an irreducible polynomial f(X) = g(X?) is not separable, since
F(X) =0so ged(f, f') = f, which means that f(X) has multiple zeros in an extension of
K. O

T.8.2 Primitive element theorem. If L = K(aq,...,a,), where ay, ..., o, are algebraic
and all with possibly one exception are separable over K, then there is a primitive element
of L over K. In particular, every finite separable extension has a primitive element.

Proof. First we assume that K is an infinite field. It suffices if we show that if L = K(«, ),
then L = K () for a suitable § € L. Let f and g be the minimal polynomials of « and g
over K and let

fX) =X -a1)... (X —an),
9(X) = (X =B1) ... (X = Bm),

where ay = a, $1 = 8. According to the assumption all zeros of f or g are different (f or g
is separable polynomial). Assume that g is separable. Choose ¢ € K so that

o + B # a1+ cfr
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for all (¢,7) # (1,1). The existence of ¢ follows from the fact that
+ B = a1 +xp
holds for finitely many x € K (less than mn "bad” x). Define:
0=a+cp

We have K (6) C K(a, 8). We want to show that K(«, ) C K(6). It suffices if we show that
B € K(0), since then a = 0 — ¢ € K(6). Consider the polynomials:

f(@—cX) and g(X).
These polynomials have coefficients in K () and they have a common zero 3, since

FO—cB)=f(@)=0 and g(8)=0.

They do not have any other common zeros, since if f(0—c3;) = 0 for some j, then —cf; = «;
for some 7. Thus a; + ¢8; = 0 = a + ¢, which occurs only if ¢ = j = 1. This shows that

GOD(f(0 —cX), g(X)) =X - §
But the greatest common divisor of two polynomials with coefficients in K () is a polynomial
with coefficients in K(6), so g € K(0).

If K is a finite field', then L is a finite field as well and its multiplicative group of nonzero
elements is cyclic (see Ex. 5.7). Any generator of this group is a (field) primitive element of
L over K. O

Theorems of Chapter 9

T.9.1 Let L O K be a finite field extension and G(L/K) its Galois group. Then the following
conditions are equivalent:

(a) [L: K] = |G(L/K)l;

(b) LG(L/K) =K;

(¢) There is a group G of K -automorphisms of L such that K = L¢ and then, G = G(L/K);
(d) L O K is normal and separable;

(

e) L is a splitting field of a separable polynomial over K.

Proof. (a) = (b) We have the following chain of fields:

! There exists a proof of the theorem on primitive element, which works for both finite and infinite
fields K. See [BR].
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K C LG(L/K) CL

and according to T.6.2, we get [L : L¢F/5)] = |G(L/K)|. Since also [L : K] = |G(L/K)|,
by T.4.3, we get [LEF/K) . K] = [L: K]/[L: L¢"/%)] = 1, that is, LE/K) = K.

(b) < (c) is evident, since taking G = G(L/K), we get that (b) implies (c¢). The converse
follows if we note that G C G(L/K) gives K C LEW/K) C LG C L. Since L¢ = K, we get
LGW/K) — K which gives (b). Moreover, if L = K, then Artin’s Lemma T.6.2 and the
inclusion G C G(L/K) imply that G = G(L/K).

(b) = (d) We have to show that if f(X) € K[X] is an irreducible polynomial such that

f(a) = 0 for some a € L, then f(X) splits in L as a product of linear factors (normality)
and all solutions of the equation f(X) =0 in L are different (separability).

Let G = {o1,...,0,} and let X = {ay,...,a.} be the set of all diffrent images o;(«) for
i =1,...,n. We assume that o; = id, so @1 = a. Notice that by the definition of X, if
a; € X, then o(;) € X for o € G, so every o € G gives a permutation of the elements of
X.

Consider the polynomial

9(X) = (X —a1) - (X —ay).

We claim that g(X) € K[X]. In fact, the coefficients of this polynomial are ag + - -+ + a,
e + -+ Qo1 @y ..y - -y (all fundamental symmetric expressions in ag, ..., ;)
and every o € GG permutes all the a; leaving the coefficients unchanged:

J(a1+...+ar):O‘(al)+...+o'(ar):a1+...+ar

olaras+ -+ ar_1ap) = o)+ +o(ap_10,) = o + -+ ap_1a,

0(041"'Oér)ZU(al)"'U(ar)Zal"'ar

Thus by (b), the coefficients of g(X) belong to LE/%) = K. Since f(X) is irreducible in
K[X], has a zero «, and g(X) is a polynomial in K [X] which also has a zero «, we get that
f(X) divides g(X). Hence all zeros of f(X) are in L and are different.

(d) = (e) Let L = K(ay,...,ay,) be finite, normal and separable. Let f;(X) be the minimal
polynomial of a; over K for ¢ = 1,...,n. Then f;(X) is irreducible and has a zero in L, so
it is separable and has all its zeros in L. Thus f(X) = f1(X)--- fn(X) is separable and L is
its splitting field over K.
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() = (a) Let L = K(ay,...,a,) be a splitting field of a separable polynomial f(X) =
a(X —ay)- (X —ap), a € K. We use induction with respect to the degree [L : K]. If
[L : K] =1, then of course, |G(L/K)| = 1. Assume that [L : K] > 1. Then there exists 7 such
that a; ¢ K. We may assume that i = 1, so & = a3 is a solution to the equation f;(X) =0,
where f1(X) is an irreducible factor of f(X) and deg fi = d > 1. Since f is separable,
f1(X) = 0 has d different solutions in L. Let o be any of the solutions to f1(X) =0 in L.
As we know, there is an isomorphism 7 : K(a) — K(&') such that 7(a) = o and 7 is the
identity on K. The number of such 7 is exactly d since 7(fi(a)) = fi1(7(«)) = 0, so there
are exactly d possibilities for 7(«) as solutions to the equation f;(X) =0 in L.

We have the following field extensions:

L——1L
/

K(a) — K(d)
T T
K K

Now consider f(X) as a separable polynomial with coefficients in K(«). Then L is its
splitting field. [L : K(a)] = [L : K]/[K(a) : K] < [L : K], so we can use the inductive
assumption. Each choice of 7 gives [L : K(a)] = [L : K]/[K(«) : K| = [L : K|/d different
choices of o. Thus the total number of extensions o of id : K — K equals d- [L : K]/d =
[L: K]. O

If L O K is a field extension, F the set of all fields between K and L and G the set of all
subgroups to G(L/K), then we define two functions:

—~

f:G—F and g:F—G

in the following way:
f(H)=L" ={z € L :VYoepo(z) =z}

and
g(M)=G(L/M)={0 € G(L/K) : Vyepmo(z) = z}.

T.9.2 The main theorem of Galois theory. If L O K is a finite Galois extension,
then f and g are the inverse anti-automorphisms between partially ordered by inclusion
sets F of all fields between K and L and the set G of all subgroups to G(L/K), that is,
fog=idr, go f=1idg and f(Hl) D f(HQ) if Hy C Hs, and g(Ml) ) g(MQ) if M1 C Ms.

Proof. We show fg = idr and gf = idg, which says that f and g are mutually inverse
bijections. We have
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fg(M) = f(G(L/M)) = LEE/M) = pp

according to T.9.1 (b), since by T.9.3 (a) the extension L O M is Galois. We have also

gf(H) = g(L") = G(L/L") = H,

where the last equality is a direct consequence of T.9.1 (c).

The last statement concerning inverting of inclusions follows immediately from the defini-
tions of f(H) and g(M). O

T.9.3 Let K C L be a Galois extension and M a field between K and L.
(a) The extension L D M is a Galois extension.

(b) The extension M 2 K is a Galois extension if and only if G(L/M) is normal in G(L/K).
If this holds, then G(M/K) = G(L/K)/G(L/M).

Proof. (a) Since K C L is a Galois extension, it is a splitting field of a separable polynomial
f(X) € K[X]. L is a splitting field of the same polynomial over M. Thus M C L is a Galois
extension.

(b) Let K C M be a Galois extension and let o € G(L/K). We claim that the restriction of
o to M belongs to the Galois group G(M/K). In fact, if « € M and ¢g(X) is the minimal
polynomial of a over K, then g(o(a)) = o(g(e)) = 0, so o(a) € M, since all solutions of
9(X) = 0 belong to M (since M is Galois over K, g(X) is irreducible in K and has one zero
a in M). Consider the group homomorphism

¢ G(L/K) = G(M/K)

such that ¢(o) = ojar. The kernel of this homomorphism consists of all automorphisms
o € G(L/K) which map onto the identity o|; = idyy, that is, the kernel is G(L/M). Thus
G(L/M) is a normal subgroup of G(L/K).

Conversely, assume that G(L/M) is a normal subgroup of G(L/K). Then for every o €
G(L/K) and every T € G(L/M), we have 0~ 'ro € G(L/M). Let « € M. Then o~ 'ro(a) =
a, that is, 7o(a) = o(a). Hence o(a) € M as an element fixed by all automorphisms
7 € G(L/M) (remember that M C L is Galois by (a)). Hence, the homomorphism ¢ is
defined — it maps every K-automorphism of L onto its restriction to M. It follows from
Theorem T.5.2 (b) that ¢ is surjective, since every automorphism 7 € G(M/K) can be
extended to an automorphism o € G(L/K) (that is, o restricted to M equals 7). According
to the main theorem on group homomorphisms, we have

T2 ~ o(G(L/K)) = GM/K).
This gives:
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G(M/K)| = ‘G(L/m ’ G(L/K)| _ [L:K]

a@in |~ @) " peag - MK

that is, K C M is a Galois extension. O

Theorems of Chapter 10

T.10.1 (a) The degree [Q(e) : Q] = p(n), where € is a primitive n—th root of unity and ¢
is the Euler function.

(b) Each automorphism o in the Galois group G(Q(e)/Q) is given by op(c) = &, where
ke {1,...,n} and ged(k,n) = 1. The mapping o — k (mod n) gives an isomorphism
G(Q(e)/Q) = (Z/nZ)".

Proof. (a) Let € be any primitive n-th root of unity. Let f(X) be the minimal polynomial
of e. Since €™ = 1, the polynomial f(X) divides X™ — 1. Let X" — 1 = f(X)g(X). Hence
the field Q(e) is the splitting field of f(X) as well as of X™ — 1, since all zeros of these
polynomials are the powers €* for k = 0,1,...,n — 1. The polynomial f(X) is monic, has
rational coefficients and divides X™ — 1. Hence, it has integer coefficients by Ex. 3.11. We
want to prove that the zeros of f(X) are exactly all ¢(n) primitive n-th roots of unity e*,
where ged(k,n) = 1.

First we show that every zero of f(X) is n—th primitive root of unity. Let ¥ be a zero
of f(X) in Q(g). According to T.5.1, there is an automorphism o of this field such that
o(¢) = e*. The automorphism ¢ maps n—th roots of unity onto n—th roots of unity and
since the powers of ¢ are all such roots, so even all the powers of ¢¥ must be all of them.
Hence k must be relatively prime to n, so that £ is a primitive n—th root of unity. (This
argument shows that if a primitive n-th root of unity is a zero of an irreducible polynomial,
then all other zeros of this polynomial are also primitive n-th roots of unity.)

Now we prove that any primitive n—th root of unity is among the zeros of f(X). Let p be
an arbitrary prime relatively prime to n. We want to show that P is also a zero of f(X).
If it is true, then it will follow that all e for k relatively prime to n are zeros of f(X). In
fact, the exponent k = p; - - - p, is a product of prime numbers, so starting with ¢ as a zero
of f(X), we get eP1, eP1P2 ... as zeros of f(X). After r steps, we get ¥ as a zero of f(X).

Assume that P is not a zero of f(X) and let g(X) be its minimal polynomial. Observe that
f(X) and g(X?) have a common zero €. Since f(X) is irreducible, it divides g(XP). Let
9(XP?) = f(X)h(X), where h(X) is a monic integer polynomial.

Now we want to prove that f(X) and g(X) have a common zero. The zeros of both these poly-
nomials are n-th roots of 1, so if all these zeros are different, then X™ —1 = f(X)g(X)q(X)
for some polynomial ¢(X) € Z[X]. Reduce the equalities:
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X" 1= f(X)g(X)g(X)  and  g(X?) = FOX)R(X)

modulo p, that is, consider the images of all involved polynomials in F,[X]. Since p 1 n,
the derivative nX"~! of X™ — 1 is nonzero, so all zeros of this polynomial are different (see
T.5.3). Hence the zeros of f(X) and g(X) are also different when considered over F,. But
the second equality says that g(X)? = f(X)h(X), since g(X?) = g(X)? over F,. Hence
the zeros of f(X) are among the zeros of g(X). This contradiction shows that f(X) and
9(X) have common zeros already over Q. Since both f and g are monic and irreducible
with common zero, they are equal. Hence f(g) = 0 implies f(e?) = 0 for each p { n. As we
noted above, this implies that all ¢(n) primitive n-th roots of 1 are the zeros of f(X), so
f(X) = ®,(X) proving that this polynomial is irreducible.

(b) Let € be a primitive n-th root of unity. We already know that &, (X) is the minimal
polynomial of € and its zeros are ¥ for k such that ged(k,n) = 1 and k € {1,...,n—1}. By
T.5.1, all automorphisms of Q(g) are defined by the images of ¢, that is, oy (¢) = ¥ for all
k as above. Now notice that oy0;(¢) = o1 (01(¢)) = o1 (e!) = ¥ = a44(€), where the index ki
(in op;) is taken modulo n, since eF! = gkt (med n) a5 =7 — 1. Notice also that ged(kl,n) = 1,
when ged(k,n) = ged(l,n) = 1. Thus the mapping ¢ : G(Q(e)/Q) — (Z/nZ)*, where
@(ox) = k is a bijection and ¢(oro;) = (o) = kI (mod n) = (ox)e(0;) is a group
isomorphism. O

T.10.2 Let K be a field whose characteristic does not divide n.
(a) We have:

X" =1=]]®ur(X) and &, x(X)=][(X* -1,
dln d|n

where p denotes the Mobius function (see Ex. 5.6).

(b) The cyclotomic polynomials ., i (x) are monic and their coefficients are integer multiples
of the unity in K.

(c) All irreducible factors of @, k(X) are of the same degree.

(d) If K = Q, then $,,(X) = @, 0(X) is irreducible over Q.

Proof. (a) Since the characteristic of K does not divide n, the polynomial X™ — 1 has n
different zeros, as its derivative n X"~ is relatively prime to it (see T.5.3). Every n—th root
of unity is a zero of exactly one polynomial @4 i (X) for d | n. This proves the first identity
in (a).

The second identity follows immediately from the first one and A.10.3 if we choose
G = K(X)*, the group of rational functions p(X)/q(X), where p(X),q(X) € K[X] with
multiplication as group operation and f(n) = X™ — 1, g(n) = &, x(X).

(b) We prove the claim by induction. If n = 1, the @1 x(X) = X — 1 so (b) is true in this
case. Assume that it is true for all positive integers m < n. Hence the coefficients of the
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polynomial [[ @4 x(X), where d | n and d < n are all integer multiples of the unit in the
field K. According to (a), we have

X" -1

P X) =
nic(X) Hd<n,d|n¢d,K(X)

so the division algorithm shows that also the coefficients of ®,, x (X) are all integer multiples
of the unity in K.

It is easy to deduce (b) from Gauss’s Lemma (see T.3.3) when K = Q. In fact, since the
zeros of @, o(X) are n-th roots of 1, it is a divisor of X™ — 1, which is a polynomial with
integer coefficients. According to Gauss’s Lemma, there exists a rational number r such that
7@y, 0(X) has integer coefficients and divides X™ — 1. The polynomials X" —1 and &, o(X)
are monic. Hence the polynomial r®,, o(X) is also monic (as an integer divisor of X" — 1)
and r = 1. Thus &, o(X) has integer coeflicients.

(c) Let € be any primitive n—th root of unity and let f(X) be its minimal polynomial over
K. Then K(e) is the splitting field of f(X) as well as of the polynomial X™ — 1 whose all
zeros are in K (g), since they are powers of e. If 7 is any other primitive n—th root of unity,
then K (e) = K(n), so the minimal polynomial of 7 over K has the same degree as the degree
of f(X) (see T.4.2).

(d) This was proved in T.10.1 (a). O

Theorems of Chapter 11

T.11.1 Let K C L be a Galois extension and G(L/K) = {01 = 1,09,...,0,} its Galois
group. Then the following properties of the extension K C L hold and are equivalent:

(a) There exists o € L such that o1(a),02(),...,0n(a) is a basis of L over K.

(b) LT is a cyclic K[G]—module, that is, there is a € L such that LT = K[Gla for some
acL.

In order to prove the existence of normal bases, we need two auxiliary results:

Lemma 11.1. Let K C L be a Galois extension and G(L/K) = {o1 =id,09,...,0,}. The
elements a1, ..., a, € L form a basis of L over K if and only if det]o;(a;)] # 0.

Proof. The given elements are linearly dependent if and only if there are elements
ai,...,a, € K not all equal to 0 such that a0y + -+ 4+ ana, = 0. Letting all o; act
on this equality, we get
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o O

aioi(ar) + -+ apoi (o)
aroz(a1) + -+ anoa(ay) =

aron(ar) + -+ + apon(ay,) =0.

The above system of linear equations has a non-zero solution ay,...,a, if and only if the
determinant of the coefficient matrix (consisting of o;(c;)) equals 0. O

Lemma 11.2. Let f(Xy,...,X,) € K[X1,...,X,] be a non-zero polynomial and let A be
an infinite subset of K. Then there exist ay,...,a, € A such that f(a1,...,a,) # 0.

Proof. We use induction with respect to n. If n = 1, then some element of A is not a zero
of f(X), since the number of zeros of f(X) is finite. Assume that n > 1 and the statement
is true for polynomials whose number of variables is less than n. Write f(Xy,...,X,,) as a
polynomial with respect to X, with coefficients depending on X, ..., X,,_1, that is,

Xy, X)) =ae(Xy, . X D)X+ e (X X)X Fao(X, ., Xl 1)

Let a(Xi,...,Xn—1) be the product of those a;(Xi,...,X,—1) for ¢ = 0,1,...,k, which

are non-zero. By the inductive assumption, we can find ai,...,a,-1 € A such that
a(ay,...,an—1) # 0. We consider then f(ay,...,an—1,X,) which is a non-zero polynomial
in the variable X,,. Hence we can find a,, € A such that f(ai,...,an—1,a,) # 0 by the case
n = 1. Thus we have aq,...,a, € A satisfying our requirement.

Proof of NBT in the infinite case. Let €4, ..., e, be any basis of L over K and consider
n linear forms in the polynomial ring L[ X7, ..., X,] given by:

Xy =01(e) X1+ -+ o1(en)Xn
X, = 02(€1) X1 4+ -+ 0a(en) Xn

(%)
X5, =op(en) X1+ -+ onlen)Xn

Look at X, as functions of X1,..., X,,. Define f(Xi,...,X,) = det[X,,,,]. We claim that
this polynomial is non-zero. In fact, we can choose X,, = 1,X,, = 0,...,X,, = 0 and
find the suitable values of X;,..., X,, solving the system (). Such a solution exists (and
is unique), since detfo;(e;)] # 0 (see Lemma 11.1). For these values of Xi,..., X, the
determinant defining f(X1,...,X,) has elements 0 or 1 with exactly one 1 in each row and
each column. Thus the value of f(Xy,...,X,) is &1, which implies that this is a non-zero
polynomial.

As K is an infinite subset of L, using Lemma 11.2, we choose aq,...,a, € K such that
flai,...,a,) # 0 and define & = aje; + -+ + ape,. Then by (%) and the definition of
f(Xq,..., X,), we get
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fla1,...,a,) = detlo;o;(a)] # 0.

Thus, o1(a),...,on(@) are linearly independent over K by Lemma 11.1, so these elements
form a normal basis of L over K. |

Proof of NBT in the finite case. Let X C L be a field extension of finite fields. Now
we want to prove the normal basis theorem in this case. As we know, the field L is a
cyclic Galois extension of K. In fact, the argument given below applies to any cyclic Galois
extension K C L (not necessarily finite), so it gives an alternative proof of the theorem in
this case.

Let G = G(L/K) = (o) be the Galois group, where o is any of its generators and [L :
K] = |G(L/K)| = n, so o has order n. The field L can be considered as a module over
the polynomial ring K[X] when we define Xa = o(a) for « € L (see A.7). As all modules
over K[X] having finite dimension over K, the module L is a direct sum of modules of the
form K[X]/(f), where f is a nonzero polynomial in K[X] dividing the annihilator of L (see
A.7.3). Since 0™ = 1, we have (X" —1)a = 0" (o) —a = 0 for all & € L, so X™ —1 belongs to
the annihilator of L. Thus the annihilator of L divides X™ —1 (see A.7.3). If the annihilator
is generated by a polynomial ag+a; X +---+a,_1 X" ! € K[X] of degree less than n, then

(a0 + a1 X + -+ a1 X" Ha=aa+aio(a)+ - +a,_16" " (a) =0

for any a € L. But according to Dedekind’s Lemma T.6.3, the automorphisms ¢° =

1,0,...,0" ! are linearly independent over L and consequently over K, so all a; = 0. Thus
X"™—1 must be the annihilator of L and L is isomorphic to K[X]/(X™—1) as K[X]-module.
If ¢ : K[X]/(X™—1) — L is an isomorphism and ¢(1) = «, then every element of L is of
the form

(ap + a1 X+ +an 1 X" HNa=aa+ao(@)+--+a,_10"  (a),

since every element of K[X]/(X™ —1) is of the form (ap +a1 X + -+ a,—1 X" ) - 1. Thus
a,o(a),...,0" Y a) form a basis of L over K, since the number of these elements is n and
they generate L over K. O

T.11.2 Hilbert’s Theorem 90. Let L O K be a cyclic extension of degree n and let o be
a generator of the Galois group G = G(L/K). If a« € L, then

(a) Nrg(a) = 1 if and only there is 8 € L such that « = %

(b) Trg(a) = 0 if and only if there is § € L such that a = 8 — o(3).

Proof. (a) First recall that Nrg(a) = ac(a)--- 0" 1 (a). Define

i = ao(a) -0 a)
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for i = 1,...,n and observe that ayn = 1 and o(a,:) = éagiﬁ»l. Since ay = a # 0, by
Dedekind’s Lemma T.6.3, we can find = € L such that

B =0a,0(x) + ag20?(x) + -+ agn10""H(x) + agno™(x) # 0.
Now observe that o(8) = 13, which proves the result as o(8) # 0.
(b) The proof is similar. Using Dedekind’s Lemma T.6.3, we can find z € L such that
Trg(z) =z +o(z)+ -+ 0" 1(z) # 0. Define

Qgi =a+o(a)+ -+ a)

for i = 1,...,n and observe that a,» = Trg(a) = 0 and o(ayi) = ayi+1 — a. As in (a),
consider

Y = g0 (1) + 20 (x) + -+ agn-10" " (2) + agno™(z)

and notice that o(y) = y—Trg(z)a. Hence a = ﬁ(m)('yfa(’y)). Now we choose 8 = ﬁ(z)
and obtain a = 8 — o(8). O

T.11.3 Let K be a field containing n different n-th roots of unity. If L is a cyclic extension
of K of degree n, then there exists o € L such that L = K(«) and o™ € K.

We give two proofs of this theorem. The first depends on Dedekind’s Lemma T.6.3. The
second is more direct, but needs a little more knowledge of linear algebra.

First proof. Let o be a generator of the Galois group G(L/K). According to Dedekind’s
Lemma T.6.3, there exists x € L such that

a=x+eo(z)+ -+ " (z) #£0.

Notice now that o(a) = 5”_>1a (this says that « is an eigenvector belonging to the eigenvalue
e"~1 = ¢! of ¢). Hence o'(a) = D™ for i = 1,...,n, which shows that the images
of a by all automorphisms of the Galois group are different. Hence, by Ex. 9.22, we have

L = K(a). Moreover, we have o(a”) = (o(a))” = (€"'a)” = a”, so o € LEW/K) = K. O

Second proof. Let ¢ be a generator of the Galois group of L over K. Since ¢” = id, the
eigenvalues of ¢ as a linear mapping of L over K satisfy the equation X™ — 1 = 0. In fact,
if o(a) = e for @ € Ly # 0, then 0™(a) = €™, that is, e = 1. But ¢ € K, so we can
choose € in K as a generator of the cyclic group of all solution of X™ — 1 = 0 and find

an eigenvector a € L belonging to it. We have o%(a) = e'a for i = 1,...,n, so « is fixed
only by the identity automorphism of L over K (if i # n, then ea # «). Hence L = K(«).
Moreover, o'(a") = €a™ = a™. Thus, a” is fixed by all the elements of the Galois group
of L over K, that is, o™ =a € K. O
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T.11.4 Let K be a field containing m different m-th roots of 1.

(a) If K C L is a Kummer extension of exponent m, then every subextension of fields
M C N, where K C M C N C L is also a Kummer extension.

(b) All Kummer extensions of K of exponent m are exactly the splitting fields of sets of
binomial polynomials X™ — a for some a € K. In particular, oll finite Kummer extensions
of K are L = K(%/a1,..., ¥/a,) for some elements ay,...,a, € K.

(¢) There is a one-to-one correspondence between the isomorphism classes of finite Kummer
extensions of K of exponent m and the subgroups A of K* containing K*™ such that the
index [A : K*™] is finite. In this correspondence, to a Kummer extension L of K corresponds
the subgroup A of K* consisting of all a € K such that a = o™ for some o € L, and to a
subgroup A of K* corresponds any splitting field over K of all binomials X™ — a for a € A.
Moreover,

IG(L/K)| = [L: K] =[A: K™ (11.1)

Proof. (a) It is clear that the field M contains m different m-th roots of 1. Since the
Galois group G(L/K) is abelian, the Galois group G(N/M) is also abelian as the quotient
G(L/M)/G(L/N) (see T.9.3). Since every element of G(L/M) has order dividing m, the
same is true about the elements of the quotient, that is, the elements of G(M/N).

(b) Let L be a splitting field of a set of binomials X™ — a for a € K. We shall prove that
L is a Kummer extension of K of exponent m. According to the assumptions, the field
K contains m different m-th roots of 1, so we have to prove that L is an abelian Galois
extension of K and ¢™ =1 for each 0 € G(L/K).

The extension K C L is normal as a splitting field of polynomials over K (see T.7.1) and
separable, since every polynomial X™ — a, where a € K, a # 0, is separable. In fact, as we
noted earlier, such a binomial has m different zeros. Thus L is a Galois extension of K. Since
L is generated by the zeros of binomials X™ —a for a € K, every automorphism o € G(L/K)
is uniquely defined by its action on the generators of this form. So let 0,7 € G(L/K) and
let a, 8 € L be such that o™ = a,™b, where a,b € K. Then we have o(a) = ea and
a(B) = np, where €,n are m-th roots of 1. Hence o7(a) = o(na) = ena = 7o (), which
shows that the group G(L/K) is abelian. Moreover, we have 0 (a) = e™a = a, so 0™ = 1,
which implies that the order of each element of G(L/K) divides m.

Now we prove by induction with respect to the degree of L over K that every finite Kummer
extension of K of exponent m is a splitting field of a finite number of binomials X" — a,
where a € K. The claim is trivial for K (degree over K equal to 1). Assume that the claim
is true for fields of degree less than n and let L be a field of degree n > 1 over K. Let H
be a non-trivial cyclic subgroup of the Galois group G(L/K) such that G(L/K) = H x H'
for a subgroup H' of G(L/K), which may be trivial if G(L/K) is already cyclic. Such
subgroups H and H' exist by the fundamental theorem on abelian groups (see A.7.2). Let
M = L7 and M' = L. We have G(M/K) = H' and G(M'/K) = H (see Ex. 9.14). The
order of the cyclic group H divides m, since L is a Kummer extension of exponent m. By
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Hilbert’s Theorem 90, we have M’ = K (a), where ™ € M for some divisor m/ of m. Hence
o™ =da € K and M’ is a splitting field of X™ — a’. The degree of M over K is less than
the degree of L over K so using the inductive assumption, we get that M is a splitting field
of a finite number of binomials X™ — a, where a € K. The whole extension L is a splitting
field of these binomials together with the binomial X™ — a’ whose zero is a.

(c) Let F,,, denote all Kummer field extensions L of K of exponent m, and A,, all subgroups
of K* containing K*™. We have two functions:

f:An —>Fn and g:F, — An

such that f(A) = a splitting field of all binomials X™ — a for a € A and g(L) = the group
of all a € K* such that a = o™ for some o € L*. We want to prove that f og and go f
are identities on F,, and A,,, so f and g are bijective functions between these two sets (see
A.8.1).

If L € F,,, then L is a splitting field of some set of binomials X™ — a with a € K. The
group ¢g(L) contains all these a € K, so we certainly have f(g(L)) = L, since L is defined as
a splitting field of some X™ — a with a € g(L) and for each a € g(L), the field L contains
a splitting field of X™ — a. Thus the composition f o g is the identity on F,, (so that g is
injective and f surjective - see A.8.1).

Let A be a subgroup of K* containing K*™. Then, of course, A C g(f(A)), since each
element of A is an m-th power of an element of the field f(A) corresponding to A. But
A and ¢(f(A)) define the same field, that is, f(g(f(4))) = f(A) by what we already has
explained for L = f(A), so

[A: K] = [g(f(A)) : K] = [L: K]

by (11.1). Since A C g(f(A)), the last equalities imply g(f(A) = A, that is, the composition
g o f is the identity on F,, (so that f is injective and g surjective - see A.8.1).

Let L be a Kummer extension of K defined by a subgroup A of K* containing K*™. We
define a bilinear function

¢v:G(L/K)x A—C*

in the following way. If (0,a) € G(L/K) x A, then there is a € L such that a = o™. Hence
o(a) = ea, where € is m-th root of 1. Notice that  is independent on the choice of a solution
of the equation X™ = a. In fact, if also 5™ = a, then 8 = na, where n € K is an m-th root
of 1. Thus, we have o(8) = o(na) = nea = ¢f. Now we define p(0,a) = ¢ = o(a)/a. We
check that ¢ is bilinear. If ™ = a, o(a) = ea, ™ = b, 7(8) = 1S, then

o(0,ab) = U(aa;) = afla) U(BB) = p(0,a)p(0,b)

117



and

p(oT,a) =eT = wﬂ = ¢(o,a)p(T, a).
o B
The left kernel of ¢ are all o € G(L/K) such that ¢(o,a) = 1 for each a € A, that is,
o(a) = «a for each solution of X™ —a = 0 when a € A. But such « generate L, so o is
the identity of G(L/K). The right kernel of ¢ are all a € A such that ¢(o,a) = 1 for each
o € G(L/K). Hence o(a) = «a for each ¢ € G(L/K), which means that a € K, that is,
a=a™ e K*". Now by A.15.1, we get an isomorphism A/K*™ = G(L/K)*. In particular,
we have [A: K*™] = |G(L/K)*| = |G(L/K)| = [L: K]. m

Theorems of Chapter 12

T.12.1 (a) If G is solvable and H is a subgroup of G, then H is solvable.

(b) If N is a normal subgroup of G and G is solvable, then the quotient group G/N is
solvable.

(¢) If N is a solvable normal subgroup of G such that the quotient group G/N is solvable,
then G is solvable.

Proof. (a) If G is solvable, then there exists a chain

G=GyD>G1D...0G,={e}

such that G;i1 is normal in G; and the quotient group G;/G;y1 is abelian for i =
0,1,...,n— 1. We claim that

H=G=GynH>GNH>...>G,NH={e} (12.2)

is the corresponding chain of subgroups of H. In fact, it is clear that the subgroup G;+1 N H
is normal in G; N H as G;41 is normal in G;. The quotient (G; N H)/(G;+1 N H) is abelian,
since we have an embedding of pairs (G411 NH,G,NH) = (G;4+1,G;) fori =0,1,...,n— 1,
which induces (see A.2.7) an injective homomorphism (G;41 N H)/(G; N H) — Git1/Gi.
Thus (G;4+1 N H)/(G; N H) is abelian, since it is isomorphic to a subgroup of the abelian
group Gi41/Gi.

(b) Let (12.2) be a chain giving solvability of G and consider the following chain of subgroups
of G/N:

G/N = GoyN/N > G{N/N > ... D> G,N/N = {e}.
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One checks immediately that G;11N/N is normal in G;N/N, since G;11 is normal in G; for
i=0,1,...,n— 1. We have a mapping of pairs (G;t+1,G;) = (Gi+1N/N,G;N/N) such that
(¢',9) = (¢’ N,gN) for g € Gi11,9 € G; (see A.2.7). Since the coset gN, g € G; is the
image of g € G, it is clear that the mapping of the pairs induces a surjective homomorphism
G;/Giy1 — (Gi+1N/N)/(G;N/N). Hence, the quotient (G;+1N/N)/(G;N/N) is abelian,
since G;/G;41 is an abelian group.

(c) Let

N:NoDNlD...DNk:{e}

and

G/N =Go/N >G1/N>...5G/N = {e}

be chains of subgroups of N and G/N, which existence follows from the assumption that
these groups are solvable. We use the fact that each subgroup of G/N is the image H/N of
a subgroup H of G containing N (see A.2.8), so

G=GyDG1D...0G =N=NyDN; D...D> N, ={e}

is a chain of subgroups of G such that each quotient G;/G;y1 for i = 0,1,...,l — 1 and
N;j/Njqi for j=0,1,...,k —1 is abelian. This shows that the group G is solvable. O

T.12.2 The symmetric group S, is not solvable when n > 5.

Proof. We shall prove that the alternate group A,, consisting of the even permutations in S,
is not solvable when n > 5. By T.12.1 (a), it follows that the group S, is also not solvable.
The group A, contains each cycle (a,b,c), since such a permutation is even. In fact, we
have (a,b,c) = (a,b)(b, ¢), that is, a cycle of length 3 is a composition of two transpositions.
Assume that

Go=A4,D>G1 DG DD Gp={(1)}

is a chain such that each G;1; is normal in G; and G;/G;1 is abelian.

First, we show that if a subgroup G of A,, contains every cycle of length 3 and H is a normal
subgroup of G such that G/H is abelian, then H also contains each cycle of length 3. This
proves that A, is not solvable, since A,, contains each cycle of length 3, so its subgroup G4
also contains every such cycle. Now the same is true about Gs and so on. All groups G;
contain every cycle of length 3 and G, can not consist of only the unit.

In order to prove the claim about G and H, we take an arbitrary cycle (a, b, ¢) of length 3.
Let 2 = (a,b,d) € G and y = (¢,e,a) € G. We use the fact that the number of permuted
elements is at least 5, so we can choose ¢, d different from a, b, c. We have
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zyr~ty = (a,b,d)(c, e, a)(d, b,a)(a, e,¢) = (a,b,¢).
But xyz~ly~! € H, since HtHy = HyHz (G/H is abelian by our assumption) gives
Hzxy = Hyz, that is, Hryx 'y~ ! = H, so zyxz~'y~! € H. Hence H contains arbitrary cycle
(a,b,c). O

Theorems of Chapter 13

In the proof of T.13.1, we refer to a number of auxiliary results, which we prove below.

T.13.1 If char (K) = 0, then an equation f(X) = 0, f € K[X] is solvable by radicals if
and only if the Galois group of f over K is solvable.

Proof. First we prove that if K is a solvable extension of K, then its Galois group G(Ky/K)
is solvable. Let Ky C L, where L is a radical extension of K. According to Lemma 13.1.3, we
can assume that L is a Galois extension of K. Thus we have a chain of fields K C Ky C L
in which L radical Galois extension of K. By Lemma 13.1.4, the group G(L/K) is solvable,
and since K C K is a Galois extension, its Galois group G(K;/K) is a quotient of G(L/K).
Hence this group is also solvable.

Now we prove that if the Galois group G(K;/K) is solvable, then the extension K C K
is solvable. Denote by L any Galois extension of K whose Galois group is solvable (in the
theorem, L = Ky). Using induction with respect to the degree [L : K] > 1, we prove that
the extension L D K is solvable.

If [L : K] is a prime number, then the Galois group G(L/K) is cyclic, so it is, of corse,
solvable. Assume that [L : K] # 1 is not a prime number. Then the solvable group G(L/K)
contains a normal subgroup H such that |G(L/K)| > |H| > 1 (see Ex. 12.3). We have the
corresponding tower of extensions K C L C L and both extensions L ¢ L and K ¢ L7
are Galois with solvable Galois groups, since the first has a subgroup H of G(L/K) as its
Galois group, and the second, the quotient group G(L/K)/H. Both are solvable of orders
less than |G(L/K)| = [L : K]. By the inductive assumptions, there exist radical extensions
LH c L C L' and K C L¥ C L". Hence by Lemma 13.1.2(b), K C L C L'L" is a radical
extension of K (where L'L"” is taken in any field containing both L’ and L"). O

Lemmal3.1.1 Let L be a splitting field of a polynomial X™ — a over a field K. Then the
Galois group G(L/K) is solvable.

Proof. By Ex. 5.10, we have L = K (g, ), where « is a zero of X™ — a and ¢ generates the
group of all zeros of X™ — 1. Consider the chain of fields:

K CK(e) C K(e,a) = L
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and the corresponding chain of groups:

G(L/K) 2 G(L/K(g)) 2 {id}.

Of course, the extension K(e) 2 K is Galois as a splitting field of the polynomial X™ — 1
over K. Thus the Galois group G(L/K (g)) is normal in G(L/K) and G(L/K)/G(L/K(g)) =
G(K(e)/K). The last group is abelian. In fact, let o be an automorphism of K(g) over
K. Then o(g) = &' for some i (notice that €” = 1 gives o(¢)"” = 1). If now 7 is another
automorphism of K (&) over K and 7(¢) = &/, then o(7(¢)) = ¢ = 7(0(¢)), that is, o7 = 70.

Now notice that the group G(L/K (¢)) is abelian. Let 0,7 € G(L/K(¢)). Then o(a) = e'a
and 7(a) = €’a, for some i,j. Thus o(7(a))) = e/ a = 7(c(a)), that is, o7 = 70. Hence
the group G(L/K) is solvable. O

We say that L is a radical m-extension of K if
K=Ky CK C..CK,=1L
are such that K; = K;_1(a;), o* € K;,_1 and r; < m are natural numbers for i = 1,...,n.

Lemmal13.1.2 Let K C L and K C L’ be field extensions.
(a) If o : L — L' is a K—isomorphism and K C L is radical, then also K C L' is radical.

(b) If L is a radical m-extension of K, and L' is a radical m-extensions of K', where
K C K' C L, both L,L' contained in a field M, then the compositum LL' is a radical
m-extension of K.

Proof. (a) Let L = K(ay,...,a,), where
K=K, CK C. CK,=1L

are such that K; = K;_1(o;), o;* € K;_1 and r; are natural numbers for ¢ = 1,...,n. Then
L'=0(L)=K(o(a1),...,0(a)) and

K=KyCo(Ki)C...Co(K,) =1L,

where 0(K;) = 0(K;—1)(c(a;)), o(a;)™ € 0(K;_1), so L' is a radical extension of K.

(b) Let L be as above and L' = K'(af,...,al,), where
K'=KjCK| C...CK, =1L,
K[ =K _,(a}), (a)* € K|_; and s; are natural numbers for i = 1,...,m. Then
K=KCK(a)C--CK(ay,...,an) =

LC K(ag,...,an,ay) C---CK(ag,...,an,a},...,al,)=LL

is a corresponding chain of extensions showing that LI’ is a radical extension of K. O
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Lemmal3.1.3 Let L be a radical extension of a field K. Then the normal closure N of
L O K 1is also a radical extension of K. Moreover, if L is a radical m-extension of K, then
N is also a radical m-extension.

Proof. Let L = K(aq,...,ay,), where

K=KyCK,C...CK,=1L

are such that K; = K;_1(a;), o* € K;_1 and r; < m are natural numbers for i =1,...,n.
Thus K; = K(aq,...,a;) fori =1,...,n. Let f; be the minimal polynomial of «; over K.
Of course, N is a splitting field of f = f;--- f,, over K. Let 3; be any zero of f; in N and let
7 : K(a;) = K(B;) be the isomorphism over K such that 7(a;) = ;. Since N is a splitting
field of f over K(«y;) and K(3;), there is an automorphism o : N — N, which extends .
This automorphism maps L onto o(L) which according to Lemma 13.1.2(a) is also a radical
m-extension of K. It is clear that N as a splitting field of f is the compositum of all the
fields o (L) obtained for all the choices of 7. Thus N is a radical m-extension of K according
to Lemma 13.1.2(b). O

Lemmal3.1.4 Let L be a radical Galois extension of K. Then the Galois group G(L/K)
15 solvable.

Proof. Let L = K(ay,...,ay,), where

K=KyCK C...CK,=1L

are such that K; = K;_1(«;), ai” € K;_1 and r; are natural numbers for : = 1,...,n. Thus
K; = K(ay,...,qa;) for i = 1,...,n. We prove the claim by induction on the number n of
root extensions between two arbitrary fields K and L.

If n =1, then L = K (1), where o' = a € K. Denote 71 = r and consider the splitting field
K(ay,e) of X"—a over K, where ¢” = 1. By Lemma 13.1.1, the Galois group G(K (aq,¢)/K)
is solvable. Since K (ay) is Galois over K, its Galois group G(K(«1)/K) is solvable as a
quotient of the solvable Galois group G(K(aq,¢)/K). (Observe that K(aq) needs not be
a splitting field of X™ — a even if it is Galois and contains a zero of this polynomial — the
polynomial may be reducible. Take as an example X* — 4 over the rational numbers and

L=Q(v2)).

Assume now that the claim is true when the number of elementary radical extensions between
two fields is less than n > 1. Consider the following chain of field extensions:

K=K,CK,C... CK,
1 {

=L

(e) = L(e)

Then it is clear that L(e) is a radical Galois extension of K and as well as of K7 (¢). The num-
ber of elementary radical extensions between Ki(e) and L(g) is n— 1. Thus by the inductive
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assumption, the Galois group G(L(¢)/K;(¢g)) is solvable. According to Lemma 13.1.1, the
Galois group G(K;(g)/K) is solvable. Hence the Galois group G(L(e)/K) is solvable since
its normal subgroup G(L(e)/K1(g)) and the quotient group G(L(e)/K)/G(L(e)/K1(g)) =
G(K1(e)/K) are solvable. Now, we obtain that the Galois group G(L/K) is isomorphic to
G(L(e)/K)/G(L(e)/L) and as a quotient of a solvable group, is solvable. O

Lemmal3.1.5 Let L be a Galois extension of K with a cyclic Galois group G(L/K). Then
L is a solvable extension of K.

Proof. Let [L : K] = n and let K’ = K(¢) be a splitting field of X™ — 1 over K. Then
L’ = L(e) is a Galois extension of K’ = K (g) whose Galois group is cyclic as isomorphic to
a subgroup of the Galois group G(L/K) (of order n) according to Ex. 9.20. Moreover, the
field K’ contains all roots of 1 of degree [L’ : K], since this degree divides n and all roots of
1 of degree n are in K’. Thus according to T.11.3, K/ C L’ is a radical extension. K C K’
is also a radical extension. Hence K C L’ is a radical extension, so K C L is a solvable
extension. O

T.13.2 The Galois group over K(s1,S82,...,5,) of the general equation f(X) =0 of degree
n is Sy, so f(X) =0 is not solvable by radicals when n > 5.

Proof. It is clear that each elementary symmetric function s; of Xq,..., X, is fixed by all
elements of o € S, that is, by all permutations o(X;) = X,(;). Hence we have the tower of
fields:

K(s1,82,.,8n) € K(X1,Xg,...,Xn)%" C K(X1,X2,...,X,).

We have [K (X1, Xo,...,X,) : K(X1,X2,...,X,)%] =[S, =n! and [K(X1, Xa,...,X,,) :
K(s1,82,...,8,)] < nl, since the splitting field K (X1, Xa,...,X,) of the polynomial of
degree n

FX)=X" —5; X" 45X 24 4 (—1)"s, =0,

over the field K (sy, 52, . . ., 5,) has at most degree n!, so K (X1, Xo,..., X,,)% = K(X1, Xo, . ..

Thus, the Galois group of K (X1, Xa,...,X,) over K(s1,8a,...,Sy,) 18 S, by Theorem T.9.1.
O

T.13.3 Casus irreducibilis. Let f(X) € Q[X] be an irreducible polynomial of degree 3
whose all zeros x1,xe,x3 are real. Then the equation f(X) = 0 is not solvable by real
radicals, that is, the splitting field Q; = Q(z1,z2,23) of f is not a subfield of a radical
extension Q C L such that L C R.

Proof. Assume to the contrary that there exists a radical extension:
Ko=QcK,yc...cK,=LCR

such that K; = K;_1(), o' € K;, r; are prime numbers for ¢ = 1,...,n and Q; =

Q(x1,x9,23) C L. Choose i > 1 such that K;_; does not contain 1, z2,x3 while some of

123



these numbers, say x1, belongs to K;. Since K;_1 C K;_1(x1) C K; and [K;—1(z1) : K;—1] =
3 divides [K; : K;_1] = 1, we have r; > 3. The polynomial X" — a;, where a; = o', is
irreducible over K;_1 (since it has only one real zero «;, which does not belong to the real
field K;_1), but it must be reducible in K;_1(z1), since the degree of the field K; = K;_1(«;)
over K;_1(x1) is less than r;. Thus X" — a; has a zero in K;_1(x1) and, as a consequence,
it splits in the splitting field K;_1(x1,z2,23) of f over K;_;. But it gives a contradiction,
since the field K;_1(z1, 22, x3) is real, but all the zeros of X" — a; with the exception of «;
are non-real. O

Theorems of Chapter 14

T.14.1 Let K be the least subfield to R which contains the coordinates of all points belonging
to a given set of points X in the plane. A point P = (a,b) can be constructed from X by a
straightedge-and-compass construction if and only if there is a chain of fields:

K=K¢CKyC...CK,=LCR (*)

such that a,b € L and [K;y1 : K;] = 2 for i = 0,1,...,n — 1. In particular, the set of
numbers which are constructible from X (like K when X = {(0,0),(1,0)}) is a field.

We start with an auxiliary result:

Lemmal4.1.1 Let K be the least number field containing the coordinates of all points
belonging to a point set X.

(a) Every number in K can be constructed from X by a straightedge-and-compass construc-
tion.

(b) The coordinates of any point which can be directly constructed from X are in a real field
L such that [L : K] < 2.

(¢) If a point has its coordinates in a real field L such that [L : K] < 2, then it can be
constructed from X by a straightedge-and-compass construction.

Proof (a) A line which goes through two points with coordinates in the field K has an
equation ax + by + ¢ = 0 with coefficients a,b,c in K. The coordinates of the intersection
point of two such lines (if they intersect) is defined by the solution of a linear equation system
consisting of two such equations. Thus the intersection point of the lines has its coordinates
in the same field K.

A circle whose center (p, q) has coordinates in K and whose radius equals to the distance d
between two points with coordinates in K has the equation (z — p)? + (y — ¢q)? = d?. It is
clear that d? € K. The intersections points of such a circle with a line as above are given by
the solutions of the system:
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ax+by+c=0,
(x=p)?+(y—a’=d

In order to solve such a system, we express y by x from the first equation (or conversely) and
put in the second equation. We get a quadratic equation with respect to z (or y) of the form
22+ Az+ B = 0, where the coefficients A, B € K while the solutions x = —A/24+./A2/4 — B
belong to the field L = K (1/A2?/4 — B) whose degree over K is at most 2.

If we have two circles as above and we want to find their intersection points, then we have
to solve a system:

(z—p)?+(y—q?®=d,
(@ —p)+(y—q)=d”

for some p,q,p’,q',d?,d* € K. We can do it, subtracting the two equations. Then we get
an equivalent system consisting of an equation of a line and an equation of a circle just as
in the previous case.

(b) First we show that the field K is the least set of numbers containing all the coordinates
of the points in X, which is closed with respect to addition, subtracting, multiplying and
division. Therefore the elements of K are the numbers obtained successively from the coor-
dinates of the points in X by these four arithmetical operations. Thus we have to show that
if a,b € K are constructible, then also a & b, ab and a/b (provided b # 0) are constructible.
We may assume that a,b > 0. It is clear how to construct a £b when a, b are given. In order
to construct ab and b/a (a # 0), we can draw angles according to the figures below:

Now we have to show that any element of a quadratic real field L over K can be obtained
by a straightedge-and-compass construction. As we know L = K (\/8), where d € K,d > 0,
so each element of L is of the form a+ bv/d, where a,b € K. Thus we only need to construct
V/d when d is given, since we already know how to construct the product bv/d having b and
V/d, and the sum a + bv/d having its terms a, bv/d. The construction of v/d follows from Fig.
14.2: first we draw a line with intervalls 1 and d, then we find the middle point of 1 + d
and draw a half circle with radius (1 + d)/2. The line perpendicular to the line AC through
the point C gives the intervall CD whose length is v/d. In fact, by a known result on the
altitude of a right triangle, we have CD? = AC - BC =1-d, that is, CD = v/d.

O

Proof of T.14.1. If a point P = (a,b) can be constructed from X by a straightedge-
and-compass construction, then this can be done by constructing a sequence of points
Py, Py, P, ..., P, = P such that each point can be directly constructed from X and the
points preceding it. As we know from Lemma 14.1.1(b), the coordinates of every new point
are in a real extension of degree at most 2 over the preceding field (starting with K) which
contains the coordinates of the points of X and all the points constructed earlier. This shows
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Fig. 14.2.

that the coordinates a,b of P belong to a field L, which can be obtained from K by a se-
quence of extensions each of which has degree at most 2. Thus we get a sequence (x) if we
only take those fields whose degrees are 2.

Conversely, if a point P = (a,b) has its coordinates in an extension L of K, which can be
obtained by a chain of quadratic extensions like in (x), then an evident inductive argument
using Lemma 14.1.1(c) gives that the elements of each field K; (i = 1,...,n) can be
constructed from X. In particular, the point P = (a,b) can be constructed from X.

Finally notice that the distance between two points P = (a,b) and P’ = (d/,V’), where
a,b,a’, b/ € Lis d = \/(a—a')2+ (b— V)2, so such a number d belongs to a quadratic
extension of L. O

T.14.2 Let K be the least subfield of R which contains the coordinates of all points be-
longing to a point set X in the plane R2. A point P = (a,b) can be constructed from X
by a straightedge-and-compass construction if and only if one of the following equivalent
conditions hold:
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(a) There exists a Galois extension L D K such that a,b € L and [L : K| is a power of 2.
(b) There exists a Galois extension L O K such that a+bi € L and [L : K] is a power of 2.

In order to prove this thoerem, we need some notations and an auxiliary result. Let K be
a subfield of the real numbers and let 79(K) denote all complex numbers z for which there
exists a chain of radical 2-extensions:

K=KycK,c---CcK,cC (**)

such that z € K, and [K; : K;_1] =2 for i = 1,...,n. Let rro(K) denote all numbers for
which there is such a chain of fields with K; C R. It follows easily from Lemma 13.1.2(b) that
ro(K) and rro(K) are fields. Moreover, if z € ro(K), then \/z € ro( K), while z € rry(K)
and z > 0, imply /z € rro(K).

Lemmal4.2.1 Let a,b be real numbers. Then the following conditions are equivalent:
(a) a,b € rra(K),

(b) a,b € rqo(K),

(¢) a+bi € ry(K).

Proof. Tt is evident that (a) implies (b). If a,b € K,, in a tower (xx), then a +bi € K,,11 =
K, (i) and [K,1 : K] < 2, which implies (c). We prove that (c) implies (a) by induction
on the number n of fields in a tower (xx). Assume that a +bi € K,,. If n = 1, then the claim
is evident, since K is real and K is a quadratic extension of K. Thus a,b € K C rro(K) as
the real and imaginary parts of @ + bi (K7 may be real when b = 0). Assume that the claim
holds when the number of fields in the tower is less than n. Assume that a + bi € K,,. Let
K, = K,_1(VA+ Bi), where A+ Bi € K,,_1, A, B € R (it may happen that B = 0). We
have:

a+bi = (x4 yi)+ (2 + ti)VA+ Bi,

where x + yi,z + ti € K,_1, z,y,2,t € R. By the inductive assumption, z,y, z,t, A, B €
rro(K). Moreover,

VA2 2 JAZ 2 _
\/m:\/ A +QB +A+i\/ A +2B A7

so denoting

VA2 + B2+ A 3 VA2 4+ B2 - A
o = _— e e
2 ’ 2 ’
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we have a, 8 € rra(K), a =2+ za — tf € rra(K) and b = y + ta + 20 € rra(K). O

Proof of T.14.2. First note that (a) and (b) are equivalent. In fact, L(4) is an extension of
L such that [L(i) : L] =1 or 2 and L(¢) is of course Galois over K (if L is a splitting field
of a polynomial with coefficients in K, then L(4) is a splitting field of the same polynomial
multiplied by X2 + 1). If L satisfies (a), then we take L(i) as L in (b) — it contains a + bi
and its degree over K is a power of 2. If L satisfies (b), then a — bi € L, since the minimal
polynomial of a + bi over the real field K has a — bi as its zero, which must belong to the
normal extension L of K. Hence a,b € L.

Assume now that a point (a,b) is constructible from a point set X by a straightedge-and-
compass construction, that is, a,b € rro(K) and let

K=KycK,cCc---CK,CR

be a tower of fields such that [K; : K;_1] =2 fori =1,...,n and a,b € K,. Let L be a
normal closure of K. Then according to Lemma 13.1.2, L is a Galois radical 2-extension
of K. Of course, a,b € L and by T.4.3, the degree [L : K] is a power of 2.

Conversely, assume that (a) holds. Then the order of the Galois group G = G(L/K) is a
power of 2, that is, G(L/K) is a 2-group. This means that it has a filtration
Go = G(L/K) >5G1D--DOG,_1 DG, = {Zd}
such that G; is a normal subgroup of G;_; and the quotient group G;_1/G; has 2 elements.
The corresponding tower of the fields LE = K is
Ko=KCK,C---CK,=1L

and [K; : K;_1] = 2, that is, a,b € r3(K). According to Lemma 14.2.1, a,b € rr3(K), that
is, the point (a,b) is constructible from X by a straightedge-and-compass construction. O

Theorems of Chapter 15

T.15.1 (a) Let G be a subgroup of S,. Then for every subgroup H of G there ezists a
polynomial F € K[Xq,...,X,] such that H = Gp.

(b) Let G = 01Gp U---Uo0,Gr be the presentation of G as a union of different left cosets
with respect to Gp. Then o;F(Xy,...,X,) fori =1,...,m are all different images of F
under the permutations belonging to G.

Proof. (a) Consider the monomial M = X;X3--- X" and notice that for any two permu-

tations o,7 € S, we have (M) = 7(M) if and only if ¢ = 7. In fact, since the expo-
nents of all X; in M are different, two different permutations map the monomial M onto
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two different monomials (that is, Xg(l)Xgu) e XDy = XT(l)X3(2) -+ X7,y if and only if
o(i) = 7(i) for every i = 1,2,...,n). Define now F' = Try(M) = ., 7(M). The poly-
nomial F(Xy,...,X,) is invariant with respect to every o € H and o(F) = F for 0 € G if
and only if 0 € H. In fact, for any permutation ¢ € H, the compositions o7, where 7 € H
give exactly all the elements of H, so o(F) = F. On the other hand, if o € G \ H, then
o(M) is different from all |H| monomials whose sum gives F, that is, we have o(F) # F.
Thus o(F) = F for o € G, if and only if ¢ € H = Gp. Notice that the definition of F only

depends on H and not on the group G containing it.

(b) We have

o(F)=0'(F) o '/ (F)=F&oc'd'c H=Gr & oGr =0 Gp.
Thus different images o(F), when o € G, correspond to different left cosets of Gp in G. O

T.15.2 Let f(X) € K[X], F(X1,...,X,) € K[X1,...,X,] and assume that Gal(K;/K) C
G, where G is a subgroup of Sy,. Then:

(a) The resolvent polynomial ra p(f) has its coefficients in K ;

) If K =Q, F(Xy,...,X,) € Z[X1,...,X,] and f(X) has integer coefficients and the
highest coefficient 1, then the same is true on rq r(f);

(¢) If all the zeros of ra r(f) are different, then Gal(K;/K) is conjugated in G to a subgroup
of Gr if and only if at least one of the zeros of ra p(f) belongs to K.

Proof. (a) Let 0 € G. Then

o(ra,r()(T)) = H(T —(ooiF)(an;.. s an)) = (T = (0:F)(an, ..., an)) = ra(F, )(T),

since oo; for i = 1,...,m is also a set of representatives of left cosets of Gg in G. In fact,
since 0o; € G, s0 00; = 0;7 forsome 1 < j <mand 7 € Gp. Thus 00, F = 0;7F = 0;F, so
o0iF(ou,...,a,) =0;F(aq,...,0,) is also a zero of rg(F, f). At the same time, it is clear
that if ¢ # j, then oo; and oo represent different cosets of Gr in G. Hence o0, F (a1, ..., an)
for 1 <14 < m is simply a permutation of the elements o; F(ayq,...,ay), which means that
ore,r(f) and re p(f) have the same coefficients for every o € G. In particular, this is true
for every o € Gal(Ky/K), since Gal(K;/K) C G. Thus the coefficients of rq¢ r(f) are fixed
by every element in the Galois group Gal(Ky/K), so they are in K.

(b)

(¢c) If o € G and 0 = oy7, where 7 € Gp, then oF = o;F and oF(ay,...,a,) =
o F(a1,...,ap) is a zero of rq(F, f). If all the zeros of rg(F,f) are different, then
oF(ay,...,an) = F(oq,...,ap) is equivalent to 0 € Gp. In fact, o;F(a,...,a,) =
o1F(aq,...,ap) implies 0; = 01 = id, so 0 =7 € GF.

129



If 77'Gal(K;/K)T C Gp for a7 € G, then 77 'o7F(v1,...,0,) = F(ag,...,a,) for each
o € Gal(K;/K). Hence o7F(a,...,a) = TF (a1, ..., ay,), that is, 7F(a,...,a,), which
is a zero of r¢(F, f), belongs to K.

Conversely, assume that o, F(as,...,a,) € K for some i. If ¢ € Gal(K;/K), we have
oo F(ay,...,a,) = 0;F(a1,...,ap), that is, o; ‘oo F(ay,...,a,) = Fag,...,a), so
0;'00; € Gr. Hence o 'Gal(K;/K)o; C Gp. O

T.15.3 The Galois group Gal(ky/k) is isomorphic to any group G., of those permuta-
tions of Y1,..., Y, which map r;(X,Y1,...,Y,) onto itself for i = 1,...,t. Moreover, all
ri(T,Y1,...,Y,) have the same degree [ky : k| with respect to T and they have a common
splitting field Ky = ky(Y1,...,Y,) over K = k(Y1,...,Y,,).

Proof. Define 0, = a1 Y1) + - + anYym) € ky(Y1,...,Y,) = Ky for o € S,,. The group
Sy, acts on the set of all 8, if 0(0,) = 6,,. Denoting 6 = 0,4 = a1 Y1 + - - - + o, Y,,, we have
0(0) = 0, so the action of S,, on the set of all §, is transitive. Of course,

a1 Ypu) + -+ anYom) = A )Y1 4+ i) Yoo

Let 8, = 0;(8) = 6,, denote a zero of the polynomial r;(X,Y7,...,Y,) and assume that
g1 = ’Ld, that iS7 91 =6.

Notice now that each 0; = 1Y, (1) + -+ + an Yy, (n) € kf(Y1,...,Y,) is a primitive element
of the extension K = k(Y1,...,Y,) € Ky = ks(Y1,...,Y,). In fact, according to the Ex.
15.10(a), the Galois group of this extension is isomorphic to Gal(ky/k) when 7 € Gal(ks/k)
corresponds to an automorphism of Ky = kf(Y1,...,Y,) which acts on the coefficients of
the rational functions in K¢ as 7 and as identity on Y;. Thus for the element 0; € Ky, we
have

7(0;) = (1) Yy, 1) + -+ 7(n) Yo, (n)

which shows that the number of different images of 6; is equal to the order of the Galois group
Gal(Ky/K) (diffrent automorphisms give different sets of coefficients of Y;). Hence, according
to Ex. 9.22, 6; is a primitive element of the extension K C K; and every automorphism of
Ky over K is uniquely defined by its action on ;. Since r;(X,Y1,...,Y;) is the minimal
polynomial of 6; over K, the remaining zeros of this polynomial are the images 7(6;) under
the automorphisms 7 of the Galois group Gal(K;/K). Thus all polynomials r;(X, Y1,...,Y,)
have the same degree |Gal(K;/K)| = [Ky : K] = [ky : k| and they have a common splitting
field Ky over K.

The Galois group Gal(ks/k) acts on the set of 6, in two different ways. First of all each
7 € Gal(ks/k) acts as the permutation w(7) € S,, of {1,...,n} defined by the relation:

(7)) = j & 7(w) = aj,
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that is, 7(;) = ax(r)(s)- This gives the usual representation of the Galois group Gal(ky/k)
as a permutation group. Notice that 7 is an injective homomorphism of Gal(k;/k) into Sp,.
In particular, 7(771) = 7(7) L.

The second action is defined according to Ex. 15.10(a) — the Galois group of the extension
K =kY,...,Y,) C Ky = kg(Y1,...,Y,) is isomorphic to Gal(ks/k) when 7 € Gal(ky/k)
corresponds to an automorphism of Ky = k¢(Y1,...,Y,) which acts on the coefficients of
the rational functions in Ky as 7 and as identity on Y;. Thus for the element 0, € Ky, we
have

T(0,) = 7(1) Y1) + -+ 7(n) Yo(n)-

Let G, denote the group of permutations g € S,, such that

Q’/‘i(X, Yl, e ,Yn) = ’I“i(X, Yg(1)> .. -aYg(n)) = ’I“i(X,Yl, .. .,Yn)

for i =1,...,t. We will show that 7 is a group isomorphism of Gal(ks/k) onto G,.
We have:

r X1, V)= [ X =r60) = [ (X —r(aaYeq)++onYo,m))
reG(K 1 /K) reG(K/K)

If 7(7) is the permutation corresponding to 7 € Gal(Ky/K), then

m(T)rs(X, Y1, .., Yn) = (X, Yoy, -0 Yarym)) =

H (X =7 (1 Ya(r)(o:1)) + Y (1) (0u(n))) =
T'eG(Ky/K)

[T X =y Yoia) + -+ Aniry-10) Youim)) =
TEG(K/K)

H (X =77 Yo,y + -+ @Yo, m)) = ri(X, Y1, V)
T €G(K;/K)

taking into account that m(7) ™' = 7(771), @r(r-1);) = 7~ *(@;) and that 77! permutes all

() =
the elements of Gal(K;/K) when 7 € Gal(K;/K) (7 arbitrary but fixed). Hence for every
7 € Gal(ks/k), we have (1) € G,,.

Conversely, let ¢ € G,,, that is,
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QTi(X,Yl,...,)/n) = Ti(X;Yg(l)w-ng(n)) = Ti(X,Yl,...,Yn).

Then on the one hand,

Xy, Y= [ X =r0) = J] X -r@Yeq+otanYe,m)) =
TEG(Kyf/K) TEG(Kyf/K)

I &x- () Vi Oyt () V)
TEG(Kf/K)
ond on the other,

’I“i(X,Yg(l),...,Yg(n)) = H (X—T(Otai—l(l)yg(l) +--~+aa;1(n)Yg(n))) =
TeG(Kyf/K)

[I X—rlogmgYit ot g, ¥n) =
r€G(K;/K)

Hence agfl(l)YlJp . ~+o¢gf1(n)Yn is among the elements T(Oég 71(1)Y1+~ . ~+a2,10;1(n)Yn),

-1
i T

that is, there is 7 € Gal(ky/k) such that 7(a,-1,-10)) = @ -1y for every k =1,... n.
Hence 7(7)o to; ' (k) = o '(k) for k = 1,...,n. This means that ¢ = 7(7), so 7 is bijective,
and consequently an isomorphism of Gal(ks/k) and G,,. O

(One can find another proof of this theorem in [C].)

Before the proof of the next theorem, we recall the notations. Let ¢ : R — R* be a ring
homomorphism mapping an integral domain R into an integral domain R*. Let K and K*
be fields of quotients of R and R*, respectively. Let f € R[X] be separable (that is, without
multiple zeros). Denote by f* the image of f under the homomorphism extending ¢ to R[X]
by applying ¢ to the coefficients of the polynomials in R[X]. We write ¢(r) = r*, when
r € R and call ¢ (on all levels) the reduction homomorphism.

T.15.4 (Dedekind) (a) Let f € R[X] be a separable monic polynomial and assume that
its image f* € R*[X] is also separable and deg(f) = deg(f*) = n. Then the Galois group of
f* over K* has an embedding into the Galois group of f over K.

(b) Let in (a), R = Z, R* = F, and let ¢ be the reduction modulo a prime number p. If
f € Z[X] and

fr=0n 0%

where f; are irreducible over I, then Gal(Qf/Q) considered as a permutation subgroup of
Sy, contains a permutation which is a product of cycles of length deg(f;*) fori=1,... k.
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Proof. (a) Let L = K(aq,...,a,) and L* = K*(af, ..., af ) be splitting fields of f(X) over
K[X] and f*(X) over K*. Consider the polynomials:

T(f)(T, }/17 ceey Yn) = H (T - (04(7(1)}/1 + -+ ao(n)Yn))a
oESy
and
T‘(f*)(T7 Y17 e 7Yn) = H (T — (Oé;_(l)Y1 + -+ a;—(n)Yn))
oESy,

The coefficients of r(f)(T,Y1,...,Y,) (of the monomials in variables T, Y7, ...,Y,,) are sym-

metric functions of aq,...,a, and as such can be expressed as integer polynomials of the
coefficients of f. In exactly the same way, the coefficients of r(f*)(T,Y,...,Y,) are sym-
metric functions of af, ..., @), and can be expressed as integer polynomials of the coeflicients

of f*. Since the formulae expressing the coefficients of r(f) and r(f*) by the coefficients of
f and f* are the same, we see that the polynomial r(f*)(T,Y1,...,Y,,) is the polynomial
r(f)(T,Y1,...,Y,) when the homomorphism ¢ is applied to its coefficients in R.

Notice also that all the n! zeros ay(1)Y1 + - -+ 4 @ (n) Yy of 7(f) and aj;(l)Yl +-+a* Y,

of r(f*) as polynomials of T" are different when o € S,,. In fact, if ay(1)Y1 +---+ ag(n)(Y:L =
armY1 + -+ armYy, for o,7 € Sy, then ag;) = ar) fori = 1,...,n, so o(i) = 7(i)
for each i, since all a; are different. Hence, we have ¢ = 7. Similarly, we get that all
aj(l)Yl + 4 a;(n)Yn are different.

Consider now the factorization of r(f)(T,Y1,...,Y,) into irreducible factors, the Galois
resolvents, as in (15.3):

r()T) =rm(T,Y1,...., V) -1 (T,Y1,...,Y,).

The homomorphism ¢ applied to the coefficients in R of the polynomial r(f) and its factors
r; gives the factorization:

() =r{(T,Y1,...,Yn) -1 (T, Y1,...,Yn),
but the polynomials r} (T, Y1,...,Y,) need no longer be irreducible. Consider the resolvent
ri(T,Y1,...,Y,) of f(X) and let
rik = TTI o 'Tfuv

be the factorization of 77 (T, Y1,...,Y,) into irreducible factors 77;. These factors are Galois
resolvents of f*(X).

Consider all permutations of Yi,...,Y, which map the resolvent r}; into itself. By T.15.3,
such permutations form the group Gal(K;Z /K*). Applying the same permutation to the
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Galois resolvent 71 of f(X), we map it onto one of the resolvents r; of f(X) for some
1 =1,...,t. We claim that this must be the same resolvent ry. In fact, if the permutation
gives r;, with 7 # 1, then the same permutation transforms 7} to 7} and since the factor rj;
of 7 maps onto itself, it must be also a factor of r}. But if ¢ # 1, then the polynomials r}
and r} are relatively prime, since they are products of different linear factors T — (a;(l)Yl +
S az(n)Yn). Thus every permutations of Y7, ...,Y,, which maps r}; into itself also maps
71 into itself. By T.15.3 every element of Gal(K}/K™) belongs to the group Gal(Ky/K).

(b) The Galois group of the polynomial f* over F, is cyclic (see T.5.4). Let o be a generator
of this group. By Ex. 9.4, the automorphism ¢ can be represented as a product of k& cycles
of length equal to the degrees of the irreducible factors of f*(X) over F,. Using (a), we get
a permutation of this shape in the Galois group Gal(Q;/Q). O
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Hints and answers

Problems of Chapter 1

1.1 (a) =3, 2 £ 1iV3;

(b)—=7,—1 —iv/3, -1 +iV/3;
(€) ~¥/5— 31, LY+ 3)— 1+ L iv3 (V3 — V8), 3¢+ ¥3)—1-3iv3 (V3 - V),
(d) V2 = V4, 3(VA - ¥2) - 5ivVB(VA+ ¥2), 3(VE- ¥2) + 3ivB(VA+ ¥2) ;
(e) 1 —iv3,14iv3,v2, —V2;

() 1—i,1+14,3(1+V13), 3(1 — V13);

() 2+ 1V-1+2V2;

(h) 1+ 7+ 6+ 2V7.

1.3 Notice that (z1 — 22)? = 23 + j—;’ and similarly for (z3 — x3)? and (z3 — z1)%. Express

23 + 23 + 23 and 2323 + 2323 + 2323 by p,q using Vieta’s formulae: 1 + 22 + 23 = 0,
T1T2 + ToT3 + T3T1 =P, T1T2T3 = —(.

1.4 The equation has solutions 2, —1 + /3. Write down the trigonometric form of the
numbers —1 &+ 4. Thus with suitable choice of the values of the third roots, we have

=242+ V-2-2i=2.

1.5 Represent the complex numbers —4 =+ / % + % in the formulae (1.5) in trigonometric
form.

1.6 (a) The equation satisfied by « is 2* — 3cz + 2a = 0.



(b) Use the binomial formulae in the following form:
(X +Y)P =X+ Y +5XY[(X +Y)? = 3XY(X + V)] + 10X?*Y*(X +Y)

with X = Va + Vb, Y = v a — Vb. The equation satisfied by ais 2° —5cx® —5c?x —2a = 0.
If a = 1,¢ = 0 the polynomial is irreducible (see Chapter 3 concerning irreducibility). Of
course, there are equations of degree 5, which can not be represented in this form (e.g. those
with coefficient for 22 different from 0). As we noted in the Remark following this exercise,
it is not possible to find a general algebraic formula, which gives an expression of a solution
to an arbitrary quintic equation (fifth degree polynomial equation) using the coefficients of
the equation, the four arithmetic operations and roots (see Chapter 13).

1.7 If a = 0, then the equation ™ —a = 0 has only one solution z = 0 (with multiplicity n).
In general, we have a = |a|e’®, so the equality 2™ = |a|e’® is equivalent to z = {/ |a|ew+iﬂk

for n different values of Kk =0,1,...,n — 1.

1.8 Notice that the discriminant of f(X) = aX? +bX + ¢ = a(X — 21)(X — 29) is
A(f) = (z1 — 12)? = b? — 4ac (see the text on quadratic equations on p. 2).

Problems of Chapter 2

2.1 Only (d) is a field.

2.2 Let K be a subfield of Q. Starting with 1 € K motivate that all integers, and then, all
rational numbers must belong to K.

2.3 For example, Z,(X), where p is a prime number.

2.4 Use T.2.1 and consider two cases depending whether the prime subfield of K is finite
or infinite.

2.5 (a) Show that the sum, difference, product and the quotient of two elements of K («)
belong to K(a).

(b) If ab is a square in K, then it is easy to check the equality of the fields. In the opposite
direction, consider two cases: K(y/a) = K(vb) = K, K(y/a) = K(v/b) # K and the second
case use (a).

2.6 Use Ex. 2.5. (a) a +bv/2, a,b € Q;

(b) a+ bi, a,b € Q;

(¢) a+bv2 +ci+div2, a,b,c,d € Q;

(d) a+bv2 + V3 +dV6, a,b,c,d € Q.

2.7 If necessary see examples on p. 164.
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2.8 (a) Q(v2) ={a+bv2: a,bcQ};
) Q(i,v2) = {a +bi 4+ cvV2 +div2: a,b,c,d € Q};
(i,v/5) = {a + bi + cv/5+div/5 : a,b,c,d € Q};

2.9 (a) Check that all conditions in the definition of the field are satisfied if and only if every
nonzero matrix in the given set has nonzero determinant. The condition that X2 + 1 = 0
has no solutions in K is needed in order to exclude a possibility that a nonzero matrix has
determinant equal to 0.

(b) The subfield of L isomorphic to K consist of the diagonal matrices [8 2] .

(¢) Choose K =T3 in (a).

2.10 (a) Similarly as in Ex. 2.9 check that addition and multiplication of matrices in the
given set satisfy all the conditions in the field definition. This time the suitable condition is

that the polynomial X2 — X + 1 has no zeros in K, which guarantees that nonzero matrices
of given form have nonzero determinants.

(b) Choose K =T5 in (a). Then the field consists of the following matrices:

00 10 01 11
e ] B O B ]

The addition and multiplication tables are as follows:

2.11 Show that 2a = 0 for each a € K. The answer is 2.
2.12 (a) For m = 1 use the binomial theorem and notice that the binomial coefficients
? are divisible by p if 0 < i < p. Afterwards use induction.

(b) The same argument as in (a) for m = 1.

2.14 Let a be a zero of f(X). Check that all « +4 for i = 1,...,p — 1 are also zeros of this
polynomial. Motivate that the polynomial X? — X + a has no zeros in IF, when a € F;, and

a # 0.
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Problems of Chapter 3

3.1 (b) In general, for any complex number a, we have X% +a? = X*+2aX?+a?—2aX? =

(X% +a)? - (V2aX)? = (X% - V24X + a)(X? + V2aX +a).

3.2 All polynomials of degree 1 are =, x + 1. Construct all reducible polynomials of degree
2 using these two. Which are not on the list? Answer: 22 +x + 1. This is the only irreducible
polynomial of degree 2. Construct all reducible polynomials of degree 3 using these three:
X, X +1,X?+ X +1. Which are not on the list? Answer: X3+ X +1, X3+ X2+ 1. Continue
the process! Answer: X* + X +1, X*+ X3+ X2+ X 4+ 1, X*+ X3+ 1, X°+ X241,
X+ X3+ 1.

3.4 (a) X*+64=(X?+4X +8))(X%—4X +8) (see above Ex. 3.1 (b));

(b) X*4+1= (X2 —V2X +1)(X? ++/2X + 1) (see above Ex. 3.1 (b));

) X"+1=(X+1)(X3+ X +1)(X3+ X%+ 1);

(d) X* + 2 is irreducible in F5[X];

(e) X3 — 2 is irreducible in Q[X];

(f) X6 +27= (X2+3) (X2+3X+3) (X2 - 3X +3);

(g) X3 +2=(X+2)?in F3[X];

(h) X*+2=(X+1)(X +2)(X%2+1).

7 (a) Assume f(X) = g(X)h(X), where g(X),h(X) are monic polynomials in Z[X],

g(X) =k > 1 and degh(X) =1 > 1 and look at the relation between the images of

3.
deg
f(X), g(X), h(X) when the reduction modulo p is applied.

(b) Choose p = 2 in Eisenstein’s criterion.
(¢) Consider the polynomial f(X + 1) and use Eisenstein’s criterion.

3.8 (c) Use prime numbers p = 2 in (¢1) and (c2), p =5 in (c3), p = 2,3 in (c4) and (cg),
p=2,51n (c5).

3.10 Let fy, fa,..., fr be irreducible polynomials over K and consider the polynomial
fifa... fn + 1. Use the fact that K[X] has unique factorization (see T.3.2). Observe that

the exercise is trivial over infinite fields.

3.12 Use Gauss’s Lemma T.3.3.
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Problems of Chapter 4

4.1 (a), (b), (c) are algebraic. Use T.4.6. (d), (e), () are transcendental. Use T.4.6 and
the transcendence of e and 7.

4.2 (a) Use T.4.2 and T.4.3 (one can also use Ex. 4.10 (b) and T.4.2 (a)). You may need a
result saying that the equation f(X) = 0 has a solution in a field containing L (see Chapter
5).

(b) Use (a).

4.3 The degree of each number is equal to the degree of its minimal polynomial. These
polynomials are:

(a) X6 —2X3 —2; (d) X2 —2;
(b) X6 —6X* —4X3 +12X2% — 24X — 4; (e) X3 —2;
() X*+ X3+ X2+ X +1; (f) XP 14 XP2 4 .+ X + 1.

In each case, we have to motivate that the polynomial is irreducible. In order to prove this,
one can use different methods discussed in Chapter 3. In case (b), it may be useful to apply
T.4.2, and in case (e), Ex. 4.10 (b).

.4 Use T.4.2 and T.4.3 in order to construct suitable bases.

4
(a) 4; a basis: 1,1, V2,02 (f) 8; a basis: 1, V2,v/3,v5,v6,110,15,/30;
(b) 4; a basis 1,v2,v/3, V6; (2) 3; a basis: 1, a, a2, where a = /1 + v/3;
(c) 6; a basis 1,4, V/2, V/4,iv/2,iv/4; (h) 4; a basis: 1, a,a?, a;
(d) 3; a basis: 1, /2, V/4; (i) 3; a basis: 1, a, a?;
(e) 2; a basis: 1, X; (j) 4; a basis: 1, X, X2, X3.

4.5 Notice that if z = a + bi is algebraic, so is also Z = a — bi (give a suitable argument!).
Use Ex. 3.5 and T.4.6 in both directions.

4.6 Consider z = cosrm + isinrm and use Ex. 4.4.

4.7 (a) z = LV4; (b) z = (1 — V2 + V4); (c) v =—1+ V4.

4.8 (a) z=—-v2+V3; (b) z =3+ 1v2—1V6; (c) v = 3(-5+ 4v2 + 3v3 — 2V6).
4.9 (a) x =1+a% (b) x = a + a?; (c) z =1, (d) r = a+a?.

4.10 (a) Notice that p(Y') — %q(}/) is a nonzero polynomial in Y of degree n over K («),
where oo = % having X as its zero.

(b) Use (a) and T.4.3.

139



(¢) Show that the polynomial p(Y) — aq(Y") is irreducible over the field K(«), for example,
using a version of Gauss’s Lemma T.3.3 and the remark after it for R = KJa]. Notice that
the degree of this polynomial with respect to « is one.

4.11 In (b) and (c) use T.4.3.

(d) In general, we have [M1 M : K] < [M; : K][M> : K| and for trivial reasons, the inequality
may be strict (e.g. M7 = Ms and bigger than K). If [M; M, : K] = [M; : K|[Ms : K], then
My N My =K and [M; M, : My] < [Ms : K] (as a consequence of the inequality above).

4.12 Consider [K (o) : K(a?)] and use T.4.3. The answer to the second part of the exercise
is no (give a counterexample!).

4.13 (a) Consider a minimal polynomial of an element o € L ~ C (if such exists) and use
the Fundamental Theorem of Algebra.

(b) Consider the minimal polynomial of an element o € L ~\ R (if such exists) and use Ex.
3.5 (b).

4.14 No. Consider K = Q and L = Q(a) D Q, where a* + a + 1 = 0. Prove that there is
no quadratic extension of Q, which is contain in L.

4.15 Study the tower of extensions Q(e, 7) D Q(e + m,em) D Q.

4.16 (a) Let f(X) = apX™ + -+ 4+ a1 X + «ap, where «; for i = 0,1,...,n are algebraic

over K. Consider the tower of fields K C K(ag, a1,...,a,) C K(ap, a1, ..., q,, ) and use
T.4.2, T.4.3 and T.4.4.

(b) Use T.4.6 and (a).

4.17 Use T.4.5.

Problems of Chapter 5

5.1 (a) 4;1,v/2,v/5,V10

(b)6,1,f\/158 25\/415 =1,ec#1;
(C)S,ll\/il\[\/il\[\/gl\[

(d) 8;1,a, a2, a3, i,ia,ia?, ia®, where a = %(—1 +/5);
(e) 4, 1,04,042,043, where o = e 1';

(f) 4;1, a, @2, 2, where a = V/2;

(g) 4’17ﬂ’¢§5f o
(h)p—1;1,c,...,aP~2, where a = e e

5.2 (a) yes; (b) yes; (¢) no.
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5.3 Let ay,qs,...,ay be zeros of f(X) in L = K(ay, a9, ...,ay). Consider the chain of
the fields

KCK(a;) CK(ag,a) C--- C K(ag,ag,...,a,).
5.4 Use T.5.4 and T.4.3.

5.5 (a) Compute the number of elements in the field F,[X]/(f(X)) and use T.5.4.
(b) Consider the field F,[X]/(f(X)) and use T.5.4 and Ex. 5.4.

5.6 Prove the first formula using Ex. 5.5 (that is easy). The second formula is a special case
of the following general theorem: If f : N — C and g : N — C are two arbitrary functions

and
n
J(n) =Y g(d), then g(n) = 3~ fla)u (5)-
dln d|n

The last implications is called Md&bius’ inversion formula and can be easily proved using
the equality > ,,, #(d) = 0 when n # 1. Use the inversion formula when f(n) = p" and
g(n) = nvp(n). For a detailed proof of the Mébius inversion formula see A.10.2.

5.7 (a) There are many proofs of this result. For one of them see A.4.2.

(b) According to (a), the group L* is cyclic. Take one of its generators as . See also Ex.

8.15.

5.8 (a) Show that the zeros of the primitive polynomials are exactly the generators of the
group of the nonzero elements of the field. In such a field with p™ elements, compute the
number of elements, which generate the group of its nonzero elements. Afterwards, find the
number of the irreducible polynomials, which have these elements as their zeros. Use Ex.
5.5.

(b) Using for example T.5.4, motivate that IF has an extension of degree n. Use Ex. 5.7.
5.9 Use the evident formula for (f + ¢)’ and start the proof with f = aX™, g = bX™.

5.10 (a) Use Ex. 5.8 (a).
(b) In one direction, use T.5.3.

5.11 (b) Consider X* + 4, for example, over Q.

5.12 Motivate that the polynomial X* 4 1 has a zero in the field F,2 by studying its
multiplicative group of order p? — 1, which is divisible by 8 if only p > 2.
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Problems of Chapter 6
6.1 (a) Let f(X)=ap X"+ ...+ a1 X + ap and f(a) = 0. Look at o(f(a)).
(b) How to express the elements of the field K (aq,...,ay)? See the definition in Chapter 2.

G= {0’0,0’1}, o) = id., 0'1(\/5) = —\/i;

e

(e) G ={o0}, o9 =id.;
(f) G = {0'0,0'1,0'2,0'3}. O'Z'<X) =1X.

6.3 (a) Let 0 be an automorphism of a field. Look at o(1),0(2) = o(1 + 1) and so on.

6.4 Show that o(z) > 0 if x > 0 (use z = (/x)?). Assume that, e.g. o(x) > = and choose
r € Q such that o(x) > r > x. Use afterwards Ex. 6.3 (a).

6.5 Consider LE(E/K) and use T.6.2.
6.6 (a) Use Ex. 4.9.

(¢) Check that the mapping sending a matrix ((cl Z) € GLy(K) onto a function p(X) =

aX+b is a group homomorphism. Find its kernel. For repetition see A.2.6.

cX+d

6.7 |G| =6, LY = Zs(a), where a = (X3+X(}12)f§(3)42rX2+1)_
6.8 |G| =6, LG = Z3(X6 4+ x4 +X2),

6.9 (a) LY =R(X2Y).

6.10 (a) LY =R(X? XY).

6.11 LY = Q(X2,Y?).

6.12 L€ = Q. Use T.6.2 and Ex. 4.9.

6.13 (a) L¢ = K(X +Y,XY).
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6.14 No. Construct a counterexample using L = K(X).

6.15 (a) 2; og(a) = a, o1(a) = 2a® — a®;

(b) 4; oo(a) = a, 01(a) = —a, 02(a) = 1a®, 03(a) = —3a®;

(c) 4; 09(a) = a, o1(a) = —a, oz(a) = 10a® — a'l, o3(a) = a't — 10a°.

Problems of Chapter 7

7.1 (a), (b), (e) and (h) are not normal, all other are.

7.2 (a) Q(V2,4); (d) Q(X,e), ¥ =1, e # 1;
(b) Q(V2,¥/2,¢), € =1, e # 1; (¢) Q(X, i), i* = —1;
(c) L; (f) L(a),a> +1=0.

7.3 (a) and (c) Not necessarily! Give an example! (b) Yes.

7.4 Use T.5.1 (b) and T.5.2.

7.5 Use T.7.1, Ex. 6.1 and in (b), Ex. 7.4.

7.6 In (a) and (b) use T.7.1.

7.7 Show that a minimal polynomial of 8 over K is irreducible over K («).

7.8 Let a; and o be zeros of two irreducible factors of f(X) over L. Consider the field
extensions K (a;) C L(o;) and K(a;) € L(ej). Use T.5.1 and T.5.2.
7.9 (a) Use T.4.2.

(b) Consider one concrete example of a splitting field of X™ — 2 with n > 2 (e.g. n = 4) —
the general argument will be similar.

7.10 (a) 12,2; Two quadratic factors of f(X) over K have the same splitting field: Find the
discriminats of these polynomials and show that their product is a square (in fact, 9). The
command >galois(f(X) also gives a solution.

(b) 6,1; (the polynomial is normal).

(c) 36,3; The polynomial f(X) has a quadratic and a cubic irreducible factor over K. The
splitting field of f(X) over K has degree 6 as the quadratic factor remains irreducible over
the cubic extension of K (see Ex. 4.2). You can use the command >galois(£(X)).

(d) 48,3; The polynomial f(X) has an irreducible factor of degree 4 over K but it is not
normal over K. Use the command >galois(f (X)), which gives the degree of the normal
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closure. You can see that it is not sufficient to adjoin one zero of the quadric polynomial to
K in order to get the normal closure.

(e) 5040,6; Use >galois(f(X) and Ex. 5.3 (possibly also Ex. 16.50)).

(f) 14,2; There are 3 irreducible quadratic factors of f(X) over K and all have the same
splitting field over K. Either use >galois (£ (X)) or check that for each two of these factors,
the product of their discriminants is a square (so they have the same splitting field).

7.11 Ouly (b) is not normal.

Problems of Chapter 8

8.1 (a) Find the minimal polynomial of X over the field F,(X?). Use the definition of
separability or T.8.1.

(b) For example, L D K, where L = F,(X), K = F,(XP).
(c) Fo(X) is a splitting field of the polynomial T2 — X? over the field Fo(X?).

8.3 (a) Consider K C K(a?) C K(«). Use T.8.1 (b).

(c) If K is perfect show that every irreducible factor of X? — a, where a € K must be of
degree 1. Use T.8.1(b). Conversely, when K = KP use the same argument as in the proof
of T.8.1(a) on p. 105 in the case of a finite field K.

(d) Show that L is separable over K using (b) and (c).

8.4 (a) Use Ex. 8.3.
(b) Use (a) and T.7.2.

8.5 Use Ex. 8.4.

8.6 Use T.8.1 (b).

8.7 As a first step, assume L = K (7).

8.8 Use Ex. 8.4.

8.9 Use Ex. 8.7.

8.10 (a) For example v/2 + /3; (d) For example X +Y;
(b) For example v/2 + /3 + i; (e) For example X;

(c) For example V24+V3+i; (f) For example V2 + 2 or V2.

8.11 Show that if 7 exists, then 2 € K. Find [L : K].
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8.12 (a) Compare the degrees of L over M and L over the subfield of M generated over K
by the coefficients of the minimal polynomial of ~ over M.

(b) If L = K(v), then use the fact that the minimal polynomial of v over M divides the
minimal polynomial of v over K. In the opposite direction, show that L is finitely generated
and algebraic over K. Use Ex. 4.10. Thereafter, consider separately K finite and K infinite.
If K is finite use Ex. 5.7. If K is infinite, use the fact that L as a vector space over K is not
a union of a finite number of proper subspaces (choose any -y, which is not in the union of
all proper subfields of L containing K).

8.13 Consider K C L from Ex. 8.11. (e.g. F,(X?,Y?2, X + ¢Y), where ¢ € K).
8.14 Use T.8.2.

8.15 (b) No. (c) 4, 6 for n =2, 13, 24 for n = 3, 32, 54 for n = 4.

8.16 Use Ex. 2.13 and Ex. 8.4.

8.17 For example: (a) ¢ = v/2; (b) ¢ = V/3553; (¢) ¢ = V/3+ V/5; (d) c = V2.

Problems of Chapter 9

9.1 (c), (d), (e), (f) if p # 2 and (g) are Galois extensions, the remaining, are not Galois.

2 (a) L=Q(2,v5); [L:Q]=|G(L:Q)| =4, G=G(L:Q)={00,01,09,03}, where

The subgroups of G: I = {0y},
Hy = {00,001}, Hy = {00,002}, H3 = {00, 03}.

The fields between Q and L: L =Q, L' = L,
LA = Q(\/S)v LH2 = @(\/i)a LHs = Q(\/ﬁ)
(b) L = Q(i,/5). Compare (a).

(C) L= Q(€)7 gE=¢€>5 7[L : @] = |G(L : Q)‘ = 47 G= {0-030—170—270-3}7 where

The subgroups of G: G,I = {0y}, H = {09, 03}.
The fields between Q and L: L¢ =Q, L' =L,
LH = Q(e + &*) = Q(cos %’“) = Q(V5).

(d) L = Q(i,+/2). Compare (a).
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() L =K(V2);[L: K] =|G(L/K)| =4, G = {00,01,09,03}, where

The subgroups of G; G,I = {op}, H = {00,01}.
The fields between K and L: L€ =K : L' = L,
1" = K(V3) = Q(i, V).

(f) L= Q(%,E),Eg = 175 7é 13 [L : Q] = |G(L : Q)| = 67 G= {00701702703304a05}7 where

G| V/5le [o Subgroups till G: G,I = {0}, Hi = {00,01}, Hy = {00,03},
ool V/ble |1 Hs={00,05}, H={00,02,04}.

01| /5|e2]2  The fields between Q and L: L¢ =Q, L' =L, L' =Q(V/5),
oo| e¥/5le |3 LT =Q(?V5), L = Q(eV/5), L = Q(e).

o3 5\3/5 €22

04125 |3

o5 |2 /52|12

(g) L=Q(a,i), a=/3(V5-1);[L:Q = |G(L:Q)| =8 Let =1/2(v5+1) (af =1).

G= {O-Oa 01,02,03,04,05, 0-670-7}5 where

G| «| ilo Subgroups till G: G,I = {0y}, H = {00,01}, Ha = {00, 02},

oo| «a| i|l Hz={00,03}, Hy = {00,04}, Hs = {00,05},

o1| —a| |2 Hyz = {00,01,02,03}, His = {00,01,04,05}, Her = {00,01,06,07}.

os| iB| i|2 The fields between Q and L: L¢ = Q, L' = L, L"' = Q(+/5,1),

os|—if| i|2  LH2 = Q(a+iB), L™ = Q(a —if), L¥1 = Q(a), L*s = Q(ia),

o4| o|—i]2  LH= =Q(i), L7 = Q(V5), L7 = Q(iv/5), .

o5| —a|—1i|2

ol i8] —il4

P I

(h) L = K(¢), 3 —1 e#1;[L: K| =|G(L/K)| =2, G ={0g,01}, where

o9 =id., o1(e) = Only the trivial subgroups and subfields.

9.3 (b) We take in Ex. 9.2 (a)—(h) only the zeros of f(X), which are not in the ground field

K.
) The zeros: V2, —v/2,v/5, —/5 numbered 1,2, 3,4, respectively. Then oq, 01,092,035 are
), (1,2),(3,4),(1,2)(3,4), respectively.

b) The zeros: i, —i,v/5, —/5 numbered 1,2, 3,4, respectively. As in (a).

) The zeros: ¢,£2,e3, ¢4 (¢ = ¢*5") numbered 1,2, 3, 4, respectively. Then oo, 01,03, 03 are
), (1,2,4,3), (1,3,4,2), (1,4)(2,3), respectively.
d) The zeros: & = 1/2v/24+1/2iv/2, —a, &, —a numbered 1,2, 3, 4, respectively. The four au-
tomorphisms defined by o(v/2) = £v/2,0(i) = +i are {(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}.

(a
(1
(
(c
(1
(
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(e) The zeros: v/2, —v/2,iv/2, —iv/2 numbered 1,2, 3,4, respectively. Then og, 01, 09,03 are
(1),(1,2)(3,4),(1,3,2,4),(1,4,2,3), respectlvely.

(f) The zeros: /5, e4/5,e24/5, numbered 1,2, 3, respectively. Then oq, 01, 02,03, 04,05 are
(1),(2,3),(1,2,3),(1,2),(1,3,2),(1,3), respectively.

(g) In the notations of Ex. 9.2 (g), the zeros are o, —«, i3, —if numbered 1,2, 3,4 in this
order. Then the automorphisms oy, 01,09, 03,04,05,06,07 are (1),(1,2)(3,4),(1,3)(2,4),
(1,4)(2,3), (3,4),(1,2), (1,3,2,4), (1,4, 2, 3), respectively.

(h

2mi

) The zeros are ¢, &2, where e = e 5, numbered 1, 2 in the given order. The automorphisms
09,01 are (1), (1,2).

9.4 (a) Use Ex. 6.1.
(b) Use T.5.1(b), T.5.2(b) and Ex. 6.1.
(c) Use Theorem T.9.1(b).

9.5 (a) Modify Ex. 9.2 (a).
(b) Modify Ex. 9.2 (f).
(¢) [L:Q]=|G(L: Q)| =8, since L is a splitting field of X* —2 over Q. G = G(L : Q) =

{007 01,02,03,04,05,06¢, J7}a where

G| 2| ilo The subgroups of G: G,I = {o¢}, H, = {00,001},
oo| V2| i|l Hay={o00,04}, Hy = {00,05}, Hy = {00,056},

o1 =V2| il2  Hs={00,07},G1 = {00,01,02,03},

oD} ’L'\4/§ 114 G22{00,0'170'4,0'5},G3:{0'070'1,0'6,0'7}.

o3| —iv/2| il4 The fields between Q and L: L¢ = Q,L! =

o4 \75 —112 L = Q(ﬂ7 i)vLH2 = Q(W)aLH3 = Q(’Lé@)v

oo ¥l 2 L™= QU1+ VE). L~ Q((1 =) V),

o6l iv/2|—il2 L& =Q(i), L™ = @(\/i)’L 3= @(z\/i)

o7 |—iv2|—i|2

(d) [L : K)| = 4, since K is the fixed field of the group G = {og,01, 02,03}, which is the
group of K-automorphisms of L, where:

The subgroups of G: G, I = {01}, H; = {09,01}
Hy = {09,092}, H3 = {00,03}.

The fields between K and L: L€ = K, L' = L,
L —R(X?),

L =R(X + +), L = R(X — ).

(e) [L : K] = |G(L/K)| = 4, since K is the fixed field of the group G = G(L/K) =
{00,01,02,03} of K-automorphisms of L, where
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The subgroups of G: G, I = {o¢}, H; = {00,01},
H2 = {0'070'2}, H3 = {0'0,0'3}.

The fields between K and L: L¢ = K, L' = L,
LT =R(X2)Y), L2 = R(X,Y?),

L =R(X2, XY).

(f) [L : K] = |G(L/K)| = 4, since K is the fix field of the group G = G(L/K) =
{00,01,02,03} of K-automorphisms of L, where

The subgroups of G: G,I = {0y}, Hy = {09,01},
H2 = {O’Q,O’g}, H3 = {0’0,0’3}.

The fields between K and L: L¢ = K, L' =L,
LT =R(X2, XY), L2 = R(X +Y, XY),

LT =R(X - Y, XY).

9.7 L=73(X), LY = Z3(X%+ X* + X?), [L: L¢] = 6.

G X The subgroups of G: G,I = {0y}, H1 = {00,03},
) X Hy = {00,04}, H3 = {00, 05}, H = {00,01,02}.
o1l X+1 The fields between LC and L: L¢, L! =L, LH = Z3(X?),

o3 2X
g4 2X + 1

o
1
3
oa| X423 L2 =75(X%—-X), L =73(X? + X), L = 7Z3(X? - X).
2
2
052X +2|2

9.8 L DO M and L D K are Galois extensions. Use T.9.1(a).

9.9 (b) Consider the index of H(L/M) in G(L/K) and use the homomorphism ¢ :
H(L/M) — G(M/K), where ¢(c) = o|p. Use T.9.1.

(c) Use (b) and T.9.1(a).

(d) Check directly that N(G(L/M)) € H(L/M). Use (b) and the characterization of the
normaliser as the biggest subgroup of G(L/K) in which G(L/M) is normal.

9.10 (a) Use the definition of the normal extension together with T.9.1(a) and T.4.3.

(b) How to describe all the zeros of f,(X) in terms of a and o € G(L/K)? Use (a).

(¢) Count how many times a given zero § = o(«) of fo(X) (for a fixed o € G(L/K)) appears
among the images o1(a),..., o, ().

9.11 (a) Consider L as vector space over L¥ and use T.6.3 in order to show that the image
of Try has dimension 1.

(b) Use (a) and the properties of Try as a linear transformation.
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9.12 (a) Use T.5.4, T.?? and T.9.1(d).
(b) Use Ex. 2.12.

(c) Nrp/k(z) = xqq%’l, where n = [L : K|. The mapping Nry,x : L* — K* is a group
homomorphism. How many elements belongs its kernel?

9.13 Use Ex. 9.12(b) and T. 9.2. For example, 8 = a? + «a (or o +a + 1).

9.14 (a) Use Ex. 7.6, Ex. 8.16 and T.9.1(d).

(b) Consider a natural homomorphism mapping an automorphism o € G(M; My /Ms) onto
its restriction to M;. What is the image and the kernel of this homomorphism?

(¢) Consider the homomorphism ¢ : G(MiMy/K) — G(M;/K) x G(Ms/K), where
w(0) = (o|pmy,0|r,). Show that Ker ¢ = {e}. Then compute the orders of G(M;M3/K)
and G(M;/K) x G(My/K) using T.9.1(a) and Ex. 7.7.

(d) Use Ex. 7.4(b).

9.15 In each case below, we give an example of a field (chosen among plenty of other
possibilities).

(a) Q(i); . () Qla), a=e+1,e= F (c) Ex. 9.2(c); .
(d) Q(w), a—a—i—l e=¢eTr; (e) Ex. 9.2(a); (f) Qiye), e =e5 ;
(g) Q(V2, \/5), ()Q(Ofﬁ)a =3a+1, B2 =T6+T;

(i) Bx. 9.5(c); (i) Bx. 9.2(0);

(k) L =Ky, f(X)=X*—2X —2,(1) L = K, f(X) = X3+ 20X + 16

9.16 Use Dirichlet’s theorem: For every natural number n, there exists a natural number &
such that nk 4+ 1 is a prime number. See also Ex. 10.12.

9.17 No. Try to find your own counterexample — it may be interesting.
9.18 G(L/M1M;) = H; N Hy (motivate that each ¢ € G(L/M;M;) must be in both
Hy, = G(L/My) and Hy = G(L/M>), as well as, conversely); G(L/M; N Ms) = the least

subgroup of G(L/K) containing both H; and Hs (that is, the group of all finite products in
which every factor belongs either to Hy or to Ha).

This answer can be also expressed in the following way: M; = LH M, = L™z gives
LHnHz — [HipHz and [HH2) — LHu A LH2 where (Hy, Ho) denotes the least subgroup
of G = G(L/K) containing both H; and Hs.

9.19 Show that K(a) 2 K is a Galois extension.

9.20 Follow similar argument as in the solution of Ex. 9.14(b).

9.21 What happens when you take the complex conjugation of a number in L?
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9.22 Use T.9.1(a) and Ex. 9.10(a).

9.23 (a) Every permutations of the zeros is a composition of inversions (of only two zeros).
What happens with the sign of a; — o; when they are shifted? Even permutation is a
composition of an even number of inversions, and an odd needs an odd number of inversions.

(b) Show that the index of Galg(L/K) in Gal(L/K) is 1 or 2 and the second possibility
occurs if and only if 1/d(f) ¢ K.

9.24 Let a; =a+ifori=0,1,...,i—1. Let f;(X) be the minimal polynomial of «; over
K. Notice that K(«;) = K(«) for each i =0,1,...,p— 1.

9.25 Ex. 7.11(a): If a; = a is a zero of f(X), then the remaining are ay = 2—a?, a3 = a®—3a,
ay = a* — a® — 3a® + 2a, a5 = —(a* — 4a® + 2). The Galois group is cyclic of order 5 and is

generated by o(a) = 2 — a®.

Ex.7.11(c): If a is a zero of f(X), then the remaining zeros can be obtained from the
factorization of f(X) over the field Q(a) (using >factor (£ (X) ,a)). Since the Galois group
has order 7, it is cyclic and generated by any ¢ mapping a onto another zero (different from
a) of f(X).

Ex.7.11(d): If a1 = a is a zero of f(X), then the remaining zeros are ap = —a, azs =
+4(—252a 4 468a® — 215a° + 3a”), a5 = £5;(—552a + 1566a® — 1064a® + 15a7), ars =
+57 (—1212a+3294a® — 19224 +27a"). The automorphisms are functions fi defined by map-
ping a onto one of the 8 zeros (for example, >£3:= a -> a_3 where a3 is given as a function of
a). Then we can check the orders of f7 in the Galois group computing >simplify(£fi(fi(a)).
We get that fi(fi(a) = —a for all i # 1,2, so all elements in the Galois group with the excep-
tion of the identity and the automorphism mapping a onto —a have order 4 (the involution
mapping a onto —a has order 2). This shows that the Galois group is the quaternion group
(see Ex. 12.1(e)).

9.26 (a) The zeros of the polynomial are a,a® — 2,2 —a — a2, so K = Q(a). The Galois
group is cyclic of order 3 and G(K/Q) = (o), where o(a) = a® — 2.

(b) The zeros of the polynomial are a, —a?, —a*,a®,a —a*,a? —a®, so K = Q(a). The Galois

group is cyclic of order 6 and G(K/Q) = (o), where o(a) = a® (define >0 :=a->a"5 and check
the order of o in the group using >simplify(c(c(a))) and >simplify(o(c(c(a)))). You
see that the order is not 2 or 3, so it must be 6).

(¢) The zeros of the polynomial are a, —§(9 — 12a® + a®), 1(6 + 4a® + 2a* 4+ a®), §(27 4 9a —
12a2+12a3+6a*+4a®, —§(45+9a—6a*+18a3+9a* +5a°), — 5 (18+9a+6a*+6a°+3a* +a°).
The Galois group of order 6 is S3 and G(K/Q) = (o, 7), where o(a) = (6 + 4a® + 2a* + a°)
is of order 2, 7(a) = —§(9 — 12a® 4 @®) is of order 3 and o7 = 720 (check it defining the
corresponding functions o, 7 in Maple like in (b)).

9.27 Use the command >galois(f(X)).
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(a) The Galois group Ds (dihedral of order 10 - see Ex. 12.1) and the minimal number of
zeros generating the splitting field is 2.

(b) The Galois group As (alternating of order 60) and the minimal number of zeros gener-
ating the splitting field is 3.

(¢) The Galois group S5 (symmetric of order 60) and the minimal number of zeros generating
the splitting field is 4.

You may use Maple in order to adjoint zeros and check how the given polynomials split in
the subsequent extensions but it is much more elegant to deduce the minimal number of
zeros generating the splitting fields using the knowledge of the order of the Galois groups.

Problems of Chapter 10

10.1 &1(X)=X—-1; Pp(X)=X+1; P3(X)=X24+X+1; D4(X)=X%+1; P5(X) =
X+ X3+ X2+ X411 &(X)=X2-X+1; &(X)=X4+X°+ X4+ X3+ X2+
X+1; P(X)=X1+1; P(X)=X+X341; P1p(X)=X'—-X34+X2-X+1.
10.2 (a) ¢, = (XP-1)/(X —1).

(b) It is a special case of Ex. 10.3(a) for k = r(n).

(c) It is a special case of Ex. 10.3(b) for r = p,s = n.

Bog(X) =1— X2+ X4 — X0 4+ X*,

Dros(X) =1+ X +X2 - X0 X5 X8 —2X* - X% X8 L X404 X474 X8 _2X7
Xg+X12+X13+X14+X15+X16+X17—X20—X22—X24—X26—X28+X31 +X32-|-
X33 +X34 +X35 +X36 _ X39 _ X40.

10.3 (a) Let ¢, for r = 1,...,¢(k) be all primitive k-th roots of 1 and let d = n/k. Show
that all d-th roots of ¢, give all primitive n-th roots of 1 (notice that ¢(n) = dp(k) depending
on the assumption on primes dividing n and k).

(b) Use the formula expressing the cyclotomic polynomials by binomials X¢—1 in T.10.2(a).

10.4 Notice that if m > 1 is odd and ¢ is a primitive m-th root of 1, then —¢ is a primitive
2m-th root of 1.

10.5 (a) Use Ex. 9.14(b).
(b) Look at the degree of Q(e,,)Q(ey,) over Q(gy,) using (a), Ex. 9.14(b), T.9.1 and T.4.1.

(c) Qlem)Q(en) = Qlepm,ny) and Q(em) N Q(en) = Q(E(m,n)), Where [m,n] is the least
common multiple and (m,n) the greatest common divisor of m and n.

10.6 Use Ex. 9.21. One can choose ) = &,, + &, (notice that &, = 1/¢&,).
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10.7 (a) Use Ex. 5.8(a).
(b) Use T.9.2 taking into account that the Galois group is cyclic (see A.4.2).

(¢) Find the number of different images of 64 by all automorphisms of G(K/Q). Use Ex.
9.22.

10.8 (a) Q(0), Q(v2), QV-2);  (b) QW5  (c) QWV=T).

10.9 (a) o(c) = €% has order 4, Gy = (02), K% = Q(2) = Q(\/5), 02 = e5+0%(e5) = e5-+¢2
has minimal polynomial X2 4+ X — 2;

(b) o(e7) = €2 has order 6,
Gy = (03), K% = Q(63), 03 = e7+0>(e7) = €7+ % has the minimal polynomial X3+ X2 —
2X —-1;

Gz = (02), K% = Q(02) = Q(v/~T7), 02 = g7 + 0%(e7) + 0*(e7) = e7 + €2 + &% has the
minimal polynomial X2 + X + 2.

(c) o(e17) = €3 has order 16,

Go = <0'8>, KG» = @(98), s = e17 + 0'8(517) = €17 + 8%9 has the minimal polynomial
X8+ XT—7X5—6X°+15X* +10X3 - 10X? —4X + 1.

Gy = (0%, KO = Q(64), 04 = Y2 0%(e17) = e17 + €35 + €35 + €37 has the minimal
polynomial X4+ X3 —6 X2 — X +1,

Gs = (0%), KC* = Q(02), 02 = Y0 0% (e17) = enr + e + e +edy +elr + e + e +edr
has the minimal polynomial X2 + X — 4,

p—1 p—1
2 2

10.10 Use Ex. 10.7(c) for 6y = 3,7, 0%(e) = 3,2, 9", where o is a generator of the

p—3

Galois group G(Q(¢)/Q) and € a p-th root of 1 (¢ # 1). Define 6, = 37,2, 0%/ *!(c) =

;?; 9" Compute 620}, and consider in the product all the terms such that g2 + g2~
(mod p) has a fixed value. These values are given by the values of the quadratic form X2+4gY2
over the field F,,. Motivate that for p =1 (mod 4) this quadratic form does not represent 0
(that is, the only solution of the equation X2 + g¥2 =01is X =Y = 0 (mod )) and each
nonzero value in F,, is represented in p + 1 different ways. Count the number of possibilities
for X2 and Y # 0 (X = ¢, Y = ¢7). Show that for p = 3 (mod 4), the quadratic form
represents 0 in (p — 1)/2 different ways with XY # 0, and every nonzero element in F, in
(p — 3)/2 different ways. Show that 6, has the minimal polynomial X2 + X — 22 when

4
p=1 (mod 4) and X2+X+%,whenp:3 (mod 4).
10.11 (al) X0+ X° + X4+ X34+ X2+ X +1=(X*+ X + 1)(X® + X2 +1);
(a2) X6 +6X3 +8 = (X3 +2)(X3 +4);

(a3) X2 42X + X104 2X% + X84 2X7 + X0+ 2 X5+ X4 +2X3 + X2 +2X +1 =
(XP4+2X +1)(X3+2X2+ 1) (X3 + X2+ 2X +1)(X3+2X2 + X +1).
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(b) Let € be a primitive n-th root of 1 over F,, and let k be the degree of the field F,(¢) over
F,. What is a relation between n and k7

10.12 (a) Use T.10.2(a) and show that X™ — 1 has a double zero x.

(b) What can be said about the order k of x in the group Z;? What is its relation to n?
Consider the cases k = n and k < n and use (a).

(¢) Use induction starting from Ex. 10.2(a), and to the inductive step Ex. 10.3(a).

(d) Assume that the number of primes congruent to 1 modulo n is finite and consider their
product with n. Take a prime p which divides &,,(N*) for a sufficiently big k and show that
it must be congruent 1 modulo n using (b).

10.13 (a) G is a product of cyclic groups of some orders nq,...,n,. For every order n;,
we can find a prime number p; = n;k; + 1, where k; is an integer (this is a special case
of Dirichlet’s theorem on primes in arithmetical progressions — see Ex. 10.12) and we can
choose k;, so that all p; are different. We have a surjection of Z; onto Z,, and hence, a
surjection of Zy X - x Zy =7y onto G =Zp, X -+ X Lnp,..

DP1-.-Pr
(b) Use (a) and T.9.3(b).
10.14 (a) Consider a tower K C K(g) C K (e, ), where e™ =1, K(¢) is a splitting field of

X™—1 and " = a. The maximal order of G(L/K) is np(n), where ¢ is the Euler function

(see p. 256).

(b) Let 0 € G(L/K) and let o(¢) = €%, a € Z%, and o(a) = e’a, b € Z,. Map o onto the
. (a

matrix 01

(c) If XP — a, where a € Q, is irreducible over Q then the Galois group is isomorphic to the

group of all matrices as in (b), where a € Zy, and b € Zy, so its order is p(p—1). For p =2,

we have a cyclic group of order 2, for p = 3, the group of order 6 isomorphic to S3 and for

p = 5, the group of order 20 (usually denoted by GA(1,5) as a special case of the general

affine groups GA(1,p) given by the matrices in (b)).

(d) The Galois group is a cyclic group of order n.
10.15 (a) What is the m-th power of a primitive 2m-th root of 17
(b) Take a primitive m-th root of 1 and find a zero of the second polynomial.

10.16 E

10.17 The first coefficient with absolute value bigger than 1 appears for n =105=3-5-7.
The number 105 is the least one having 3 different odd prime factors. The formulae for
$,, o(X) say that the size of the coefficients depends on the number of different primes
dividing n (see Ex. 10.2(b)). But it is not true that 3 different factors of n imply that there
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are coefficients with absolute value bigger than 1. For example, the coefficients of @,, o(X)
for n =231 = 3. 7-11 are all of absolute value at most 1. However, it is a not bad guess,
since it is possible to prove that n with only two odd prime factors give polynomials with
coefficients of absolute value at most 1 (see Ex. 10.2(b) and Ex. 10.4). It is known that for
sufficiently big n, the coefficients can be arbitrarily large (check in the Wikipedia).

10.18 (a) Motivate that the splitting field of X6 — a has at most degree 12 over Q. When
it is less than 12? Answer: a = —3b? for an integer b # 0. Motivate that this happens if and
only if Q(v/a) = Q(+/—3), which is (the quadratic subfield of) the cyclotomic field Q(eg).

(b) The Galois group of an irreducible binomial X7 —a has always order 42. For an irreducible
binomial X® — a, the order of the Galois group is at most 32. It is always divisible by 8
(why?) and, in fact, may be 8 or 16, but usually is 32. The exceptional cases appear when
a = —b* (8) or a = £2b2 (16) for an integer b # 0. This may be obtained experimentally
using Maple (and supplemented by a proof) or deduced from the properties of cyclotomic
extensions (see Ex. 10.14). For irreducible binomials X — a, the order of the Galois group is
always 54. In fact, if the polynomial X? — a is reducible over the field M = Q(gg), where &9
is a primitive 9-th root of 1, then a = b®, where b € M by Capelli’s theorem (see Ex. 5.11).
Then X3 — a which is irreducible over Q (since X° — a is irreducible) has a zero b in M.
So the splitting field of X3 — a is contained in M, which is a contradiction, since G(M/Q)
is an abelian group, while the Galois group of X3 — a is S3. Thus Q(eg, ¢/a) has degree 54
over Q.

Problems of Chapter 11

11.1 (a) G(Q(i)/Q) = {o0,01}, where 0¢(i) = 4,01(¢) = —i. A normal basis: og(ar) =
1+i,01(a) =1 —1i, where a =1 +1.

(b) G(Q(V2,3)/Q) = {00, 01,02,03}, where

Anormalbasis:Jo(a):1+\/§+\/§+\/é,01(a):1—\@+\f—\/6702(a):1+\f—
V3 —6,03(a) =1 -2~ 3+ V6, where a = 1 + v2 + /3 + V6.

(c) G(Q(e)/Q) = (o), where o(c) = €. A normal basis: 0%(a) = ¢,0(a) = €2,0%(a) =
et,03(a) = &3, where a = .

(d) G(F2(v)/Fa) = (o), where o(y) = 7. A normal basis: 0%(a) = v,0(a) = 72,0%(a) =
74 :72+7+1, where a =
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11.2 (a) Let o be the nontrivial automorphism of L over K. If a ¢ K, then L = K(«). Let
B = o(a) =p — a, where a? = pa + q. When «, 8 form a basis of L over K?

(b) Let L = K(«) and let o be a generator of the Galois group G(L/K). Denote 8 = o(«)
and v = o(83). Notice that 02 = 1 so o(y) = a. When a, 3,~ form a basis of L over K? You
may use L.11.1 on p. 112.

11.3 (a) Use Ex. 9.22. The converse is not true — find a suitable example.

(b) In both cases the answer is “no”. Try to construct suitable examples using finite fields.

11.6 (a) Use T.11.3 for K = E = Q(&) and n = 3. Notice that E = Q(v/—3) is the quotient
field of Z[e] and any « can be replaced by r?a, where r € Z[¢].

(b) Use Ex. 9.14, T.9.2 and the fact that the cyclic group Zs X Zs = Zg has exactly one
subgroup of order 3.

(c) Use T.11.4 for n = 3.

(d) Use (19.1). Examples: the splitting fields of X3 —3X +1 (f = 1+¢), X3 —7X +7
(e=2+2¢), X3 - 13X +13 (f =4+ 3¢).

11.7 (a) Use T.11.3 for K = E = Q(i) and n = 4. Notice that E = Q(7) is the quotient
field of Z[i] and any « can be replaced by r?«, where r € Z][i].

(b) Use Ex. 9.14, T.9.2 and the fact that the group G = Zy x Z4 has exactly two subgroups
H of order 2 such that G/H is cyclic (of course, of order 4). Consider the fixed subfields
corresponding to these two subgroups.

(c) Use T.11.4 for n = 4.

(d) Use (c) and check that the automorphism, which maps /o onto v/& has order 2. Take
its fixed field. It is possible to show directly that the Galois group of this field is cyclic
of order 4. The minimal polynomial of v is X* — 4Nr(f)gX? + Nr(f)g¢?[4Nr(f) — Tr(f)?].
Examples: the splitting fields of X4 +8X2 +8 (f = —(1 +1i),9g = —1), X* — 10X? + 20
(f=1+2i,g=2), X* —52X2+468 (f =2+ 3i,g =1).

11.8 Use T.11.2(b) and Ex. 9.22.

11.9 By Ex. 8.3(d), we know that L is a Galois extension of K. Let ¢ be a prime dividing
the order of the Galois group G(L/K). Assume that [L : K] = g and consider two cases:
char(K) # g and char(K) = ¢ (in the first case the characteristic of K may be 0). In the first
case show that all g-th roots of 1 are in K. Thereafter use T.11.3 and show that L = K(«),
where a? = a € K. Take § € K such that 7 = « and take the norms to K of the two sides
(see (6.1)). This gives a contradictions unless ¢ = 2.

In the second case, use Ex. 11.8 to show that L = K(«a), where a?—a =a € K. Take § € K
such that 89 — B8 = aa?! in order to find a contradiction to the fact that a & K.
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Finally consider the case when the order of G(L/K) is a power of 2 and consider what
happens if i (a solution of X2 4+ 1 =0 in L) belongs to K.

Problems of Chapter 12

12.1 (b) Consider the chain G = Gy = S5 D G1 = (o) D G2 = (I), where o is an element
of order 3 (any nontrivial rotation) and I the identity.

(¢) Consider the chain G = Gy = Sy D Gy = Ay D Gy = V4 D G4 = (I), where
Ay is the group of even permutations of 1,2,3,4 (the group of the rotations of a regu-
lar tetrahedron), Vj is the subgroup of permutations of order at most 2 in A4 (it consists of
(1),(1,2)(3,4),(1,3)(2,4),(1,4)(2,3) and is Klein’s four group) and I is identity.

(d) Consider the chain Gy = D,, D Gy = Cy, D (I), where C,, is the group of all rotations of
the regular polygon with n sides and I is the identity.

(e) Cousider the chain Go =H*(Z) D G; = (—1) D Gy = (1).
12.2 (c¢) The group A, is normal in S, as a subgroup of index 2. Use (b) and T.12.1.

12.3 (a) Among all possible chains G = Go D G; D ... D G, = {e} consider a chain
with maximal possible value of n. Motivate that then all the quotients G;/G;+1 are cyclic
of prime order. Use A.2.10 and A.2.8.

(b) Use (a).
12.4 (a) Motivate that the functions ¢, () are bijections on the set {0,1,...,n — 1} and

as such can be considered as permutations belonging to the group S, of all permutations of
this set (with n elements).

Notice that different € {0,1,...,n—1} have different images ¢4 (), S0 @4 () is bijective
on the set {0,1,...,n— 1}.

(b) The number of functions ¢, p(x) is nep(n). Show that e p © Yed = Pac,ada+b(z) and
ged(ae,n) = 1. Use A.2.1.

(c) Check that @ is a group homomorphism (use (b)) and find its kernel 7,,. Notice that T,
is abelian. Use T.12.1(c) for G = G,, and N = T,,.

(d) Notice that already the subgroup 7, of all translations ¢; y(x) = x + b acts transitively
on {0,1,...,p — 1}. How many solutions has equation ¢, »(x) = = when a, b are fixed?

(e) Let ¢q.4(z) be a function of order p. Show that a = 1, so @, (x) € T,. Use (b) above.
(f) Denote by M the group of the matrices in (d) and show that ¥ : G, — M such that

U(pqp) = (8 117 , is a group isomorphism.
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12.5 (d) Look at the fix group G, of any element x € X and use the formula | X||G,| = |G|
(see A.8.2(a)).

(e) If H is a subgroup of a transitive group G on a set X with p elements, then H is also
transitive on X or every element of H acts as the identity on X.

(e) Show that if z,2' € X and gx = 2’ for some g € G, then H,» = gH,g~'. Conclude
that two arbitrary orbits Hx and Ha' for z, 2’ € X have the same number of elements. Use
A.8.2 (on |Hz| = |H|/|Hz|)-

12.6 Show that the center of a p—group, is always nontrivial. Consider the action of G on
the set X = G by conjugation, that is, for g € G and x € X the action of g takes = on
grg~!. Notice that the fix elements for this action of G are x such that grg~! = x for each
g € G, so gx = xg, that is, such x form the center C(G) of G. Use formula in A.8.2(a) in
this case.

Use the fact that G has nontrivial center together with T.12.1 and induction with respect
to the order of the group taking into account that C'(G) is a normal subgroup of G.

Problems of Chapter 13
13.3 Consider a longest possible chain of fields

K=KyCK;C...CK,=1L

such that K; = K;_1(«;), where a* € K;_1 and r; are positive integers for i = 1,...,n— 1.
Show that for such a chain all r; are prime numbers (observe that the next field is really
bigger than the preceding one).

13.4 (a) Denote by L a splitting field of f(X) over K and consider the the Galois group
G(L/K) as a subgroup of S,. Notice that the order of G(L/K) is divisible by p and use
Cauchy’s theorem (see A.8.3) to prove the existence of a cycle of length p in G(L/K). Show
that the complex conjugation is a transposition of two zeros and use A.9.4 to show that

G(L/K) = S,.

(b) Study the derivative of the polynomial f(X) and plot its graph in order to show that
exactly 3 zeros are real. Use (a).

13.5 For example, X" °f(X), where n > 5 and f(X) = X° —4X — 2 according to Ex.
13.4(b) for p = 2.

13.6 (b) Assume that the polynomial f(X) is reducible over K;. We show that it can

not happen considering two possibilities: f(X) = g(X)h(X) over K;, where deg(g) = 2,
deg(h) = 3 or deg(g) = 1, deg(h) = 4. Compare the degree of a splitting field M of f(X)
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over K;_; (this is 120 by Ex. 13.4(a)) with its degree resulting from the two possibilities of
reducibility.

13.7 Discuss all possible Galois groups and use T.13.1. Alternatively, show how to solve
such equations.

13.8 Compare the splitting fields of f(X) and f(X™) over K. Alternatively: How to express
the solutions of f(X™) = 0 when the solutions of f(X) = 0 are known and conversely?

13.9 (a) If two of the zeros of a polynomial do not generate its splitting field, then there is
an automorphism of this field having these two zeros as fix points but moving another zero
by T.9.1 and T.9.3.

(b) Notice that the Galois group Gal(K;/K) is a transitive permutation group on the set of
zeros of f(X) by Ex. 7.4 and use the description of solvable groups with this property given
in Ex. 12.5. Use (a).

13.10 Let K be a splitting field of f(X) over K. What can be said about the field Ky if
f(X) has at least two real zeros?

13.11 (a) The discriminant of f(X) is A(f) = H1<i<j<5(04i*04j)2, where o, 1 =1,2,3,4,5
denote its zeros. Study the sign of A(f) depending on the cases: All «; real, exactly three
real, only one real.

(b) An example of a solvable equation with A(f) > 0is f(X) = X —2 =0 (only one real
zero). If f(X) = X5+ X2 + 1, then f(X) also has only one real zero (thus A(f) > 0), but
G(Qf/Q) = S5 (for a proof, see Ex. 15.11(a)), so the equation f(X) = 0 is not solvable by
radicals.

13.14 (a) Let K = R(«), where « is a zero of an irreducible polynomial f(X) € R[X] of
odd degree. Use the fact that f(X) has a zero in R.

(b) Use the formula for solving of quadratic equations.

(c) Consider a Sylow 2-subgroup H of G = G(K/R) and its fixed field K over R. Use (a),
and then use Ex. 12.3 in combination with (b).

Problems of Chapter 14

14.1 (a) The side of the new cube has length v/2. Use T.14.1 and [Q(V/2) : Q] = 3.

(b) We have to construct the point (cos20°,sin20°). From cos3a = 4 cos® a — 3 cos a, we
get that cos 20° satisfies the equation 42 — 3z = 1. Show that [Q(cos20°) : Q] = 3 and use
T.14.1.
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(c) If the construction is possible, the point (0,+/7) can be constructed from (0,0),(1,0).
Motivate that [Q(v/7) : Q] = oo using the fact that 7 is a transcendental number (see
Chapter 4, p. 17 and Ex 4.16). Use T.14.1.

14.3 (a) Yes. The radius of the new circle is y/r? + r2, where r; and 75 are the radii of the
two given circles.

(b) Sometimes. The radius of the new sphere satisfies the equation X3 —r$ —r3 = 0, where rq
and ro are the radii of the two given spheres. For example, if 1y = ro = 1, then a construction
is impossible, but if 1 = 1,7 = V/7, then it is possible (use T.14.1).

14.4 Yes. The side of the square is x = 4/ %ah, where a is the length of a side of the triangle
and h the corresponding hight — both a and h are given.

14.5 No. The volume of a regular tetrahedron with side a is equal @®V2 Thus the side of

12
the cube is x = %\/ﬁ Use T.14.1.

14.6 A regular polygon with n sides is constructible if and only if the angle 27“ is con-

structible, which means that the point (cos 2%,sin %’T) is constructible. Study the fields
L = Q(cos 2Z,sin 2%) and L(i) 2 Q(¢), where € is a primitive n-th root of 1. Use T.14.1
and T.14.2 as well as the fact that [Q(g) : Q] = ¢(n) where ¢ is the Euler function (see
T.10.1).

14.7 (a) cos72° = ‘/54_1; (b) and (c): Use (a) and Ex. 14.6 (b).

14.8 (a) 1° = 2% is not constructible by Ex. 14.6, since 360 = 2% - 32 - 5;
(b) 3° = 2776 is constructible by Ex. 14.6, since 120 = 23 - 3 - 5;
(¢c) 5° = 2% is not constructible by Ex. 14.6, since 72 = 23 - 32,

14.9 For example, o = 27“ Use Ex. 14.6 and the equality § = 2(5 — a).

Problems of Chapter 15

15.1 (a) Consider two cases: f(X) reducible or irreducible over K. Notice that A(f) =
g(a1)?(ag — a3)?, when aq, as, az are zeros of f(X) and g(X) = f(X)/(X —a1) = (X —
a2)(X — as) has its coefficients in K («). Notice also that the Galois group of an irreducible
cubic equation has at least 3 and at most 6 elements (as a subgroup of S3 — see Ex. 6.1).

(b) Motivate that F'(X7, X2, X3) has two different images +F (X1, X2, X3) under the per-
mutations in G = S3, notice that Gp = As and use the definition of rg ¢ (f). Apply T.15.2.
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15.2 Motivate that F(Xy,...,X,) has two different images +F(X7,...,X,,) under the
permutations in G = S, notice that Gp = A, and use the definition of rq r(f). Apply
T.15.2.

15.3 Consider a factorization X*+pX2+¢X +r = (X2 +aX +b)(X%2+a'X +b'). Compare
the coefficients on the left and on the right. How to express a,a’,b,b" by p,q,r? Find a
polynomial with coefficients depending on p, g, whose zero is a2.

15.4 (a) What are the possibilities for a in the factorization X* + pX? +¢X +r = (X2 +
aX +b) (X2 +d X +V)?

15.5 (a) Check directly that the permutations in Gr do not change F (X1, Xa, X3, X4) and
that this polynomial has exactly 3 different images under the action of the permutations in
A4 (and S4)

(b) Use the definition rq, #(f) and the three different images of F'(X7, X2, X3, X4) in order
to compute the resolvent rg g (f). Use either the Vieta’s formulae for the zeros as, as, a3, as
of f(X) or (a) in Ex 15.3.

15.6 Use Ex. 15.1 and Ex. 15.4 in order to study K through K, s (but this needs some
effort, so if needed check a solution in the next chapter).

15.7 Consider a factorization f(X) = X*+pX2+q¢X +7 = (X?>—aX +)(X?+aX + V'),
where a,b,0' € K, § = a? — 4b and ' = a? — 4b are not squares in K (since otherwise,
the polynomial f(X) has zeros in K). Compute r(f) and its zeros. Discuss two possibilities

depending on K(v/3) = K(v/¢) and K(Vd) # K(\/¢&').

15.8 (a) This is true for both types of resolvents discussed in Ex. 15.5. If »(f)(T) =
T3 +2pT? + (p? — 4r)T — q®> = T3 + 2pT? + (p? — 4r)T = T(T? + 2pT + p* — 4r), then one
zero is T = 0 and the remaining two are —p=42/7. If 7(f)(T) = T3 —pT? —4rT +4pr — ¢ =
T3 — pT? — 4rT + 4pr = (T — p)(T? — 4r), then the zeros are p and £2./7. Use Ex. 15.6(a)
in order to express the discriminant by the coefficients.

(b) Use directly Ex. 15.6(b).

15.9 Use Ex. 15.6 in order to construct suitable examples. For example, the Galois group
of X4+ X +1is Sy, X*+3X +3is Dy, X*+5X +5is Oy, X* +8X +121is A4 and X* +1
is V4.

15.10 (a) Use T.8.2 to represent k' = k(6) for some 6 and notice that K' = K(6). If
[k" : k] = m, show that 1,0, ...,0™~! form a basis of K’ over K. Map any automorphism of
k" over k on the automorphism of K’ over K having the same effect on 6 — use Ex. 6.1.

(b) The resolvent is rg r(f)(X) = X% +p(Y1 + Y2) X + (p* — 2¢)V1Y2 + q(YZ + V). The
resolvet is reducible if and only if its discriminant A(rg r(f)) = (p? — 4q)(Y1 — Y2)? = 0,
that is, p?> — 4¢ = 0 (which could be, of course, expected).
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15.11 Consider reductions modulo prime numbers: (a) 2,3, 5; (b)2, 3,23 (14 is a zero modulo
23); (c) 3,7,23; (d) 3,13,17 (or Eisenstein’s Criterium instead of reduction modulo 3). The
discriminant is 28 - 56 - 114,

15.12 (a) Choose a prime number p > n—2 (n > 2) and three polynomials of degree n such
that the first is irreducible over Fs, the second is a product of an irreducible polynomial of
degree n— 1 by a first degree polynomial over F3, and the third is a product of an irreducible
quadratic polynomial by n —2 different first degree polynomials. Use the Chinese Remainder
Theorem A.5.1 in order to show that there is a polynomial f(X) € Z[X], which has the
chosen polynomials as reductions modulo 2,3 and p. Use T.15.4 and A.9.4 in order to show
that the Galois group of f(X) is Sy,.

(b) Follow the prescription in (a) for n = 6, 8.
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APPENDIX: Groups, rings and fields

A.1 Equivalence relations

A relation on a set X is any subset R of the product X x X = {(z,y)|z,y € X}. For
example, the relation “less or equal” on the set of real numbers is the subset R C R x R
consisting of all pairs (z,y) such that z < y. If we don’t have any special reason to use a
specific notation for a relation, we shall write x ~ y when x,y € X are in a relation R on
X, that is, (z,y) € R.

A.1.1 Definition. We say that a relation R on X is an equivalence relation if it is reflexive,
symmetric and transitive, that is, if for x,y, 2z € X, we have

(a) z ~ x (reflexivity);
(b) if  ~ y, then y ~ z (symmetry);

(c) if x ~ y and y ~ z, then  ~ z (transitivity).

An equivalence class [z] of € X with respect to an (equivalence) relation R is the set of all
x’ € X, which are related to x with respect to this relation, that is, [z] = {2’ € X|2’ ~ =}
(in terms of pairs, [x] = {z' € X|(2/,z) € R}). Every element belonging to an equivalence
class is called its representant.

The equivalence relations play a very important role, since they split all the elements of
X into equivalence classes so that every class contains elements with some special property
(“relatives” to a fixed x € X):

A.1.2 Proposition. The equivalence classes of an equivalence relation on X form a parti-
tion of X, that is, every element of X belongs to an equivalence class and different equivalence
classes are disjoint.

Proof. Every element of € X belongs to an equivalence class — its own class [z]. If [2]
and [z2] are two equivalence classes with a common element x, then x1 ~ z,z2 ~ x, which



implies that x; ~ x5 by symmetry and transitivity. If now y € [x1], then y ~ x1, so 21 ~
implies that y ~ x9, that is, y € [z3]. In the same way, if y € [z3], then y € [z1]. Thus
[z1] = [z2], which means that two equivalence classes with at least one common element
already coincide. Hence different equivalence classes can not have any element in common,
that is, they are disjoint. ¢

In general, if X is any set, then its partition is a family X; of subsets of X (for ¢ in an index
set) which cover X (that is, X = |JX;) and are disjoint (that is, X; N X; = if i # j). It
is clear that any partition defines an equivalence relation on X, when we declare that two
elements are equivalent when they are in the same subset X;. Of course, the equivalence
classes are just the sets X;. Thus essentially, the notion of equivalence relation is exactly the
same as the notion of partition.

In this book, we meet several examples of equivalence relations, so we mention here only
one, which is very important.

A.1.3 Exmple. Let X = Z be the set of integers and let n # 0 be a fixed integer. Define
R as the set of all pairs of integers (z,y) such that x,y give the same residue when divided
by n. We check immediately that it is an equivalence relation on Z. An equivalence class
[x] consists of all integers, which give the same residue when divided by n. Since there are
exactly n possible residues 0, 1,...,n—1, we get that there are exactly n different equivalence
classes represented by these residues. This set of equivalence classes [0],[1],...,[n — 1] is
often denoted by Z,, and is called the set of residues modulo n. Very often the notation [a]
is simplified to a with no risk of confusion, and we write Z,, = {0,1,...,n — 1}. The set Z,
inherits also addition and multiplication (modulo n) from Z, which makes it to a ring (see
below in connection with the notions of the quotient group and quotient ring.

A.2 Groups

A group is a set G with a binary operation, which maps every pair g1, g2 € G onto g192 € G
in such a way that

(a) (9192)92 = 91(g293) (associativity),
(b) there is e € G such that eg = ge = g for each g € G (existence of a unit),
(c) for each g € G there exists ¢’ € G such that g¢’ = ¢'g = e (existence of an inverse).

One checks easily that in any group, there is only one unit e and for each g there is only one
inverse g’. The inverse of an element g € G is denoted by g=*. A group is called abelian if
it is commutative, that is, g1 g2 = gog1 for every pair g1, g2 € G.

The multiplicative notation of the group operation is more convenient (more compact) and
it is usually used when general theory of groups is presented, but sometimes the group
operation is denoted as addition and then the binary operation maps a pair g1, g2 € G onto
g1 + g2 € G. The associativity means then that (g1 + g2) + 93 = ¢1 + (92 + g3), the unit
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(rather called zero) is usually denoted by 0, and the inverse of g € G is then called the
opposite element and is denoted by —g.

Most of the groups considered in this text are finite, that is, G has finitely many elements. If
G is finite, then its number of elements is denoted by |G| and called the order of the group.
If G has infinitely many elements, we often write |G| = co.

A subgroup H of G is a nonempty subset of G which also is a group when the binary operation
is restricted to it. A nonempty subset H of G is a subgroup if and only if h1he € H for each
pair hi,hy € H and h™! € H whenever h € H. In fact, the associativity holds as it holds in
G and the unit element is in H as e = hh ™! for any h € H. For a finite subset of a group,
the situation is a little better:

A.2.1 Proposition. If H is a finite subset of a group G, then it is a subgroup if and only
if hitho € H whenever hy,hs € H.

Proof. We have to show that h~! € H when h € H. All powers h™ when n = 1,2, ... are
in H and since H is finite, they can not be all different. Thus there exists m < n such that
h™ = h™, which gives h"~™ = e in G. But this equality says that "' =h"" 1 c H. N

If g € G, then the powers of g are defined in the usual manner, that is, g as a product of n
factors g, when n > 0 and of —n factors g~! when n < 0. We define ¢° =e. If g1,...,gx € G,
then the least subgroup of G containing these elements (the intersection of all subgroups
containing them) is denoted by (g1,...,gx) and is called the subgroup of G generated by
g1,---,9k- 1t is not difficult to see that this subgroup consists of all possible products of
powers g;''...g;", where 1 < iy,...,i. < k and the exponents ny,...,n, are arbitrary
integers. In particular, the group generated by one element g € G is (g) and consists of
the powers ¢g” where n is an integer. This group is called cyclic (generated by g). Its order
is called the order of g, which is denoted by o(g). If ¢° = e,g,...,9" ! are all different
and g™ is equal to one of these powers, then it is easy to check that it must be e and
(9) = {e,g,...,g" 1}. Thus the order of g is the least positive integer n such that g" = e.
Notice that if gV = e and o(g) = n, then n | N. In fact, if N = gn + r, where 0 < r < n,
then e = g%V = g9"*" = ¢", which implies that r = 0, since r < n.

A.2.2 Let G={g) ={e,g,...,9" '}, g" = e, be a cyclic group of order n.

(a) The element g for 0 < k < n is a generator of G if and only if gcd(k,n) = 1, so G has
©w(n) generators, where  is Euler’s totient function (see p. 256).

(b) For every divisor d of n, the element gi generates a subgroup of order d and such a
subgroup is unique.

Proof. (a) If g* generates G, then there is an integer | such (¢*)! = g, that is, g"~! = e.
Since the order of g is n, we have n | kI — 1, which shows that n and k are relatively prime,
that is, ged(k,n) =1 (if d is a common divisor of n and k, then d must divide 1).
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Conversely, if k and n are relatively prime, then ged(k,n) = 1 = ki + ng for some integers
l,q. Hence (g*)! = g'=™4 = g as g" = e. This shows that a power of g¥ equals g, so the
powers of g* generate G.

(b) Let as before G = (g) and let H be a subgroup of G. Let m be the least positive power
of g such that h = g™ € H. If g™ € H for some integer M, then m | M, since otherwise
M = mq +r, where 0 < r < m and g™ = ¢m9*" = ¢" € H, which contradicts the choice
of m. Thus g” € H implies that n = md and we have H = (h) = {e, h,...,h%"'}, since
H consists of some powers of g and all these powers have exponents divisible by m. Thus
the order d of H C G uniquely defines m = n/d and consequently the subgroup H of G is
uniquely defined by its order d. |

Notice that the group Z,, with addition modulo n (see A.1.3) is cyclic of order n, since 1
is its generator. According to A.2.2 this group has ¢(n) generators and k is one of them if
and only if ged(k,n) = 1.

Cyclic subgroups are generated by one element of the group. If A is any subset of G, then
there is the least subgroup of G containing A — the intersection of all subgroups of G
containing A. Such a subgroup consists of all finite products a; - - - ax, where each a; or its
inverse is in A. In fact, a product of two such products and the inverse of one such product
keep the required type. If A = {aq,...,ar},a; € G is a finite set, then the least subgroup of
G containing A is denoted by (aq,...,ar). If G = (as,...,ax), then we say that the group
G is generated by ai,...,ar and these elements are called generators of G. Notice that
cyclic groups are the groups with one generator. Every equality such that a product of the
generators or they inverses is equal to the unity is called a relation between the generators.
For example, if G = (g) is a cyclic group of order n, then ¢g" = e is a relation for the
generator g. If group is not cyclic, for example G = S3, then the number of generators must
be at least 2. In the case of G = S3, we have G = (a,b), where a®> = 1, b> = 1 and ba = a?b
(that is, a?ba=1b~! = 1), where a = (1,2,3) and b = (1,2) (as a,b one can choose any
element of order 3 and an element of order 2). Using generators and relations between them
gives a very convenient way to describe groups, which is often used in different computer
packages. A group G is defined by a set of its generators aq,...,a, and relations between
them if every group with some generators by, ..., by satisfying the same relations (with a;
replaced by b;) is isomorphic to G.

As an example consider the symmetry group of a regular polygon with n sides denoted
usually by D,, (n > 3), whose order is 2n. It consists of n rotations of the polygon and n
symmetries. As for S3 (which is D3), we can choose two elements a, b, where the first is the
rotation by the angle %’T and b is any symmetry of the polygon. Since the rotation a has
order n, it generates a cyclic subgroup C,, of D,, of order n. A symmetry b has order 2 and
is not in C,,, so the products a*b for k = 1,...,n give n different elements (symmetries) in
the group D,. Notice that the relations defining D,, generated by a,b are a” = 1,b%> =

and bab = a* for some k (depending on the choice of the symmetry b — the simplest choice

is k = —1, when the relation is abab = 1).

If A, B are two subsets of a group G, then AB denotes the set of all products ab, where
a € A and b € B. Such a product is of course associative, that is, A(BC) = (AB)C for any
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subsets A, B, C of G. Notice that if H is a subgroup of G, then HH = H. If in particular,
we take A = {g} and B = H is a subgroup of G, then the product gH is called a left coset
of H in G. Similarly, the product Hg is a right coset of H in G. Here follow some simple,
but important properties of cosets:

Notice that if H is a subgroup of G and g € G, then a coset gH may be represented in
different ways, that is, we may have gH = ¢'H for ¢’ € G different from g. We say that
g represents gH and it may happen that also ¢’ is a representant of the same coset. This
happens precisely when ¢’ belongs to the coset of g, that is, if and only if ¢’ € gH. In fact, if
¢'H = gH, then evidently ¢’ = gh for some h € H, so g’ € gH and, conversely, if ¢ = gh for
some h € H, then ¢ H = ghH = H, since hH = H when h € H. The equality ¢’ = gh for
some h € H is equivalent to g~'¢g’ € H. In additive notation, the equality g + H = ¢’ + H is
equivalent to ¢ = g+h for some h € H or ¢'—g € H. Notice that (left) cosets are equivalence
classes of the equivalence relation on G such that g ~ ¢’ if and only if g~'¢’ € H.

A.2.3 Let H be a subgroup of a group G.
(a) gH = H if and only if g € H;

(b) If ¢’ € gH, then ¢'H = gH (every element in a coset represents it);

(c) ¢ H = gH if and only if g~ g’ € H (additively: g+ H = ¢’ + H if and only if g’ —g € H);
(d) g € gH (every element in G belongs to a coset);

(e) If g € g1H N goH, then g1 H = g2 H (two different cosets are disjoint);

(f) If H is finite, then |gH| = |H| for any g € G.

(g) The left (or right) cosets of H in G form a partition of the set G.

Proof. (a) If gH = H, then ge = g belongs to H. If g € H, then gH C H and, conversely,
H C gH, since the equation h = gz, h € H implies z = g~ 'h € H.

(b) If ¢’ = gh, h € H, then ¢H = ghH = gH by (a).

(c) We have ¢'H = gH if and only if g~ '¢’H = H if and only if g~ ¢’ € H by (a).
(d) We have g = ge, e € H.

(e)If g € g1H N goH, then g1 H = goH = gH by (b).

(

f) If H is finite and H = {hq,..., hy,}, then gH = {ghy,..., gh,} and all products gh; are
different, since gh; = gh; implies h; = h; (multiply from left by g—1).

(g) This is clear from (d) and (e) and means that any subgroup defines an equivalence
relation on the set G by declaring two elements equivalent if and only if they belong to the
same coset. ]

A.2.4 Lagrange’s Theorem. The order of a subgroup in a finite group divides its order.
In particular, the order of an element in a finite group divides its order.
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Proof. Let |G| = n and |H| = m. The group G is a union of the left cosets of H in G
by A.2.3(d). These cosets are disjoint A.2.3(e) and each of them consists of m elements
A.2.3(e). Hence n = mi, so m divides n. |

The number of cosets of a subgroup H in a group G is called the index of H in G and is
denoted by [G : H]. This number is finite when G is finite, but it may be also finite when G
is infinite. For a finite group G, we have [G : H| = |G|/|H| according to the argument given
in the proof of Lagrange’s theorem. Notice that in a finite group, the number of left cosets
of a subgroup is equal to the number of its right cosets, which easily follows from Lagrange’s
theorem by noting that the argument in the proof works equally well for right as for left
cosets. In general it is easy to construct a bijection between the sets of right and left cosets.
Sometimes, we write [G : H] = oo when there are infinitely many cosets of H in G. Since
usually what can be said about right cosets can be also said about the left, we shall use the
term coset alone meaning either type of them, but of course fixed in any statement about
them (like in the preceding statement). We prefer to use left cosets in different arguments
concerning one type of them.

Sometimes the cosets of a subgroup H in a group G form a group with respect to the
multiplication of subsets of GG. The first condition to assure this is a property of H that
the product of any two cosets gHg' H is again a coset. When it happens, then this coset
must be gg'H (of course, g9’ € gHg'H, so if the product gHg'H is a coset, it must be
g9'H by A.2.3). When a product of any cosets is a coset, then these cosets form a group,
since multiplication of cosets is associative, the unit is the coset H and the inverse of gH
is g~'H. This group is then called the quotient group of G modulo H and is denoted
by G/H. If G is finite, then its order is the number of cosets of H in G, that is, the index
of H in G. Thus for the orders, we have |G/H| = |G|/|H|, which in some way motivates
the terminology. The subgroups for which the above construction of the quotient group is
possible are called normal subgroups. More exactly, we have the following characterization
of normal subgroups:

A.2.5 Each of the following equivalent conditions defines a normal subgroup H of G:
(a) The product of any two cosets of H in G is a coset,

(b) For each g € G the left and the right cosets of g coincide, that is, gH = Hg;

(¢) For each g € G, we have g~*Hg C H.

Proof. First, we prove that (a) implies both (b) and (c¢), which are equivalent. Since the
product of cosets is a coset, we have gHgH = g?H (as we know, the product is the coset
containing g2, so it must be g?H). Thus for every h € H, there exists h’ € H such that
ghg = ¢gh’, that is, hg = gh'. Hence for every g € H, we have Hg C gH, thatis, g 'Hg C H,
which is (c). Since (c) holds for any g € G, we can replace g by g~* and we get gHg~ ' C H.
Now notice that this inclusion is the same as gH C Hg and ¢ 'Hg C H as Hg C gH, so
gH = Hg, which is (b). Thus (c) implies (b), and of course (b) implies (c).

Now (b) implies that gHg'H = g9’ HH = gg'H, so we get (a). [ |
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Notice that if g € G, then the mapping = — gxg~! for x € G is called conjugation by g.
Using this terminology, A.2.5(c) says that H is a normal subgroup of G if and only if it
is invariant with respect to conjugation by any element of G. The fact that H is a normal
subgroup of G is often denoted by H < G.

If H is any subgroup of a group G, then it is easy to check that N'(G) = {g € G|gHg™* C H}
is a group containing H in which H is of course normal by A.2.5(c). The group N(G) is
called the normaliser of H in G and is the biggest subgroup of G in which H is normal.
Of course, it may happen that N(H) = H or N(H) = G and in the last case, the subgroup
H is normal in G.

In G = Z is the group of integers with respect to the addition, then any subgroup is the
set of all multiples (n) of a fixed integer n. The quotient group Z/(n) consists of the cosets
a+ (n) and each such coset consists of all b = a+g¢n for integers g, that is, b—a = gn. Hence
a coset consists of all integers giving the same residue as a when divided by n. It is possible
to choose the least residue 0 < r < n, that is, each coset has a representative r satisfying
this restriction. Hence all cosets are r + (n)(= r + Zn), where r = 0,1,...,n — 1. In fact,
the group Z/(n) is simply the set of equivalence classes of the equivalence relation defined
in A.1.3 (the same as above defining the cosets modulo (n)) and denoted by Z,.

If H is a normal subgroup of G, then we have a natural function ¢ : G — G/H such that
t(g) = gH mapping any element g € G onto its coset. This function has a multiplicative
property: ¢(gg’) = t(g)i(g’), since gg' H = gHg'H. In general, a function ¢ : G — G’ is
called homomorphism if this property holds, that is, ¢(g99’) = ¢(g)¢(¢’) for any ¢,¢' € G.
The homomorphism ¢ : G — G/H, where H is normal in G is called the natural surjection
(defined by a normal subgroup H). Notice that the elements mapping on the unit of G/H,
that is, on H, are those g € G for which ¢(g) = gH = H. The equality, gH = H is equivalent
to g € H (see A.2.3(a)), so the kernel of the natural homomorphism of G onto G/H is H.

In general, the kernel of a group homomorphism ¢ : G — G’ is the set of elements in
G whose image in G’ is the unit element e¢’. The kernel is denoted by Ker(p), that is,
Ker(¢) = {9 € Glp(g) = €'}. Notice that the kernel of a homomorphism is a normal
subgroup of G. In fact, if g, ¢’ € Ker(p), then ¢(gg’) = €, so gg’ € Ker(y). We have also
g~ € Ker(p) if g € Ker(p), since p(g71) = ¢(g) L. The last equality follows from the fact

/

that ¢(e) = €’ (since p(e) = p(ee) = p(e)p(e)) and w(g)p(g™") = @(gg7") = ¢le) = ¢,
that is, p(g~?!) is the inverse of ((g). Thus the kernel H = Keryp of a homomorphism
¢ : G — G’ is a subgroup of G. In order to check that H is normal, we have to check that
ghg™! € H whenever h € H. This follows immediately, since p(g~1hg) = p(g~ o (h)p(g) =
wlg™")elg) = ¢lg™'g) = ple) = ¢

A homomorphism ¢ : G — G’ is injective, that is, the images of different elements are
different, if and only if Kery = (e). In fact, we have ¢(g) = ¢(g') if and only if p(g'g~!) = ¢/,
that is, g'g~! € Kery. Hence, if Kerp = (e), then g'g € Kery gives g’g = e, that is, ¢’ = g
and, conversely, if the mapping ¢ is injective and g € Keryp, then ¢(g) = €' = p(e) gives
g = e, that is, Kerp = (e). The image of the homomorphism ¢, that is, ¢(G) is often denoted
by Im . A homomorphism ¢ : G — G’ is called isomorphism if it is bijective, that is, it
is injective (Kerp = (e)) and surjective (Im¢ = ¢(G) = G). An isomorphism ¢ : G — G
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is called an automorphism of G. We have met several times the inner automorphisms
¢g : G — G defined by the elements g € G as conjugation ¢, (z) = grg~! for z € G.

The quotient group G /Kery is closely related to the image of G in G’. In fact, all elements in
the coset gH, where H = Kerp have the same image in G’ since ¢(gh) = ¢(g9)¢(h) = ¢(g).
Hence we can define a function @ : G/H — G’ mapping the whole coset gH onto ¢(g), that
is, ®(gH) = p(g). It is easy to check that this function is an isomorphism from G/H to G’
and its image is, of course, p(G). In fact, using the fact that H is normal, we have

o(gHg'H) = o(99'H) = ©(99") = ©(9)¢(g") = w(gH)p(g'H),

so @ is a homomorphism of G/H into G'. But Ker® = {gH € G/H|®(gH) = ¢(g9) = €'} =
H, so the kernel of @ is the unit element of G/H. Thus @ is injective, so it is an isomorphism
of G/Ker ¢ with ¢(G). This is an important fact which is very often called the main theorem
on group homomorphisms:

A.2.6 If o : G — G is a group homomorphism, then the kernel H = Kery is a normal
subgroup of G and the function P(gH) = p(g) is an injection o* : G/Kero — G'. Thus ¢*
is an isomorphism of the groups G/Keryp and Im. In particular, if G is finite, we have
|G| = |Kerg||[Im|.

The homomorphism ¢* in A.2.6 is a special case of a more general context when a group
homomorphism induces a homomorphism of quotient groups. Let H be a normal subgroup
of G, and H' a normal subgroup of G’. We say that a group homomorphism ¢ : G — G’
is a homomorphism of pairs if p(H) C H' — the pair G O H is mapped into the pair
G’ D H'. The situation like this is very common and we meet it several times in Chapter 12
where we use the following very important consequence of it:

A.2.7 Group homomorphism of pairs. Let ¢ : G — G’ be a group homomorphism of
the pair G > H into the pair G' > H'. Then there exist an induced homomorphism

»:G/H — G'/H'
such that p(gH) = p(g)H'. Moreover, we have Kerg = o~ (H')/H and 3(G) = ¢(G)H'/H'.

Proof. We have only to check that the function ¥ is correctly defined, since we see imme-
diately that if the definition is correct, then

P(g1HgoH) = (9192:H) = ¢(9192) H' = 9(91)p(92) H' = @(91)H'(g92) H' = B9 H)P (g2 H).
In order to check the definition of @, we must show that if gyH = goH, then ®(g1)H' =
D(ge)H', that is, the definition is independent of the choice of a representant of a coset

of H. But g1H = goH is equivalent to g;'g» € H, which implies ¢(g;'g2) € H', so
p(91) " p(g2) € H', which gives ¢(g1)H' = @(g2)H', that is, B(g1H) = (g2 H). -
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A.2.8 Let p: G — G be a group homomorphism with kernel N = Kerp.

(a) The image p(H) of a subgroup H of G is a subgroup of G' and the inverse image o~ *(H')
of any subgroup H' of G' is a subgroup of G containing N. We have ¢(p~1(H')) = H' and
0o Y@(H)) = NH. The inverse image p~1(H') is normal in G if H' is normal in G'.

(b) If ¢ is surjective (so G' = G/N), then there is a one-to-one correspondence between the
subgroups H' of G' and the subgroups H of G containing N in which H' corresponds to
the inverse image ¢~ *(H') and H corresponds to its image @(H). In this correspondence,
normal subgroups of G containing N correspond to normal subgroups of G'.

Proof. (a) If H' is a subgroup in G, then one checks easily that ¢~1(H’) is a subgroup of
G. Of course, the group H = ¢~ !(H') contains N, which is the inverse image of the identity
e’ of G'. If H' is normal in G’, then for any g € G and h € G such that p(h) € H', we have
o(ghg™) = o(g)p(h)¢(g)~t € H', since H' is normal in G’. Hence ghg=! € o~ 1(H'), so
this subgroup of G is normal.

The equality p(p~1(H’)) = H' is evident (for any function between sets G,G’ not just
groups). In order to check the second equality ¢~ *(o(H)) = HN, take g € p~1(p(H)).
Then ¢(g) = @(h) for some h € H, so p(gh™) = ¢'. Hence, we have gh~' € N, which
means that ¢ € NH. Conversely, if g € NH, then g = nh for some n € N,h € H. Thus
p(9) = p(nh) = p(h) € p(H), s0 g € = (p(H)).

(b) Let Xn(G) denote the set of all subgroups of G containing N, and let X (G’) denote the
set of all subgroups of G’. We have two functions: ®(H) = ¢(H) mapping the subgroups
of G on subgroups in G’ (see (a)), and ¥(H') = ¢~ }(H') mapping the subgroups in G’ on
subgroups in G containing N. Now ®(¥(H')) = p(p ' (H') = H’' by (a), and ¥(®(H)) =
¢ Y¢(H)) = NH = H by (a) and the assumption N C H, which implies that NH = H.
Hence both compositions @ oW and ¥ o @ give identities, so both are bijections between the
corresponding sets Xy (G) and X (G"). ]

A.2.9 Let G be a finite abelian group. Then the exponent of G, that is, the least natural
number m such that g™ = e for each element g € G equals the mazximal order n of the
elements of G. Moreover, m divides the order of G.

Proof. First we note that if g, h € G are elements whose orders o(g) and o(h) are relatively
prime, then o(gh) = o(g)o(h). In fact, if  is the order of gh, then (gh)" = e gives (gh) ") =
g™ = e. Hence o(g) | ro(h) and by the assumption, o(g) | r. Similarly, o(h) | 7, so
o(g)o(h) | r. Since, of course, (gh)°9°") = ¢ we have r = o(g)o(h).

Now let n be the maximal order of elements in G and let g be an element of that order.
Assume that h is an element whose order does not divide n. Then GCD(o(h),n) = d and
n = da, o(h) = db, where GCD(a,b) = 1 and b > 1 (if b = 1 then the order of h divides n).
The order of g% equals a, and the order of h? equals b, so the order of g?h? equals ab. Thus
the order of gh equals dab = nb > n. This is a contradiction, since n was the maximal order
of the elements in G. Thus b = 1 and o(h) | n, so n is the exponent of G.
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The last statement is clear, since the order of every element of G divides the order of this
group, so in particular, the exponent divides this order. O

A.2.10 A group G of order at least 2 has no nontrivial subgroups if and only if it is cyclic
of prime order.

Proof. If the order of G is a prime number p and H is its subgroup, then as the order of H
divides p by Lagrange’s theorem A.2.4, the order of H is 1 or p. Thus H is either the unit
subgroup or the whole group G.

Now assume that G has at least one element different from the unit and no nontrivial
subgroups. Take g € G, g # e. The cyclic subgroup (g) of G is not nontrivial, so G = (g).
If the order of g is infinite, then G contains nontrivial subgroups e.g. (g?). Thus the order
of ¢ is finite, say, n. If n is not a prime number, then n = kl, where & > 1,1 > 1. Thus G
contains a nontrivial subgroup e.g. (g*). Hence n must be a prime number. O

A group G without nontrivial normal subgroups is called simple. Simple groups are in
some sense building stones of all finite groups, since a group G having a nontrivial normal
subgroup N can be described in terms of N and G/N (even if such a description is usually
not “simple”). All simple groups were classified thanks to the efforts of many generations of
mathematicians. The classification was ready about 1980 and so far the presentations of it
take several thousands of pages. Those simple groups which we use are the alternate groups
A, for n > 5. Groups from A.2.10 which do not contain any subgroups are of course simple.
These are all simple abelian groups.

If G; and G5 are two groups, then we can form a new group GG; x G, called their product,
which consists of all pairs (g1, g2), where g1 € G1, g2 € G2 with coordinate-wise operation,

that is, (g1, 92)(91,9%) = (9191, 9295)-

There are two groups related to a given group G, which in some sense gives a measure of
non-commutativity of G. The first is the center C(G) of G consisting of those elements of
G, which commute with all elements in this group, that is, C(G) = {x € G|Vg € Gzg = gz}.
Of course, the center is a normal subgroup of G and the group is abelian exactly when
C(G) = G. The second group is the G’ of G (denoted also by [G,G]. If g1, g2 € G, then g192
and gog; differ by an element ¢ € G such that g1 g2 = cga2g1 (¢ “corrects” gag1 to be the same
as g1g2). Of course, we have ¢ = g1g2g; 'g5 *. The element c is often denoted by [g1, g2] and
called the commutator of g;,gs. Notice that [g, g2] = e precisely when g1, go commute.
The subgroup of G generated by all commutators of pairs g1, g2 € G is denoted by G’ and
called the commutator group of G. The group G’ consists simply of all finite products of
commutators, since inverse of a commutator is a commutator: g1, g2] ' = [97 ", g5 *]. Notice
that the group G’ reduces to e if and only if all commutators are trivial, that is, the group
G is abelian.

The commutator subgroup G’ of G is normal. In fact, if ¢ = [g1, g2] is a commutator and
g € G, then geg™! = [gg9197 1, 99297 1] is also a commutator, so conjugation by g maps any
product of commutators onto a product of commutators, so commutators are invariant with
respect to conjugation.
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The most important property of the commutator group G’ of G is the fact that the quotient
group G/G’ is abelian and that every normal subgroup N of G such that G/N is abelian
contains G’. This means that G/G’ is the biggest abelian quotient group of G (since N D &,
we have an imbedding of the pair G’ C G into the pair N C G and as a consequence an
induced surjection of the quotient G/N onto the quotient G/G’ (see A.2.7).

A.3 Rings

”

A ring is a set R with two operations usually called addition ” 4+ ” and multiplication ” -
such that R with respect to the addition is an abelian group, multiplication is associative
and addition is distributive with respect to multiplication, that is, a(b+ ¢) = ab + ac and
(b+ ¢)a = ba + ca for all a,b,c € R. In this text, we always assume that R is commutative,
that is, ab = ba for all a,b € R. We say that R is a ring with identity if there exists an
element 1 € R such that 1la = a for all a € R. It is easy to see that the identity 1 is unique
if it exists. In the sequel, we only consider rings with identity. A zero divisor in a ring R
is a nonzero element a € R such that ab = 0 for some nonzero b € R. A ring without zero
divisors is called integral domain. We will always assume that an integral domain has an
identity element 1. Thus, the ring Z is an integral domain, whereas the rings Z,, of integers
modulo n are integral domains only when n is a prime number (see A.1.3). For example, in
Z4=1{0,1,2,3}, we have 2-2 = 0.

A subring of a ring R is any nonempty subset R, which is also a ring with respect to the same
addition and multiplication as in R. In practical terms, in order to check that a nonempty
subset R’ of R is a ring, it suffices to check that when a,b € R’, then a + b,ab, —a € R’. All
other conditions in the definition of ring are automatically satisfied, since they are satisfied
in R.

If a ring R is a subring of ring S and o € S, then R[a] denotes the least subring of S
containing R and «. It is easy to see that it consists of all sums ro +r1a+-- - +r,a", where
r; € R and n is a nonnegative integer. For example, the ring of integers Z is a subring of the
complex numbers C and taking o = i, we get the ring Z[i]. This ring consists of all a + bi,
where a,b € Z, since the equality i> = —1 makes all powers of i with exponents bigger than
1 needless.

If R is a commutative ring with identity, then an element a € R is called a unit (or an
invertible element) if there exists a’ € R such that aa’ = 1. The element a’ is called an
inverse of a. All invertible elements form a group with respect to the multiplication in R,
which is often denoted by R*. For example, we have Z* = {£1}, Z[i]* = {£1, £i}. In the ring
Z, the invertible elements form the group Z; consisting of all k such that ged(k,n) = 1.
Its order is the value of Euler’s function ¢(n) (see p.256). In fact, if ged(k,n) = 1, then
kx + ny = 1 for some integers x,y, so kx = 1 in Z,, that is, k is invertible. Conversely, if k
is invertible in Z,, then kz = 1 for some x € Z,, so n|kx — 1, that is, kz — 1 = ny for some
y € Z. Hence, ged(k,n) = 1.
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If Ry and Ry are rings, then it is possible to form a new ring R; x Ry consisting of pairs
(r1,72), where r; € Ry and 19 € Rs, which are added and multiplied coordinate-wise. This
ring is called the product of the two rings. Of course, it is possible to extend this definition to
any finite number of rings. If both rings has identity, then (1, 1) is the identity of the product.
For future use, observe that (r1,r2) is invertible if and only if 71 and 7o are invertible and
(R1 x R2)* = R} x R%, where on the right hand side, we have the direct product of groups.

If R, R’ are rings, then a ring homomorphism is a function ¢ : R — R’, which respects both
addition and multiplication, that is, p(a + b) = ¢(a) + ¢(b) and (ab) = p(a)¢(b). If R, R’
are rings with identity, we shall also assume that a ring homomorphism maps the identity
in R onto the identity in R’. The kernel of ¢ is its kernel as a homomorphism of the additive
group R into the additive group R’, so Kery = {a € R|¢(a) = 0}. This set is not only a
subgroup of the additive group R, but it is a subring with a stronger property: if a € Ker ¢
and b € R, then ab € Ker ¢. In fact, if ¢(a) = 0, then ¢(ab) = ¢(a)p(b) = 0 for any b € R.
A subring I of R having this strong property for multiplication, that is, ab € I whenever at
least one of the factors a,b € R is in [ is called ideal. Thus kernels of the homomorphisms of
R are ideals. In fact, every ideal is also a kernel of a homomorphism, which will be clear in a
moment. Notice that Ker ¢ = {0} if and only if ¢ : R — R’ is an injective function. In fact,
if ¢ is injective, than ¢(a) = 0 = ¢(0) implies that a = 0, that is, Ker ¢ = {0}. Conversely,
assuming the last equality, we get from ¢(a) = ¢(b), which is the same as p(a —b) = 0, that
a —b =0, that is, a = b. This means that ¢ is injective.

In the ring of integers Z every ideal is the set of all multiples of any fixed integer n (see
A.3.2). Such an ideal is denoted by (n). If n = 1, we get the whole ring Z and for n = 0
the zero ideal (0) having only one element 0. Both these ideals are called trivial. In any ring
one can fix a finite number of elements ay,...,ar and consider all sums r1a; + - -+ + rrpag,
where r1,...,7, € R. It is easy to check that all such sums of products form an ideal I in
R. Tt is called the ideal generated by a1, ..., a and is denoted by (as,...,a,). The elements
ai,...,ay are called generators of I. An ideal may have many sets of generators. If there is
only one generator of an ideal I, that is, I = (a) for some a € R, then I is called principal.
We have (a) = (b) if and only if a = be and b = an for some €, € R. If R is an integral
domain and ab # 0, then these equalities imply ey = 1. Hence ¢ and 7 are units in R. In
general, two elements of a ring, which differ by a unit are called associated. We summarize:

A.3.1 Two elements a,b € R in an integral domain R generate the same ideal, that is,
(a) = (b), if and only if they are associated. In particular, we have (a) = R if and only if a
18 @ unit.

A ring R is called a principal ideal ring if every ideal in R is principal. If moreover, there
are no zero divisors in R and an identity element 1, then it is called principal ideal domain
(PID). The following examples of such rings are very important:

A.3.2 The ring of integers Z and the polynomial rings K[X|, where K is a field, are prin-
cipal ideal domains.
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Proof. Let I be an ideal in Z. The zero ideal is always principal and generated by 0, so
assume that I is nonzero. Let d be a nonzero integer in I with the least absolute value. If
a € I, we use the division algorithm and get a = dg+r, where 0 < r < |d|. But r = a—dq € I,
so by the definition of d, we have r = 0. Hence each element of I is a multiple of d, that is,
I = (d) is principal.

Let now I be an ideal in K[X]. The zero ideal is always principal and generated by 0, so
assume that I is nonzero. Let d be a nonzero polynomial in I of the least possible degree.
If f € I, we use the division algorithm and get f = dq + r, where —1 < degr < degr. But
r =a—dq € I, so by the definition of d, we have r = 0. Hence each element of I is a multiple
of d, that is, I = (d) is principal. [ ]

In any ring R it is possible to consider the notion of divisibility saying that a € R is divisible
by b € R (notation: b | a) if there is ¢ € R such that a = be. However, such a notion has
meaningful properties when R is an integral domain (there are no zero divisors in R), which
we will assume when discussing divisibility. A nonzero element a € R is called irreducible
if it is not a unit and it is not a product of two non-units. We say that a ring is a unique
factorization domain (UFD) if it is an integral domain in which every nonzero element, which
is not a unit can be represented uniquely as a product of irreducible elements. Uniqueness
here means that if » € R and

(UF.D) /r':al...ak:bl...bl7

where a;, b; are irreducible and k,l > 1, then k£ = [ and it is possible to order the factors in
such a way that a; and b; are associated.

If a,b € R, then we say that d € R is a greatest common divisor (gcd) of a,b if d divides
both these elements and every common divisor of a and b divides d. If d exists, it is often
denoted by (a,b) or ged(a,bd). If ab # 0 and d exists then it is defined only up to a unit in
R. In fact, if d’ is also a greatest common divisor of a,b € R, ab # 0, then by the definition,
we have d | d’ and d' | d, that is, d = de and d = d'n for some €, € R. Hence, we have
en = 1, so both these factors are units in R and (d') = (d).

A dual to the notion of greatest common divisor is the notion of least common multiple
(denoted by lem(a,b) or [a,b] for two integers a,b). If R is an integral domain, then a least
common multiple of two elements a,b € R is an element m € R, which is divisible by both
these elements and divides every element with this property. As for a greatest common
divisor, if m exists, it is unique up to a unit.

A.3.3 Let R be a principal ideal domain.

(a) Any two elements a,b € R have a greatest common divisor and it is equal to any generator
d of the ideal (a,b) = (d).

(b) If a,b € R and d = ged(a,b), then there exist x,y € R such that d = ax + by.

(¢) Any two elements a,b € R have a least common multiple and it is equal to any generator
m of the ideal (a) N (b) = (m) and (a,b)((a) N (b)) = (ab), so that
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ab
lem(a,b) = zcd(a b)’
Proof. We prove simultaneously (a) and (b). Consider the ideal (a,b) in R. Since it is
principal, there exists d such that (a,b) = (d). Of course, we have d = ax + by for some
x,y € R, which proves (b) when we show that d = ged(a,b). But a,b € (a,b) = (d),sod | a
and d | b. On the other hand, if d’' | @ and d' | b, then the equality d = ax + by shows that
d' | d. Hence d really is a greatest common divisor of a, b.

(¢) The ideal (a) N (b) is principal and if m is its generator, then (m) C (a) and (m) C (b),
so a | m and b | m. On the other hand, if a | m’ and b | m’ for some m’ € R, then (m’) C (a)
and (m') C (b), so (m’) C (a) N (b) = (m). This implies that m | m’. Hence , m is a least

common multiple of a and (b).

Now we prove of formula relating lem(a, b) to ged(a, b). Denote

_ab
~ lem(a, b))

/

We want to show that d’ = d (up to an invertible element). The equality above implies that:

a lem(a, b b lem(a, b

e =
so d’ divides both a and b (since the right hand sides are elements of R). Thus d' as a
common divisor to a and b divides the greatest common divisor d. Conversely, both a and
b divide %b, since it is both a multiple of a as a% and b as §b. Thus lem(a,b) divides %b,
which means that the quotient %b : lem(a, b) = % is an element of R. Hence, we get that d
divides d’. Since both d’ | d and d | d’, these two elements are associated. [ |

Sometimes, the elements z,y in A.3.3(b) may be found effectively. In particular, it is possible
when R is the ring of integers or a polynomial ring K[X] over a field K using the Euclidean
algorithm. Since the last nonzero remainder in the Euclidean algorithm for a,b € R is
a greatest common divisor of these two elements, it is possible to express it as a linear
combination of a, b tracing back all the steps of this procedure. In these two most common
cases, that is, R =Z or R = K[X], both gcd(a,b) and lem(a, b) are chosen in a unique way.
In Z, the units are £1, and the standard choice is ged(a, b) and lem(a, b) as positive integers.
In R = K[X] the units are all nonzero constants and in any class of associated elements it
is possible to choose monic polynomial (that is, with highest coefficient 1). Thus ged(a, b)
and lem(a, b) are chosen uniquely as monic polynomials.

Any ideal I in a ring R forms a subgroup of the additive group R, which by definition is
abelian. Therefore, we can form the quotient group R/I with respect to addition, since I is
a normal subgroup of the additive group R. But R/I inherits a ring structure from R when
multiplication of the cosets a+1,b+1, a,b € R is defined by the equality (a+1)(b+1) = ab+1.
Here it is necessary to know that the result of multiplication of a+1 and b+1 does not depend
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on the representation of cosets by the representants a,b. In fact, we may have a+1 =a’ +1
and b+ 1 = U + I for some a/,b' € R. Then our multiplication is correctly defined if
ab+I = a'b'+1.But a+1I = o/+1 if and only if ' —a € I and similarly, b+1 = o'+1 if and only
if ' —b € I according to the properties of cosets in groups. Thus @’ = a+i and b’ = b+, where
i,j € I and @'’ —ab = ib+ja+ij € I,s0 't/ +1 = ab+1I. The ring R/ is called the quotient
ring of R modulo I. As for groups, we have a natural surjection ¢ : R — R/I mapping an
element a € R onto the coset a+1 € R/I. This mapping is not only a group homomorphism,
but also a ring homomorphism, since ¢(ab) = ab+1 = (a+I)(b+ 1) = t(a)c(b). Its kernel is
the set of a € R such that ¢(a) = a+ I = I, that is, a € I. Thus Ker: = I, which shows that
every ideal I really is a kernel of a ring homomorphism — namely, the kernel of the natural
surjection ¢ : R — R/I.

If o : R — R’ is any ring homomorphism and I = Ker ¢ its kernel, then there is a similar
relation between the quotient R/I and the image ¢(R) as for the group homomorphisms,
since o is a group homomorphism of R into R’ considered as additive groups and I is its
kernel. The only new ingredient is the presence of multiplication and the mapping @ : R/I —
R’, where ®#(a + I) = ¢(a) is not only a group isomorphism of the quotient R/I onto the
image ¢(R) but also a ring isomorphism. In order to check this, we only need to note that

P((a+ )b+ 1)) =plab+I) = p(ab) = p(a)p(b) = P(a+ I)P(b+ I).

Thus we can summarize these facts in what is called the main theorem on ring homomor-
phisms:

A.3.4 If p: R — R is a ring homomorphism, then the kernel I = Kero is an ideal of R
and the function ®(a + I) = ¢(a) is a ring isomorphism of R/Keryp and Imp.

A.3.5 Let ¢ : R— R’ be a ring homomorphism with kernel I = Ker.

(a) The image p(S) of a subring S of R is a subring of R’ and the inverse image ¢~ *(S")
of any subring S' of R’ is a subring of R containing I. We have o(o~*(S")) = S’ and
0 1 (@(S9)) = S+ I. The inverse image ¢~ *(I') is an ideal in R if I' is an ideal in R'.

(b) If v is surjective (so R' = R/I ), then there is a one-to-one correspondence between the
ideals I' of R’ and the ideals I of R containing I in which I' corresponds to the inverse
image o~ (I') and I to its image ¢(I).

If R is a ring and I, J its ideals, then it is possible to form theirs sum I + J and product
1J. The sum is simply the set of all sums i + j, where ¢ € I and j € J. It is easy to check
that all such sums form an ideal. The product I.J is defined as the set of all finite sums of
products ij, where ¢ € I and j € J. Here also it is evident that such finite sums of products
form an ideal. This ideal IJ is in fact contained in the ideal I N J. If R is a principal ideal
ring and I = (a), J = (b), then I +J = (a,b) = (ged(a, b)) and I.J = (ab). As we know from
A.3.3(c), we have I+ J)(INJ)=1J,s0if I+ J = R, then INJ = IJ. Two ideals I, J
in any ring are called relatively prime if I + J = R. This condition simply means that
1 =144 j, where i € I and j € J (since every ideal which contains 1 is equal to R). Notice

235



that if I is relatively prime with J and J’, then it is also relatively prime with J.J'. in fact,
I+J=Rand I+ J =Rimplythat i +j=1and i +j =1fori,i' €I, jeJ,jeJ.
Thus 4’ + 15’ + 4’5+ 75’ = 1, where ©” = 4’ +4j' +4i'j € I and j5' € JJ', s0i” € I and
i” + 743’ =1, that is, I + JJ' = R. In several places, we use the following isomorphism:

A.3.6 IfI,J are relatively prime ideals in a ring R, then the homomorphism ¢ : R — R/I x
R/J such that o(r) = (r+ 1,7+ J) induces an isomorphism ¢* : R/(INJ) = R/I x R/J.

Proof. It is easy to check that ¢ is a homomorphism and that kero = I'NJ (p(r) =
(r+1,7+J)=1(0,0)if and only if r+ 1 = R and r + J = R, that is, r € [ and r € J).

We show that ¢ is surjective. Since I + J = R, we have 1 =i+ j for some i € I and j € J.
Notice that 1+ =35+ 1 and 1+ J =i+ J. Hence, for (x+1,y+J) in R/I x R/J, we can
take r = xj + yi and then

o(r)=(zj+yi+Lazj+yi+J)=(zj+ Lyi+J)=(z+ DG +1),(y+)i+J) =
((z+ DA+ D, y+NHA+T)=(x+1,y+ J),

S0  is surjective and by A.3.4, we get the induced isomorphism p*. |

A.3.7 Example. Take R = Z, I = (a) and J = (b) where a,b are relatively prime, so
that I + J = Z by A.3.3(a). As we know, the assumption ged(a,b) = 1 implies that
INJ =1J=(ab). Hence, by A.3.6, we have

Z/(ab) = Z/(a) x Z/(b),

where the isomorphism maps the residue of an integer n modulo ab on the pair of its residues
(n1,n2) modulo a and b. In more compact notation, we write Zqp = Zg X Zp,. If n = plfl - pff
is a factorization of an integer into a product of prime numbers, then applying the formula
above several times, we get a very useful isomorphism of rings:

Loy 27 1y X oo+ X Do ke
V2% Pr

Taking units in these rings, we have also an isomorphism of groups, which we use several
times:

Z;: gZ*kl X e X Z*kr-
Py Dr

Similarly, if R = K[X] is a polynomial ring, I = (f(X)) and J = (¢(X)), where f(X), g(X)
are relatively prime polynomials, then as above, we have I +.J = K[X] and A.3.6 gives this
time

236



K[X]/(f9) = K[X]/(f) x K[X]/(g)-

A.3.8 Characteristic of a ring. If R is a commutative ring with identity, then the additive
subgroup (1) generated by the identity consists of multiples k - 1 for k € Z. If the order
of this group is infinite, then it is isomorphic with the group of integers Z. In this case,
we say that the characteristic of R is zero. If 1 generates a finite group of order n, then
(Iy={0-1,1-1,...,(n—1)-1} and n- 1 = 0. This group is isomorphic to Z, the group of
residues modulo n. In this case, we say that R has characteristic n. Observe that n is the
order of 1 in the additive group of the ring R in this case. The characteristic of a commutative
ring R with identity is sometimes denoted by char(R). Notice that the multiples k-1 for k € Z
form a subring of R, so a commutative ring R with identity contains a subring isomorphic to
the integers Z if its characteristic is 0, and a subring isomorphic to Z, if its characteristic is
n. In particular, the ring of integers Z has characteristic 0, and the ring Z,, = {0,1,...,n} of
residues modulo n has characteristic n. For convenience of references, we record these facts:

A.3.9 The characteristic of a commutative ring with identity is either O or a positive integer
n. The identity 1 € R generates a subring isomorphic to the integers Z in the first case, and
a subring isomorphic to Z, in the second case.

Notice that if the number n is composite, that is, n = kl, where k,l > 1, then the ring Z,
has zero divisors, that is, k # 0 and [ # 0 but kI = 0. If the number n = p is a prime, then
Z, is without zero divisors, since kIl = 0 in this ring means that p | kI, which implies that
p|korp|l, thatis, k=0or!=0in Z,.

A.4 Fields

If in a commutative ring with identity every nonzero element is invertible, then this ring
is called a field. In somewhat other words, a field is a commutative ring with identity in
which nonzero elements form a group with respect to multiplication. Notice that invertible
elements are not zero divisors, so any field is an integral domain (if a is invertible with the
inverse a~! and ab = 0, then a~tab = b = 0).

Fields are often denoted by letters K, L, M, ... (with K having its explanation in the German
term “Korper”). Thus any field contains at least two elements: 0 and 1. A subring of a field
K, which also is a field is called subfield of K. In order to check that K’ is a subfield of K
it suffices to check that a,b € K’ imply a + b, ab, —a,a™! € K’ (a~! for a # 0).

Among all fields considered in this text, a special role is played by the field of rational
numbers Q and the fields of residues modulo prime numbers Z,,. The former fields are very
often denoted by IF, and we follow this tradition. The fact that F, is a field follows from a
general property of finite integral domains (commutative rings with identity without zero
divisors). In fact, if R is a finite integral domain and a € R, a # 0, then the powers a” for
n = 1,2,... are nonzero and can not be different, so there exist exponents k,[ such that
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I > k and a' = a*. Hence, we have a*(a!~% — 1) = 0, which implies a'* = 1 as a* # 0.
Thus a has an inverse a!~*~1 in R. Notice that Q has characteristic 0 (the order of 1 in the
additive group of Q is infinite) and I, has characteristic p (the order of 1 is p).

A.4.1 (a) The characteristic of a field is O or a prime number.

(b) Any field K of characteristic 0 contains a unique subfield isomorphic to the rational
numbers Q, and any field of characteristic p contains a unique subfield isomorphic to .

Proof. (a) The characteristic of any commutative ring with identity is either 0 or a positive
integer n by A.3.8. If characteristic of a field K is not 0, then it is n for some positive
integer n and K contains a subring isomorphic to Z, also by A.3.8. But if n is composite
(that is, n = kl,k < n,l < n), then Z,, contains zero divisors (kl = 0, k # 0,1 # 0), which
are absent in fields. Thus n must be a prime.

(b) If a field K has characteristic 0, then the multiples k - 1, k € Z form a subring of K
isomorphic to Z. Since every quotient (k-1)/(l-1), where [ # 0 must belong to K, this field
contains a subfield isomorphic to the rational numbers Q. If K has characteristic p, then K
contains a subfield isomorphic to ). Such subfields of K are unique, since every subfield
contains 1, so it must contain the subfield generated by this element. In fact, the subfield
generated by 1 is the intersection of all subfields of K (it is contained in any subfield). O

The fields Q and F,, are called prime, since they are the smallest ones in the sense that
every field contains (an isomorphic copy) of exactly one of them and they do not contain
any proper subfields.

The fields, which we use to exemplify the Galois theory in this book are mainly number
fields, that is, subfields of the field of complex numbers C, finite fields (see Chapter 5) and
fields of rational functions with coefficients in number fields or finite fields. The latter, we
introduce in the next section of this Appendix, but already here, we note that fields of
rational functions are fields of fractions of integral domains through a construction, which
generalizes the construction of the field of rational numbers from the ring of the integers.

Take any integral domain R (for example, the ring of integers Z). Consider the set K = Ry of
all pairs (a,b) such that a,b € R,b # 0. We think of a as nominator and b as denominator of
a fraction. We say that (a,b) and (c, d) are equivalent if ad = be (both these pairs define the
same fraction). This equivalence can be denoted in some way, for example as (a,b) ~ (¢, d).
Denote by a/b the set of all pairs equivalent to (a,b). Such a class will be called a fraction.
Now we define addition and multiplication of fractions in such a way that we get a field:

a c ad + be ac ac

bt dT Tbd 0 bd bd

It needs a little formal calculations that the addition and multiplication of fractions give
the same result independently of the presentation of the involved fractions by the pairs of
elements of R (for example, we have to show that if (a,b) ~ (a/,b') and (¢, d) ~ (¢, d’), then
(ad + be,bd) ~ (a'd" + b'¢/,b'd")). When this is done, we have to check that the fractions
really form a field and this also needs a little of very simple (but also tedious) computations.
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Anyway, we check that we get a field in which R can be naturally embedded by mapping
a € R onto the fraction a/1. In fact, in this way, we usually consider R as a subring of its
field of fractions K = Ry. Of course, if R = Z, then Zy = Q is the field of rational numbers.
Notice that the field of fractions of R is very often called the quotient field of R (meaning the
field of quotients a/b rather than fractions a/b). There is a little danger that using “quotient
ring” in this sense may be confused with quotients of rings modulo ideals. We use the term
“field of fractions” in order to avoid such misunderstandings.

A.4.2 Any finite subgroup of the multiplicative group of a field K is cyclic.

Proof. Let G be a subgroup of order n of the multiplicative group of a field K. Let the
exponent of G be m, that is, " = 1 for every element z € G. Since the equation X™ -1 =10
has at most m solution in the field K and every element of G satisfies this equation, we
have n < m. But as we know (see Lemma A), the exponent m is the maximal order of the
elements of G and m | n. Hence m = n and the group G has an element of order n, that is,
G is cyclic. O

Notice that as a special case, the last result says that the groups of nonzero residues (Z/pZ)*
modulo prime number p are cyclic as the groups of nonzero elements in the fields F,, = Z/pZ.

A.4.3 Maximal ideals and fields. An ideal [ in a ring R is called maximal if it is not
equal R and if an ideal J is such that I C J C R, then J =1 or J = R. A very important
property of maximal ideals, which we use on some occasions is the following result:

A.4.4 An ideal I in a ring R with identity is mazimal if and only if R/I is a field.

Proof. If R/I is a field, then there are no nontrivial ideals in this ring, so the ideal I is
maximal by A.3.5(b). Conversely, if I is a maximal ideal, then A.3.5(b) says that R/I is
without proper ideals, so it is a field by A.4.6. O

We apply A.4.4 mostly when R is the ring of integers or the ring of polynomials over a field.
As we know, all ideals in Z and K[X] (K a field) are principal (see A.3.2). For such rings,
we have

A.4.5 In a principal ideal ring, the maximal ideals are exactly those generated by irreducible
elements.

Proof. If R is a principal ideal ring and (a) an ideal generated by an irreducible element
(a) (see the definition of irreducible elements on p.233), then the ideal is maximal. In fact,
if (a) C (b) C R, then a (b) gives a = be, where ¢ € R. Hence, we have that b or ¢ must be a
unit in R. But b is not a unit (otherwise (b) = R), so ¢ is a unit, which means that (a) = (b)
(see A.3.1. Thus (a) is maximal.

Conversely, if (a) is maximal, then a must be irreducible, since otherwise a = bc, where both
b and ¢ are not units. Hence, we have (a) C (b) C R, since (a) = (b) gives that a = bc implies
that ¢ is a unit, whereas (b) = R gives that b is a unit (see A.3.1). O
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In the ring Z the irreducible elements are prime numbers, so all maximal ideals are the
ideals (p), where p is a prime number. In the polynomial rings K[X], K a field, the irre-
ducible elements are exactly all irreducible polynomials f(X), which generate the maximal
ideals. Thus each quotient Z/(p) is a field (with p elements). Similarly, each quotient ring
K[X]/(f(X)) is a field when f(X) is an irreducible polynomial.

If K[X] is a polynomial ing over a field K and I = (f(X)) an ideal generated by a noncon-
stant polynomial f(X) € K[X] then we write [g(X)] = g(X)+ I to denote the class of g(X)
in the quotient. Of course, the class [g(X)] consists of all polynomials g(X) + f(X)q(X),
where ¢(X) is an arbitrary polynomial. We have as usual, [¢(X)] = [h(X)] if and only if
g(X) —h(X) eI=(f(X)), that is, g(X) — h(X) is a multiple of f(X). Of course, we have
F(X)] = [0].

In particular, if @ € K is a constant polynomial, then its class [a] may be simply identified
with a, since for classes of the constant polynomials, we have [a] = [b] if and only if f(X) (a
nonconstant polynomial) divides a — b (a constant), so it must be a = b. In fact, every class
[9(X)], we have [g(X)] = [r(X)], where r(X) is the residue of g(X) divided by f(X), since
g(X) — r(X) is divisible by f(X). As we know, the residue is unique, so every class has a
unique representation as [r(X)] with deg(r(X)) < deg(f(X)).

We will always identify [a] with a for constants so that K will be considered as a subring of the
quotient K[X]/(f(X)). If we denote o = [X] and r(X) = bp X*+- - -+by X +bo, then [r(X)] =
b X]F+- -0y [X]+bo = bpaF +- - -+ bya+bg. In particular, if f(X) = a, X"+ -+a; X +ag
is a polynomial of degree n, then 0 = [f(X)] = a,a™ + -+ + a1 + ag, that is, we have
f(a) = 0, which means that f(X) has a zero a in the quotient K[X]/(f(X)). Thus, the
quotient K[X]/(f(X)) can be described as the ring K[a] of all polynomials expressions
bpak + -+ bia + by, where a is a zero of f(X) and 0 < k < n.

As an example, we have R[X]/(X? + 1) = R[a], where o? + 1 = 0 and every element hasa
unique representation as a+bo. Thus the quotient is the field of complex number as o? = —1.

In particular when K =T is a finite field with ¢ elements and f(X) is a polynomial of degree
n, then F[X]/(f(X)) = F[a] is a ring with ¢" elements bya® +- - - +bja+bg, where 0 < k < n
(so there are ¢ possible choices for each b;, ¢ = 0,1,...,n — 1). The ring F[X]/(f(X)) is a
field exactly when f(X) is irreducible in F[X].

A.4.6 A ring with unity has only the trivial ideals (0) and R if and only if it is a field.

Proof. If R is a field and I is a nonzero ideal, then there is a € I such that a # 0. Thus a
has an inverse, that is, there is a’ € R such that aa’ = 1. Hence 1 € I, so I = R.

If R is a ring whose only ideals are (0) and R, then for any a € R, a # 0, we can take the
principal ideal Ra. This ideal is nonzero, since a = a -1 € I. Hence I = R. This means that
1 = d’a for some a’ € R, so a has an inverse in R. Hence R is a field. |
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A.5 Chinese Remainder Theorem

The Chinese Remainder Theorem (CRT) says that if dy,...,dr € R are relatively prime
positive integers and ri,...,r; are any integers, then there is an integer a such that the
residue of a when divided by d; is r; for i = 1,..., k. When we say that the remainder of
a when divided by d is r, we mean that d divides a — r, which is denoted by d | a — r or
a—r € (d) or a =r (modd) (ais congruent to r modulo d). This result is true in much
greater generality. Since we use it both for integers and polynomials, we give a formulation,
which covers this two cases:

A.5.1 Let R be an integral domain and let dq, . ..,dr € R be relatively prime elements, that
is, (d;,dj) = R. If r1,...,r, € R, then there exists a € R such that a —r; € (d;) for all
i=1,...,k.

Proof. We use induction starting with £ = 1 when the result is of course true. Notice know
that it is true for k = 2, since by A.3.6, we have a surjection of R onto R/(d1) x R/(dz)
mapping a onto (a + (d1),a + (dz)). But this means that if we take (r1 + (d1),r2 + (d2)),
then we can find a € R such that a + (d1) = r1 + (d1) and a + (d2) = r2 + (d2), that is,
a—r1 € (dy) and a — rg € (da).

Assume now that the theorem is true for k —1 elements of R and consider k relatively prime
elements di,...,d; € R. Denote d = dids - - - di.. First we note that every d;, (i =1,...,k),
and d/d; are relatively prime. In fact, we noted earlier (see the text preceding A.3.6) that
an ideal relatively prime with two other is relatively prime with their product ((d/d;) is
the product of all (d;) for j # 7). Now we use k times the case of two factors d; and find
x1,...,T, € R such that

z, — 1€ (dz) and x; € (d/dz) - (d]) for J 75 7.

Take now a = rx1 + - - - + rag. We check that a —r; € (d;) for alli =1,... k. In fact, we
have a —r; = rixy + - +ri(z; — 1) + - + rpag € (dy). [ ]

A.6 Polynomial rings

If R is a commutative ring, then the ring of polynomials with coefficients in R is the set of
all expressions ag + a1 X + asX? + - - where a; € R, almost all a; are 0 and X is a symbol
(called a variable), which are added and multiplied as usual polynomials. This ring is denoted
by R[X]. The construction may be used inductively — we can construct a polynomial ring
over R[X] and so on. Thus R[X]|[Y] = R[X,Y] is the polynomial ring in two variables over
R. Continuing in this way, we get polynomial rings R[X,...,X,] over R in n variables
Xq,.., X,

The most common in this book are polynomial rings over fields and, in particular, the
polynomial rings K[X] in one variable over a field K. In this case, we have the well-known
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division algorithm which for f(X), g(X) € K[X] with g(X) # 0, gives the unique quotient
¢(X) € K[X] and the remainder r(X) € K[X] such that g(X) = ¢(X)q(X) + r(X) and
degr(X) < deg g(X).

A.6.1 Factor Theorem. Let K C L be a field extension.
(a) The remainder of f € K[X] divided by X —a, a € L, is equal f(a);
(b) An element a € L is a zero of f € K[X] if and only if X — a|f(X) (in L[X]).

Proof. (a) The division algorithm for polynomials gives

f(X) = (X —a)g(X) +r,

where degr < 1, that is, the remainder r is a constant polynomial. Thus, taking X = a, we
get f(a)=r.
(b) Using (a), we have f(a) = 0 if and only if r = f(a) = 0. O

The polynomial rings K[X], like the ring of integers Z are unique factorization domains (see
(UFD)). This property is shared by all principal ideal domains (see A.3.2) but we refrain
from proving this in such a generality. The unique factorization property also holds in the
polynomial rings over the ring of integers and over fields, since in general it is true that if
a domain R is UFD, then also the polynomial ring R[X] is UFD (see [L], Chap.IV, Thm.
2.3). Below, we give a proof that the polynomial rings over fields are unique factorization
domains

A.6.2 Let K be a field. Every polynomial of degree degree > 1 in K[X] is a product of
irreducible polynomials. If

f=p1...pe=0"...00

where p; and p} are irreducible polynomials, then k =1 and with suitable numbering of the
factors pi, p);, we have p} = c;p;, where c; € K.

Proof. First we prove by induction that every polynomial f(X) of degree at least one is
a product of irreducible polynomials. It is clear for polynomials of degree one (they are
irreducible). Assume that we have proved that every polynomial of degree less than n > 1
is a product of irreducible polynomials. Take an arbitrary polynomial f(X) of degree n. If
f(X) is irreducible, we have what we want. If f(X) is reducible, then f(X) = g(X)h(X),
where 1 < degg < nand 1 < degh < n, so both g, h are products of irreducible polynomials.
Thus also f(X) is such a product.

Now consider two factorizations of f(X) given in the theorem:

D1 Dk =Dy -..D),
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where all p;, p;- are irreducible. We prove theorem by induction with respect to m = k 4+ [.
If m = 2, then we have one factor to the left and one to the right, so the claim that k = {
is true (and the factors are equal). Assume that the theorem is true when the number of
factors pi,p;» is less than m > 2. Consider the case when the number of factors is m. The
irreducible polynomial p; divides the product on the right hand side. Hence p; must divide
at least one of the factors of this product. Say that py|p] (we can change the numbering of
the factors if necessary). But both these polynomials are irreducible, so p; = cipy for some
constant c;. We divide both sides by p; and get

P1.--Pk—1 = Ck.pll ...p;_l,

so the number m is now k41— 2 and by our inductive assumption the theorem is true. Thus
k—1=1-1, that is, k = [ and by suitable numbering of the factors, we get p, = ¢;p; for
i=1,....k—1. O

A.7 Modules over rings

If R is a ring and M is an abelian group, then we say that M is a left module over R if for
every pair (r,m) € R x M, we have an element rm € M so that

(a) r(m1 + ma) = rmy + rma,

(b) (11 + 7r2)m = rim + ram,

(¢) (rarg)m = r1(rem),

(d) 1m =m,

where r, 71,79 € R and m, my, mo € M. A right module is defined in similar way. If R = K is
a field, then K-modules are called vector spaces or linear spaces (over the field K) and their
elements are called vectors. A homomorphism of modules over R is a function ¢ : M — M’
satisfying:

(a) (m1 +ma) = p(m1) + @(m2);

(b) ¢(rm) = re(m),

when m, my, mo € M and r € R. The kernel of ¢ is its kernel as a homomorphism of abelian
groups, that is, Kerp = {m € Mj|o(m) = 0}. The kernel is also a submodule of M, that
is, if r € R and m € Ker ¢, then rm € Ker ¢.

If My, My are R-modules, then the pairs (m,mz), where m; € My and my € Ms form
a module when the addition of pairs and multiplication by elements of R are defined on
coordinates: (mq,mz) + (m}, mb) = (my1 +mi, ma +mj) and r(my, m2) = (rmy,rms). This
new module is denoted by M; x My and called the direct sum (or direct product) of My, Ms.
This definition can be extended on arbitrary finite number of modules (it is also possible to
consider infinite families but the definitions of sum and product are then different).
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In this book, we need some knowledge of modules over fields, the ring of integers and
polynomial rings. We say that a module M is finitely generated if there are elements
my,...,m, € M such that every element m € M can be expressed as a linear combination
of these elements, that is, if there are rq,...,r, € R such that m = rymq + --- + rpmy. We
write M = (mg, ..., my). If there is one element m € M such tat M = (m), then M is called
cyclic module. Notice that if M = (m) is cyclic, then we have a surjective homomorphism
¢ : R — M such that ¢(r) = rm. If I denotes the kernel of ¢, then R/I = M. Thus a cyclic
module can be also defined as a module isomorphic to a module R/I. If R = Z is the ring of
integers, than the cyclic modules are Z/(n) = Z,,, which are finite cyclic groups when n > 0
or the infinite cyclic group Z when n = 0. This explains the terminology.

If M is a left module over a ring R, then the annihilator of M is the set of all » € R such
that rM = 0 (that is, rm = 0 for each m € M). The annihilator of M is an ideal in R,
which is denoted by Anng(M). In fact, if 71,79 € Anng(M), that is, 1M = roM = 0, then
(ri—ro)M =0, s0 r1 —ry € Anng(M). Similarly, if » € Anng(M), that is, rM = 0, then for
any r’ € R, we have also (r'r)M = 0, so r'r € Anng(M). Notice that the annihilator of the
R-module M = R/(a) is equal to (a). In fact, it is clear that aM = 0, so a € Annr(M). On
the other hand, if r € Anng(M), that is, rM = 0, then in particular r(1+(a)) = r+(a) =0,
so r € (a). Hence Anngr(M) = (a). In the particular case when M = R = R/(0), we have
Anng(R) = (0).

A.7.1 Theorem. If R is a principal ideal ring, then every finitely generated module M
over R is a finite direct sum of cyclic R-modules. Moreover,

M = R/(a1) x R/(az) x --- x R/(a,),

where ay | ag | ... | ar, Ann(M) = (a,) and the ideals (a1), (az) ..., (a,) are uniquely defined
by M.

We can not give a proof of this result here, but only note that we use it in two particular
situations. Notice that it may happen that some a; = 0, which corresponds to R/(a;) = R.
In our notations, we follow here a convention that 0 | a for any a € R.

If R =7, then A.7.1 says that every abelian group is a direct sum of finitely many cyclic
groups. These cyclic group are either finite of the form Z/(a), a > 0 or infinite of the form
Z. If the group is finite, then there are only the summands of the first type. Each positive
integer a can be factorized as a product of prime powers and each cyclic group Z/(a) can be
split into a product of cyclic groups Z/(p*) for prime numbers p and their exponents k such
that p* | @ and p**! { a according to A.3.7. The set of such cyclic groups is also uniquely
determined by the isomorphism class of G (notice that the same prime p with the same
exponent k may appear several times). We record this result as we refer to it occasionally:

A.7.2 Fundamental Theorem on Finite Abelian Groups. Every finite abelian group
G is a direct product
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G=27Z/(a1) X Z/(az) X -+ X Z/(a,),

where ay | az | ... | ar, Ann(G) = (a,) and the ideals (ay1), (az) ..., (a,) are uniquely defined
by G. The cyclic groups 7./(a;) can be represented as direct products of cyclic groups whose
orders are prime powers. The number of such factors in the product and the orders of the
cyclic groups in it are also uniquely determined by the group.

The second important case when we use modules over principal ideal rings is the case
of polynomial rings over fields. As we know every ring R = K[X], where K is a field is a
principal ideal domain (see A.3.2). Consequently theorem A.7.1 is true over R. As we know,
the cyclic modules in this case are quotients K [X]/(p(X)), where p(X) is a polynomial. If this
is the zero polynomial, then the cyclic module is K[X] itself. This module has an infinite
dimension as a vector space over K (a basis is 1, X, X?2,...). If p(X) is a polynomial of
degree n > 0,then the quotient ring consists of (classes) of all remainders when polynomials
are divided by p(X) (the elements of K[X]/(p(X)) are cosets r(X) + (p(X)) = {r(X) +
p(X)q(X),q(X) € K[X]} and each coset may be represented by a unique polynomial r(X)
of degree at most n — 1). Thus 7(X) = ap + a1 X + --- + a, 1 X" ! and K[X]/(p(X)) has
dimension n and a basis 1,X,..., X" ! over K. Similarly to the case of integers, every
polynomial p(X) can be factored as a product of irreducible factors, so that using A.3.7, we
can represent M uniquely as a product of cyclic modules K[X]/(p*), where p are irreducible
polynomials. Thus in the case of the polynomial ring K[X], the theorem A.7.1 says the
following:

A.7.3 FEvery K[X]-module M, which is of finite dimension as a vector space over K is a
direct product

M = K[X]/(p1) x K[X]/(p2) x -+ x K[X]/(pr),

where p1 | p2 | ... | pr, Ann(M) = (p,) and the ideals (p1), (p2)...(pr) are uniquely defined
by M. The cyclic modules K[X]/(p;) can be represented as direct products of cyclic modules
K[X]/(p*), where p are irreducible polynomials in K[X]. The number of such factors in the
product and the ideals (p*) are also uniquely determined by the module M.

Notice that if the polynomial p,., which generates the annihilator of M is separable (without
multiple zeros), then M = K[X]/(p,).

A.7.4 Group rings. If G is a finite group and R a ring, then it is possible to form a
ring, denoted by R[G] and called the group ring of G over R. Formally, this ring consists
of all functions ¢ : G — R. Such functions are added and multiplied in the following way:
(p+1)(9) = (g) +¢(9) and wy(g) = 30)c w(R)Y(h~1g). In practice, we denote (g) =7,
and write any element of R[G| as a sum ¢ = ) geG Tgg- Such sums are added by adding
the corresponding coeflicients for g € G and multiplied in the “usual way” (according to the
above definitions of addition and multiplication). This means that if ¢ = >° 5 sgg, then
the coefficient of g in the product ¢t is the sum of 74 sy such that g'g” = g.
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In Chapter 11, we defined the notation of G-module. If A is such a G-module, which is an
R-module for a ring R with the property g(ra) = r(ga) for each r € R and g € G, then
it becomes a module over the group ring R[G] if we define (3, c5rg9)a = > cq7g(9a).
Conversely, each R[G]-module A is a G-module (as in Chapter 11) and at the same time an
R-module (and both structures are related by (rg)a = g(ra) = r(ga) when r € R, g € G
and a € A).

A.8 Group actions on sets

We say that a group G acts on a set X if for every pair (g,z) € G x X, we have an element
gz € X so that (g¢")xr = g(¢’z) and ex = z (e is the identity in G). Thus an action of G
on X is a function from G x X to X satisfying these two assumptions, which can be best
understood in terms of the transformations of the set X. If we fix g, then we get a function
04+ x — gz for x € X (instead of the term function, we use often the term transformation
in this case). The function oy is a bijection on the set X, since it has an inverse function
og-1. In fact, we have o4 0 0y (2) = 040y (2)) = 04(9'x) = g(9'z) = (99" )x = 044/ (x), that
is, 04 0 0y = 04y and o.(x) = ex = x, that is, 0. = idx is the identity mapping on X.
Hence, 040 04-1 = 0491 = 0, = idx and similarly, 0,-1 0 04 = idx, which shows that o,
and 0,1 are inverses of each other.

If X is a set, then all bijective functions ¢ : X — X form a group under composition of
functions, that is, if also 7 : X — X is a bijection, then the composition 7o (z) = 7(o(x))
for x € X is a bijection on X. The composition of functions is associative, the identity is
the identity function id(z) = = for # € X, and the inverse of ¢ is the inverse function o~1.
Denoting by B(X) the group of all bijections on X, we define a transformation group as
any subgroup of B(X). Notice that, for simple combinatorial reasons, if X is a finite set,
then every injective or surjective function o : X — X is automatically bijective (that is, an
injective function must be also surjective, and a surjective function must be injective). This
easy observation is often useful as well as the following general property of functions, which
we often use:

A.8.1 Lemma. Ifc: X =Y and 7:Y — X are functions such that T oo =idx, then o
1s injective and T is surjective, so if also o o T = idy, then both o and T are bijective.

Proof. If z,2’ € X and o(z) = o(a'), then 7o o(z) = 7o 0(z), so x = z’. Hence o is
injective (different z.2’ have different images by o). If z € X, then = = 7(o(x)), so T is
surjective (every element x of X is an image of an element o(z) of Y). [ |

The observations above concerning actions of groups on sets can be now simply expressed
by saying that any action of a group G on a set X defines a homomorphism from G to the
transformation group B(X) such that ¢ € G maps onto the transformation 4. Denoting
such a homomorphism by ¢ : G — B(X), we have ®(g) = o4. It is easy to see that also
conversely, any homomorphism ¢ : G — B(X) defines an action of G on X if we define
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gr = @(g)(x). The properties ¢(gg’) = P(g)P(¢’) and &(e) = Id of the homomorphism @
immediately translate to (g¢')x = g(¢’z) and ex = z for ¢g,¢’ € G and z € X.

Let a group G act on a set X. The orbit of z € X, denoted by Gz is the set of all images of
x by the elements of G, that is, Gx = {gx,z € X}. The stabilizer of z € X in G, denoted
by G, is the subgroup of G consisting of those elements, which map = on itself, that is,
G, = {g € Glgz = z}. If g € G, we denote by X9 the set of all elements in X fixed by
g, that is, X9 = {z € X|gz = x}. We say that G acts transitively on X if for each pair
x,2’ € X there is g € G such that 2’ = gux.

A.8.2 If G is a finite group acting on a finite set X, then;

(a) The orbits of G on X are disjoint and cover the set X and the number of elements in
the orbit of x € X is equal to the index of the stabilizer of x in G, that is, |Gz| =[G : G| =
|G|/|G|. Moreover, if z' = hx for h € G, then Gy = hGyh™'. Thus, we have

X:UGLE and |X|—Z||GG||;

where x represent different orbits of G on X

(b) (Burnside’s lemma) Denoting by |G/X| the number of orbits of G on X, we have

1
G/X] = g 2 1%l

geqG

(¢) If X has p elements, where p is a prime and G acts transitively on X, then p divides the
order of G.

Proof. (a) It is clear that each element x € X belongs to an orbit (its own). Two different
orbits are disjoint, since if z € Gz; and x € Gxs for some x € X, then for any 2’ € Guxy,
we have 2’ = ¢’z and © = g1 = goxo, that is, z1 = gflggxg, gives ' = g’gflggxg, SO
z' € Gxs. Hence, we have Gx; C Gro. By symmetry, we also have the inclusion Gzs C Gz,
which gives Gx; = Gz (another argument is to use the fact that the orbits are equivalence
classes of the relation x ~ x’ for xz,2’ € X declaring z,2’ € X equivalent if and only if
they belong to the same orbit — knowing this, we get that different orbits are disjoint, since
different equivalence classes of an equivalence relation are disjoint). The number of elements
in an orbit Gz is equal the number of different elements gx, where g € G. Now gz = ¢’z if
and only if g~ '¢'z = z, that is, g~'¢’ € G, which is equivalent to ¢'G; = gG,. Thus the
number of different elements in Gz is equal to the number of cosets of G, in G, that is, the
index [G : G;] of G, in G.

If ' = hx for some h € G, then

gEGy & gr' =2’ © ghr =hr & h ‘ghx =2 < h'ghe G, & g hG,h™ .
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(b) First note that

Y lxe =3 |G,

geG zeX

since both these numbers are equal to the number of pairs (g,z) € G x X such that gz =«
(imagine a “multiplication table” for multiplication of elements of G by the elements of X
in which the intersection of the row g with the column x is gx and count the number of
occurrences of gr = x in two ways: by rows and by columuns).

We have:

S 1= 316 = X 6 =191 X (g

geG zeX zeX

Now we observe that the last sum is simply the number of orbits, since each fraction ﬁ
appears as many times as the number of elements in the orbit of x, which means that each
orbit contributes with 1 to this sum (the elements of X are distributed among all orbits
which are disjoint and cover X). Thus

Yo 1x0=1GlG/X],

geG

which prove Burnside’s lemma (which in reality was proved already by Cauchy and somewhat
later by Frobenius).

(¢) By our assumption, we have only one orbit Gx = X for any x € X, so by (a), we have
|Gz||Gz| = |G|. Hence p = |Gz| divides |G]. O

The formulae in A.8.2(a) is often used in the case of X = G and the action of the group G
is given by conjugation (that is, g -2 = gzg~?!). In this case, the equality

Gl = Z ||G|

is often called class formulae, since |G— =[G : G,] = |Gz| is the number of elements in
the group G, which are conjugated to x. We use this formulae in such a way in Ex. 12.6.
Notice that classes with only one element, that is, |Gx| = 1 correspond to G, = G, that is,
they correspond to the case when gzg~! = x for every g € G. These are the elements of the
center C'(G) of G.

Very often, we consider X = G and H is a subgroup of GG acting by multiplication, say from
the left. Then the orbit of z € G is the coset Hz and the formulae of A.8.2(a) is simply the
splitting of G into the right cosets of H in G. We give a few important applications, which
we use on different occasions in the exercises.
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A.8.3 Cauchy’s theorem. Let G be a finite group whose order is divisible by a prime
number p. Then the group G contains an element of order p.

Proof. Consider the set X of all p-tuples (g1, g2, - .., gp) such that g; € G and gig2---gp = €.
The number of elements in X is of course n?, where n = |G|.

Let H = (o) be the cyclic group of order p generated by the permutation o = (1,2,...,p)
(the cycle of length p mapping 1 — 2+ -+ p > 1). The group H acts on the set X, when
the indices of g1, g2, - - ., g, are shifted one place to the right circularly (the last on the first):
(91,92, -+, 9p) = (9o(1):9o(2)s -+ +>Jo(p))- In fact, if giga---g, = e, then ga--- g1 = ¢,
since we can multiply the first equality by g; ! from the left and then by ¢; from the right.

If v = (g1,92,...,9p) € X, then its orbit Hz contains p different elements unless all g1 =
g2 = -+ = gp when all shifts of x give the same element z, that is, the orbit Hz has only
one element. We just want to show that there is z = (g,g,...,9) € X with g # e, that is,
that the number of elements of X whose orbit has only one element is bigger than 1. Denote
by r the number of orbits Hzx of length 1 and by s the number of orbits Hx consisting of p
elements.

According to A.8.2(a), the number of elements in X (nP) is equal to the sum of the numbers
of elements in all orbits. Thus n? = k + ps. Since p divides the order n of the group G, the
last equality shows that p divides k, so we really have k > 1. [ |

We use also the formulae A.8.2(a) in the proof of the following theorem of Sylow, which
has many applications also in Galois theory. Let G be a group anf p a prime number. If p
divides the order of G' and p* is the highest power of p dividing it, then each subgroup of G
of this order is called a p-Sylow subgroup of G. In general, a group whose order is a power of
a prime p is called a p-group. The Sylow’s subgroups play an important role and the main
result about them is usually formulated as three Sylow’s theorems (below (a), (b), (c)):

A.8.4 Sylow’s Theorems Let G be a finite group and p a prime number. Then
(a
(b) any two Sylow’s subgroups of G are conjugated;
¢)

(c) the number n, of p-Sylow’s subgroups of of G divides their index and is congruent to 1
modulo p.

G contains Sylow’s subgroups;

Proof. (a) We use induction with respect to the order of G. If |G| = 2, then the group is
cyclic of order 2 and the theorem is of course true. Assume that it is true for all groups
of orders less than the order of a given group G. We prove (a) for G. Assume that G has
proper subgroups, since otherwise it is a cyclic group of a prime order p and the theorem
is automatically true for G' (see A.2.10). Let p* be the highest power of a prime number
dividing the order of G. If G has a proper subgroup H of order divisible by p*, then the
theorem is true by induction, since a subgroup of H of order p* is a subgroup of G of this
order. Thus, assume that p* does not divide the orders of all proper subgroups of G. Consider
now the action of G by conjugation (so X = G, H = G and g-2 = grg~'). As we noted
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above, the stabilizer G, = {g € G | grg~! = x} is the centralizer of the element z € G. We

know that G, = G (that is, G, is not proper) if and only if z is in the center C(G) of G.
The class formulae of A.8.2(a) gives

Z ||G Z |G|

where in the sum to the right, we take only = representing the classes for which the group
[e]

G, is proper. Hence, the prime number p divides all terms 1Gal for which G, is a proper
subgroup (since then p* | |G| and p* { |G.|) and I‘C?l\ = 1 each time z is in the center of

G. Since p* divides |G| to the left, we get that p divides |C(G)|. Thus the order of C(G) is
divisible by p, which implies by Cauchy’s theorem A.8.3 that there is an element g € C(G)
of order p. Hence the subgroup (g) has order p and is normal in G, since g is in the center
of this group. The quotient group G/{(g) has order |G|/p less than the order of G and the
highest power of p dividing this order is p*~!. By the inductive assumption, the group G/{g)
contains a subgroup of order p*~!. Now the inverse image of this subgroup in G (see A.2.8)
has order p*, so it is a p-Sylow subgroup of G.

(b) Let Hy and Hs be two Sylow subgroups of a group G. We want to show that there is an
element x € G such that H; = xHyz~!. Once again, we use the class formulae of A.8.2(a)
but this time we choose X = G and we act on X by the subgroup H; x Hy of G X GG in the
following way (h1, ho)x = hwh;l for (h1,hy) € Hy x Hy and € G. Tt is easy to check that
this definition really defines an action of H; X Hy on G:

((has ha) (W, By))x = (R hah)a = (ol ) (hahly) ™ = ha (Rl Yyt = (hus ha) (R, B )a)

for (hq,h2), (R}, hy) € Hy x Hy, x € G and, of course, (e,e)z = x for the identity (e, e) €
Hy x Hjy. The orbit of x € G is HyxzHs (this set is called double coset of Hy, Hy in G).
The isotropy group G, of x € G consists of all (hy, hs) such that hlxhgl = =z, that is
hi = xhox~'. Such pairs (hq, h2) are exactly those belonging to the intersection H; NzHyz ™1
Hence the number of elements in the orbit HyxH> is equal

[Hy x Hp| _ |Hi[[Hy
|Hy NzHox~ 1| |Hy NazHax™1|

and the class formulae of A.8.2(a) says that
| H || Ho|
G
Gl = Z |Hy N xHyx= |’

where x represent different orbits of H; x Hy on G (double cosets). Now |H; ||Hs| is divisible
by pFp* = p** and |H; N xHyx~'| as a subgroup of H; is divisible by at most p¥. If
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H, NxzHyx~" is a proper subgroup of Hy, then its order is at most p*~!, which means that

\Hj#l!g;l‘ll is divisible by at least p?*~(*~1) = p*+1 Since the order of G on the left is

divisible exactly by p¥, we get a contradiction if all terms to the right are divisible by p*+!
Hence it must be a term in which H; N zH,z~! is not a proper subgroup of Hj, that is, it
must exist © € G such that H; = cHox ™!

(c) Since all Sylow p-subgroups H of G are conjugated, the number of different such groups
is equal to the index of the normalizer N'(H) in G (see p.227) (in fact, we have zHz ! =
o'Ha'™' if and only if 27 '2’H = Ha~'2/, that is, 12’ € N (H), which is equivalent
to 2’ N(H) = zN'(H)). Thus the number of Sylow’s p-subgroups divides the order of G.
Now in order to prove that this number is equal to 1 modulo p, we use the same action
on G as in (b) and choose Hy = Hy = H in (b). Since we want to find the number of
Sylow’s subgroups, which is equal to the index of N'(H) in G, we have to find the quotient
|G|/IN(H)|. According to the class formula in (b), we have:

Z |H| | H|
|HNaxHx= |’

and we split the sum in those terms which correspond = € N(H) and those for which
r ¢ N(H) (notice that H C N(H) C G). In the first case, we have tHx~! = H so the

term is equal |H|. The number of such terms is equal to the index of H in N (H), so this
|H||H]|
|[HNzHz 1|

divisible by p**1 (since H Nz Hz~" is proper subgroup of H of order p* and the nominator
is |[H|?> = p?*). Hence the sum of the terms of the second type is p**lm for an integer m.
Thus |G| = |N(H)| + p*+1m, which gives the number od Sylow’s p-groups:

first sum is simply the order [N (H)|. As in (b), each term of the second type is

|G| pHtm /
——— =14+——+—=1+pm
W(H)| IV (H)|
for en integer m/, since the number % is an integer (as a difference of two integers) and
it must be divisible by p, since the order of N(H) as a subgroup of G is at most divisible
by p¥. This proves that the number of Sylow’s p-subgroups of G equals 1 modulo p. O

A.9 Permutations

If a set X is finite, the bijective functions on it are usually called permutations of X. The
most common case is X = {1,2,...,n} when B(X) (see A.8) is denoted by S,, and called
the symmetric group. The order of S,, is n!. Thus a permutation of 1,...,n is a bijective
function o : {1,...,n} — {1,...,n}, which is sometimes denoted by

(1 n)
o= . . s
11 «.. lp
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when o(k) = i, for kK = 1,...,n. Permutations can be conveniently denoted as a product
of cycles. A cycle is a permutation such that for a subset {i1,...,ix} of X, = {1,...,n},
we have o(i1) = i9,0(ia) =i3,...,0(ix) = 41 and o(i) =i for i & {i1,...,ik}. An arbitrary
permutation o can be written as a composition of cycles, since we can start with 1, take
its image, the image of the image and so on. Finally, we have to return to 1 (if not from
the beginning, we have o(1) = 1). In this way, we get a cycle starting with 1. If all 1,...,n
are in the cycle, then o is a cycle. Otherwise, we start with the least number, which is not
in the cycle starting with 1 and construct a second cycle, which is disjoint from the first
one. We continue the process so that every number is in a cycle. Notice that we usually
omit the cycles of length 1, that is, those corresponding to (i) = i, but we denote by (1)
the cycle corresponding to the unit (essentially, the unit is a composition of n cycles (i) for
i=1,...,n). For example:

12345678
7= (47851623> :(1a4a5)(277)(3,8)

The cycle permutations have many pleasant properties, which are important in studying of
the permutation groups. We record the following useful facts:

A9.1 (a) Ifo €S, and 7 = (a1,...,ax) € Sy, then oro~ ! = (o(a1),...,0(ar))-
(b) All cycles in S, having the same length are conjugated.

Proof. (a) Denote o = 070~ . We have to show that o(c(a;)) = o(az),...,0(c(ar)) = o(a1)
and for every a # o(a;), where i = 1,... k, we have g(a) = a.

We check simply that o(c(a;)) = oro~'(0(a1)) = o(r(a1)) = o(az) and, in general,
o(c(a;)) = oro~o(a;)) = o(r(a;)) = o(air1) for i = 1,...,k, when the addition of
these indices 7 is performed modulo k.

If a # o(a;), then of course, 0~ 1(a) # a; for alli = 1,...,k, that is, 7 does not move o~ (a).
Hence, we have o(co(a)) = oro71(a) = o(r(c71(a))) = o(c7(a)) = a, that is, o doesn’t
move a.

(b) Take two cycles of the same length (ay,...,ax) and (by,...,b;). Choose a permutation

o € S, such that o(a;) = b; for i = 1,...,k and o is any bijection from the set a # a; on
the set of b # b; Then, it follows from (a) that o(ay,...,ax)o0~ = (b1,...,bx). [ |
A permutation o of X = {1,2,...,n} is called even if for even number of pairs ¢, j € X such

that i < j, we have o(i) > o(j) (this number may be 0). Observe that we have (%) = %

such pairs. The even permutations of X form a subgroup of S;, called the alternating group,
which is denoted by A,,. Its index in S,, is 2, that is, its order is n!/2. Among many possible
proofs of this, we choose an argument, which is useful in Chapter 15.

As we know, the group S,, acts on the set X = R[X1,...,X,] (R any ring) of polynomials
in variables X1,..., X, by the formula: o(f(X1,...,Xn)) = f(Xo@) -+ Xo(m))-
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Consider the following polynomial (the discriminant of Xj,...,X,) as an element of
Z[Xl, N ,Xn]i

AXy, .., X,) = H (Xi — X;).

1<i<j<n

It has as many factors as the number of pairs 4, j such that ¢ < j. Consider o(A(X1,..., X)) =
A(Xy(1) -+, Xo(n)) for a permutation o € S,,. This polynomial has also X; — X; as its fac-
tors but each time o (i) > o(j), the corresponding factor X,y — X, (;) in o(A(Xy, ..., X5))
differs by sign from the factor X, ;) — Xo(;), which appears in A(Xy, ..., X,). Hence a per-
mutation o is even if and only if 0(A) = A and odd if and only if 0(A) = —A. If o, T are two
even permutations, then o7(A) = o(7(A)) = A, which shows that the even permutations
form a group. Recall that is denoted by A,. We have also that if both o, 7 are odd, then
o7(A) = o(7(AQ)) = 0(—A) = A, so o7 is an even permutation, that is, o7 € A,,. This
property implies that A, has index 2 in S,,, that is, the subgroup A,, has two cosets in S9,,:
one is A,, and the second is 0 4,, for any odd permutation o (for example o = (1,2)). In fact,
if 7 is also odd, then 0 A, = TA,, since 0~ '7 € A,, as a product of two odd permutations
(0=t ¢ A,, since 0 ¢ A,, as A, is a subgroup). Thus the number of elements in A,, is half
of the number of elements in S,,, that is, it is n!/2.

A.9.2 The group A, is the only subgroup of S, having index 2.

Proof. Let H be a subgroup of index 2 in S,,. We claim that all transpositions (a, b) are not
in H. In fact, the subgroup H is normal in S,, as a subgroup of index 2. If a transpositions
t = (a,b) € H, then every other transposition is also in H, since it is conjugated to ¢t. But the
transpositions generate the whole group S,,, so we would have H = S,,, which is not true.
Now a product of two elements which are not in H is an element belonging H, since H has
index 2 in S,. Thus any product of two transpositions is in H. But any even permutation is
a product of even number of transpositions, so it is an element of H. Thus A,, C H, which
means that H = A,,, since these groups have the same order. |

A.9.3 Cayley’s theorem. Fvery group G can be embedded into a permutation group Sy,.
It is always possible to choose n as a prime number.

Proof. Notice that the group 5,, can be embedded into any group Sy, where N > n. For
example S, can be regarded as all permutations of the first n numbers among 1,...,n,..., N.
In particular, one may choose N as a prime number (see an application of this in Ex. 9.15).

A.9.4 The group S, is generated by the cycle o = (1,2,...,n) and the transposition T =
(1,2).

Proof. Let H be a subgroup of S,, generated by o and 7. For 1 < k < n — 2, we have
o%(1) = k+ 1 and ¢¥(2) = k + 2. Hence o*76% = (k+ 1,k + 2). Thus the subgroup
H contains all transpositions of any two consecutive numbers among 1,2,...,n. But any

253



permutation in S, can be obtained as a product of such transpositions (it is possible to
get any permutation aq,...,a, from 1,...,n by a chain of transpositions of two adjacent
numbers). O

A.10 Some arithmetical functions

An arithmetical function is any function from the positive integers N to complex numbers.
In this book, there are two functions which appear in many contexts: the Euler (totient)
function ¢ and the Mdbius function p.

Arithmetical functions form a ring under usual addition and multiplication of functions:
(f+9)(n) = f(n)+ g(n) and (fg)(n) = f(n)g(n). But much more interesting is another
structure of a ring on the set of arithmetical functions which takes into consideration the
divisibility relation in the ring Z. It is called Dirichlet convolution and is defined in the
following way:

(fxg)n) =D fldg (5) = 3 Fla)g(®).

d|n ab=n
where the first sum is over all positive divisors of n, and the second, over all pairs a,b of
positive divisors of n such that ab = n (the last equality is only a change of the notation
d = a,b = n/d). It is clear that the convolution is commutative, but possibly, the reader
would like to write down the formulae showing the associativity and the distributivity of
multiplication with respect to addition. Both are easy to check and the associativity fol-
lows immediately by showing that both ((f x g) x h)(n) and (f * (g x h))(n) are equal to
Y abeen f(@)g(b)h(c), where the sum is over all triples (a,b, ¢) of positive integers such that
abc = n. The ring of arithmetical functions with addition of functions and the Dirichlet
convolution as multiplication is often called the Dirichlet ring. It has identity € defined by
e(l) = 1 and e(n) = 0 when n # 1. In fact, (e x f)(n) = >, €(a)f(b) = f(n), since
only the term corresponding to a = 1,b = n matters. Notice that an arithmetical function
f has an inverse in the Dirichlet ring, that is, there is an arithmetical function g such that
fxg=cif and only if f(1) # 0. In fact, if fxg =¢, then (f xg)(1) = f(1)g(1) = 1, which
shows that f(1) # 0. Conversely, if f(1) # 0, then we can find the function g inductively (it
is unique, if it exists since the units in every ring form a group) in the following way. First
we find ¢(1) solving the equation f(1)g(1) = 1. When this is done and we already have g(k)
for k < n, then we take the required equality (f*g)(n) = ,,_, f(a)g(b) = e(n) = 0 when
n > 1. In this equality, we know all the values of g for b < n and the only value, we have
to find is the one corresponding to the term f(1)g(n). Since f(1) # 0, we can compute g(n)
using this equality.

An arithmetical function f is called multiplicative if f(ab) = f(a)f(b) when a,b are
relatively prime, that is, the only common positive divisor of both these numbers is 1. In
other words, the greatest common divisor ged(a, b) = 1.
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Recall that the Mobius function p(n) is the arithmetical function defined in the following
way: (1) = 1, u(n) = 0 if n is divisible by a square of a prime number and u(n) = (—1)¥,
when n is a product of k different prime numbers. Since (1) = 1, the Mébius function has
an inverse with respect to the convolution, that is, there is a unique arithmetic function f
such that px f = . Computing a few values of f (as we did in general case above), there
is an evident guess that f = 1, where 1 is defined by 1(n) = 1 for every positive integer n.
We record this and give a proof:

A.10.1 (a) The Mébius function is multiplicative.
(b) We have 1 x u = ¢, that 1s,

1xpu(l)=p(l)=1 and @DA*p)(n Zu =0 forn>1
d|n

Proof. (a) If a is divisible by k different primes and b by [ different primes, then ab is
divisible by k + [ primes. Hence, if gcd(a,b) = 1, then p(ab) = p(a)u(b) since both sides are
equal either 0 (if a or b is divisible by a square of a prime) or (—1)**! (if both a and b are
square free).

(b) We check immediately that (1% x)(1) =1 and for n > 1, we obtain:

e =Y u -1+ ¥ f—1+3 (D) —a-1y -0
k=1

d|n Diy -+ Piy, 1

where p; < ... < p, are all different prime numbers dividing n and the sum is over all
possible products of k of these primes for £ = 0,1,...,r with i3 < ... < ig. The term 1
corresponds to d = 1 (no primes in d, so k = 0), any remaining d contains at least one prime
number. It is possible to argue in many different ways in order to check that 1xu(n) = 0 when
n > 1. For example, we note that there are r summands containing only one prime and they
contribute with r summands equal —1. Then there (;) products of 2 primes (contributing
as many summands 1), (g) products of 3 primes (contributing as many summands —1) and
so on. This gives the expression of the sum as a sum of binomial coefficients with shifting
signs depending on the number of primes in a divisor of n — even numbers of primes give 1,
and odd numbers of primes in d give —1. |

Using the Mdbius function, it is possible to prove one of the fundamental properties of
arithmetic functions, which we use on several occasions in the exercises:

A.10.2 Mobius inversion formula. If f is an arithmetic function and

n) =Y f(d)

d|n

then
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Fm) =Y g (%)

d|n

Proof. The theorem says that if g = 1% f, then f = pxg, but this is evident, since ux1 = ¢,
sof=exf=puxlxf=pxg. O
In Chapter 10, we use a multiplicative version of Mobius formula. Such a form sometimes
follows immediately from A.10.2 by replacing f(n) and g(n) by log f(n) and log g(n) (when

these numbers are defined). But what we really need is a more general form of Md&bius
inversion:

A.10.3 Multiplicative Mo6bius inversion formula. If f : N — G is a function, where
G is an abelian group (in multiplicative notation), then

g(n) =] (@),

d|n

s =TLo (%)

d|n

then

Proof. In the proof, we prefer the additive notation in G (for typographical reasons). We
have:

S ouldg (5) =D uld) Y fm) = 3 p(d)fm) = Y f(m) Y- w(d).
d|n

d|n m| g md|n m|n d| =

But the last sum is 0 if n/m > 1 according to A.10.1 and it is equal to 1, when n/m = 1,
that is, when m = n, so the right hand side is equal f(n). [ ]

The Mobius function is multiplicative, that is, u(ab) = p(a)p(b) whenever a, b are relaatively
prime. In fact, if there is a prime number p such that p? | ab, then p? divides a or b since
these numbers are relatively prime. Thus both the left hand side p(ab) and the right hand
side p(a)u(b) are equal to 0. If no square divides the product ab, then a = p;---p, and
b = q1---q, where all p;,q; are different prime numbers. Hence by the definition of the
Mébius function, we have p(a)u(b) = (—1)*(—=1)! = (=1)**+ = u(ab).

Recall that Euler’s totient function (or simply Euler’s function when only this one is
considered) ¢ is an arithmetic function such that ¢(n) equals the number of 1 < k < n such
that ged(k,n) = 1. Those properties of the Euler function, which we use are gathered in the
following theorem:

A.10.4 (a) The Euler function is multiplicative. More exactly, we have ¢([a,b])p((a,b)) =
p(a)e(b);

(b) If n = pi* - - - pp¥ is presentation of n as a product of prime numbers p; fori=1,...k,
then
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(c) We have 34, ¢(d) = n, that is, 1 x o = Id;

Proof. (a) By A.3.7, we have a group isomorphism Z,, = Z,, x Z;, (the residue of n modulo
ab is mapped onto the pair of residues of n modulo a and b). The last isomorphism is in
fact also a ring isomorphism, which is easy to check taking the products of the residues.
Thus taking the invertible elements in the rings on both sides, we get an isomorphism
L, = L x Zf. As we know (see p.231), ¢(n) = |Z}| is the number of invertible elements in
the ring Z,,. Hence, we have p(ab) = |Z},|, ¢(a) = |Z|, ¢(b) = |Z{|, so ¢(ab) = p(a)p(b).

a—1

(b) Since ¢ is mutiplicative, it is sufficient to show that p(p®*) = p* (1 —1/p) =p* — p
when p is a prime. But among p® numbers from 1 to p®, those which are not relatively prime
to p® are exactly those divisible by p and their number is p®/p = p®~!. Thus the number of
those, which are relatively prime to p is p® — p®~ 1.

(¢) There are many different proofs of the equality. We use an argument related to convo-
lution on arithmetic functions. The formula in (b) can be easily expressed in terms of the
Mébius function, since multiplying the factors 1 — 1/p; on the right hand side, we get all

possible terms of the type #, where d = p;, -- - p;, is a divisor of n containing r different
prime numbers dividing n for r = 0,1, ..., k. Only such factors contribute nonzero terms to

the sum on the right hand side in

B (2) ()5

But this equality says simply that o(n) =3, Gu(d) = (Id* p)(n). Since 1 is the inverse
of u, we multiply both sides of the equality ¢ = Idxu by 1 and obtain the required equality
1xp=1Id. O

A.11 Symmetric polynomials

A polynomial f(Xi,...,X,) € R[X1,...,X,] over a ring R is called symmetric if it is
unchanged by any permutation of its variables X1, ..., X,,. This can be expressed in terms of
the group action of the symmetric group S,, on the ring of polynomials: o(f(X1,...,X,)) =
f(Xo(1) -+ Xo(n))- The polynomial f is symmetric if and only if o(f) = f for all o € S,,.
The elementary symmetric polynomials are the polynomials s; = X7 4+ -+ + X,
so=X1Xo+ X1 X35+ + X, 1 Xy, .. .8 = X1 Xo -+ - X,,. They are the the coefficients of
the general polynomial of degree n:
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)f(T) =L (T = Xi) =T = 51T+ 82T 2 o (1) sy T (=1)"sp,
The following result has many applications in Galois theory:

A.11.1 Fundamental theorem on symmetric polynomials If R is a (commutative)
ring and f(X1,...,X,) € R[X1,...,X,] is a symmetric polynomial, then there is a polyno-
mial g € R[X1,...,X,] such that f(X1,...,Xn) =g(s1,...,8n).

Thus the fundamental theorem on symmetric polynomials says that every symmetric poly-
nomial is a polynomial of the elementary symmetric ones. The idea of the usual proof of
this statement using mathematical induction with respect to the degree of the polynomial is
very simple, but its formulation needs careful definition of an ordering of monomials, which
we omit here (see e.g. [L], Chap.IV,§6). Such a proof gives a possibility to effectively find a
polynomial g for a given polynomial f.

A.11.2 Discriminant of a polynomial. Let «q,...,«a, be the zeros of a polynomial
f(X)=X"+a; X" '+ +a,-1X +a, € K[X] in a splitting field L of f(X) over K.
The discriminant of f(X) is then

1<i<j<n
We have a; = (—1)%s;, where s; are evaluated for Xy = az, k = 1,...,n. It is easy to
see that the permutations of «ay,...,a, do not affect the discriminant — it is fixed by all

permutations in the group S,,. Since the Galois group G(L/K) considered as a permutation
group is a subgroup of S,,, this property of A(f) implies that it is an element of the field K
(see T.9.1(b) and Ex. 9.23).

It is also possible to prove that A(f) € K using a somewhat different argument applied to
the “general discriminant”

A(pm) = ] Xi-X)?eZlXy,..., X,

1<i<j<n

defined by the general equation above. The discriminant A(f(T')) is a symmetric polynomial
of Xi,...,X,. According to the main theorem on symmetric polynomials, there is a poly-
nomial g € Z[X1, ..., X,] such that A(f(T)) = g(s1,...,8,). f now f(X) € K[X] and L is
a splitting field of f(X) over K, then f(X) =[], (X — «;), where o; € L. If we replace X;
by a; in g(s1,...,sn), we get A(f) = [[1<;cjcn (s — a;j)? = g(ay,...,a,) € K. (Formally,
we take a homomorphism of Z[X7, ..., X,,] onto Flay, ..., a,], where F is the simple subfield
of K.)

In this book, we use the polynomial g mainly for n = 2,3,4. For n = 2, see p.2, and for
n = 3 see p.163. Already for n = 4, it is a little laborious to compute. In Maple, it is possible
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to get the discriminant using the command >discrim(£(T),T), where T is the variable in
the polynomial f(T"). For n = 4, we gave the expression of A(f) by the coefficients on p.79.

A.12 Roots of unity

Roots of unity are complex numbers which are solutions of the equations X" = 1 for
n =1,2,.... We meet these numbers in many places in this book, so let us recall some of
their properties.

All complex solutions of the equation X™ = 1, that is, all n-th roots of 1 form a group
of order n. This group (often denoted by U, or C,,) is cyclic and consists of the numbers
e = e % = cos 2k 4 jsin 278 for k = 0,1,...,n — 1 (in fact, we know that every finite
subgroup of a ﬁeld is cyclic by A.4.2, so it is Jubt a good illustration of this fact). This
cyclic group has ¢(n) generators given by ey, for k relatively prime to n (see A.2.2). A usual

choice of a generator is &1 for which we have e; = ¥ according to de Moivre’s formula.

A.13 Transitive subgroups of permutation groups

As a permutation group, the Galois group G(Ky/K) of an irreducible polynomial f(X) €
Kxz] is transitiv. A permutation group G C S, is called transitive if for any pair i,j €
{1,2,...,n} there is a permutation o € G such that o(i) = j. This property is valid for
Galois groups of irreducible polynomials, since by Ex. 7.4(a) there is always an automorphism
which maps any given zero of f(X) onto any other zero of this polynomial.

The symmetric group S3 of all permutations of 1,2,3 consists of 3! = 6 elements. We can
represent each permutation as an isometry of the plane mapping the equatorial triangle with
vertices in the points 1, 2, 3 on itself. If {a,b,c} = {1,2,3}, then there are 3 rotations: the
identity (1), the rotations +120°: (1,2,3), (1,3,2) and 3 symmetries in the three heights of
the triangle: (1,2),(2,3), (1,3). There are only two transitive subgroups of S3: the group S3
itself and the subgroup of the rotations (all even permutations) Az = {(1), (1,2, 3), (1,3,2)}.
All these facts are very easy to check (e.g. by listing all the subgroups of Ss).

The symmetric group Sy of all permutations of 1,2,3,4 consists of 4! = 24 elements. We
can represent each permutation as an isometry of the space mapping the tetrahedron with
vertices in the points 1, 2, 3, 4 on itself. If {a,b,¢c,d} = {1,2, 3,4}, then each non-identity
permutation can be written as a cycle or a composition of them:

6 symmetries (a,b) of order 2: in the planes through the vertices ¢, d and the middle of the
side between a and b;

8 rotations (a, b, ¢) of order 3: around the axis through the vertex d perpendicularly to the
plane through the points a, b, c;

3 rotations (a,b)(c,d) of order 2: 180 degrees around the axis through the middles of the
sides a, b and ¢, d. Notice that these rotations together with the identity (1) form a transitive
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group of order 4. It is a transitive presentation of Klein’s four group, which is usually denoted
by V4, that is,

Va={(1),(1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}-

6 cycles (a, b, c,d) of order 4: compositions of the rotation (a, b, ¢) with the symmetry (¢, d).

Together with the identity (1), we have 24 possible isometric mappings of the tetrahedron
on itself. Notice that the even permutations are exactly the 12 rotations, and the odd
permutations are the 6 symmetries and the 6 compositions of a rotation of order 3 and
a symmetry.

Now observe that a every transitive subgroup of Sy has at least 4 elements. As its order
divides 24, the allowed orders are 4, 6, 8, 12, 24. Of course, Sy and A4 are transitive. By
A.9.2, the even permutations A4 are the only subgroup of Sy of order 12.

In order to describe all transitive subgroups of Sy, notice that in any subgroup G, which
contains at least one odd permutation o, the half of the elements are odd permutations,
and the other half are even. In fact, if Gy denotes all even permutations in G, then Gy is a
(normal) subgroup of G and G = Gy U oGy, since every permutation 7 in G is either even
or, if it is odd, then o~ !7 is even (that is, in Gy).

The group Sy has 3 subgroups of order 8. All are isomorphic with the square group D4 and
are transitive. In order to prove this, assume that G is a subgroup of order 8. Then it must
consist of both even and odd permutations — all can not be even, since a group of order 8
can not be a subgroup of a group of order 12. The subgroup G of G consisting of the even
permutations (that is, rotations of the tetrahedron) must be Go = Vj, since all the remaining
rotations have order 3 (can not belong to a group of order 4). The odd permutations in G
can not all be of order 2. Those are exactly the symmetries of the tetrahedron. Among 4
such symmetries, there are at least 2 which shift the same vertex (of four possible), that is,
they have form (a,b) and (a, ¢). Then the group G contaius (a, b)(a, c) = (a, ¢, b), which as an
element of order 3. This order is not allowed by G. Thus G must contain an odd permutation
o of order 4. An easy direct computation shows that there are exactly 3 possibilities for oVj,
which give 3 possibilities for G:

Dy=VyU {(17 2,4, 3)’ (17 3,4, 2)7 (1a4)7 (27 3)}7
Di =V,U {(17 2a 354)7 (174a 3a 2)7 (1’ 3)7 (274)}7
Dy =Vv,uU{(1,3,2,4),(1,4,2,3),(1,2),(3,4)}.
It is clear that these groups are transitive. Each group gives a description of all isometries of

a square corresponding to a numbering of its vertices a, b, ¢, d according to the rotations of
square given by the elements of order 4 belonging to it. Notice that the groups Dy, D}, D}

260



are all isomorphic. They consist of all isometries of a square corresponding to a numbering
of its vertices a, b, ¢, d (according to the rotations given by the elements of order 4 belonging
to it). Recall that such a group contains 3 subgroups of order 4: Vj (the rectangle group),
the cyclic group of the rotations of the square:

Cy ={(1),(a,b,c,d), (a,d,c,b),(a,c)(b,d)}

and a non-transitive representation of Klein’s four group (the romb group):

Vi ={(1),(a,b),(c,d), (a,b)(c,d)}.

There are no transitive subgroups G of S of order 6. In fact, such a subgroup can not
be cyclic, since there are no elements of order 6 in S4. Thus it must be isomorphic to Sj3.
As we know such a group has 3 elements of order 2 and 2 elements of order 3. Among
the elements of order 2 at least 2 must be symmetries (otherwise Vj is a subgroup of G,
which is impossible). They must shift a common vertex a. Otherwise, they are of the form
(a,b), (c,d) with different a, b, ¢, d. Then (1), (a,b), (¢, d), (a, b)(c, d) is a subgroup of G, which
is impossible. If (a,b) and (a,c) are in G, then it is easy to check that G is the group of all
permutations of a,b, c. It is not transitive on the set {1,2,3,4}.

Any subgroup of order 4 is either cyclic or isomorphic to Klein’s four group. A cyclic group
of order 4 is generated by an element of order 4, which is a cycle (a, b, ¢,d). Of course, such
a subgroups is transitive (since there are 6 such cycles and a any cyclic group of order 4 has
two of them, there are 3 cyclic subgroups of order 4).

Finally, there is only one transitive subgroup of order 4 isomorphic to the group Vj. In fact,
a non-cyclic subgroup of order 4 must contain 3 elements of order 2. A similar argument to
that given above in connection with the subgroups of order 6 shows that it is impossible to
get a transitive group with two symmetries. Thus we can only have the rotations giving Vj.

Summarizing, we have the following list of isomorphism types of transitive subgroups of Sy:

Sa,Ag, Dy, Cy, Vy.

We do not prove that the group S5 has following 5 types of transitive subgroups :

557 A57 G57 -D57 CS~

The order of every transitive subgroup must be divisible by 5 according to A.8.2(d), so the
allowed orders of transitive subgroups are 5, 10, 15, 20, 30, 60, 120. As we know by A.9.2, the
subgroup As is the only one of order 60. It is not too difficult to exclude the orders 15 and
30 as orders of subgroups of S5. A subgroups of order 5 are the cyclic groups of this order
generated by cycles (a, b, ¢, d, ) of length 5. These are of course transitive and often denoted
by C5 (there are 6 such subgroups). Numbering the vertices of a regular pentagon and taking
all the symmetries of it, we get a subgroup of S5 of order 10, which is usually denoted by
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D5 and called the dihedral group (of order 10). These are all subgroups of order 10 in S
and they are transitive (each contains 4 cycles of length 5 and there 6 different subgroups
of this type). Finally there are transitive subgroups of order 20 denoted by G5 (sometimes
by GA(1,5) or Fy and called general affine group of order 20). They can be represented
over the field F5 as affine transformations f(z) = ax + b, a € F£, b € Fy5 (replacing 0 by 5
in F5 = {0,1,2,3,4}, we get a corresponding permutation in S, for example, the mapping
f(z) =2+ 1 gives (1,2,3,4,5) and g(z) = 2z gives (1,2,4,3)). There are 6 subgroups of Ss
of this type (and each contains one of the subgroups of type Djs, and this one contains one
of type Cj).

The knowledge of transitive subgroups of S, is used in computer programs in order to
find Galois groups of (irreducible) polynomials. For example, in Pari/GP it is possible for
irreducible polynomials up to degree 11 (in 2014).

A.14 Zorn’s Lemma

A relation < on a set X is called a partial ordering if for z,y,z € X, we have
(a) z < x;

(b) x <y and y < z imply x < z;

(¢c) z <yand y <z imply z=y.

When x < y, then we also write y > x.

A typical example is the set of real numbers R (or any of its subsets) with the usual relation
<. Another common example is the set S(M) of all subsets of a set M with the inclusion C
as the relation <.

If X is a set with a partial ordering <, then we say that an element z* € X is maximal if
the relation z* < z for x € X implies that = z*. An element yy € X is called an upper
bound for a subset Y of X if y < yo for all y € Y. A subset Y of X is called a chain if for
any two elements y1,y2 € Y, we have y; < ys or y2 < 1.

A.14.1 Zorn’s Lemma. Let X be a nonempty partially ordered set. If every chain in X
has an upper bound, then there exists a mazximal element in X . More exactly, for each xz € X,
there exists a maximal element x* such that x < x*.

Zorn’s Lemma is equivalent to the Axiom of Choice (see [Ciesielski?]).

As an example and an important tool, which we use in order to prove the existence of
algebraic closure of any field, we prove the following result:

A.14.2 Fvery proper ideal in a commutative ring with identity is contained in a maximal
ideal.
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Proof. Let R be a ring and Iy a proper ideal (that is, Iy # R). Let X be the set of all
ideals in R, which contain Iy. The set X is nonempty, since Iy € X. We consider X with the
inclusion as a partially ordered set. Let Y be a chain in X and let J = (J;oy I. We claim
that J is a proper ideal. Let 71,75 € J, so that r;1 € I; € Y and ro € Is € Yo, where I1 C I
or Iy CI;. Thusry — 19 € I; or 71 — 19 € I, which givesry —ro € J. If r€ Rand ' € J,
that is, 7’ € I for some I € Y, then rr' € I C J. Thus J is an ideal that contains Iy (since
Iy CI€Y). Theideal J is proper, since 1 € J. Moreover, the ideal J is an upper bound for
Y. By Zorn’s Lemma, there exists a maximal element I*, which means that I'* is a maximal
ideal containing Ij. O

A.15 Dual abelian groups
Let A, B,C be abelian groups and let ¢ : A x B — C be a bilinear map, that is,

Sp(al + ag, b) = 90((117 b) + 90((127 b)7 SD((L bl + b2) = QO(G/, bl) + QO(G/, b)

By the left kernel of ¢, we mean the subgroup of A:

keri(ip) = {a € Alp(a, B) = 0}

The right kernel of ¢ is defined similarly. For every element a € A, we have a homomor-
phism ¢, : B — C such that ¢,(b) = ¢(a,b). Denote A’ = ker;(¢) and B’ = ker,(y).
If b € B, then ¢,(b) = 0. Thus ¢, induces a homomorphism, which we denote with the
same symbol ¢, : B/B’" — C. Now note that a — ¢, is a homomorphism defined on A/A’
since p, = 0 if a € A’. Thus, we have a homomorphism, which maps a@ onto ¢,, where

Spa(b) = 90((% b):

AJA' — Hom(B/B',C) (A1)

In fact, this is an injection, since ¢, = 0 if and only if p,(b) = 0 for each b € B, which is
equivalent a € A’, so @ = 0. Similarly, we have an injection

B/B' — Hom(A/A',C) (A.2)

in which b maps on ¢y, where (@) = ¢(a,b). The dual of an abelian group X with respect
to C is defined as Hom(X, C'). It will be denoted by X¢ or, when C' is clear from the context,
simply by X*. If X is a finite group and C' is finite cyclic, then | X| = | X*|. In fact,

A.15.1 Lemma. Let ¢ : A x B — C be a bilinear mapping such that A/ker;(p) or
B/ ker,.(p) is finite. Assume that C' is a finite cyclic group. Then both these groups are
finite and each is isomorphic to the dual group of the other one with respect to C'.
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Proof. Since we have injections (A.1) and (A.2), it is clear that if one of the groups A/ ker;(¢)
or B/ ker,(¢p) is finite, then the other is also finite. Moreover, the same injections show that

[A/AT < |(B/B)"| < [(A/AT)"]
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