Lyapunov’s method

This topic is treated inadequatly in Teschl’s book (in particular, the proof
of Theorem 6.12 is incomplete). There is also a slight problem in the book
of Andersson and Boiers. In these notes we summarize the main theory;
examples and explanation are given in the lecture and textbooks.

We consider an autonomous system

' = f(x) (1)

defined in an open set 2 C R". We assume that f is locally Lipschitz
continuous. We want to study stability of equilibrium points. Without loss
of generality, we assume that 0 is an equilibrium point.

We will write E = VE - f, so

d )
5 Pla(t) = E(z())
when z is a solution of (1).

Definition: A continuosly differentiable function £ : 2 — R is called a

Lyapunov function if
e E(x) > 0, with equality only at z = 0,
o E(z) <0.

If, moreover, E (x) < 0 for x # 0, E is called a strict Lyapunov function.

In particular, a Lyapunov function is decreasing along orbits.

Theorem: If a Lyapunov function exists, then 0 is stable.

Proof: Choose ¢ > 0 with {|z| < e} C Q. Put v = min,_. E(z) > 0.
Choose 6 > 0 so that F(z) < = when |z| < § (possible by definition of
continuity). In particular, if |z(0)| < 6, then E(z(0)) < . Since E decreases
along orbits, E(z(t)) < 7 for ¢t > 0. Thus, |z(t)| < € for ¢ > 0. This is the
definition of stability.

Existence of a strict Lyapunov function implies asymptotic stability, but
this is too weak for many applications. Therefore, we will prove the following
stronger result.



Theorem: Suppose F is a Lyapunov function and that 0 is the only orbit
contained in {z € ; E(z) = 0} (for instance, E could be strict). Then, 0
is asymptotically stable. Moreover, let 2. be the connected component of
{z € Q; E(x) < ¢} that contains 0. Suppose €2, is a compact subset of Q.
Then

z(0)€Q, = limz(t)=0

t—o00

(so Q. is a domain of attraction for 0).

It seems that the proof needs the following fact, glossed over in Andersson—
Boiers.

Lemma: If f is locally Lipschitz continuous in an open set 2 (in the sense
that it is Lipschitz continuous in an open neighbourhood of each point), then
f is Lipschitz continuous on each compact set K C (2.

Proof: Suppose not. Then there is some compact K such that |f(z) —
f@W)|/|lx — y| is unbounded on {z,y € K; x # y}. So we can find sequences
T, Yn in K with |[f(z,) — f(yn)|/|Zn — yn| = 00. By Bolzano-Weierstrass,
we can assume that z, — &, y, — n. Clearly, £ = n, since the limit would
otherwise be |[f(&) — f(n)|/|€ — n|. Now take a neighbourhood U of £ where
the Lipschitz estimate

flx)—fW)| <Llr—y|, zyelU

holds. For n big enough, z,, and y,, are in U, so that | f(z,)— f (yn)|/|Tn—yn| <
L; a contradiction.

Proof of Theorem: Take a solution with z(0) € Q.. Since E(x(t)) is
decreasing, x(t) stays in the compact set Q.. In particular (T Cor. 2.14, AB
Sats 1.3), it is defined for all ¢ > 0. By Bolzano—Weierstrass, we can choose
a sequence (tx)52, of positive numbers with ¢, — oo and z(tx) convergent,
say z(tx) — & as k — oo. Let y denote the solution of

v =1, y0)=¢ (2)
and let zx(t) = x(tx +t), so that z; solves
zy = f(zk), 2(0) = 2(tk)- (3)

Since x4(t) and y(t) belong to the compact set ., we have (Lemma above)
a Lipschitz estimate

[f(zr(®) = fy@)] < Lz (@) —y(t)l,  t2>0.
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By the comparison theorem (T Thm. 2.8, AB Sats 1.8),
e (t) — y(8)| < |a(te) — €™M, t>0.

In particular, limg_,o 25 (t) = y(t), t > 0. Thus, E(y(t)) = im0 E(z(t +
tx)). But since E is decreasing on orbits, this limit equals lim; ., E(t)
and in particular does not depend on t. Thus, E(y(t)) is constant and
E(y(t)) = 0. By our assumptions, this implies y(t) = 0, which in turn
implies limy_,o, E(2(t)) = 0 and lim;_,,, z(¢) = 0.

A variation of Lyapunov function can be used to prove instability.

Theorem: As above, consider the system (1) in an open neighbourhood
Q of the equilibrium point 0. Let €' C 2 be an open set with 0 € €. Suppose
there is a continuously differentiable function F with

e E>0and F>0in
e F=0o0n 00NN

Then, 0 is unstable.

Proof: Suppose {|z| < e} C . We will prove that any orbit starting in
) eventually satisfies |z(¢)| > ¢; this implies instability. Take such an orbit
z and let p = E(x(0)) > 0. Put

K ={ze®;|t| <e, E@) > p}.

This is a compact set, so k¥ = ming E exists and is positive. As long as
z(t) € K, we have

d

3 F@) 2k, E(2(0)) = p.

This differential inequality implies E(x(t)) > kt + p (¢ > 0). But since F is
bounded on K, we conclude that z(¢) must eventually leave K. Since E is
strictly increasing along orbits, z(¢) leaves K at a point where E(x) > p, so
it has to leave {|z| < ¢}.



