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Vergne.

The Stone-von Neumann Theorem: There is a unitary irreducible
representation of the Heisenberg Group H,. It is essentially unique.
The Symplectic Group Sp(n,R) acts by automorphisms on H,,.
Due to the uniqueness we get a projective unitary representation of
Sp(n, R).

Can be lifted to a genuine unitary representation of Mp(n,R) (in
the same space).

Su(n,n) € Sp(n,R) (look at Im(-,-)n,n)
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The Kashiwara-Vergne Conjecture (KVC)

KVC: One gets all unitary highest weight representations of
SU(n, n) from tensor products of the (not irreducible) Harmonic
representation.

M. Kashiwara and M. Vergne, On the Segal-Shale-Weil
representation and harmonic polynomials, Invent. Math. 44, 1-47
(1978)

This was all global! (on the group level)

Idea of the proof of the KVC and ideas therefrom: The Harmonic
representation contains “fewer” K-types than the generic unitary
h.w. representations. So there must be a proper quotient. On the
most singular K-types, the Hermitian form is a first order
polynomial in A (from the center of K)
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The classical situation for SU(n, n)

¢ =p ottopt
pi abelian ¥ modules
U®)  =Pp7) UE) Pr*)
The Killing form
P(pt) =P* = holomorphic polynomials on pT
P(pi) — p* = holomorphic differential operators on pjE

Vi a finite-dimensional (unitary) representation of £¢©).
A < (Ao, \).
The generalized Verma module M(Vj):

M(Va) = ) @ W (1)

BC @p‘i’)
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Details of holomorphically induced representations

P(V:) := Holomorhhic polynomials with values in V.

P(V;) =
{f:G— V.| YW ept: r(W)f =0
Vg € Gvk e K f(gk)=1(k"1)f(g)}.

Theorem There is a nondegenerate pairing between the modules
P(V:) and M(V,).

Specifically, as a vector space, M(V,/) ca be seen as the space of
(constant coefficient) V,.-valued holomorphic differential operators
on p~. (Domain G/K=D Cp~.)

(a,p) = (a(55)p)(0).



Homomorphisms

¢ : M(V;y) — M(V;/) homomorphism

determined as follows: {fi, f,...,fn,} and {e1, e,..., en} bases
of Vi and Vi, respectively. Define the N x N; matrix ® as
follows:

(Dij - (Z)(f)ith coord. € u(p_)
M(V) > q— ®q e M(V;).
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Homomorphisms

¢ : M(V;y) — M(V;/) homomorphism

determined as follows: {fi, f,...,fn,} and {e1, e,..., en} bases
of Vi and Vi, respectively. Define the N x N; matrix ® as
follows:

(Dij - (b(f)ith coord. € u(p_)
M(V) > q— ®q e M(V;).

a1 ®y; dy; &1, a1
M( VTl) = q — b b Din, q
an, D Dy Dy, an,
S M( VT/)
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Covariant differential operators

By duality we get a covariant differential operator

Dy : P(V;) = P(Vy,).

®yy d;; Dy
Dy = ¢1J ¢',‘j (DNJ
Oy, . Dy, . Dy

Theorem. There is a simple bijective correspondence between

covariant differential operators and homomorphisms between
generalized Verma modules.
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Examples from su(2,2) (Dirac, Maxwell, ...)

zZ= ( oA 2 ); c(2)
Zy — 1Z3

- 20— 21 —2> — iz3
20— 21 N —z+iz3 zo+2z1 )
H? H? 92 H?
detZ=22-22_72_2 y=—— -~ __ -~ __
0 2 2 3 623 82% 8222 823?
o) 0 o) o)
0 0 % Ton 9m tTias
0 0 o8 E o
W = 822 823 820 321
- 9o _ 0 90 _ ;90 0 0
0z 0z1 02> 823
N R I S 0 0
0z 0z3 0z oz

1®V 4+ YV ®1 (on symmetric tensors).

191R1®- - -@1leV+1R1®- - -@VR1+: - +VR101®- - -Ql® (sym).

34



The Harmonic Representation Returns

/34



The Harmonic Representation Returns

The infinitesimal version:

/34



The Harmonic Representation Returns
The infinitesimal version:

The Heisenberg Lie algebra ho,:

34



The Harmonic Representation Returns
The infinitesimal version:

The Heisenberg Lie algebra ho,:

[Qk, Pe] = 0k C.

34



The Harmonic Representation Returns
The infinitesimal version:

The Heisenberg Lie algebra ho,:

[Qk, Pe] = 0k C.

0
Qk = xx, and Pp = —i——; [xk, —i
Oxp

9,
Oxp 7‘

34



The Harmonic Representation Returns
The infinitesimal version:

The Heisenberg Lie algebra ho,:

[Qk, Pe] = 0k C.

0
Qx = xk, and Pp = —i—; [k, —i=—

0
-5
Oxp 8Xg] 1kt
e e 1 :
Annihilation operators: A,y = E(Qk + iPy)
1
Creation operators: AZ = E(Qg + iPy)

[Ak, A;] = i

34



The Harmonic Representation Returns
The infinitesimal version:

The Heisenberg Lie algebra ho,:

[Qk, Pe] = 0k C.

0
Qx = xk, and Pp = —i—; [k, —i=—

0
-5
Oxp 8Xg] 1kt
e e 1 :
Annihilation operators: A,y = E(Qk + iPy)
1
Creation operators: AZ = E(Qg + iPy)

[Ak, A;] = i

34



The (infinitesimal) Stone - von Neumann representation

10/34



The (infinitesimal) Stone - von Neumann representation

v is the “vacuum vector’”:

10/34



The (infinitesimal) Stone - von Neumann representation

v is the “vacuum vector”:

Aww=0forall k=1,2,...,2n

10/34



The (infinitesimal) Stone - von Neumann representation

v is the “vacuum vector”:

Aww=0forall k=1,2,...,2n

H = Spanc{(AN(ANZ - (ANZ" v | 11, ..., r2n € No}.

10 /34



The (infinitesimal) Stone - von Neumann representation

v is the “vacuum vector”:

Aww=0forall k=1,2,...,2n

H = Spanc{(AN(ANZ - (ANZ" v | 11, ..., r2n € No}.

This is a unitary representation.

10/34



The (infinitesimal) Stone - von Neumann representation

v is the “vacuum vector”:

Aww=0forall k=1,2,...,2n

H = Spanc{(AN(ANZ - (ANZ" v | 11, ..., r2n € No}.

This is a unitary representation.
A simple but key Lemma:

(AT)2A — 2(ATAAT) + A(AT)2 =0
A2AT — 2(AATA) + ATA% =0

10/34



Constructing su(n, n)

Set

AL
AcAl
Al A

T
Ag1AK

AnAn—H
Hn + Hn+1 -1
AKALL, (k< n)

Ak_i_]_A;f( (k > n).
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Set
e = AL o f = AAn
He = AAL 0 he = HytHppn—1
pio= AlAc o = AL, (k<)
vi o= ALLAC T vp = AaAlL (k> n).

Then these satisfy the defining relations for su(n, n).

Indeed, we get the Serre relations, e.g.
eu | —2eu je+ul €2 =0 ete.

Ziy = iAT_ AL and Wie = iAn i1 Anie.
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Set
A1 Ant1
X = _42. and Y = Af{?
An A2n

Then W =X-YT So W is rank 1.
Proposition. All 2 x 2 minors in the variables W, vanish.

More generally, set X, = (X!, X2, ..., X¥) and
Y = (Y1, Y2 ..., YK) (these are then n x k matrices.
Then

Wi =X, - Y,
is of rank k, hence all (k + 1) x (k 4+ 1) minors vanish.
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So, we immediately get interesting “scalar” modules, but of
course, there are many more.
Even in the simplest case (k = 1), the vectors

(A1)vo and (A6, )]

are highest weight vectors.

The ladder series of mass 0 and spin é resp. é
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Applications in Physics”, 105-116, World Scientific, Singapore
(1996)

Q-differential operators. Preprint (19pp) 1999
(http://xxx.lanl.gov/abs/math.QA/ 9907009)

Quantized Dirac operators. Czech. J. Phys. 50, 1265-1270 (2000)
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The g version: Structure

Ug(a®) = Ag - Ug(") - A].

AF quadratic algebras.

Z,'jZ,'k = q_lz,-kZ,-j if j < k;

Z;iZyj q 1 ZyZ; if i < k;

ZiZs ZaZjif i <sand t <j;

ZiZg = ZaZj—(q—q Y)ZpZj= ifi<sandj<t.
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g homomorphisms

MQ(VT{) ﬁ Mq(VT’)'

The resulting map on the whole space A~ ® Vi, may then be

written as
_ DAN
A™ @ Va3 (Wi, Wa, -+, Why,) —
P11 P21 PN1
p12 P22 - PN2
(W1,W27"' 7WN1) : . . EA_®V/\

p1N1 p2N1 e LPNNl

18 /34



g homomorphisms

P11 P21 -+ PNn1
P12 P22 - PN2
We set ¢ = i , ) . Notice that if
=N\,A\1 . : e :
Ping  P2ny LPNNl
o = then = . .
DANL © DAL = PAN, il\,/b gl\l,/\z 2/\,/\1
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g Examples (also higher dimensional)

g <> detq
o) o}
X 5
_ 0 0 995 9os
¥a= 2z - 0 0
Mo 1
9 "85 9 oz 0 0

2Zn,1 Zp,2 zp,3 n,n

I N

(*Q)ilyznfl,l (-9)lzpm12 (@) lzpm1z oo (—a) 1)Zn71.n

W _ (=) 2zp—21  (=0) 22422 (—9)2zp_23 ... (—@) 2zp_2.n
q — . . .

(" "a1 (—a) "™z, (—97"Mas . (—9 "Mz,

Dmitry Shklyarov, Genkai Zhang Covariant g-differential operators
and unitary highest weight representations for Uq(su(n, n)). J.
Math Phys 46, 062307 (2005); https://doi.org/10.1063/1.1927077
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V _ (—)%zp-21  (—@) " 2z0-22  (—9) 2z4_23
q= . . :
(7q)_;’+121,1 (*q)_l"+121,2 (*q)_l"ﬂzm

0
0%
95z,
0
0
(7‘7)7"1’;”71‘”
(—a)2zp_2,n
(—a) "z,

Dmitry Shklyarov, Genkai Zhang Covariant g-differential operators
and unitary highest weight representations for Uq(su(n, n)). J.

Math Phys 46, 062307 (2005); https://doi.org/10.1063/1.1927077
See also J: Special Classes of Homomorphisms between generalized
Verma modules for Ug(su(n, n)) (10 pp) 2019 J. Phys.: Conf. Ser.

1104 012085K
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Z = ez Zy @)

nn >

W2 = WERWER . WIAWER - Wi, (3)

nn
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But what is a g differential operator actually?

Za
Wa

[[a]lq
{{a}}q
[al,

Zla111 ngl .. Zsiwl Zla212 ... Zam 2)

nn »

Wlalll W23121 A W:fl ch‘i212 e WA (3)

nn

1+q,2+___+q,(2372) (K), and
q—a-i-l_i__”_i_qa—l (L)

(2.w),= (=5 ool
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Is left right?

(a@za, Wb) - (za, wh ny)

(95,22 wb) = (z2 wyw

N—



Is left right?

(a@za,wb) - (Za,WbWXy)
(aAXLyZa,Wb) - (za,wxywb>
(zxyza, Wb) : (zazxy, Wb>



The quantized Weyl algebra
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The quantized Weyl algebra

(7411 aj a _ an aj+1 a
My(Z3 - Z30 - Z3m) = ZP 2z

L 7911 ajj a _ . ail ajj—1 a
Dij(zZiit 25" - Zppr) = lagleZit 2"~ 23y

+1/ »a11 ajj a _ +a;; 7an aj+1 a
HENZE - Z0 o 2y = qrzi .z Za



The quantized Weyl algebra

L 7311 aj a _ ai aj+1 a
My(Za . .Z30 ... zam) =z .. z3ith . zam

y y
L 7911 ajj a _ . ail ajj—1 a
Dij(zZiit 25" - Zppr) = lagleZit 2"~ 23y
+1 all ajj dann — +a; 7an aU+1 dann
H; (z3 --Z; L Z3ny = gtz L ZPT ez
M. — . D.. = -1
DjM; — qMzD; = H;
o -1 _ ..
D,'J'M,-j —q M,’jD,‘j = HU

HjDj = q 'DjHj
H,'J'MU = ql\/l,-jH;j.
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A Result
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A Result

Proposition[arXiv:1905.04478v1 [math.QA]] In the pairing indexed
by L, the algebra of covariant differential operators is equal to the
quantum Weyl algebra
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Where do the (unitary!) (g-) covariant differential
operators come from?
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Where do the (unitary!) (g-) covariant differential
operators come from?

The (auxiliary) variables W, p;a < nand n+1 < b < 2n can be
used to define highest weight modules for Uy (su(n, n)).

Thus we have a representation with highest weight vector W1’?n+1
(R=1,2,...). Consider (clearly a h.w. vector!)

(Wit Wa,ny1 — qWor Wi n )WY =

R-1 R
Wi Wy, i Wanpr — qWo il WY, 4.

Both vectors WlR,;rll W5 11 and Wll?n—i-l are in the h.w. module
generated by Wan+1' but the vector vanishes, i.e. there is a
homomorphism!!! into Mg(Wf, ;).

26 /34
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The support of a Representation

Definition The support of M(Vj), A = (Ag, A), is the smallest
r > 0 for which there exists a M(Vj,) and a homomorphism
¥ M(Vp,) = M(Vj) such that

Minor, @ (Va) € ¢(M(Va,))

Here, Minor, is the ideal generated by r x r minors.
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The support of a Representation

Definition The support of M(Vj), A = (Ag, A), is the smallest
r > 0 for which there exists a M(Vj,) and a homomorphism
¥ : M(Va,) = M(Vj) such that

Minor, @ (Va) € ¢(M(Va,))

Here, Minor, is the ideal generated by r x r minors.(Look at
dual...) But left or right ideal??

Corollary The left ideal Z./(n — 1), in A generated by the set of
all (n—1) x (n — 1) minors is equal to the right ideal Z[ (n — 1)g
generated by the same.

Theorem We get all unitary representations of support
r=1,...,n this way.
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The Hayashi-Weyl Algebra

T. Hayashi, g-analogues of Clifford and Weyl Algebras—Spinor and
Oscillator Representations of Quantum Enveloping Algebras,
Comm. Math. Phys. 127, Number 1 (1990), 129-144.
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The Hayashi-Weyl Algebra

T. Hayashi, g-analogues of Clifford and Weyl Algebras—Spinor and
Oscillator Representations of Quantum Enveloping Algebras,
Comm. Math. Phys. 127, Number 1 (1990), 129-144.
We start with a quantum analog for the Weyl algebra
Aq = A (N) introduced by Hayashi. Let g be a non-zero complex
number such that g* # 1. Then the algeba is defined as an
associative unital algebra with generators ;, }k,wl-ﬂ and relations
Wiwj = Wjwj, w,wi_l = wi_lw,- =1,

Yihj = i, YTYr =PIy,

Yty = i 1 #

wiyw;t = g%y, wifwt = iy,

;= Ui = wi i — Y = Wi
The last pair of relations is equivalent to the following

(qui)? — (qui) 2 wf —w;?
92 — g2

Vi = ;i = o p—
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The Hayashi-Weyl Algebra
If
H=w,D=1, M=1v* and g — ¢°
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The Hayashi-Weyl Algebra

If
H:CL),D:¢,M:1,Z)*7 andqg)q2

This is just the quantized Weyl algebra. The introduced algebra
has a natural representation in infinite-dimensional vector space
V= = {v(m)/m € ZY}. Namely,

wiv(m) = ¢"v(m), Yiv(m) = [mav(m—e), iv(m)=v(m+e;),

where m = {my,...,my} and [m]q = q:::__lm.
Let us consider N = 2n and obtain explicit formulas for embedding

of Ugsla, into Ag. Formulas for simple roots remain the same

En = inni1, Fn= i¢:¢:+1»
Ej = ¢j¢f+1, Fj = ’lvzjj'kd]j—‘rl? ./ <n,
Ej = @bflbjﬂ, FJ = ¢j¢7+1, ./ > n,



The Hayashi-Weyl algebra and U, (su(n, n))

o 5 _ K,— Kt
K, = g 2wn2wnf1; E,,F,,—F,,E,,:iqn_q_2

2 -2 :
wipw; “ for j<n

R ) .
= Wwiwi; for j > n

X X
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The Hayashi-Weyl algebra and U, (su(n, n))

2 2 _ K, — K1
Ko = q °w,w,?q; EnFn— FrEn = —5—"=
P —q
K = wf+1w72 for j <n
Ki = wfwﬁl for j > n

(=) 2 DB w201nr (—q) 2" T w2012
(_q)_2(n_2) ngi_2¢2¢n+1 (—Q) 2(n—1) Hg+lwi_21/12¢n+2

zﬁnw.n—f—l (_ ) n+1¢n'¢n+2 et
(4)
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The Hayashi-Weyl algebra and U, (su(n, n))

Z (Iwn+1 l¢n+]

Z11Z0p — Z2Zop = (g% —

i—1 j-1

l+_/ 2
H H‘*’n+1 x n+J

x=1y=1

9°) 21212, Z11201 = q 2ZnZ11, ETC
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The Hayashi-Weyl algebra and U, (su(n, n))

i—1 j-1

i+j—2
2y = Gt i) 2752 ] TLontisn?s

x=1y=1

2117220 — Z0Zx = (9% = ¢*) 201212, Z11Zo1 = G 2ZnZ11, ETC

Proposition. All 2 x 2 g minors in the variables Z , vanish.
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The Hayashi-Weyl algebra and U, (su(n, n))

i—1 j-1

i+j—2
2y = Gt i) 2752 ] TLontisn?s

x=1y=1
2117220 — Z0Zx = (9% = ¢*) 201212, Z11Zo1 = G 2ZnZ11, ETC

Proposition. All 2 x 2 g minors in the variables Z , vanish.

D. Shklyarov, S. Sinel'shchikov, A. Stolin, and L. Vaksman, ON A
g-ANALOGUE OF THE PENROSE TRANSFORM. In:
LECTURES ON g-ANALOGUES OF CARTAN DOMAINS AND
ASSOCIATED HARISH-CHANDRA MODULES L. Vaksman (Ed.)

arXiv:math/0109198
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k 1 1 1 1 2 1 2 3
21(,1) = %(1 @01(1421 + A )Agllwn @Z’fwzl )AﬁllA( )An-&-lw” ¢£J21
+A(1)AE,+)1 AU (k 1 k)w
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Uy(su(n, n)) and higher order minors
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Zl(,kl) = wn ¢(1)1+A(1)AE721‘/’" ¢(2)1+A )AE71-21A(2)An+1w" @Z’g1

AL AD A AK-1) 00,0

P = gl 1(wn1’) +q (A" 1A,,”1w‘2’< @y +
—4(A(1)) lA(l) (A(2)) lA 1/)3)@&573_’21
o g DA A (AR A )
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,(,li)l = similarly

Zs(,lz) = %(121 swﬁﬁﬁA(nll s n+z¢n+1 swr(12+)€

AN AW AR 4D ) )

n+1—s"'n4+€" 'n4+1—s’ 'n+£ 7 n+1—s " n+4l
1 1 k—1 k—1 k k
+- 51421 sAEvJZE A57+1 )sA£:+z )wl(ﬂr)lfswg-i-)z
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Uy(su(n, n)) and higher order minors

Proposition Weyl,(1) is a UFD.
Theorem The ideal of quantum (k + 1) x (k + 1) minor is prime.
(Since we are in the kth tensor product of rank 1.)

S. Launois, T. H. Lenagan, and L. Rigal, Quantum Unique
Factorisation Domains, J. London Math. Soc. 74, 321-340 (2006)
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The End

Thank you
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