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Round-off analysis in polynomial evaluation

In this section we will discuss stability of polynomial evaluation by
Horner's rule. Let the polynomial is given by

i=0

where ¢; are coefficients of the polynomial, d is its degree.

To compute roots of this polynomial we can use Horner's rule described
in Chapter 1. This rule can be programmed as the following iterative
algorithm for every mesh point x; € [Xeft, Xright), j € 1,2,...N, where N is
the total number of the discretization points:

Horner's rule for polynomial evaluation
@ Step 0. Initialize pgy = c4. Set counter i = d — 1.
@ Step 1. Compute p; = X; - pjt1 + ¢
@ Step 2. Set j:=i—1 and go to step 1. Stop if i = 0.



To compute bounds in the polynomial evaluation we insert term with
error 1+ (04,5), for every floating point iteration in Algorithm 2 to obtain

following algorithm:
Error bound in polynomial evaluation

@ Step 0. Set counter i = d — 1 and initialize py = cg.

@ Step 1. Compute
pi = (x5 - pi+1(1 + (01)i) + ci) (1 + (02)i),  [(o1)il,[(02)i] < e

@ Step 2. Set j:=/—1 and go to step 1. Stop if i = 0.

In the algorithm 3 the number ¢ is the machine epsilon and we define it
as the maximum relative representation error 0.5 - 31~P which is
measured in a floating point arithmetic with the base 5 and with
precision p > 0. Now the following values of machine epsilon apply to
standard floating point formats:
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Expanding expression for p; in the algorithm 3 we can get

d—1 i—1
Po = Z <(1 + (02);) H(l + (o1)K)(1 + (Uz)k)> cix' (1)

i=0 k=0

d—1
+ <H(1 + (o1)k)(1 + (Uz)k)> cax?

k=0
Next, we will write upper and lower bounds for products of o := 01 »
provided that ke < 1:

(1+01) - (I40k) (A +e) <14 ke + O(e2),
l—ke<(l—e)f<(l+01) .- (1+0%)

()
Applying estimate above we can get the following inequality
1—ke<(l4o01) .- (14 0k) <1+ ke. (3)
Using the estimate (3) we can rewrite (1) as
d d
po ~ Z(l + 5,’)C,'Xi = Z Ex' (4)
i=0 i=0

with approximate coefficients & = (1 4 &;)¢; such that |5;| < 2ke < 2de.
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Now we can write formula for the computing error in the polynomial:

d d
lpo — Z (1+5)cix Z cix' (5)
i=0

i=

d
ZO’ ax'| < 2Zd5|c,x | < 2d52 x|

i=0

If we will choose &; = ¢ - sign(c;x') then the error bound above can be
attained within the factor 2d. In this case we can take

.
Ei:o |C/X'|
|30 cix]

as the relative condition number for the case of polynomial evaluation.
This condition number can be computed at every point x; for

[P — bprer, P+ bprer]. In the following algorithm we use (5) to compute
lower bound in polynomial evaluation.

bprel = (6)
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Computation of the error bp in the polynomial evaluation

@ Step 0. Set counter i = d — 1 and initialize py = ¢4, bps = |cd|.
@ Step 1. Compute p; = x; - piy1 + ¢i, bpi = |xj| - bp; + |cil.
@ Step 2. Set i:=i—1 and go to step 1. Stop if i = 0.

® Step 3. Set bp =2-d - ¢ - bp; as error bound at the point |x;].



Figures 1-a), 2-a) show behavior of the computed solution using Horner's
rule (algorithm 2) for the evaluation of roots of polynomial

p(x) = (x — 9)° = x° — 81x® 4 2916x” — 61236x° + 826686x°> —
7440174x* 4 44641044x3 — 172186884x2 + 387420489x* — 387420489.
Figures 1-b), 2-b) show computed upper and lower bounds for the
polynomial p(x) = (x — 9)° using algorithm 6 on different input intervals
for x. We have performed all our computations taking in algorithm 6

e =0.5-B17P. Using these figures we observe that changing the input
interval for x slightly can change computed roots drastically.
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Number of the correct decimal digits computed by algorithm 6 is given by
the formula e, = —In ‘%‘. This number is plotted on Figures 1-d), 2-d)
in blue color for different input intervals for x. In red color we present the
computed relative error by the formula ecomp = —In ’%fg)g‘. We

observe that our estimated lower bound in blue color is quite good to the
computed relative error ecomp. Figures 1-c), 2-c) show computed

estimated relative errors e = % on different input intervals for x which

correspond to Figures 1-d), 2-d). Analyzing Figures 1-c),d), 2-c), d) we
can conclude that we get difficulties when we want to compute p(x) with
a high relative accuracy when p(x) is close to zero. This is because any
small changes in € gives infinite relative error given by ﬁ = § what
means that our relative condition number 2d - ¢ - bp is infinite. Thus, the
problem of finding of relative condition number of the polynomial is

ill-posed.
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Definition

Let p(x) = Z a;x' and g(x) = Z bix" are two polynomials. Then the

relative dlstance dist(p, q) from p( ) to g(x) is defined as the smallest
value of dist(p, g) such that

|ai — bj| < dist(p,q) - |ail, i<1<d.

If a; #£ 0, i <1 < d the equation above can be rewritten as

max |ai - = dist(p,q), i <1<d.

0<i<d |ajl

V.

The next theorem says that the distance from p to g (the distance to the
nearest ill-posed problem) is the reciprocal of the condition number of

p(x).
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d .

Let polynomial p(x) = Y cix' is not identically zero and g(x) =0 is
i=0

another polynomial whose condition number at x is infinite. Then

d .
| > im0 6iX'|

min {dist(p,q) : q(x) =0} = —.
{dist(p, q) : q(x) = 0} SENE
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Proof

|

To prove this theorem let us write g(x) = Z bix' = > (1+&;)cix’ such
i=0
that dist(p, g) = max; |ej|. Then g(x) = 0 |mp||es that

d d d
p(x) = la(x) = p(x)| = | Y _eicix| <) [eieix’| < maxei] Y x|
i=0 i=0 i=0

Thus
dist(p, q) = max|e;| > M
Z |cix']
i=0
For example, we can choose &; = —2%)_ . sign(cix'). O

> leixi]
i=0
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At the end of this subsection we will present the bisection algorithm to
find roots of the polynomial p(x) = 0. Suppose that the input interval for
x where we want to find roots of p(x) = 0 is x € [Xjeft, Xright]- At every
iteration this algorithm divides the input interval in two by computing the
midpoint Xmiddie = (Xieft + Xrigne)/2 of the input interval as well as the
value of the polynomial p(Xmiddie) at that point. Value of the polynomial
P(Xmiddie) We will compute using Horner's rule (algorithm 2). Then if pres
and pmig have opposite signs, then the bisection algorithm sets Xmigqe as
the new value for Xghs, and if prghe and pmig have opposite signs then
the method sets Xpigge as the new xjer. If p(Xmiddie) = 0 then Xmiddie
may be taken as the root of polynomial and algorithm stops.
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Bisection algorithm to find zeros of polynomial p(x)

@ Step 0. Initialization: set left xjr and right X.gn: bounds for input
interval for x € [Xeft, Xright] Where we will seek roots of polynomial.
Set computational tolerance tol.

@ Step 1. Evaluate polynomial p(x) at Xes and Xigne to get
preft = P(Xleft) and pright = P(Xrighe) using algorithm 2.

Perform steps 2-3 while Xyight — Xjere > 2 - tol

@ Step 2. Compute point x,ig =
using algorithm 2.

@ Step 3. Check:
If pref - Pmid < O then we have a root at the interval [Xjest, Xmid]-
Assign Xright = Xmid and Pright = Prmid-
Else if pright - Pmia < 0 then we have a root at the interval
[Xmid Xright|. ASSIgN Xieft = Xmig and Prest = Pmid-
Else we have found a root at x,jy and assign
Xleft = Xmid , Xright = Xmid -

and then ppid = p(Xmid)

(Xtefe+Xright )
2

@ Step 4. Compute root as M
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FIng r€: a) Evaluation of the polynomial p(x) = (x — 9)° by Horner's rule (algorithm 2) compared with the

exact one polynomial. b) Computed upper and lower bounds for the polynomial p(x) = (x — 9)9 using algorithm
6. c) Plot of the graph of the estimated relative error e = |% ‘ d) Plot of the graph of the estimated relative
error e, = —In | be ) (presented in blue color) compared with the computed relative error

9
ecomp = —In ‘ @ | (presented in red color). Input interval for x in this example is x € [8.7,9.3]. 14 /19
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FIng r€: a) Evaluation of the polynomial p(x) = (x — 9)° by Horner's rule (algorithm 2) compared with the
exact one polynomial. b) Computed upper and lower bounds for the polynomial p(x) = (x — 9)9 using algorithm
6. c) Plot of the graph of the estimated relative error e = |% ‘ d) Plot of the graph of the estimated relative

error e, = —In | be ) (presented in blue color) compared with the computed relative error

9
ecomp = —In ‘ @ | (presented in red color). Input interval for x in this example is x € [8.5,9.5]. 15/19
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FlgU F€. Plot of the graph of the estimated relative error ej, = —In | be | (presented in blue color) compared

with the computed relative error ecomp: a) for the polynomial p(x) = (x — 1)2(x — 2)(x — 3)(x — 4)(x — 5) and

b) for the polynomial p(x) = (x — 1)?(x — 2)(x — 3)(x — 4)(x — 5)(x — 7)(x — 9)(x — 11)(x — 15)(x — 17).
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Perturbation theory in the solution of linear equations

Let us consider numerical solution of linear system Ax = b. Here, A, x, b
are exact matrix, vector of solution and the right hand side of the
equation, correspondingly. We are interested to find bound §x for the
error in the computed solution X which can be computed as dx = X — x.
We assume that matrix A have a small error JA and the right hand side b
is given with an error §b. More precisely, we have

(A+5A)% = b+ db. (8)
Subtracting Ax = b from (8) we get

(A+JA)% — Ax = b+ b — b.
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Rearranging terms in the above equation and noting that dx = X — x and
thus x = X — dx we have
(A+J0A)R — Ax —db = (A+ dA)(x + 6x) — Ax — b =0,
Ax 4+ Adx + 6Ax + §Adx — Ax — b = (A+ 0A)ox + §Ax — b =0,
(A4 0A)ox + 0A(X — 6x) — 6b =0,
Adx + 6AX — db =0,
(9)

resulting in the equation

6x = AH(—=0A - %+ 0b). (10)
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Taking norms in the equation above and using triangle inequality leads us

to
[8x[l < [IA=HICI6A] - %] + [I8b]))-

Dividing this inequality to ||X|| and compensating by ||A||/||A|| gives us

Woxl (naA 156 )
X< ya=1- Al - + ), 11
< WA IAI i * Tars (1)

where k(A) = ||A=Y|| - ||A|| is called the condition number of the matrix A.
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