Numerical solution of Least Squares Problems
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Linear Least Squares Problems

Suppose that we have a matrix A of the size m x n and the vector b of
the size m x 1. The linear least square problem is to find a vector x of
the size n x 1 which will minimize ||Ax — b||2. In the case when m = n
and the matrix A is nonsingular we can get solution to this problem as
x = A71b. However, when m > n (more equations than unknowns) the
problem is called overdetermined. Opposite, when m < n (more
unknowns than equations) the problem is called underdetermined.

In real-life applications more widely engineers deal with overdetermined
least squares problems, when number of equations are much larger than
number of unknowns. This occurs since engineers usually take much
more measurements than necessary to smooth out measurement error
and remove noise from data. We will restrict our considerations to the
linear least squares problems.



Further we assume that we will deal with overdetermined problems when
we have more equations than unknowns. This means that we will be
interested in the solution of linear system of equations

Ax = b, (1)

where A is of the size m x n with m > n, b is vector of the size m, and x
is vector of the size n.

In a general case we are not able to get vector b of the size m as a linear
combination of the n columns of the matrix A and n components of the
vector x, or there is no solution to (1) in the usual case. In this chapter
we will consider methods which can minimize the residual r = b — Ax as
a function on x in principle in any norm, but we will use 2-norm because
of the convenience from theoretical (relationships of 2-norm with the
inner product and orthogonality, smoothness and strict convexity
properties) and computational points of view. Also, because of using
2-norm method is called least squares.



We can write the least squares problem as problem of the minimizing of
the squared residuals

m

Irl3 =27 Z Ax; — b)® ()

i=1

In other words, our goal is to find minimum of this residual using least

squares:
m

m|n Irll3 = m|n Z r; Z(AX, — b)2. (3)

i=1



In this example we present the typical application of least squares called
data or curve fitting problem. This problem appear in statistical
modelling and experimental engineering when data are generated by
laboratory or other measurements.

Suppose that we have data points (x;, y;),/ = 1,..., m, and our goal is to
find the vector of parameters c of the size n which will fit best to the
data y; of the model function f(x;, c), where f : R"*! — R, in the least

squares sense:
m|n E f(xi, c))>. (4)

If the function f(x, ¢) is linear then we can solve the problem (4) using
least squares method.



The function f(x, c) is linear if we can write it as a linear combination of
the functions ¢j(x),j =1,...,n as:

f(X, C) = Cl(bl(X)+C2¢2(X)—|—...—|—Cn¢n(x). (5)

Functions ¢;(x),j = 1, ..., n are called basis functions.
Let now the matrix A will have entries
aj = ¢j(x;),i=1,...,m;j=1,...,n, and vector b will be such that
bi =y, i =1,...,m. Then a linear data fitting problem takes the form of
(1) with x = ¢:

Ac =~ b (6)
Elements of the matrix A are created by basis functions

®i(x),j =1, ..., n. We will consider now different examples of choosing
basis functions ¢;(x),j =1,..., n.



Problem of the fitting to a polynomial

In the problem of the fitting to a polynomial

f(x,c) = Z cix' 1 (M)

of degree d — 1 to data points (x;,y;),i = 1, ..., m, basis functions
¢i(x),j = 1,...,n can be chosen as ¢;(x) = x~1,j = 1,...,n. The matrix
A constructed by these basis functions in a polynomial fitting problem is
a Vandermonde matrix:

2 d—1

1 x1 X xb X
2 -

1 x x5 de X
2 -

A= 11 x3 X3 X3 (8)

2 d—1

1 xm x5 ... X5

Here, x;,i = 1, ...., m are discrete points on the interval for

X = [Xlefh Xright]-



Suppose, that we choose d = 4 in (4). Then we can write the polynomial
as f(x, c) = Z?:l ix'™t = ¢ + ox + c3x% 4+ cx? and our data fitting
problem (6) for this polynomial takes the form

1 xi xl2 X13 bo
2
1 x X2 X3 < by
Loa 4 G| |2 = |, 9)
. C3
. &
1 xn x,2n xﬁ, bm



The right hand side of the above system represents measurements or
function which we want to fit. Our goal is to find such coefficients

¢ ={c1, @, c3, c4} which will minimize the residual

r; = f(x;,c) — bj,i = 1...,m. Since we want minimize squared 2-norm of
the residual, or ||r||3 = >, r?, then we will solve the linear least
squares problem.

Let us consider an example when the right hand side b;,i = 1,...mis
taken as a smooth function b = sin(wx/5) + x/5. Figure 10 shows
polynomial fitting to the function b = sin(wx/5) + x/5 for different d in
(7) on the interval x € [—10,10]. Using this figure we observe that with
increasing of the degree of the polynomial d — 1 we have better fit to the
exact function b = sin(wx/5) + x/5. However, for the degree of the
polynomial more than 18 we get erratic fit to the function. This happens
because matrix A becomes more and more ill-conditioned with increasing
of the degree of the polynomial d. And this is, in turn, because of the
linear dependence of the columns in the Vandermonde's matrix A.



o xact ancion 2| [o—emstiomeion
4 computed —¥— compured

25 25
10 s o B 10 10 s o B 10
3 25
oo imaon o [Fo—eaamcion
—#— compued —— compuren

FIng €.  Polynomial fitting for different d in (7) to the function b = sin(7x/5) 4+ x/5 on the interval
x € [—10, 10] using the method of normal equations. On the left figures: fit to the 100 points x;, i = 1, ..., 100;
on the right figures: fit to the 10 points x;,i = 1, ...,10. Lines with blue stars represent computed function and

with red circles - exact one.



Approximation using linear splines

When we want to solve the problem (4) of the approximation to the data
vector y;, i = 1,..., m with linear splines we use following basis functions
¢i(x),j =1,...,n, in (5) which are called also hat functions:

X*T'_l
- ’ T <x< T'7
=1 R 1)
T TSx<Tm

Here, the column j in the matrix A is constructed by the given values of
¢;(x) at points Tj,j =1, .., n, which are called conjunction points and
are chosen by the user. Using (10) we can conclude that the first basis
function is ¢1(x) = TT22:;1 and the last one is ¢,(x) = ;__Tﬂ’_ll

Figure 16 shows approximation of a function b = sin(rx/5) + x/5 on the
interval x € [—10, 10] using linear splines with different number n of

conjunction points T;,j =1,...,n.
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splines with different number n of conjunction points Tj,j =1, ..., n in (10). Blue stars represent computed

function and red circles - exact one.



Approximation using bellsplines

In the case when we want to solve the problem (4) using bellsplines, the
number of bellsplines which can be constructed are n+ 2, and the
function f(x, c) in (4) is written as

f(X7 C) = C1¢1(X) + C2¢2(X) + ...+ Cn+2¢n+2(X). (11)
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We define

1, T,<x<T;
0 — ’ j=>2=1j+1
9 (*) { 0, otherwise. (12)

Then all other basis functions, or bellsplines,
PF(x),J =1,...,n+ 2 k =1,2,3 are defined as follows:

dF1(x) O (%)

¢ (x) = (x = T) Tor—T (Tjkr1 — x) (13)

Tjtkt1 — Tip
Here, the column j in the matrix A is constructed by the given values of
¢;(x) at conjunction points T;,j = 1,.., n which are chosen by the user.
If in (13) we obtain ratio 0/0, then we assign ¢J’f(x) = 0. We define
additional three points T_5, T_1, Ty at the left side of the input interval
as T_o, = T_1 = Ty = Ty, and correspondingly three points

Thi1, Theo, Tars on the right side of the interval as

Th = Thy1 = Thio = Thes. All together we have n+ 6 conjunction
points T;,j =1,...,n+ 6. Number of bellsplines which can be
constructed are n+ 2.
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If conjunction points T; are distributed uniformly, then we can introduce
the mesh size h = Ty41 — Ty and bellsplines can be written explicitly as

%ﬁ if Tjop <x< Tjoq, t=3(x— Tj-2),
00— §TREFEE) T Sx< T b= - T,
e §+§(t+f2*t3) if Tj < x < Tjpa, t=4(Tja1 —x),
1 if Tjn < x < Tiya, t = 3(Tjg2 — x).
(14)

In the case of uniformly distributed bellsplines we place additional points
at the left side of the input interval as

To=T1—h, T_1 =Ty —2h, T_»T; — 3h, and correspondingly on the
right side of the interval as

Toy1=To+ h Toyo = Tp+2h, Ty3 = T, + 3h. Then the function
f(x, c) in (4) will be the following linear combination of n+ 2 functions
¢;(x) for indices j =0,1,...,n+ 1

f(X, C) = C]_d)o(X) + C2¢1(X) + ...+ Cn+2¢n+1(x)- (15)

Figure 3 shows approximation of a function b = sin(rx/5) + x/5 on the
interval x € [—10, 10] using bellsplines.
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FIgU I€.  Polynomial fitting to the function b = sin(wx/5) + x/5 on the interval x € [—10, 10] with different
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Nonlinear least squares problems

Suppose that for our data points (x;, y;),/ = 1, ..., m we want to
find the vector of parameters ¢ = (cy, ..., ¢p) which will fit best to
the data y;,i = 1, ..., m of the model function f(x;,¢),i =1,...,m.
We consider the case when the model function f : R"1 — R is
nonlinear now. Our goal is to find minimum of the residual

r =y — f(x,c) in the least squares sense:

m

min Y (y; — f(xi, ))*. (16)

c
i=1
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To solve problem (16) we can still use the linear least squares method if
we can transform the nonlinear function f(x, ¢) to the linear one. This
can be done if the function f(x, ¢) can be represented in the form
f(x,c) = Aexp™, A = const. Then taking logarithm of f(x, c) we get:
log f = log A + cx, which is already linear function. Then linear least
squares problem after this transformation can be written as

mcin Z(Iogy,- — log f(x;, €))2. (17)
i=1
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Another possibility how to deal with nonlinearity is consider the least
squares problem as an optimization problem. Let us define the residual
r:R"— R™as

ri(c):yi_f(xiac)v = 1,...,”’7. (18)

Our goal is now minimize the function

1
Fe) = 5r(e)"r(e) = 5ol (19)
To find minimum of (19) we should have
_OF(Q) _, . _
VF(c)= 9 0, i=1,...,m. (20)

Direct computations show that the gradient vector VF(c) is

VF(c)= e JT()r(c), (21)

where JT is the transposed Jacobian matrix of the residual r(c).
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For a sufficiently smooth function F(c) we can write its Taylor expansion
as
F(c) = F(a) + VF(c)(c — ) + O(h?), (22)

with |h| = ||c — co||. Since our goal is to find minimum of F(c), then at
a minimum point ¢* we should have VF(c*) = 0. Taking derivative with
respect to ¢ from (22) we obtain

H(F(c))(c — )+ VF(c) =0, (23)

where H denotes the Hessian matrix of the function F(c).



Using (21) in (23) we obtain
H(F(c0))(c — co) + I (co)r(co) = 0, (24)

and from this expression we observe that we have obtained a system of
linear equations

H(F(co))(c — o) = —J " (co)r(co) (25)

which can be solved again using linear least squares method. The
Hessian matrix H(F(cp)) can be obtained from (21) as

m

H(F(c0)) = J7(c0)J(co) + D ri(co) H(ri), (26)

i=1

where H(r;) denotes the Hessian matrix of the residual function r;(c).
These m matrices H(r;) are inconvenient to compute, but since they are
multiplied to the small residuals ri(¢p), the second term in (26) is often
very small at the solution ¢y and this term can be dropped out.



Then the system is transformed to the following linear system
JT(c0)J(co)(c — o) = —J " (co)r(co), (27)

which actually is a system of normal equations for the m x n linear least
squares problem

J(c)(c — @) = —r(co). (28)

The system (27) determines the Gauss-Newton method for the solution
of the least squares problem as an iterative process

ekt =k — U7 (c0) eI (cr(e). (29)

where k is the number of iteration.



An alternative to the Gauss-Newton method is Levenberg-Marquardt
method. This method is based on the finding of minimum of the
regularized function

F(e) = 2r(e)Tr(c) + 33(c — @) (c — @) = 213+ 2llc ~ .

(30)
where ¢ is a good initial guess for ¢ and -y is a small regularization
parameter. Then we repeat all steps which we have performed for the
obtaining the Gauss-Newton method, see (21)-(26).



Finally, In the Levenberg-Marquardt method the linear system which
should be solved at every iteration k is

(T () I(E) + ) (= ) = —IT(F)r(c"), (31)

and the corresponding linear least squares problem is

{J(ck)} (kY {f(‘fk)] . (32)



Let us consider the nonlinear model equation
AcB/T=To =y (33)

Our goal is to determine parameters A, E and Ty in this equation by
knowing y and T. We rewrite (33) as a nonlinear least squares problem

in the form
m

H . E/Ti—TO 2 4
min > (vi — Ae )" (34)

We will show how to obtain from the nonlinear problem (34) the linear
one. We take logarithm of (33) to get

=logy. (35)

E
log A
RCIGRE S



Now multiply both sides of (35) by T — T to obtain:
log A(T — To) + E =logy(T — To). (36)
and rewrite the above equation as
TlogA— TologA+ E+ Tology = T logy. (37)

Let now define the vector of parameters ¢ = (c1, &, ¢3) with
¢ = To,co=logA,c3 =E — Tglog A. Now the problem (37) can be
written as

clogy+aT+c=Tlogy, (38)

which is already a linear problem. Now we can rewrite (38) denoting by
f(c,y, T)=cilogy + T + c3 as a linear least squares problem in the
form

i ’ A . T:))?
mCle(T,Iogy, fc.yi, T)). (39)



The system of linear equations which is needed to be solved is

logy: T1 1 Ty log y1
logy, T> 1 a Ty log y»

logym Tm 1 Tmlog Ym



Suppose that the nonlinear model function is given as
(41)

f(x,c) = Ae* + Be®*, A, B = const. > 0,

and our goal is to fit this function using Gauss-Newton method. In other
words, we will use iterative formula (28) for iterative update of
¢ =(c1, ). The residual function will be

r(c) =y — f(x,c), (42)

where y = y;,i = 1, ..., m are data points.



First, we compute Jacobian matrix J(c), where two columns in this

matrix will be given by

or;

J(C)I,l = 86; = _XiA661x‘ 1= 17 ) 11,
or;

€)= 5ot = —xBEP, i=1,.m

(43)

If we will take initial guess for the parameters c® = (c?, ) = (1,0), then

we have to solve the following problem at iteration k = 1:

J) (et = %) = —r(c),

(44)

and the next update for parameters c! = (ci, cl) in the Gauss-Newton

method can be computed as

ct=c® [V () ()] 1 (co)r(co).

(45)



Here, r(c®) and J(co) can be computed explicitly as follows:

r(c®) = yi—f(xi, %) = y;— (A" +Be’™) = y;—Ae® —B,i=1,...,m,
(46)

and noting that ¢ = (c?, c?) = (1,0) two columns in the Jacobian

matrix J(cp) will be

J(Co)i; = —xjAe'™ = —x;Ae’, i=1,..,m,

47
J(CO),‘Q = —x;Be"™ = —x;B, i=1,..,m. (47)
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Substituting (46)
equations

—x1 Ae*1
—XlAeX1

—Xm AeXm

, (47) into (44) yields following linear system of

—XlB
—XzB l:

—xmB

1 0
cll—c%)
G -G

yi—Ae —B
} Yo —Ae*? — B
Ym — Ae» — B
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which is solved for ¢! — ¢® using method of normal equations as

—x1Ae*t —xyB —x1Ae*t —x1B
—x1Ae*t —x,B - —x1Ae*t —x,B . el —¢f
—XmAe®™  —x,B —XmAe®™  —x, B
—x1Ae®t —x1B y1 — Ae*t — B
—x1Ae*t —x,B y» — Ae*2 — B
=- : T . (49)

—XmAe*™  —xnB m — Ae*™ — B
m m

This system can be solved for ¢! — ¢%, and next values ¢! are

obtained by using (45).

32/32



