1 Banach’s contraction principle. Picard-Lindel6f

theorem.

We consider in this chapter the theorem by Picard and Lindelsf about exis-
tence and uniqueness of solutions to the initial value problem to the system

of differential equations in the form

'(t) = f(t,2(1)) (1)

o(r) =€ (2)

Here f : J x G — R" is a vector valued function continuous with respect
to time variable ¢t and space variable x. J is an interval, G is an open subset
of R".

One can reformulate the I.V.P. (1),(2) in the form of the integral equation

() =€+ / £ (s,2(s)) ds (3)

If f is continuous, then these two formulations are equivalent by the
Newton-Leibnitz theorem.

Fixed points of operators.

Consider a vector space X with a subset C' C X and an operator K :
C—C.

Definition

A point T € C' is called the fixed point of the operator K if
K@) =7 (4)

A general idea behind the analysis of many types of equations is to formulate



them as a fixed point problem.

Consider the right hand side of the integral equation (3) as an operator

K(x d—Eff—l—/fsx

acting from the vector space of continuous functions C'(I), where I C J is a
closed interval including 7 .

The expression ||z{|¢(;y = supye; [|z(t)|| defines a norm on the space C([)
because it satisfies the triangle inequality and we know that uniformly con-
vergent sequences of continuous functions on the compact converge to con-
tinuous functions. This space is even complete in the sense that Cauchy
sequences of functions in C'(/) converge uniformly to continuous functions.

It means that if the sequence {z,} € C(I) has the Cauchy property

|Zm — xn”()([) = Stg) |wm(t) — xn(t)HC(I) — 0

m,n— 00

then there is a continuous function 7 € C(/) such that x,, — 7 uniformly
on I, or that is the same, [z, — 7| ¢ = 0. T

We call a normed vector space a Banach space if it is complete with

respect to it’s norm. So the space C'(I) is a Banach space.
Remark.

We point out for convenience that different norms are used through out
the text. Notation | || means usual euclidean norm in R". For a Banach space
X the notation ||z||, means the norm in the space X.

The operator K defined above, acts from C(I) to itself. It makes that
the I.V.P. above can be considered as a fixed value problem (4) on C(I) or
on some subset of it.

A classical theorem that guarantees the existence and uniqueness of fixed
points to operators in Banach and more generally in metric spaces, is Ba-

nach’s contraction principle.



Definition. Operator K : A — A, where A C X, and X is a Banach
space, is called contraction on A if there is a constant 0 < ¢ < 1 such that

for any z,y € A

15(2) = K()llx < 0llz —yllx

Banach’s contraction principle.

Let A be a non-empty closed subset of a Banach space X and K : A — A
be a contraction operator with contraction constant 6. Then there is a unique
fixed point T € A, to K such that K7 = T such that

n

n = 0 =
1" (20) = llx < 37— 1 (20) =T[5

for arbitrary xy € A. Here K"(x¢) = K(K(...K(x))...) is the operator
K applied to itself n times.
Proof (not required at the exam) is based on showing that sequential

approximations x,, defined by the equations

xr, = K(Io)
Tn+1 = K(xn)

with an arbitrary initial approximation xy € A, converge to some T € A
that is the unique fixed point of K in A.

Picard-Lindel6f theorem.

Here f: J x G — R" is a vector valued function continuous in J x G. J
is an interval, G is an open subset of R". Let in addition suppose that f is
Lipschitz continuous with respect to the second argument with the Lipschitz

constant L > 0:

1t 2) = fty)ll < Lz -yl ,Vo,y € G

(We could suppose a weaker condition that this Lispchitz property is only



local, but will not do it because it would make the proof just slightly longer
without changing main ideas).

Then for any (7,¢) € J x G the initial value problem

¥ = f(x,t)
z(r) = &

has a unique solution on some time interval including 7. [J
Remark. This local solution can always be extended to a unique maxi-
mal solution. We considered maximal extensions earlier in the course.
Proof to the Picard-Lindel6f theorem.
The proof is based on using the integral form of the I.V.P.

x(t) =¢ +/ f(s,x(s))ds

and applying Banachs contraction principle to it. We use the Banach space
of continuous functions = : I — R"on some compact interval I.

The application of Banach’s principle here consists of two steps. One is
to find a time interval I; and a subset A C C([;) such that the operator K
maps A to itself: K : A — A.

Another one is to find a time interval /5 such that the contractness prop-

erty for the operator

K(z)(t) =¢ —i—/ f(s,z(s))ds

would be valid on a subset of C'(I3). Finally we will choose the smallest of Iy
and I, for both properties to be valid and will conclude the result.

We consider here the case when an interval [7,7+ 7] € J , T > 0 and
try to find a solution on this time interval (or possibly on a shorter time
interval [r,7 + A] with A < T'). Considering a time interval backwords in
time is similar. Choose a closed ball B(€,0) = {z : ||z — &|| < &} such that
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B(&,9) € G.
The function f(¢,x) is continuous on the compact set V' = [r,7 + T]X

B(&,4) in R"™and therefore

M= sup [f(t2)] < oo
(t,x)eV

We are going to estimate || K (x)(t) — || and choose the length T' of the
time interval [r,7 4+ T] in such a way that for any x(t) € B(£,9) for t €
(7,7 + T, it follows that ||K(z(t)) —&|| <6 for t € [r, 7+ T).

It would imply that sup,cq -7y [K(2) (1) — €] = [ K (2) ~ Ello oy < 0

for ||z — ¢ HC([W +rp) < 0. We start with proving the first inequality:

1K () (1) = €l = /f(s,l“(S))dS S/ 1] (s, 2(s))[ ds < TM

We observe that choosing 7' < §/M we get that || K (z) (t) — || < 0 for
t € [r,7 + T| and taking supremum of the left hand side over ¢t € [7,7 + T

arrive to
1K (2) = &l oprrpmy <90

It means that the operator K maps the closed ball A in C'([r,7+7T]) with

T < 6/M, defined by the inequality ||z — &|| o, ;) < ¢ into itself:

K:A— A

Now we check conditions (again the length of the time interval) such
that the operator K would be contraction on the set A with a suitably
adjusted time interval T'. Consider first the difference || K (z) (t) — K (y) ()],
for t € [7,7+ T], apply the triangle inequality, the Lipschitz property of the
function f , and estimate the integral by the length of the interval times

maximum of the function under it.



1K () (1) — K (y <

fsx f(s,y(s))ds

/wSx wmmw;<L/m y(s)| ds <
sup |la(s) —y(s)l|ds = LT |a—

Ylle(irr
te[‘r T+T] Olrr+T1)

Calculating supremum over t € [7,7 + T'] of the left hand side we arrive

to the inequality

K (z) — K (y)Hc([T,TJrT]) < LTz — y||c([T,T+T])

It implies that choosing T' < 1/L we get the contraction property.

1K (z) = K (y )Hc (rrray <0 o — y”C([T,T-l—T]) , 0<o<1

Now choosing the time interval 7' < min(1/L, § /M) we conclude that the
operator K maps the closed ball A in C([r,7 4 T]) defined by

A= {a: e C([r,m+ 1)), ||z - §||o([T,T+T}) < 6}

into itself: K : A — Aand that K is a contraction on A: | K (z) — K ()|l ¢(jr ey <
0|z — yHc([T,TJrT]y 0 <1, for any x,y € A.

By the Banach contraction principle K has for 7' < min(1/L, /M) a
unique fixed point T in A that is the solution to the integral equation (3) and

to the original initial value problem.Hl

Exercise.

Consider the following (nonlinear!) operator

M@@ZAB%@MM%HwW



acting on the Banach space C([0,2]) of continuous functions with norm

[zl ooz = lzllc = sup |z(t)|. Here B(t,s) and g(t) are continuous func-
' te0,2]

tions and [B(t, s)| < 0.5 forall ¢, s € [0, 2] . Estimate the norm || K (z) — K(y)||¢(0.2)
for the operator K (z)(t). Find requirements on the function g(¢) such that
Banach’s contraction principle implies that K (x)(t) has a fixed point.

Solution.

Banach’s contraction principle. Let B be a nonempty closed subset of a

Banach space X and let the non-linear operator K : B — B be a contraction.
[K(z) = K(y)llx <0lle—ylly, 0 <1

Then K has a fixed point T = K(Z) such that

97’7,
1-0

1K™ (z0) — T x <

for any xy € B. Here K™(x¢) = (K(K(...K(x)...)) is the n -fold super-
position of the operator K with itself.

We like to have the estimate ||K(x) — K(y)|| < 6 ||z — y|| for z,y in some
closed subset B of C(]0,2]).

K@)~ K| < | 218 )] [[x(s) ~ [u(s)]| ds|

taking sup

= [J21B( ) e(s) — y() lals) +y(s)lds| <

2
Jids sup |B(t,s)| sup |z(s) —y(s|) | sup |x(s)| + sup |y(s)| | =
t,s€[0,2] s€(0,2] s€0,2] s€[0,2]

2:05lz = ylle (el + lylle) = lle = yllo (lzlle + lylie)
We can choose a ball B C C(][0,2]) such that for any =, y € B it follows

|zl + |lyllo < 0 < 1, for example B can be taken as a set of functions with
||| < 6/2. On this set K will be a contraction because || K (z) — K (y)||o <
Olle — ylle. 0 < 1. |

To apply Banach’s principle we need also that K maps B into itself,
namely that || K (z)||, < 0/2 for ||z, < 6/2.
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It gives a requirement on function g¢(¢). Estimate the operator K :
2
1K (2)]lo < sup | fg B(t, s) ([(s)]) ds| + sup |g(6)] < [|z]l& + llglle
t€(0,2] t€[0,2]

If ||z]|, < 6/2 then we like to have that ||K(z)||, < 6/2 that follows if
1K ()]l < 6%/4+ llglle < 0/2

It is satisfied if ||g||, < 0/2 — 6°/4 = 0/2(1 — §/2). Therefore for ||g||, <
8/2(1 —6/2) the operator K has a unique fixed point in the ball B : ||z, <
/2.




