Suggested solutions
Analytic function theory, MMG700, Exam Jan 3 2018

1. See the literature.
2. See the literature.

3. (a) The derivative of ¢ is 1/(z + 1)? # 0. Hence ¢ is conformal.

(b) The image of the real axis is either a line or a circle since ¢ is a Mdbius
transformation. Since p(z) € R if x € R it follows that the image of the real
axis is the real axis.

The image of the unit circle is also either a line or a circle. Since —1 is on
the unit circle and p(—1) = oo, the image of the unit circle must be a line.
Moreover, ¢(i) = (1 +14)/2 and ¢(1) = 1/2 and so it follows that the image
of the unit circle is the line given by Rez = 1/2.

(c) See the literature.
4. For z with |z| = 2 we have

422 +2+1]<4-2242+1=19< 32 = |2°).

By Rouche’s theorem 2° and 2° + 42% 4+ z + 1 have the same number of zeros in

D(0,2). Hence, z° + 42% + z + 1 has 5 zeros in D(0, 2).

For z with |z] = 1 we have
12° + 2+ 1] <3 < 4= 427,

Rouche’s theorem therefore gives that 42?2 and z° + 422 + 2 + 1 have the same
number of zeros in D(0,1). Thus, 2° + 42% + z + 1 has 2 zeros in D(0,1).

We conclude that 2°+422+2+1 has 5—2 = 3 zeros in the annulus {z; 1 < |z| < 2}.

5. We begin by doing a partial fraction decomposition:

(z—l)l(z—i):1;i (zil_zl—z)

Next, since |1/z| < 11if |2] > 1, we get
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with convergence in {z; |z| > 1}. Hence,
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6. The function 2%(1 + 2?) has a double zero at z = 0 and simple zeros at z = =+i.
tan(z/2) is holomorphic and # 0 in neighborhoods of these points, is # 0 at z = %4,
and has a simple zero at z = 0 since sin(z/2) has. It follows that f has poles of
order 1 at z = 0 and z = +i. Notice that these poles are in D(0,2).

Since tan(z/2) = sin(z/2)/cos(z/2) we see that f also has singularities where
cos(z/2) has zeros, i.e., at z = 7 + 2km, k € Z. Since (cos(z/2)) = —sin(z/2)/2
and sin(z/2) # 0 for z = 7+2km it follows that f has poles of order 1 at z = 742k,
k € Z. Notice that these points are not in D(0, 2).

By Residue rule 1c we get

PR tan(z/2) . sin(z/2) 1 1
Res(£10) =l 2 oy = I A Fom(/2) ~ 2

and, by Residue rule 1a or Ic,

tan(z/2) 1l -e
2(zxi) =t 21+e

Res(f;+i) =

The Residue theorem therefore gives

(Ve = 2mi(Res(£0) + Res(fid) + Res(f; =0)) = 2 (G+ice)
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= 47 .
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it is therefore enough to compute p(a) for a > 0. We may notice that

7. Set p(a) = / cos(az) dzx. Since cos is an even function we have p(a) = p(—a);
0

< 1
©(0) = /0 22 dr = [arctan z]g° = m/2,

but it will also follow below that ¢(0) = 7/2.

Set f(z) = et ['1(R) = [ R, R], and notice that

1+ 22
o 1 [~ 1
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since cos(az)/(1 + z?) is even and integrable on R. Let I'y(R) be the upper half
of the circle given by |z| = R oriented counterclockwise. For R > 1 the cycle

I';(R) + I'y(R) encloses the simple pole of f at z = ¢ but no other pole of f. We

have

az —a

e e
R ) = =
i) = 55— o
and so the Residue theorem gives
/ f(z)dz + / f(z)dz = omiC— = e .
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For z on T'y(R) we have Im z > 0 and so, since a > 0, ["%?| = eRe(iaz) = g—almz < 1,

Therefore, ,
e'* TR
f(z)dz| <7TR sup < — 0
/FQ(R) (=) elo(R) | 1+ 22 1+ R?
as R — oo. Hence,
lim f(z)dz =me™®

and so, by (%),

/°° cos(ax) dr — Re me " me "
0
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for a > 0. We conclude that op(a) = we~1%/2 for any a € R.
ou ., ) . .
. Set f(z) := 5= (uy, — iuy,)/2. Since u is harmonic,
2
of  0%u
oz~ om0z /=0

and so f is holomorphic. Thus, f? is holomorphic. Since
£ = (g, — i) /4 = ((4)* — (w)* — 2iuuy, ) /4

and since the real and imaginary part of a holomorphic function is harmonic it
follows that (u},)* — (u;)* and w,u;, are harmonic.



