
Fourier analysis. Additional exercises.

1. (a) Consider the wave equationu′′
tt = c2u′′

xx. Show that a solution defined in all ofR
2 can

be writtenu(x, t) = f(x+ ct)+ g(x− ct), that is, as the sum of two waves travelling
along thex-axis with speedc in opposite directions.

(b) Show that the standing waveu(x, t) = sin(x) sin(ct) is a solution of the wave equa-
tion. What does itlook like? Decompose it as a sum of two waves as in (a).

(c) Find a solution to the wave equationu′′
tt = 4u′′

xx, valid for all x and t, such that
u(x, 0) = x2, u′

t(x, 0) = x.

2. Consider the vibrating string with fixed endpoints on0 ≤ x ≤ π. Supppose that the initial
conditions areu(x, 0) = sin(2x), u′

t(x, 0) = 3 sin(5x). What is the solutionu(x, t)?

3. If you know the Fourier coefficients off , what can you say about the Fourier coefficients
of f(x−a) and ofeikxf(x) (wherea is real andk is integer)? Compare with the shift rules
for Laplace transform.

4. Whenf andg are2π-periodic Riemann integrable functions, define their convolution by

(f ∗ g)(x) =
1

2π

∫ 2π

0

f(y)g(x− y) dy.

Denoting Fourier coefficients bycn(f), show thatcn(f ∗ g) = cn(f)cn(g).

5. Letf be the2π-periodic function defined byf(x) = ecos(x2) for 0 ≤ x < 2π. What is the
value of its Fourier series atx = 4π?

6. Determine the complex Fourier series of the2π-periodic function that equalsx(x2 − π2)
in [−π, π]. What is the sum of the series at the points2π and3π/2?

7. Letf be the2π-periodic function defined byf(x) = cosh(x) = (ex + e−x)/2 for |x| ≤ π.
Express it as a Fourier series. Compute

∞∑

k=0

1

k2 + 1
.

8. Letf be the2π-periodic function defined byf(x) = cos(ax) for |x| ≤ π, wherea is not
an integer. Express it as a Fourier series. Deduce the identity

π cot(πa) = lim
N→∞

N∑

n=−N

1

a + n
, a /∈ Z.
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9. Show that
sin x

x
=

b0

2
+

∞∑

n=1

bn cos(nx), 0 < x < π,

where

bn =
1

π

∫ (n+1)π

(n−1)π

sin x

x
dx.

Use this result to compute ∫ ∞

0

sin x

x
dx.

10. Expand the functioncos x as a sine series on the interval(0, π
2
). Use the result to compute

∞∑

n=1

n2

(4n2 − 1)2
.

11. Solve the heat conduction problem





u′
t = 3u′′

xx, 0 ≤ x ≤ π, t > 0,

u(0, t) = u(π, t) = 0, t ≥ 0,

u(x, 0) = sin x cos(4x), 0 ≤ x ≤ π.

12. Solve the heat conduction problem





u′
t = u′′

xx, 0 ≤ x ≤ π
2
, t > 0,

u(0, t) = u′
x(π/2, t) = 0, t ≥ 0,

u(x, 0) = x(π − x), 0 ≤ x ≤ π
2

13. A large steak with thicknessl and heat diffusivitya is to be cooked in an oven with temper-
atureT . It is taken directly from the fridge, where the temperatureis 0. The temperature
inside the steak can then be described by






u′
t = au′′

xx, 0 ≤ x ≤ l, t > 0,

u(0, t) = u(l, t) = T, t > 0,

u(x, 0) = 0, 0 ≤ x ≤ l.

(a) Determine, as a series,u(x, t). Since the boundary conditions are inhomogeneous,
one should shift the temperature scale so thatT corresponds to0 (equivalently, intro-
duce the functionv(x, t) = u(x, t) − T ).

(b) Suppose all terms in the series except the first can be ignored. When will the steak be
cooked if that happens when the temperature is everywhere atleastT/4? How much
longer does it take if the thickness of the steak is doubled?
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14. Addendum to Folland, Exercise 2.5.5: Where should the string be plucked if we do not
wish to hear the sixth overtone (corresponding to the seventh term in the Fourier series)?
Motivation: The first five overtones are close to tones in the usual scale. The sixth overtone
is somewhere between two half-tones, and thus sounds false (at least to people accustomed
to European music).

15. Addendum to Folland, Exercise 2.5.6: Can we chooseδ so the sixth overtone is avoided?

16. Letf(t) = 1 − t2 for |t| ≤ 1 and letf be 2-periodic. Determine a bounded solution to






∂u

∂t
=

∂2u

∂x2
, x > 0, −∞ < t < ∞,

u(0, t) = f(t), −∞ < t < ∞.

17. Solve the Laplace equation∆u = urr + r−1ur + r−2uθθ = 0 in the annulus1 < r < 2
(polar coordinates), with boundary valuesu(1, θ) = 0,

u(2, θ) = 1 − θ2

π2
for |θ| ≤ π.

18. Solve the problem





∂2u

∂x2
+

∂2u

∂y2
= y, 0 < x < 2, 0 < y < 1,

u(x, 0) = 0, u(x, 1) = 0,

u(0, y) = y − y3, u(2, y) = 0.

19. Solve the problem






√
1 + t

∂2u

∂x2
=

∂u

∂t
, 0 < x < 1, t > 0,

u(0, t) = 1, u(1, t) = 0,

u(x, 0) = 1 − x2.

20. Solve the problem





u′′
xx + u′′

yy + 20u = 0, 0 < x < 1, 0 < y < 1,

u(0, y) = u(1, y) = 0,

u(x, 0) = 0, u(x, 1) = x2 − x.
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21. Solve the problem






∂u

∂t
− ∂2u

∂x2
= t sin x, 0 < x < 1, t > 0,

u(0, t) = u(1, t) = 0,

u(x, 0) = sin 2πx.

22. Solve the problem






∂u

∂t
= 2

∂2u

∂x2
, 0 < x < 1, t > 0,

u(0, t) = t + 1,

u(1, t) = 0,

u(x, 0) = 1 − x.

23. Solve the problem





uxx + 1 = 1
4
utt, 0 < x < 2, t > 0

u(0, t) = 0, u(x, 0) = x − x2,

u(2, t) = −2, ut(x, 0) = 0

24. Solve the Dirichlet problem

uxx + uyy = 0,
√

x2 + y2 < 1,

with boundary valuesf(θ) = sin2 θ + cos θ (in polar coordinates).

25. Find a2π-periodic solution to the equation

x′′ + 2x′ + x = cos(t).

Also find the solution to

x′′ + 2x′ + x = cos(t), x(0) = x′(0) = 0

and verify that it approaches the periodic solution ast grows.

26. Find a1-periodic solution to the equation

x′′ + 2x′ + x = {t},

where{t} is the fractional part oft (that is, the1-periodic function defined byt for 0 ≤
t < 1). Give the answer in real form.
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27. The functionf(x) is 2-periodic, andf(x) = (x + 1)2 for −1 < x < 1. Determine a
2π-periodic solution to the equation

2y′′ − y′ − y = f(x).

28. The functionf(t) is 3-periodic, and

f(t) =






t, 0 ≤ t ≤ 1,

1, 1 < t < 2,

3 − t, 2 ≤ t ≤ 3.

Determine, as a Fourier series, a periodic solution to

y′′ + 3y = f(t).

29. Show that, in an inner product space, ifun → u andvn → v (in norm), then〈un, vn〉 →
〈u, v〉.

30. Show that, if(ek)
∞
k=1 is a complete orthonormal system in an inner product space, then

〈f, g〉 =
∞∑

k=1

〈f, ek〉〈ek, g〉.

31. Find an orthonormal basis for the space of first degree polynomials, with inner product

〈f, g〉 =

∫ 1

−1

f(x)g(x) dx.

32. Use the previous exercise to determine the constantsa, b that minimize the integral

∫ 1

−1

|ex − ax − b|2 dx.

33. Determine the solutiony(x) to y′′ − y = 0 which minimizes
∫ 1

−1

[1 + x − y(x)]2dx.

34. Determine the polynomialP (x) of degree at most2 that minimizes

(a)
∫ ∞

0

[
√

x−P (x)]2e−xdx, (b)
∫ ∞

−∞
[x4−P (x)]2e−x2/2dx, (c)

∫ ∞

0

[ex/4−P (x)]2xe−xdx.

35. Determine the polynomial of the formP (x) = x3+ax2+bx+c that minimizes
∫ 1

0

[P (x)]2dx.
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36. Let

Qn(x) =
dn

dxn
(xn(1 − x)n) , n = 0, 1, 2, . . . .

(a) Determine the leading term and the constant term in the polynomialQn(x).

(b) Show thatQn(x) andQm(x) are orthogonal inL2(0, 1) if n 6= m.

(c) Determine the norm‖Qn‖ of Qn(x) in L2(0, 1).

37. Apply Parseval’s formula to the2π-periodic functionf(x) = x, |x| < π. Use the result to
compute

∑∞
1

1
n2 .

38. Apply Parseval’s formula to the2π-periodic functionf(x) = x2, |x| < π. Use the result
to compute

∑∞
1

1
n4 .

39. DefineJn(x) through the Fourier series

eix sin(t) =
∞∑

n=−∞
Jn(x)eint

(they are called Bessel functions). Compute, forx ∈ R,

∞∑

n=−∞
|Jn(x)|2.

40. Determine all eigenvalues and eigenfunctions for the Sturm–Liouville problem




f ′′ + λf = 0, 0 < x < a,

f(0) − f ′(0) = 0, f(a) + 2f ′(a) = 0.

41. Determine all eigenvalues and eigenfunctions for the Sturm–Liouville problem




−e−4x d

dx

(
e4x du

dx

)
= λu, 0 < x < 1,

u(0) = 0, u′(1) = 0.

Expand the functione−2x as a series in the eigenfunctions.

42. Using the table in Folland’s book, compute the Fourier transform of

(a) xχ[−1,1](x),

(b) sin xχ[−π,π](x),

(c) e−xH(x),

(d) e−|x| cos(x),
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(e)
1

x2 + 6x + 13
,

(f)
x

(x2 + 1)2
,

(g)
1

(t2 + 1)2
.

Here,H is Heaviside’s function andχ[a,b](x) is the characteristic function of[a, b], that is,
χ[a,b](x) = 1 for x ∈ [a, b] and0 else.

43. If f(x) has Fourier transform̂f(ξ), what is then the Fourier transform ofcos(x)f(2x+1)?

44. Complete the proof of (a) and (b) in Folland, Theorem 7.5.

45. Use Fourier transform to find a functionf such that
∫ ∞

−∞
f(x − y)e−|y| dy = 2e−|x| − e−2|x|.

46. Fora andb positive, use Fourier transform to compute the integrals

(a)
∫ ∞

−∞

sin(at) sin(b(u − t))

t(u − t)
dt,

(b)
∫ ∞

−∞

sin(at) sin(bt)

t2
dt.

47. Using Exercise 22(e), compute

∫ ∞

−∞

(x2 + 2)2

(x4 + 4)2
dx.

48. The functionf(t) has Fourier transform̂f(ω) = ω
1+ω4 . Compute

a)
∫ ∞

−∞
tf(t)dt, b) f ′(0).

49. The functionf(t) has Fourier transform
1 − iω

1 + iω

sin ω

ω
. Compute

∫ ∞

−∞
|f(t)|2dt.

50. Compute
∫ ∞

−∞

sin x

x(x2 + 1)
dx using Fourier transform.

51. The functionf(t) has Fourier transform
1

|ω|3 + 1
. Compute

∫ ∞

−∞
|f ∗ f ′|2dt.
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52. Determine the Fourier transform of the function

f(t) =

∫ 2

0

√
ω

1 + ω
eiωtdω.

Compute a)
∫ ∞

−∞
f(t) cos tdt, b)

∫ ∞

−∞
|f(t)|2dt.

53. Letf(t) =

∫ 1

0

√
ω eω2

cos ωt dω. Compute
∫ ∞

−∞
|f ′(t)|2dt.

54. The continuous functionf(x) has Fourier transform̂f(ξ) = ln(1+ξ2)
ξ2 . Determinef(0) and∫ ∞

−∞ f(x) dx.

55. Show that the functionsϕn(x) =
sin x

2

πx
einx are pairwise orthogonal inL2(R). Determine

numberscn such that ∫ ∞

−∞

∣∣∣
1

1 + x2
−

N∑

n=−N

cnϕn(x)
∣∣∣
2

dx

is minimal. Is the orthogonal system(ϕn)n∈Z complete?

56. Find (as an integral) a solution to the heat equationuxx = ut for t > 0, x ∈ R, where
u(x, 0) = 1 for |x| < 1 and0 else.

57. Find a bounded solution to




ut = kuxx, −∞ < x < ∞, t > 0,

u(x, 0) = (1 − 2x2)e−x2

, −∞ < x < ∞.

58. Show that, iff is even, then under suitable conditions

f(x) =
2

π

∫ ∞

0

F (ξ) cos(ξx) dξ,

where

F (ξ) =

∫ ∞

0

f(x) cos(ξx) dx.

Also give a corresponding formula for odd functions.

59. Letf ∈ L2(R) be given byf(t) = sin(at) sin(bt)/t, with a andb positive. Show thatf
is band-limited in the sense that̂f(ω) = 0 for |ω| > a + b. You may use that standard
properties of the Fourier transform remain valid forL2 functions, even though we have not
gone into this is detail.
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60. If δ andΩ are two numbers with0 < π/Ω < δ, find a functionf ∈ L2(R), such that
f̂(ω) = 0 for |ω| ≥ Ω andf(nδ) = 0 for n ∈ Z, butf 6= 0 as an element ofL2(R). This
shows that the Shannon–Nyquist sampling distance∆t = π/ωmax is the largest possible.
Hint: Use the previous Exercise.

61. Determine the finite (discrete) Fourier transform of thesequence(1, 0, 0,−1). Check the
inversion formula.

62. Give a version of Plancherel’s formula for finite Fouriertransform.

63. Letx(n) beN-periodic, and

x(n) =





1, 0 ≤ n ≤ k − 1,

0, k ≤ n ≤ N − 1.

Compute the discrete Fourier transform. Using Parseval’s formula, compute the sum

N−1∑

µ=1

1 − cos 2πµk
N

1 − cos 2πµ
N

.

64. Determine the discrete Fourier transform of theN-periodic functionx(n) = sin
nπ

N
, n =

0, . . . , N − 1.
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Answers and hints:

1. (a)Hint: Make the change of variablesy = x + ct, z = x − ct.
(c) x2 + 4t2 + xt.

2. u(x, t) = sin(2x) cos(2ct) +
3

5c
sin(5x) sin(5ct).

5.
ecos(4π2) + e

2
.

6. 12
∑∞

n=1
(−1)n sin(nx)

n3 . 0 resp3
8
π3.

7. The Fourier series is
sinh(π)

π

∞∑

n=−∞

(−1)neinx

1 + n2

and the sum is
π

2
coth(π) +

1

2
.

8. The Fourier series is
a sin(πa)

π

∞∑

n=−∞

(−1)neinx

a2 − n2
.

9. The integral equalsπ/2.

10. cos x =
8

π

∞∑

n=1

n

4n2 − 1
sin 2nx (0 < x <

π

2
). The value of the sum is

π2

64
.

11.
1

2
(e−75t sin(5x) − e−27t sin(3x)).

12.
8

π

∞∑

k=0

1

(2k + 1)3
e−(2k+1)2t sin((2k + 1)x).

13. (a)T − 4T

π

∞∑

k=0

1

2k + 1
e−(2k+1)2π2at/l2 sin((2k + 1)πx/l).

(b) The cooking time is approximately
l2

aπ2
ln

(
16

3π

)
, so a twice as thick steak takes four

times as long to cook.

14. Second question: In one of the pointsa = kl/7, k = 1, 2, . . . , 6. Note that these are the
nodes of the sixth overtone.

15. Second question: Yes, takeδ = kl/7, k = 1, 2, . . . , 6.
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16. u(x, t) =
2

3
+

∞∑

n=1

4(−1)n−1

n2π2
e−

√
nπ
2 cos

(
nπt −

√
nπ

2
x

)

17.
2

3 ln 2
ln r +

2

π2

∞∑

n=−∞
n 6=0

(−1)n+1

n2(2n − 2−n)
(rn − r−n)einθ

18. u(x, y) =
1

6
(y3 − y) +

2

π3

∞∑

n=1

(−1)n−1

n3 sinh 2nπ
(sinh nπx + 7 sinh nπ(2 − x)) sin nπy

19. u(x, t) = 1 − x +
8

π3

∞∑

k=0

1

(2k + 1)3
e−

2

3
(2k+1)2π2[(1+t)3/2−1] sin(2k + 1)πx

20. u(x, y) = − 8

π3
sin πx

sin(
√

20 − π2y)

sin
√

20 − π2
−

− 8

π3

∞∑

k=1

1

(2k + 1)3
sin(2k + 1)πx

sinh(
√

(2k + 1)2π2 − 20y)

sinh
√

(2k + 1)2π2 − 20

21. u(x, t) = e−4π2t sin 2πx+2π sin 1
∞∑

n=1

(−1)n−1 n

n2π2 − 1

[ t

n2π2
− 1

n4π4
(1−e−n2π2t)

]
sin nπx

22.

u(x, t) = (t + 1)(1 − x) +

∞∑

n=1

1

n3π3
(e−2n2π2t − 1) sinnπx =

= (t + 1)(1 − x) +
x2

4
− x

6
− x3

12
+

∞∑

n=1

1

n3π3
e−2n2π2t sin nπx

23. u(x, t) = −x2

2
+ 16

π2

∑∞
k=0

1
(2k+1)3

cos((2k + 1)πt) sin( (2k+1)π
2

x)

24. u(x, y) = 1
2
(y2 − x2) + x + 1

2
, or in polar coordinatesu(r, θ) = −1

2
r2 cos 2θ + r cos θ + 1

2
.

25. x(t) = 1
2
sin t, x(t) = 1

2
sin t − 1

2
te−t.

26. x(t) =
1

2
−

∞∑

n=1

sin(2πnt − 2 arctan(2πn))

πn(1 + 4π2n2)
.

27. f(x) =
4

3
+

2

π2

∞∑

n=−∞
n 6=0

(−1)n(1 + inπ)

n2
einπx, y = −4

3
+

2

π2

∞∑

n=−∞
n 6=0

(−1)n−1(1 + inπ)

n2(2n2π2 + inπ + 1)
einπx

28. y(t) =
2

9
−

∞∑

n=1

3(1 − cos 2nπ
3

)

π2n2(3 − 4
9
n2π2)

cos
2nπt

3
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29. Hint: Write 〈u, v〉 − 〈un, vn〉 = 〈u, v − vn〉 + 〈u − un, vn〉.

30. Hint: Use Exercise 15.

31. For instance,1√
2

and
√

3
2
x.

32. a = 3e−1, b = (e − e−1)/2.

33.
2 sinh 1

1
2
sinh 2 + 1

cosh x +
2e−1

1
2
sinh 2 − 1

sinh x

34. (a)

√
π

16
(3 + 6x − 1

2
x2) (b) 3(2x2 − 1) (c)

8

81
(x2 + 12)

35. x3 − 3

2
x2 +

3

5
x − 1

20

36. (a) Leading term(−1)n((2n)!/n!)xn, constant termn!. (b) n!/
√

2n + 1.

37. π2/6.

38.
π4

90
.

39. 1, for anyx.

40. Eigenvaluesλk = ν2
k , whereνk are the positive solutions totan νa = 3ν

2ν2−1
.

Eigenfunctions:νk cos νkx + sin νkx.

41. λ1 = 4 − β2
1 , whereβ1 is the positive root oftanh β =

β

2
; u1(x) = e−2x sinh β1x

λn = 4 + β2
n, whereβn, n = 2, 3, . . . are the positive roots oftan β =

β

2
; un(x) =

e−2x sin βnx

e−2x =

∞∑

n=1

2
√

λN [
√

λn + 2(−1)n]

βn(λn − 2)
un(x)

42. (a) 2i
ξ cos ξ − sin ξ

ξ2
, (b)

2i sin(πξ)

ξ2 − 1
, (c)

1

1 + iξ
, (d)

2(ξ2 + 2)

ξ4 + 4
, (e)

1

2
πe3iξ−2|ξ|, (f)

−1

2
πiξe−|ξ|, (g)

π

2
(1 + |ω|)e−|ω|.

43.
1

4

(
e

1

2
i(ξ−1)f̂

(
ξ − 1

2

)
+ e

1

2
i(ξ+1)f̂

(
ξ + 1

2

))
.

45. f(x) =
3

2
e−2|x|.
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46. (a)π
sin(cu)

u
, (b) πc, wherec = min(a, b).

47. 3π/8.

48. a)i b)
i

2
√

2

49.
1

2

50. π(1 − e−1)

51.
1

9π

52. f̂(ω) =
2π

√
ω

1 + ω
when0 < ω < 2, 0 else. a)

π

2
, b) 2π

(
ln 3 − 2

3

)

53.
π

8
(e2 + 1)

54, f(0) = 1,
∫ ∞
−∞ f(x)dx = 1.

55. cn =





π(e

1

2 − e−
1

2 )e−|n|, n 6= 0

2π(1 − e−
1

2 ), n = 0.

The system is not complete.

56. u(x, t) =
1√
4πt

∫ 1

−1

e−(x−y)2/4t dy.

57. u(x, t) =
4kt + 1 − 2x2

(4kt + 1)5/2
e−

x2

4kt+1

58. See Folland, page 238.

63. The value of the sum isk(N − k).

64. X(µ) =
N−1∑

n=0

x(n)e−2πiµn/N =
sin π

N

cos 2µπ
N

− cos π
N
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