
Supplementary Exercises on L2-spaces and
Sturm-Liouville problem. Part II (Chapt. 3)

1. Consider the space Pn of trigonometric polynomials of maximal degree
n of period 2π, that is

Pn = Span{eikθ; k = 0,±1, . . . ,±n}.

We equipp it with the Hermitian L2-inner product

(f, g) =

∫ π

−π
f(θ)g(θ)dθ.

Let A,B,C,D be the following operator

A =
d

dθ
,B = i

d

dθ
, C =

d2

dθ2
,

and
D : f 7→ Df(θ) = f(θ) + f(−θ).

Which of the operators A,B,C,D are self-adjoint? Find the eigenvalues
and eigenfunctions of A,B,C,D. (Non-self adjoint operators have compelx
eigenvalues, generally.)

2. Which of the following series are point-wise convergent, absolutely
convergent? Which ones are L2(−π, π)-convergent?

(a)
∞∑
n=1

1

n+ 1
cos(nθ),

(b)
∞∑
n=1

1

n+ 1
(−1)n cos(nθ),

(c)
∞∑
n=1

1

n2 + 1
cos(nθ)

(d)
∞∑
n=1

1√
n
cos(nθ)

1



(e)
∞∑
n=1

(−1)n√
n

cos(nθ)

(f)
∞∑
n=1

(−1)n√
n

cos(nθ)

(g)
∞∑
n=1

(−1)n√
n

cos(nθ)

(Hint: Use Abel’s convergence criterion for the alternating series.)

3 1 Find the eigenvalues and eigenfunctions for the following Sturm-
Liouville problem on [0, 1],

f ′′ + λf = 0, f ′(0) = f(0), f(1) = 0.

1 Solution:λn=µ
2
n,µnthesolutionoftanµ=−µ;eigenfunctionfn(x)=µncos(µnx)+sin(µnx)
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