Solution. Exam in MMG710/TMA362 Fourier Analysis, 2017-01-02.

1. Let f be 2r-periodic and f(x) = 2%, —7 < x < 7. The Fourier series of f is given by

fzgg

T'L

cosnx. (1)

(a) Evaluate the series >~ = and )
(b) Find the sum of the Fourier series - | S22 () < z < .

n1n4

Solution The function f is continuous and f’(x) is piece-wise continuous. Thus the Fourier
series of f converges to f everywhere Take x = m and evaluate the Fourier series. Then
cosnm = (—1)"and we get Y | & = %.

Since f’(x) is piece-wise continuous we can get its Fourier series by differentiating the
Fourier series of f(z):

FoumerSemes n—l—l
f'(x) 4 Z sinnz.
Change z to x + 7. The Fourier series of f'(z + 7) is then
n+1 o0

42 sinn(x + ) Z

sin n

For —m <z <m, f'(z) =2z. Nowif0 <z <wmthenm <z +7 <21, —7 <z — 7 < 0,
and f'(z +7) = f'(x — 7) = 2(x — 7), namely

2(:5 _ 7_(_) FouriecSeries 42 (_ )
n=1

sinnr, O<z<m

Answer: —1(z — ).

2. Let V be the three-dimensional subspace V' = Span{sin z, cos® x,sin® x} of the Hilbert
space L*(—m, ) and f(z) = (sinz) cos 4x.

(a) Find an orthonormal basis of 1/ consisting of linear combination of trigonometric func-
tions {sinnx, cos nz}.

(b) Find the orthogonal projection of f onto V' and find the distance between f and the
subspace V.

3

Solution We expand cos? x, sin®  into Fourier series. We have

1
cos® T = 5(1 + cos 2z),
a linear combination of 1 and cos 2z, and
sin’ z = 1(1 — cos2z)sinz = 1sinx — 1(sin3x —sinx) = —sinz — —sin 3z
2 4 4 4
a linear combination of sin z and sin 3z. Thus

{1 + cos 2z, sin z, sin 3z }



form an orthogonal basis of V' and

(14 cos2x), sin x, sin 3z}

-
V3 \/_ \/_

form an orthonormal basis.
Now f(x) = (sinx)cos4x = 5(sinbx —sin3z) = fi(x )+ fv(z) with f(z) = L sinbz

being orthogonal to 1, cos 2z, sin z, sin 3z, with fy(z) = —1 sin 3z being in the space V.
Thus the orthogonal projection Py f of f onto V' is

Pvf=fv, fviz)= —%sin?)x

and the distance between f and V' is || f || = 3.

. Let f(x) = (cose)sinde pind the Fourier transformfAﬁ and compute the integrals [~ f(z)dz
p o0

xT

and 7 f(x)*dx.

Solution Rewrite (cos ) sin 3z = 1 (sin 4z + sin 2x) and (COS“”)TSIW =

where the Fourier transform of each term is known:

% sin4x + % sin 2z,

1
F i —sinax — myx.(§).
T

Thus
(cosx)sindx w

L Z0a(e) + ele).

Now the two integrals can be computed using Fourier transform and Plancherel formula

| e = i = Fa+n -

and

| rapar— o [ era = 3G [ 0a© - xa)ras

—00

We use the definition of x, to compute (y4(&) + x2(£))*:

(xa(&) + x2(8))? = xa(&)? + 2xa(E)x2(€) + x2(£)* = xa(&) + 2x2(€) + x2(&).

Thus

/ @ 2T (142:242) =

. Solve the following homogeneous wave equation

Uy = Uy, t>0, O<az<m

uz(0,t) =0, ug(m,t) =0, t>0

u(z,0) = f(z), uy(x,0) =0 O0<z<m
where f(z) is the function in the Problem 1. Find the position u(z,t) of the wave at the
time ¢ = Z. (Hint: Use the Fourier series (1)).

Solution The Hilbert space L?(0, 7) has an orthogonal basis {cosnz,n = 0,1, - - - }, each of
the basis function satisfies u,(0) = 0, u,(7) = 0; the homogeneous equation u;; = c?uUy,



with the boundary value has solutions cos nx cos(nct), cos nx sin(nct). Thus the general
solution is of the form

f(z) = % + ; cos nx(a, cos(nct) + b, sin(nct)).

We evaluate the constants using the initial value: b, = 0 since u;(x,0) = 0 and a,, are the
Fourier cosine-coefficient of f(z). Thus

2 0 (_1)n
u(z,t) = —+ 42 5 CoSNT cos(nct)

3 n=1
Now at the time ¢ = T we have cos(nct) = (—1)" and
2 > 1
u(z,t) = % +4;ﬁcosm€
This is the function f(z + 7) in Problem 1. f(x + ) = f(xr — 7) = (z — 7)?, since

—m <z —7m<0for0 <z < Answer: Att = =, u(z,t) = (v — m)>.

. The Laplace tranform F'(z) = L[f](z) of f(t) is given by F'(z) = m(l — e7?), where
a is a constant, a € R, a # 0. Find the function f(¢). Determine the value of a so that the
function f(¢) is bounded, i.e. | f(t)| < M, ¢ > 0 for some constant M.

Solution We write a = —\* for A > 0 or A = ip, o > 0. Then 22 +a = (z — \)(z + \).
We perform partial fraction to m,

1 1 1 2 1 1

2(224+a)  2(z—=N)(z+N) :W(_;+z—>\+z+)\)'

The Laplace inverse f(t) of F'(z) is
F(1) = gya(=2+ e+ MY (H() ~ H(t — 1))

The function f(t) is bounded if and only if A = iy, thatis a = —\* = p? > 0.

(e 9]
n=—oo

. Prove the Bessel’s inequality for the Fourier series ) c,e™ of afunction f in L?(—7, 7).

Solution See the textbook.



