Mathematical Sciences (MV), Chalmers/GU Phone: 0703-088304 Gustav Kettil
Monday, August 17, 2015, 8:30-12:30. Presence of teacher: ~ 9 : 30 and ~ 11 : 30

Tools: Only the attached sheets (2 pages) of formulas. No calculator or handbook is allowed.
(Language Dictionaries are allowed/Spraklektion ér tillatet)

Exam in MMG710/TMA362 Fourier Analysis

1. Let f(x) be the 27-periodic function on R such that f(z) = |z|, —7 < x < 7. The Fourier
expansion of f(x) is

_r_Z . 1
2 ™ 2n —1)2 )
Find the Fourier series expansions of the perlodlc functions f’(x) and f — 5)dt.
2. Consider the space L?(0,1) with the norm square || f||*> = fo x)%dx and its subspace V

consisting of functions of the form a + bz, a, b being constants. F1nd the distance between
the function f(z) = x? and the space V. (Recall that the distance between f and the space
YV is defined to be the minimum among all ||f — v|, v € V.)

3. The Fourier transform f(g ) of a smooth function f on R is given by

o~

F(&)=0,€¢0,1]; =_——— ¢€o,1].
o =00 flo =g eeho
(a) Find the values f(0) and f'(0). (b) Compute the integral [~ _|f(x)[*dz.
4. Solve the following wave equation
Uy = C*Uyy + COS T, t>0, O<ax<m

uz(0,t) =0, ug(m,t) =0, ¢t>0
u(z,0) = |z|, u(z,0) =0 0<zx<m.

(Hint: Use the Fourier series of |x| in Problem 1 above.)

5. (a) Give an example of a piece-wise continuous 27-periodic function whose Fourier series
is not absolutely convergent.

(b) Prove the Lagrange identity for the Sturm-Liouville operator L(f) = f” on the interval

[a, b], namely, find a formula of the form f; L(f)gdx = fab fL(g)dx + R and compute the
reminder term R.

6. Formulate and prove a statement on uniform convergence of Fourier series.

Grades: 6 problems each of 4 points.
MMGT710: G (12-17 p.), VG (18-24 p.). TMA362: 3 (12-14 p.), 4 (15-17 p.), 5 (18-24 p.)
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Basic Fourier Transforms and Laplace Transforms

~

0.1 Fourier transform F : f(z) — f(£). (a > 0 and ¢ € R are constants)

flz—c) e f(€)
¢ f(x) fle—a)
f(az) o' f(ag)
f'(x)
zf(x)

(f * g)(z) F(©)3(©)
f

e %7 2; € 2a
(x® +a?)7? T e —al]

o—ale] 2a(€% + a?)~

Xa(z) 267" sin ag
rsinax TXa(§)

0.2 Laplace transforms L : f(t) — F(z) = Lf(2). (a > 0 and ¢ € C are

constants)
H(t—a)f(t—a) e *F(2)
e f(t) F(z—c¢)
f(at) a'F(a12)
70 2F(z) ~ (0)
() 2F(z) - 21(0) — /(0)
fxg FG
Hx f(t) = [} f(s)ds 2 UF(2)
tf(t) —F'(2)
sinct resp. cosct iz Iesp. s
sinhct resp. coshct| %5 resp. S
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Some formulas in Fourier analysis

Trigonometric identities

i L eix + e—ix ) eia: _ e—ia:
e =cosx +isinz, cosr = ———, sing = —————,
2 21
cos(z +y) = cosxcosy — sinzsiny, sin(z + y) = sinx cosy + cos xsin y,
.9 1 —cos2z 9 1+ cos 2z
sin“r = ———, cos’r = ————,
2 2
_ , cos(x — y) — cos(z +y) cos(z —y) + cos(x + y)
sinz siny = 5 : COST COSY = 5 :
_ sin(x 4+ y) + sin(z — y)
sinz cosy = 5 .

Hyperbolic functions

et +e " . et —e™ "
coshy = ——, sinhy = ——
2 2

Characteristic and Heaviside functions
1, |z| < a,
a\l) =
Xal®) {0, lz| < a.

1 t >0,
H(t) =4’
0, else.

Gamma function I'(a)



