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Gauss’ Theorema Egregium

The Gaussian curvature K depends only on the first fundamental form.

We claim that we can write
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We know that (EG− F 2)2K = (EG− F 2)(LN −M2) and that the coefficients L , M and N
are given by

√
EG− F 2 L = det(σu, σv, σuu)√
EG− F 2 M = det(σu, σv, σuv)√
EG− F 2 N = det(σu, σv, σvv)

Therefore

(EG− F 2)(LN −M2) = det(σu, σv, σuu) det(σu, σv, σvv)− (det(σu, σv, σuv))
2 .

Let R be a matrix with rows ri and C a matrix with columns cj . The entry on place (i, j) of
the matrix RC is equal to the scalar product ri · cj . So

det(σu, σv, σuu) det(σu, σv, σvv)− (det(σu, σv, σuv))
2
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Here we used the definition of E , F and G , and the fact that Eu = 2σu · σuu , Ev = 2σu · σuv ,
Fu = σuu · σv + σu · σvu , Fv = σuv · σv + σu · σvv , Gu = 2σv · σvu amd Gv = 2σv · σvv .

Because the minors of position (3, 3) in both determinants are equal we can also write∣∣∣∣∣∣
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We derive further:

Evv =
∂

∂v
(2σu · σuv) = 2σuv · σuv + 2σu · σuvv

Fuv =
∂

∂v
(σuu · σv + σu · σuv) = σuuv · σv + σuv · σuv + σuu · σvv + σu · σuvv

Guu =
∂

∂u
(2σv · σuv) = 2σuv · σuv + 2σv · σuuv

Elimination of σu · σuvv and σv · σuuv gives

Fuv − 1
2
Evv − 1

2
Guu = σuu · σvv − σuv · σuv .


