
MATEMATIK
Göteborgs universitet

js

Lösningar till tentamensskrivningen
MMG720, Differentialgeometri, 20090307

1. Prove the Four Vertex Theorem: every convex simple closed curve inR2 has at least
four vertices.

If the function κs is not constant, it attains its maximum and minimum, say inP och Q.
AssumeP andQ are the only vertices. The segmentPQ, which we may assume to lie on
thex-axis, divides the curve in two parts. On one of itκ′

s > 0, on the otherκ′
s < 0; we may

assume thaty < 0 there. Then
∫

C
yκ′

sds > 0. On the other hand, by partial integration∫
C

yκ′
sds = −

∫
C

y′κsds =

∫
C

x′′ds = 0 ,

becauset′ = κsn , wheret =
(

x′

y′

)
andn =

(−y′

x′

)
. This contradiction shows thatκ′

s has one
more sign change. If there are three sign changes, then there is a fourth.

2. Let γ (s), s ∈ [0, l], be a positively oriented closed convex plane curve. Letl(γ ) be its
length andA(int(γ )) be the area of its interior. The curve

δ (s) = γ (s)− rn(s) ,

where r is a positive constant, andn is the normal vector, is called a parallel curve to
γ . Show that
a) l(δ ) = l(γ ) + 2πr ,
b) A(int(δ )) = A(int(γ )) + rl(γ ) + πr2 ,
c) kδ(s) = kγ(s)/(1+ rkγ(s)), where kδ and kγ are the curvatures of the curvesδ and

γ , respectively.

a) We assume thatγ is unit-speed. We haveδ ′ = γ ′− rn ′ = γ ′ + rkγ ′ = (1 + rk)γ ′ , so
l(δ ) =

∫ l

0
1 + rk ds = l(γ ) + r

∫ l

0
k ds = l(γ ) + 2πr .

b) By Green’s theoremA(int(δ )) = 1
2

∫ l

0
det(δ , δ ′) ds . We compute thatdet(δ , δ ′) =

det(γ , γ ′) − r(det(γ , n ′) + det(n , γ ′)) − r2k det(n , γ ′). Observe thatdet(n , γ ′) =

− det(γ ′, n) = −1, and
∫ l

0
det(γ , n ′) ds = det(γ , n)|l0 −

∫ l

0
det(γ ′, n) ds . As γ is a

closed curve,det(γ , n)|l0 = 0. We are left with the following integral1
2

∫ l

0
det(γ , γ ′) +

2r + r2k ds = A(int(γ )) + rl(γ ) + πr2 .
c) kδ = det(δ ′, δ ′′)/||δ ′||3 . We know thatδ ′ = (1+rkγ)γ

′ . So δ ′′ = (1+rkγ)γ
′′+rk′γ γ ′

anddet(δ ′, δ ′′) = (1 + rkγ)
2 det(γ ′, γ ′′) = kγ(1 + rkγ)

2 . Inserting gives the formula.

3. Define the tangent space at a pointP of a smooth surfaceS and show that it is a
two-dimensional vector space.

See Pressley, p. 74.

4. Show that Scherk’s surface
z = ln

(cos y

cos x

)
is a minimal surface, i.e.,H ≡ 0.



We parametrise and compute derivatives:

σ = (u, v, ln
(cos v

cos u

)
)

σu = (1, 0, tan u)

σv = (0, 1,− tan v)

σuu = (0, 0, 1/ cos2 u)

σuv = (0, 0, 0)

σvv = (0, 0,−1/cos2v)

This givesE = 1 + tan2 u = 1/ cos2 u , F = − tan u tan v , G = 1 + tan2 v = 1/ cos2 v .
ThereforeEG − F 2 = 1 + tan2 u + tan2 v . We find L = 1/ cos2 u

√
EG− F 2 , M = 0

och N = −1/ cos2 v
√

EG− F 2 . To find the principal curvatures, we have to solve, upon
replacingκ by a multiple,

det

(
(1− λ)/ cos2 u λ tan u tan v
λ tan u tan v (−1− λ)/ cos2 v

)
= 0 .

This gives(λ2 − 1)/ cos2 u cos2 v − λ2 tan2 u tan2 v = 0. Without explicitly computing the
values ofλ andκ one sees that there are two solutions with opposite sign, soH = 0.
Alternatively, one can use the formulaH = LG−2MF+NE

2(EG−F 2)
. As M = 0 it suffices to show

that LG + NE = 0.

5. Describe the geodesics on a torus.

See Pressley, p. 312.

6. a) Show that a geodesicγ on a surfaceS , which is also a line of curvature, is a plane
curve.

b) Show that a geodesic with nowhere vanishing curvature, which lies in a plane, is a
line of curvature.

c) Give an example of a line of curvature, which lies in a plane and is not a geodesic.
(5p).

a) If a geodesicγ is a line of curvature, thenN × γ ′ is a constant vector, whereN is the
normal of the surface, because(N × γ ′)′ = N′ × γ ′ + N × γ ′′ . The geodesic consdition
gives that γ ′′ and N are parallel, whereasN′ and γ ′ are parallel becauseγ is a line
of curvature. The curveγ lies in a plane withN × γ ′ as normal vector, with equation
γ · (N× γ ′) = const, as(γ · (N× γ ′))′ = γ ′ · (N× γ ′) = 0.
b) Geodesic implies thatγ ′′ is a multiple ofN. So if γ ′′ 6= 0, the vectorN is parallel to
the plane of the curve, and the same holds then forN′ . BecauseN′ is perpendicular toN,
it has to be a multiple ofγ ′ , and the curve is a line of curvature.
c) A parallel on a surface of revolution is always a line of curvature, lying in a plane, but it
is not a geodesic, unless the tangent plane is parallel to the axis.


