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ABSTRACT

In this paper we study the average Lo,-norm over T-polynomials, where « is a positive integer. More
precisely, we present an explicit formula for the average La,-norm over all the polynomials of degree
exactly n with coefficients in T, where T is a finite set of complex numbers, « is a positive integer,
and n > 0. In particular, we give a complete answer for the cases of Littlewood polynomials and
polynomials of a given height. As a consequence, we derive all the previously known results for this
kind of problems, as well as many new results.

2000 MATHEMATICS SUBJECT CLASSIFICATION: 33C50, 42C05

1. INTRODUCTION

The set of polynomials with special coefficients has given much attention and there are many old
research questions concerning it. Erdos and Szekere; Hilbert; Littlewood; Prouhet, Tarry, and Escott,
are suggested number of these questions (see [B3, Pages 5-7]). For example, Prouhet, Tarry, and
Escott asked to find a polynomial with integer coefficients that is divisible by (z —1)™ and has smallest
sum of the absolute values of the coefficients, and Erdos and Szekere asked to find the minimum of
[[TI=1 (1 — 2%)||oc where the a; are positive integers, for given n. The problem to find the maximum
and the minimum norms of polynomials with special coefficients is a specific old and difficult problem.
In the £4-norm this problem is often called Golay’s ”Merit Factor” problem. In the supremum norm
this problem is due to Littlewood. These problems are at least fifty years old and never had solved.
In this paper we interested in the following problem (for particular cases see [B3, page 35]): Find the
average Lo,-norm over polynomials of degree exactly n with coefficients in a given finite set 7', where
a is a positive integer. In this paper, we give a complete answer for this problem.

Let T = {z1, %2, ...,2q} be any finite set of complex numbers. A polynomial p(z) = an2"+: - -+a12+ao
is said to be T -polynomialif a; € T for all i, 0 < i < n. We denote by T7(n) the set of all T-polynomials
of degree exactly n. For example, if T' = {0, 1,2} then the set of T-polynomials of degree exactly 1 is
given by Tr(1) = {2,22,2+ 1,22+ 1,2+ 2,22 4+ 2}. The cardinality of this set, Tr(n), is denoted by
Nr(n). Clearly, for all n > 0,

dartt, 0¢gT and n > 1,
Nr(n) =< (d—1)d*, 0€T andn>1,
d, n = 0.

1Research financed by EC’s IHRP Programme, within the Research Training Network ” Algebraic Combinatorics in
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2 AVERAGE NORMS OF POLYNOMIALS

A polynomial p(z) is said to be Littlewood polynomial if it {—1,1}-polynomial. A polynomial p(z) is
said to be polynomial of height h if it {—h,—h + 1,...,h — 1, h}-polynomial. For example, p(z) =
2% — 2+ 1 is a Littlewood polynomial of degree 2, and p(z) = 23 — 222 — 1 is a polynomial of height 2
and degree 3.

Let p(z) be any T-polynomial of degree exactly n. For any positive integer «, the £,-norm on the
boundary of the unit disk is defined by

1 2 0 é
lolle = (5 [ ot a0)

Let f,g,h be any three R-polynomials, the (f, g, h)-average over T-polynomials of degree exactly n is
defined by
2w

(1) Er(n; f,9,h) = h(e”) f(p(e”))g(p(e™")) b

1
27TNT(TL) pETT (n) 0

for any n > 1. We denote by er(n,s,t,m) the (2%, 2%, 2™)-average over T-polynomials of degree
exactly n, where m € Z and s,t,n > 0.

We define the average L, -norm over T-polynomials of degree exactly n by

@ e =erma/a20)= s 3 b= gy 3 [ ks

peETT(n)

for any positive integer a. For a = 0 we define p%(n) =1 for all n > 1.

Some one could ask to find an explicit formula for p2%(n), where T is a finite set of complex numbers
and « is a positive integer (for particular cases, see the research problem in [B3, Page 35]). While
the cases of Littlewood polynomials and polynomials of height h have attracted much attention (for
example, see [B3, BC, NB]), the case of other sets T'. The case of T' = {—1, 1}, Littlewood polynomials,
considered by several authors as follows. In 1990, Newman and Byrnes [NB] found p?_m}(n) =

2n? + 3n + 1. In 2002, Borwein and Choi [BC] proved
gy 13(n) =6n° +9n” +4n + 1,
py_y 13 (n) = 24n* + 30n® + 4n® + 5n + 4 - 3(=1)™
In the case T = {-1,0,1}, polynomials of height 1, Borwein [B2] proved /‘%—1,0,1}(") = 2(n+1),

K _10,0y(0) = 2(4n*+7n+3), and 1 1 013(n) = 2 (8n*+18n”+13n+3). More generally, Borwein [B2]
found for any h > 0,

p‘%—h,—h—i—l,...,h—l,h} (n) = h(h+1) (n+1),
B ptonn1ny () = h(fi;f” (10h(h + 1)n2 + (19h2 + 19k — 3)n + 3(3h2 + 3h — 1)).

In this paper we suggest a general approach to study the average L2,-norm over T-polynomials of
degree exactly n, for any positive integer a and any finite set T of complex numbers, which allows
one to get an explicit expression for p2%(n). More precisely, we find an explicit expression for the
generating function er(z,u,v,w). Using this generating function we get an explicit expression for
er(n;s,t,m) in general, and p2*(n) = er(n,a,,0) in particular, where m € Z, s,t,n > 0, « is
a positive integer, and T is a finite set of complex numbers. As a consequence, we derive all the
previously known results for this kind of problems, as well as many new results.
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The main result of this paper can be formulated as follows. We denote by er(x,u, v, w) the generating
function for the sequence {er(n, s,t,m)}n, s,t.m, that is,

er(x,u,v,w) E E r(n, s, t,m)z " usvtw™.

meEZ p,¢,n>0
Theorem 1.1. Let T = {z1,%2,...,24} be a finite set of complex numbers. Then the generating
function er(z,u,v,w) is given by
SENDy
& (U zju— spuw =g uw ) (1 - B0 — T, 0w — e — g own )

n>1 J1seeesjn=1

Moreover, er(n, s,t,m) is given by

1 d n+1 ; s t
prEs) )OI > [ @5z )<k1,.. n+1><el, : ,en+1)'

Jirndnt1=1 8820 k14 -+ kny1 =s a=1
bt lny1 =t
S+ e~ 1)(ta — ka) = m

Using Theorem 1.1 we get an explicit expression for the average Ls,-norm over T-polynomials of
degree exactly n, namely u2®(n).

Corollary 1.2. Let T = {x1,%2,...,24} be a finite set of complex numbers. Then the average Lon-
norm over T-polynomials of degree exactly n, namely p2%(n), is given by

d n+1
1 [ a a
drtt 2 2 11 @:73. )(kh ey kn+1> (51; cee ,5n+1)'

J1yofnp1=1 k1 +~~-+kn+1 =a a=1
b+ -+ lny1 =
Satila—1(ta —ka) =0

Proof. If applying Theorem 1.1 and the identity er(n,a,a,0) = p2%(n), then we get the desired
result. O

The paper is organized as follows. The proof of our main result, Theorem 1.1, is presented in Section 2.
In section 3 we present a general application for our results. In particular, we give an explicit formulas
up to o = 4 where ), .t = 0 (as in the case of Littlewood polynomials and polynomials of height
h). In Section 4 we apply our main result for ceratin sets T', which allows us to get more details in the
cases of Littlewood polynomials and polynomials of height 1. Finally, in Section 5 we suggest several
directions to generalize the results of the previous sections.

2. PROOFS

Let us start by introduce the quantity that plays the crucial role in the proof of Theorem 1.1.

Theorem 2.1. Let T = {z1,%2,...,24} be a set of complex numbers, n > 1, m any integer, and
s,t > 0. Then

(3) er(n, s, t,m) = %igé 2o (Z) <z>eT(n—1,k,€,m+k—€).
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Proof. Let z = € and fs;m(p(2)) = 2™p?(2)P'(2), where B(z) is the conjugate polynomial of the
polynomial p(z) € Tr(n). Since for any T-polynomial p(z) € Tr(n) there exists an unique polynomial
q(z) € Tr(n — 1) and exists j, 1 < j < d, such that p(z) = z¢(z) + z;, we have that

Yo form(p(2) = 2™ Z Y () +2;)°(Za(2) + 75)"
p(z)ETT(n) J=1q(z)€Tr(n—1)
Using (z +y)* = Zf 0 (k)wfyk i and 7 = 27! we get

S = Y Y Y Ve ’“@”()(;)fk,e,m+k_e<q<z)).

p(2)€TT(n) q(z)€TT(n—1) j=1 k=0 {=0

Therefore, using Definition 1 we get the desired result. O

To present Recurrence 3 in terms of generating functions we need the following lemma.
Lemma 2.2. Let F(x,y) = Zs,t>0 ds 17yt be a generating function with two variables. Then

s t
st s—kpt—t s\ [t 1 x y
D@y DD dk,zf(>(>>= F( : )
5,6>0 (k:oe:o k) \& (1 —az)(1 —by) 1—az’1—by

Proof. By definitions we have

1 z —sp—t (a ) (by)
(l—am)(l—by)F(l—aa: 1—by) Z atb” ds’ —azx)st1(1 — by)t+l’

5,620

Using ﬁ =0 (7)z" we get

1 z Yy k—spl—t kN (€N & ¢
F = b ds )
(1—-az)(1-by) <l—ax’1—by) 5%0 k,gzzoa s )\e)" Y

equivalently,
s t
1 T s\ [t
F z® y as_kbt_[dk,e( ) ( ) .
(1-azx)(1—0by) (l—am 1—by> sgo (;;Z:o; k) \L
as claimed. d

Remark 2.3. Lemma 2.2 can be generalized as follows. Let

k
S
F(vy,...,v) = E €s1,...,8% Hvdd
d=1

81,82,..-,5% >0

be a generating function with k variables. Then

k 81 ED) Sk k s
sS4 o . d Sa—Jjd
E : Hvd E : § : 2 :6J1,J2,---,1k H (J >wd
a=1 e

81,82,...,8,>0 d=1 71=0 j2=0 Jx=0

is given by

1 F( V1 V2 Vg )
ngl(l—vdwd) 1—wivr’ 1 —wovy’ 1 —wpop )
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Now we are ready to prove our main result, namely Theorem 1.1.

Theorem 2.4. Let T = {z1,22,...,24} be a finite set of complex numbers. Then the generating
function er(z,v,u,w) is given by

d _
Sla X
heell KA a= (1-zju—zjpuwt —-- —g; uvw ") (1 -T,v—Toow—--- —T;, vw" 1)
= sy Jn=

Proof. If multiplying Equation 3 by z”u®v!w™, and summing over all m € Z, s,t > 0, and n > 1,

together with using Lemma 2.2, then we arrive to

d

z

_ Soytpym — 7 1 u wy

er(z,u,v,w) — Y. Y e(0,s,t,muviw™ = 7 E I:(lfzju)(lfzijv) er (a:, R kzﬁvaw)] .
mEZs,t>0 j=1

On the other hand, by definitions we have that er(0,s,t,m) = %Z?ﬂ 6ma:§az_jt for any m € Z and
s,t > 0, where 6, = 1 if m = 0, otherwise 6, = 0. So

d
1 1
s, t,om __
E E er(0,s,t,m)u’viw —dE A= zud -7

mEZ s,t>0 7j=1

Therefore, by combining the above two equations we get that

u wv
4 1 .
4) er(@,u,v,v) dZ (1—=zju) 1—:1:]1;) [ +er (a:, w(l—xju)’l—a:jv’w)]

An infinite number of applications of this identity concludes the proof. O

Remark 2.5. Theorem 2.4 yields the generating function er(x,u,v,w) is symmetric under the trans-
lation (u,v,w) = (v,u,w™?), that is, er(z,u,v,w) = er(z,v,u,w™").
Theorem 2.4 can be presented as follows.

Corollary 2.6. Let T = {z1,%2,...,24} be a finite set of complex numbers. Then the generating
function er(z,v,u,w) is given by

s t i luvtw(
>y v ox el )0 =

n>1j1,.0jn=18t>0 ki +4---+kn =5 a=1
ll+"'+ln:t

(a=1)(ro—ta) )

Proof. Using Theorem 2.4 we get that the generating function er(z,v,u,w) is given by

d n—1,,s,,t
S Y Y (@ ot o) (T T4 4Tt l) Y
(zj, +zjow -+ xj,w ) (T +Tpw+ -+ 35w ) o
n>1 | 1.4 in=1 8,20
n k;

J
=145 O

the rest is easy to check by the identity (a1 + ...+ ap)® = Ek1+'~~+kn:s (k1 s k,.) I1
Let us denote by u%(z) the generating function for the sequence {u$(n)}n>o0, that is, uf(z) =
>0 #3(n)z™. Corollary 1.2 gives a complete answer to find the generating function p3*(z) for
any given finite set T' and positive integer a.
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Example 2.7. Using Corollary 1.2 for a = 1 we get that

d n n—1 d n
G0=% 3 (St ) G =X [ Dk ) 5
k=1 j=1

n>1ji,.,jn=1 n>1

so it is easy to see that p%(z) = d(%w) Y ohey |2 |? + zpd(z), hence

n+1 d
@) = 3 [ LS g | an
7j=1

n>0

In particular, we have that py_113(n;2) =n+1, and py_1,013(n;2) = 3(n + 1).

Corollary 1.2 provides a finite algorithm for finding the average u2®(n) where n, T, and « are given.
This algorithm has been implemented in MAPLE, and yields explicit results for given n, T', and «
(see the tables below).

Remark 2.8. To apply Corollary 1.2 we have to consider d™ possibilities for j; and (’”gfl)2
n+a—1)

POSSi-

bilities for k; and £;, namely we have to consider d"( 2 possibilities. Therefore, Corollary 1.2,

for n large, works very slowly.

3. EXACT FORMULAS

Corollary 1.2 provides a close formula for finding the average La4-norm over T-polynomials of degree
exactly n for any given n > 0 and a > 1. Remark 2.8 yields that the problem to find exact formula
for p2%(n) with given only a > 1 it is a hard problem by using Corollary 1.2. Thus, we suggest here
another approach to find an explicit formula for p2%(n).

First of all, let us denote by e%(z,w) the (s + t)-derivative of the generating function er(z,u,v, w)
with respect 4® and then with respect v* at u = v = 0, that is,
6s+t

s,t s,t

e =ep (z,w T, U, U, W)

)= Ous vt er( w0

For any s,t > 0, we define

d
st _ s=—t
Apt = E Ty
i=1

Now let us consider Equation 4. This equation provide a finite algorithm, p-algorithm, for finding
er(n, s,t,m) in general, and p3%(n) in particular, since s!t! er(n, s,t,m) is the coefficient of w™z™ in
the (s +t)-derivative of the generating function e (z,u,v,w) with respect to u® and then with respect
vt at u = v = 0, namely €5’ (z,w), and p2%(n) = er(n; a,a,0). Therefore, the py-algorithm with input
a and output p?%(z) can be constructed as follows:

(1) Apply the derivative operator with respect u® and then with respect v* on Equation 4 for all
s,t, where 0 < s,t < a.

(2) Find explicitly e%:t for all s,t, where 0 < s,t < a. This by solving the system equations which
is obtained from step 1.

(3) Find p2%(z), which is the free coefficient of w in e}’®(z, w).

This algorithm has been implemented in MAPLE , and yields explicit results for given a. Below we
present, several explicit calculations.
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3.1. Formula for p2(n). Let us start by apply the p-algorithm for & = 1. The first step of the

p-algorithm gives

(0 =1+ zey’,
A = A 4 AT 4 5,
| et = e+ gag080 + 230
[ e}t = B+ FALE0 4 AL 4 £ A 4 el

Equivalently (the second step of the p-algorithm),

00 — 1 oh0 — A7’ Q01— AP
T "1-20 T dl-z1-2zw') T — dl-z)(1 —zw)’
and
1,1 _ 1 1,1 Tw zw™?! 1,0 40,1
er = ga—apAr + (d2(1—w)2(1—xw) + d2(1—w)2(1—ww—1)) Ap A7

Therefore, the third step of the p-algorithm gives p%(z), which is the free coefficient of w in e%r’l

Hence, we get the following result.
Corollary 3.1. We have

(z,w).

d
1 1 .
2\ 11 _ 12
uT(x) - d(]. _ .73)2 T d(]. _ .’L')2 ]:Zl |$J| .
Moreover, for all n > 0,
d
n+1 n+1
PIOESALYEEERY S/
j=1

For example, in the case of Littlewood polynomials, namely 7' = {—1,1}, we have that p%(n) = n+1,
and in the case of polynomials of height h, namely T = {—h,—h + 1,...,h — 1,h}, we have that

pi(n) = 25 (n + 1),

3.2. Formula for p4.(n). Again, using the p-algorithm for o = 2 we get that

0,2 _ 2 0,2 2zw 0,1 40,1
er = gico =z AT t da—zener AT
20 _ 2 420, 2z  1,041,0
€ = stz AT T i e AT
1,2 _ 2 1,2 4zw 0,1 41,1 zw? 0,2 41,0 2% 1,0 40,2
ér - d(lfz)(lfww)AT + d(lfww)eT AT + d(lfavw)eT AT + dw(lfww)eT AT

+ 4z L1 4 )1

dl—zw)"~T “*T >

21 _ 2 420 4z 1,0 1,1 z 0,2 40,1 2zw 1,0 42,0
= T ATt it (HWAT + martner AT+ gsuner Ar

iz 1,1 41,0
+d(1—zw—1)eT AT ’

2,2 _ 4 2,2 | 8zw 01 42,1 | 2zw? 0,2 42,0 2 2,0 40,2 8z 1,0 41,2

ey’ = 2—d(1—z)12;4T1 1+ i—a) eTl ;47“1 0+ -y er iT 01: mei—ner At + maoner Ar
16z s ) dzw ) » 4z » >
+aa-a6r Ap + di-a)°T Ap + dw(i—z) T Arp
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Solving this linear system in e’ where 0 < s,¢ < 2, we get an explicit expresswn for e (z,w) (it is

long to present here). Using this expression we find the free coefficient w of eT %(z,w), hence we get
the following result.

Corollary 3.2. We have
2 2 2 2
pr(z) = ai— x)2A2Z + d2(1 z)3 (All) +7%(1(1_;§§3 [(A%ro) AOT’1 + (AOT’I) A%r’o]

8 1,0 0,1
T 54(1+z (AT) (AT) :
Moreover, for all n > 0,

2(AL0 2 401 2 9( AL 2 ALO 2A0,1+ A0:1 2A1,0 AL0 2 401 2
pr(n) = (ngST)"3+{ (dTQ) +[(T) T2d3(T) T]_(T)dST) n?

ALl A2:2 2( AL0)2(40:1)2 A22 1—(—1)")( AL9)2(491)2
L) A (nglgT)}n+ 4 (COM (AR (43

(1—(=1)™) [(AlT,O)ZAo 1 AO 1 2 41, o]
- 3d°

For example, in the case of Littlewood polynomials we have that /‘?71,1}(") =2n2+3n+1, and in
the case of polynomials of height h we get that

1
iy (mi4) = h(f;i;)(mh(h +1)n? + (1952 + 19k — 3)n + 3(3h2 + 3h — 1)).

3.3. Formula for u2%(n) where A}’O = 0. Similarly to the previous subsection, our results can be
extended to the case of u$(n). Since the answers become very cumbersome, we present here only the
simplest case when A%® = Z‘ji:l z; = 0. Therefore, if we apply our approach for finding p3*(n) where

AZ? =0 (so A%" = 0), then we get the following result.
Corollary 3.3. Let T = {z1,%2,...,24} such that E;-lzl xz; =0. Then

(i) .
Wr(@) = g
W 4 1 2,2 4z 1,12
pr(z) = WAT’ t B o) (AT’ ) :
(iii) ,
pr(x) = d(1 i ) A7 d2? (118_ z)3 Al 1A2 ? d3(:i6f z)* (A%rzl):;-
(iv)

Hi () = d0- $)2 A4 t+ d2(§2mz Al 1A3 St dz?fzz (A2 2) + d34(?12zm)4 A2T’2 (A;“’l)Q

T2 G ae gt ST oa ) (402)2(AZ0)2 4 ATt (A1)
4823 0,3 42,0 21 3,0 40,2 41,2
S i 4 gt
+taamoramen (A2 A + (A7 )* A7)
( ) ( ) 2,012 40,4 0,2\2 44,0
+3a ’3—2—2_(1 o= (AT ) A7™ + (A77)*Ag).
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4. APPLICATIONS

In this section we discus particular cases of Theorem 1.1 and Corollary 1.2. More precisely, we apply
Corollary 1.2 for ceratin finite sets of complex numbers (special real numbers), and then we present
explicit formulas for p2® for certain positive integers a.

4.1. Littlewood polynomials. Here we suggest formulas for 2% (n), where T' = {—1, 1} (Littlewood
polynomials). Corollary 1.2 for T = {—1,1} gives the following result.
Corollary 4.1. The average Lon-norm over Littlewood polynomials of degree exactly m, namely
,u%il’l}(n), is given by

2

1 ntl a a
_ E —1)2e=1 ds(ks+Es) .
on+1 Z ( ) kla . 617 .

.k L
Jiseendnt1=1 k14 -+ knt1 =« Al ol
b+t hpp1=a
S (s -1t — k) =0

Using Lemma 4.1 we quickly generate the numbers /L%gm} (n); the first few of these numbers are given
in Table 1.

n\a 0 1 2 3 4 5
0 1 1 1 1 1 1
1 1 2 6 20 70 252
2 1 3 15 93 651 4913
3 1 4 28 256 2812 35024
4 1 5 45 545 8149 143945
5 1 6 66 996 18882 433116
6 1 7 81 1645 37759 1062697
7 1 8 120 2528 68152 2272128
8 1 9 153 3681 113961 4385969
9 1 10 190 5140 179710 7839260

10 1 11 231 6941 270451 13178561

TABLE 1. Values of 1%, ,;(n).

On the other hand, if applying Equation 4 for T' = {—1,1} then we get that

6{71’1}(.’1:,11/,1],111) = m [1 + me{fl,l} (.’L‘, ﬁ7 %ﬂu)]
1 u wy
bT g, [1 +ref-11} <$> w(ltu)’ 1+_v7w>} .

Now, if applying p-algorithm on Equation 5 for T = {-1,1} and a = 0,1,...,5, then we get the
following result.
Corollary 4.2. For alln > 0,

(5)

(i) M?,l,l}(n) =1,
(ii) /“%_1,1}(n) =n+1,
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i) pg_y4y(n) =20 +3n+1,
iv) p§_y13(n) = 6n° + 9n® +4n + 1,

4.2. Polynomials of height 1. Here we suggest, in the case of polynomials of height 1, some formulas
for l‘%{il,o;}(")' Using Lemma 4.1 we quickly generate the numbers N%g1,o,1}(”)9 the first few of these
numbers are given in Table 2.

n\a 0 1 2 3 4 5
2 6 6 6 18
0 1 3 9 9 9 27
1 1 4 28 84 284 3036
3 9 9 9 27
2 1 6 66 330 2018 42334
3 9 9 9 27
3 1 8 120 840 7480 239832
3 79 9 9 27
4 1 10 19 1710 19902 856010
3 9 9 9 27
5 1 12 276 3036 43604 2348788
3 9 9 9 27
6 1 14 378 4914 83866 5410646
3 9 9 9 27
7 1 16 496 7440 147056 11040304
3 9 9 9 27
§ 1 18 630 10710 240502 20567042
3 9 9 9 27
9 1 20 780 14820 372620 35735180
39 9 9 27
10 1 22 946 19866 552786 58715598
3 9 9 9 27
2a
TABLE 2. Values of :“{71,0,1}(”)-
Applying Equation 4 for T = {—1,0,1} then we get that
1
eq—103 (@ u,0,w) =5 [1+ ey 0.1y (2, 2, wo,w)]
1 u wuy
(6) +a3amuyay [T Te-1013 (T wi—wyr 1m0 W

1
+smrary |1+ e-100) (% sty 50w

Now, by applying u-algorithm on Equation 6 for 7= {-1,0,1} and @ = 0,1, ...,5 we get as follows.

Corollary 4.3. For alln > 0,

(i) N({)_1,0,1}(n) =1,

(ii) /“%_1,0,1}(n) = %(n +1),

(i) g ¢ 1 0,43(n) = 2(4n® + Tn + 3),

(iv) ug 4 041y(n) = 5(8n® +18n% + 13n + 3),

v) ud_ n) = 2 (64n* + 176n° + 128n% + 37n + 15 — 6(—1)"),
{-1,0,1} 27

( _ 2

vi) g%, 1y (n) = (64005 + 2400n* + 63002 + 1337n — 363 — 30(—1)"(10n — 13).
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4.3. Polynomials with coefficients 0,1. Here we suggest another case, the case of polynomials
with coefficients 0,1, which allows us to find explicit formulas for ,u%g‘l}(n). Using Lemma 4.1 we

quickly generate the numbers u%g’ 1}(n); the first few of these numbers are given in Table 3.

n\w« 0 1 2 3
o 1} ¢
11 d 4 4
EEREE
s 14 2 o
1 F o3
51 b g
o 1 i 4 me
o1 b o% am
o1 g e o

TABLE 3. Values of 45 ,,(n).

Applying Equation 4 for T = {0,1} then we get that
(7)
eo,1}(@,u,0,w) =3 [1+zeqoay (2, 4, wo,w)] + 55—y [1 +zeqo,1} (m’ wi=u) %,w)] :

Now, if applying p-algorithm on Equation 7 for T = {0,1} and o = 0,1,...,5, then we get the
following result.
Corollary 4.4. For alln > 0,

(i) N({)0,1}(n) =1,

(i) 13,1y (n) = S + 1),

(iii) pfp1y(n) = gg(4n® + 540> +92n + 45 + 3(-1)"),

(iv) p‘{io’l}(n) = 2;%(22715 + 460n* + 310013 + 5600n2 + 4143n + 1130 + 75(—1)"(3n + 2)).

4.4. Example of polynomials with coefficients 0,7 where i2 = —1. Here we extend our examples

(see the Section 1) to the case of sets of complex numbers. For example, if we apply the main results
of the pervious sections for T' = {0,4} then we get the following result.

Corollary 4.5. For alln > 0,

(1) 10y (M) =1,

(ii) N%o,i}(n) = %n + %:

(iif) pfo4(n) = gg(4n® + 54n® +92n + 45 + 3(=1)"),
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1
() Mo (M) = g (460° + 890n* + 632003 + 11200n2 + 7789n + 2455
+15(=1)"(23 + 29n) — 60i"(2 + 3i — in) + 60(—i)™(—2 + 3i + in)),

where i2 = —1.

5. FURTHER RESULTS

In this section we suggest several directions to generalize the results of the previous sections.

5.1. Average norms of T-polynomials with weights. The first of these directions is to obtain
an exact formula for the average Lo,-norm over T-polynomials of degree exactly n with weight 2™
for given a, n, and m. Let us define,

a _ 1 o im# 0|
® ) = ex(rso/2.0f2m) = 5o 3 | e s,

Clearly, u%(n) = p%(n;0) for all n, and @ > 0. Now, if considering the following problem: find
u2%(n;m) for any @ > 0, n > 0, and m € Z? then by Theorem 1.1 the following result is true.

Theorem 5.1. Let T = {1, %2,..., 24} be any finite set of complex numbers. The generating function
2on>0 2amez p3% (n; m)z"w™ is given by

$ (afl)(rrta))

d L — a a :10"’110(“=1
D > [1 (b5 )(kh___jk)(el,...,ﬁn) an

n>1j1,0n=1 ki + - -+ ky, =a a=1
i+t =«

Moreover, p2®(n;m) is given by

1 d n41 N N
—_— ka——ta
prES] > ) [[ @z )<k1 an) <€1 €n+1>'
Jisenint1=1 ki1+ -+ k1=« a=1 ? ’ ’ ’

bttty =a
mtls —1)(ls —ks)=m

s=1

5.2. Exact formulas. The second of these directions is to obtain an exact formula for 2% (n;m) for
given a and m. By definitions, it is clear that a!?u3%(n;m) is the coefficient of z"w™ of E7*(x,w)
(see Section 3). Therefore, similarly as in Section 3 we get the following result.

Corollary 5.2. Let T = {z1,x2,...,24} be any finite set of complex numbers. Then

1— 0,1 41,0
\ MdizlinlATAT m#0,—n<m<m
pr(nsm) = ¢ oL AR m=20
0 otherwise.

This result can be extended to the case of u4.(n). Since the answers become very cumbersome, we

present here only the simplest case when A%,JO = E‘;:l z; =0.
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Corollary 5.3. Let T = {z1,Z2,...,24} be any finite set of complex numbers such that AIT’O =
d
> =12 =0. Then
%WA%AQT’O m#0, —2n <m < 2n, m even
prt(nym) = § mELARY 4 4 ("N (A2 m=0
otherwise.

5.3. Average integrals. The third of these directions is to consider the general case to find an explicit
formula for er(n,s,t,m). Theorem 1.1 and p-algorithm give a complete answer for the generating
function for these numbers, and explicit formula for er(n,s,t,m). For example, the following result
is true.

Corollary 5.4. Let T = {x1,%a,...,24} be any finite set of complex numbers. Then for any n > 0
and m € Z,

1A 0<m<n

1 42,1

A7 —n<m<0
7(n,1,2 = d
er(n,1,2,m) { 0 otherwise

and er(n,2,1,m) = { 0 otherwise
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