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ABSTRACT

We study generating functions for the number of even (odd) permutations on n letters avoiding 132
and an arbitrary permutation 7 on k letters, or containing 7 exactly once. In several interesting cases
the generating function depends only on k and is expressed via Chebyshev polynomials of the second
kind.
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1. INTRODUCTION

The main goal of this paper is to give analogues of enumerative results on certain classes of per-
mutations characterized by pattern-avoidance in the symmetric group &,,. In the set of even (odd)
permutations we identify classes of restricted even (odd) permutations with enumerative properties
analogous to results on permutations. More precisely, we study generating functions for the number
of even (odd) permutations avoiding 132 and avoiding an arbitrary permutation 7 € &y, or containing
7 exactly once. In the remainder of this section, we present a brief account of earlier works which mo-
tivated our investigation, we give the basic definitions used throughout the paper, and we summarize
our main results.

Let [p] = {1,...,p} denote a totally ordered alphabet on p letters, and let a = (a1,...,am) € [p1]™,
B=(P1,...,0m) € [p2]™. We say that « is order-isomorphic to (3 if for all 1 < i < j < m one has
a; < aj if and only if 3; < ;. For two permutations m € &,, and 7 € &y, an occurrence of 7 in
7 is a subsequence 1 < 43 < iy < -+ < 9, < n such that (m;,,...,m, ) is order-isomorphic to 7; in
such a context 7 is usually called the pattern. We say that m avoids T, or is T-avoiding, if there is no
occurrence of 7 in 7.

While the case of permutations avoiding a single pattern has attracted much attention, the case of
multiple pattern avoidance remains less investigated. In particular, it is natural, as the next step,
to consider permutations avoiding pairs of patterns 71, 75. This problem was solved completely for
71,72 € G3 (see [S9]), for 1 € &3 and 75 € &4 (see [W]), and for 71,72 € &4 (see [Bo, Km| and
references therein). Several recent papers [CW, MV1, Kr, MV2, MV3, MV4, BCS]| deal with the case
71 € &3, 7o € &y for various pairs 7y, 72. Another natural question is to study permutations avoiding
71 and containing 75 exactly ¢ times. Such a problem for certain 7,79 € &3 and t = 1 was investigated
in [R], and for certain 71 € &3, 75 € &) in [RWZ, MV1, Kr, MV2, MV3, MV4]. For example, several
authors [RWZ, MV1, Kr, BCS] have shown that generating functions for the number 132-avoiding
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permutations in &,, with respect to number of occurrences of the pattern 12... % can be expressed as
either continued fractions or Chebyshev polynomials of the second kind.

Chebyshev polynomials of the second kind (in what follows just Chebyshev polynomials) are defined
by U,(cosf) = M for r > 0. Evidently, U,.(z) is a polynomial of degree r in x with integer

Sln
coefficients. Chebyshev polynomials were invented for the needs of approximation theory, but are also

widely used in various other branches of mathematics, including algebra, combinatorics, and number
theory. For k > 1 we define Ry(x) by

Ui (32)
VUi (517)

It is easy to see that Ry(x) is rational in = and satisfies
1
1 —aRp_1(x)

(L.1) Ry () =

(1.2) Ri(x) =

for all £k > 1 (see [MV2]).

Let 7 € 6,,. The number of inversions of 7 is given by |{(4,75) : m; > m;, 1 < i < j < n}|, and the
sign of m, sign(n), is given by the number of inversions of 7 modulo 2, that is, the sign of 7 equals
1 if the number inversions of 7 is given by even number, otherwise equals -1. We say 7 is an even
permutation [respectively; odd permutation] if sign(m) = 1 [respectively; sign(w) = —1]. We say 7 is
an involution if m = 7~1. The set of all even [respectively; odd] permutations in &,, we denote by &,
[respectively; O,,].

As a generalization of [SS] we have several recent papers [GM1, GM2] deal with the case subsets of
S, avoiding 7 = 132 (or containing exactly once) and avoiding 7o € &}, (or containing exactly once).
For example, the paper [GM1] deal with the case of the generating function for number of involutions
in &,, avoiding 71 (or containing exactly once) and avoiding 7o (or containing exactly once), and the
paper [GM2] deal with the case of the generating function for number of even (odd) involutions in &,,
avoiding 71 (or containing exactly once) and avoiding 7o (or containing exactly once).

Theorem 1.1. (see [CW, GM1, GM2]) For all k > 0,

(i) The generating function for the number of permutations in &, avoiding both 132 and 12...k is
given by
Ry(z).

(ii) The generating function for the number of involutions in &,, avoiding both 132 and 12...k is
given by

k—1
1 1
I = — Ui — |-
k(I) Uy (%) = J <2$>

(iil) The generating function for the number of even involutions in &,, avoiding both 132 and 12...k
18 given by
k—1 22
x’ (1 + 7(Rk,1,]‘($2) + kalfj( I].C J ) H R
=0

J i=k—j
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The above theorem invites the following question: Find explicitly the generating function for the
number even (odd) permutations avoiding both 132 and 12. ..k in terms of Chebyshev polynomials?
In this paper we give a complete answer for this question (see Subsection 2.2).

As a consequence of [MV2, MV4], we present a general approach to the study of even (odd) permuta-
tions avoiding 132 and avoiding an arbitrary pattern 7 of length &, or containing 7 exactly once. We
derive all the previously known results for this kind of problems, as well as many new results.

The paper is organized as follows. The case of even (odd) permutations avoiding both 132 and 7
is treated in Section 2. We derive a simple recursion for the corresponding generating functions for
general 7. This recursion can be solved explicitly for several interesting cases, including 12...k,
(d+1)(d+2)...k12...d, and even-wedge patterns defined below. In particularly, we prove the
generating function for the number of even (odd) permutations avoiding both 132 and 7 € S (132)
is a rational function for every nonempty pattern 7. Observe that if 7 itself contains 132, then any
132-avoiding permutation avoids 7 as well, so in what follows we always assume that 7 € S} (132). The
case of permutations avoiding 132 and containing 7 exactly once is treated in Section 3. Here again
we start from a general recursion, and then solve it for several particular cases. Finally, in Section 4
we describe several directions to extend and to generalize the results of the pervious sections.

Most of the explicit solutions obtained in the next sections involve Chebyshev polynomials of the
second kind.

2. AVOIDING AN ARBITRARY PATTERN

Consider an arbitrary pattern 7 = (71,...,7;) € 6;(132). Recall that 7; is said to be a right-to-left
mazimum if 7; > 7; for any j > i. Let mg = k,m1,...,m, be the right-to-left maxima of 7 written
from left to right. Then 7 can be represented as

_ 0 1 r
T= (7", M0, T ,M1,...,T ,my),

where each of 7% may be possibly empty, and all the entries of 7 are greater than m;,; and all the
entries of 7*!. This representation is called the canonical decomposition of 7. Given the canonical
decomposition, we define the ith prefiz of 7 by 7 = (7%, mg,...,7%,m;) for 1 <i < r and 7° = 7°,
7~! = (. Besides, the ith suffiz of 7 is defined by o' = (7%, m;,...,7",m,) for 0 < i < r and
o™t = (. Strictly speaking, prefixes and suffices themselves are not patterns, since they are not
permutations (except for 77 = ¢° = 7). However, any prefix or suffix is order-isomorphic to a
unique permutation, and in what follows we do not distinguish between a prefix (or suffix) and the

corresponding permutation.

The set of all T-avoiding even [respectively; odd] permutations in &,, we denote by &, (T) [respec-
tively; 9, (T)]. Let e-(n) [respectively; o,(n)] be the cardinality of the set &,(132,7) [respectively;
9,(132,7)]. The corresponding generating function let us denote by &, (z) [respectively; O, (z)], that

is,

¢ (x) = Z er(n)z” respectively; O, (z) = Z or(n)x"

n>0 n>0
The generating function for the number of permutations avoiding both 132 and 7 we denote by F,(x).
Clearly,

(2.1) Fr(z) = € () + O-(2).

The following proposition which is the base of all the results in this section.
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Proposition 2.1. Let k> 1 and n > 1, then

20+ 1) = 3 3 (egalf) — exics (Neqt(@n— )+ 3 55 (05a(J) — 0ot (1))0ge(20 — ),
d=0 j=0 d=075=0
@)= X N (enald) = enir (1))00a(2n— j — 1)+ (00()) — 0gas (})epa(2n— j — 1)
d=0 35=0,2/4,....2n—2
+ Z Z (eﬂ'd (]) - 671.(171(_7'))60(1(271 _j - ]-) + (Oﬂ'd(j) - O'frdfl(j))oad (2n _j - 1)

d=0 j=1,3,5,....2n—1

Proof. We use induction. Clearly, the result holds for n = 1. Now let 7 € &,,(132) such that m;11 = n,

0<j<n—1. Then 8 = (m1,...,7;) is a 132-avoiding permutation on the letters n—1,n—2,...,n—j
and v = (mj41,...,7,) is a 132-avoiding permutation on the letters n —j —1,n —j —2,...,1. If we
assume that 3 avoids 7¢ and contains 7¢~!, then ~ avoids 0%, where d = 0,1,2...,r. Besides,

sign(a) = (=1)U+HDO=i"Dgion (al)sign(a?) = (—1)U D Vsign(al)sign(a?),

equivalently,

(=1)7*1 - sign(B) - sign(7), ifn even
Hence, if summing over all d = 0,1,...,r and j = 0,1,2...,n together with use of the fact that the

number of even [respectively; odd] permutations in &, [respectively; 9,,] avoiding § and containing -y
is given by eg(n) — ep.~(n) [respectively; og(n) — og,(n)] we get the desired result. a

sign(r) = { sign(Q) - sign(v), ifnodd

Similarly as Proposition 2.1 we have

Proposition 2.2. Let k> 1 andn > 1, then

0@+ 1) = 5 2 (eruli) = exs-r(oga(2n =) + 5 3 (00s(3) = 0pa-s(7))egs(2 =)
or(2n) = ZT: ' > (exa(j) —epa-1(j))ega(2n —j — 1) + (04a(j) — 0ga-1(j))0ga(2n —j — 1)

+> X (exa(j) — exa-1(4))oga(2n — j = 1) + (07a(j) — 0ga-1(j))€sa(2n — j — 1).
d=0 j=1,3,5,....2n—1

Our present aim is to find the generating functions €,(z) and O.(x); thus we need the following
lemma which holds immediately by definitions.

Lemma 2.3. let {an}n>0 and {b,}n>0 be two sequences, and the corresponding generating functions
are a(x) and b(x); respectively. Then

(a(z) + a(=2))(b(z) — b(—x));
(a(z) — a(=2))(b(z) + b(—x)).

)
<
=
[ V]
3
I
A
|
<
8
Do
]
-
Il
AT
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Theorem 2.4. For any nonempty pattern 7 € & (132), the generating functions €,(x) and O, (zx)
are a rational functions in x satisfying the relations

- exmfexﬁw:x§¥aaw—eﬂaunawm+wawf@feﬂﬂ«ﬁ»aafm+
2.2 =
+z dZO(DT,d () — Opa1(2)Dpa(z) + (Ora(—2) — Opa-1(—x))Oya(—1x)),

T

03 O () = Or(—2) =2 dﬁo(@ﬂd(x) = Cra1(2))Da(2) + (€ra (=) = Erar (=2))Oga(—2)+
2.3 0
+2 3 (D0 (@) = a1 (2)) € (2) + (D () — Oamr (—2)) € (—2)),

d=0

- gd;(@ﬂd(;ﬂ) () — € (2) — i (—2))(Dga () — Oy (—))+
2.4 i déo(gﬂd(x) + i (=) = D () — Do (—2)) (€ () — € (—2))+
g 2 (€ra(a) — €ra(=2) = Epans () + s (-2))(Eqae) + Epa ()
i déo(owd(x) — 0,0(—2) — Dt (1) + D it (—2)) (D g (1) + O a (—)),
and
D:(a) + 0, (~a) =
= 5 2 (@aa(e) + Cpa() = Epans () — Epans () (Ea(x) — Epa(-m)
2.5 T déo(gﬁd (2) + O pa(—) = D acs (8) = O acr (—)) (D () — O g (—2))+
+ 3 (Ea(w) = €pa(—2) = €pans(2) + Epas (<)) (D (2) + Dy (~2))
+2 dlo(oﬂd (2) = D i (=) — D pacs (8) + O pas (—2)) (€ () + € pa(—2).

Proof. Using Propositions 2.1 and 2.2 together with Lemma 2.3 we get Equations 2.2-2.5. Rationalities
of €, (z) and O, (z) for 7 # & follows easily by induction. O

As a remark, the above theorem holds for the empty pattern without rationalities of €, (z) and O, (x).
Using Theorem 2.4 we get the main result of [MV2, Theorem 2.1].

Corollary 2.5. (see Mansour and Vainshtein [MV2, Theorem 2.1]) For any nonempty pattern T €
Gk (132), the generating function F,(x) is a rational function in x satisfying the relation

Fr(@) =142 (Fra(r) = Frar () Fpa(x).
d=0
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Proof. If adding Equations 2.2 and 2.3 we have

(2.6) Fr(z)—Fr(—z)=2x Z(}}d () = Fra-1(2))Fpa(z) + (Fra(—2) — Fra-1(—2)) Fya(—2).
d=0

If adding Equations 2.4 and 2.5 we have
Fr(x)+ Fr(—z)—2=

. déo(f,rd (2) + Fra(—) = Fracs (&) = Fracs (—2))(Fpa (1) — Fopa(~2))+
-2 déo(fﬂd (2) = Fra (=) = Fra1 (%) + Frar (=2))(Foa (@) + Foa(—2)).

equivalently,
(2.7) Frlx)+Fr(—z)—2= xZ(]—"ﬂd () = Fra-1(2))Fpa(x) — (Fra(—x) — Fra-1(—x))Fpa(—x).
Hence, if adding Equations 2.6 :IIS 2.7 we get
Frlz)=1+z i(}'ﬂd(x) — Fra-1(x))Fga(x).
d=0

Rationality of F,(z) for 7 # @ follows easily by rationalities of O,(z) and €,(x) (see Theorem 2.4
and Equation 2.1). O

Our present aim is to find explicitly the generating functions €, (x) and O, (z) for several cases of 7;
thus we need the following notation. We denote the generating function €. (x) — O, (x) by M, (x) for
any pattern 7.

Theorem 2.6. For any 7 € 6;(132),
(2.8) Mo (z) = My (—2) = 2 Y (Mra(w) = Mpas (2))Mga () + (Mya () = Myas (=) Mya (—2),
d=0

and
T

(2.9) M ()+M, (—x)-2==x Z(Dﬁﬂd () =M pa—1(2))Mya(—2) — (Mpa(—2) =M a1 (—2x))Mya(x).
d=0
Proof. If subtracting Equation 2.3 from Equation 2.2 then we get Equation 2.8, and if subtracting
Equation 2.5 from Equation 2.4 then we get Equation 2.9. ]
Corollary 2.7. Let 7 = (8, k) € 6,(132). Then
2(1 4+ 2Mp(—x))
(1 —aMg(2))? + (1 + 2Mg(—2))*

M (x) =

Proof. Equation 2.8 for 7 = (8, k) yields

(1 —aMg(x))M,(z) — (1 + 2MWig(—z))M, (—x) =0,
and Equation 2.9 for 7 = (3, k) yields

(14 aMs(—z))M(z) + (1 — 2Ma(z))M(—z) = 2.

Hence, by the above two equations we get the desired result. O
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Example 2.8. Let 7 = 12 and 3 = 1. Since €g(z) = 1 and Og(z) = 0 we get that Ma(z) = 1.

Corollary 2.7 for T = 12 yields
2(1+x) 1+2
Mha(e) = E1a(w) = D220) = T o ~ T3

On the other hand, Corollary 2.5 together with Equation 2.1 we have

1
.7:12(56) = @12($) —|—5312(£E) = T
Hence,
1+ 22(1 + )
@12(!17) = m and Dlz(l’) = ﬁ

2.1. Pattern 7 = @. Let us consider the case 7 = @ as the first case which examined by Simion and
Schmidt [SS].

Theorem 2.9. We have
&) = 5(Ca) + 1) + 3C(?) and O(x) = L (C(x) ~ 1) — 2C().

In other words, for alln > 1,

Proof. First of all, let us define M(z) = My (z), F(z) = Fa(x), €(z) = €x(z), and O(x) = Og(z).
Using the argument proof of Corollary 2.7 we get

{ (1 — a9 (x)M(z) — (1 + «M(—z))M(—x)

(1 4+ 2MM(—x)M(x) + (1 — 2 (z))M(—2x) =

0,
2,
therefore,
M(z) = E(z) — O(z) = 1 + 20(2?).
On the other hand, Corollary 2.5 for 7 = @ yields F(x) = 1 4+ 2F(z)?, so by Equation 2.1 we have
F(x) = €(z) + O(x) = C(z).
The rest is easy to check. O

2.2. Pattern 7 = 12...k. Let us start be the following example.

Example 2.10. (see Simion and Schmidt [SS, Proposition 7]) Corollary 2.7 together with Example 2.8
yield
9ﬁ123($) =142

On the other hand, using the fact that Fia3(x) = €123(x) + O123(2) = 1= (see [SS]) we get

z? x?

Cos(z) =14z + oz and O123(x) = T %s

The case of varying k is more interesting. As an extension of Example 2.10, let us consider the case
T=1k]:=12... k.
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Theorem 2.11. For allk > 1,

(i) €[2k71](33) _ %(ngfl(x) +$Rk71(1’2) + 1) and e[zk](l') _ % (Rzk(l') n (1 +ka(x2))Rk<x2)>)

1+ 22R2(x?)
1+ ka(ac2))Rk(x2))
1+ 22 R3(x?) '

(i) D[2k_1] (z) = %(ngfl(w) — ka,l(x2) —1) and D[2k} (z) = % <R2k(x) — (

Proof. We use induction on k. By use of Example 2.8 the result holds for £k = 1. Let us fix £ and

assume that
(1 + xRy (2?)) Ri(2?)
1+ :1:2R2( 2) '

Migp_1)(x) =1+ ach,l(x ) and Moy (z) =

Therefore, Corollary 2.7 yields

z(1—x Ry (22)) Ry (22)
2 (1+ S

Mgk = N 2N 2 2 2N 2
(1 _ z(14+zRyg(22)) Ry (z )) + (1 + z(1—z Ry (22)) Ry (x ))
1422 R (x2) 1422 R (x2)
2(1+z Ry (22))
1+z2Ri($2)

= = 2
T (1—zRi(a?))? (142 Rp(22))2 1+ ka(x ),

(1+w2Ri(x2))2 + (l-l-L'EQRi(a:Q))2

then by use of Corollary 2.7 and Identity 1.2 we have
2(1 + z(1 — 2Rk (2?)))
(1= 2(1+ 2Ry (22))” + (1 + a(1 — oRy(22)))°

Mok =

1
2 (x T Rk+1(m2))
2
1
(Rk+1(f62) —m) + (Rk+1( %) +m>

24 eRen @) R (@) (L4 2R (02) R (o?)
(1 = 2Rp11(2?))? + (1 + 2Ry (22))? 1+ a2RE, (22)
Hence, for all £ > 1,

2

(1 + xRy (2?)) Ri(2?)
1+ 22R2(22)

Sﬁ[gk,l] (.T) =1+ ka,1($ ) and im[%}( )

On the other hand, in [CW, MV1, Kr, MV2]) proved
f[m] (Z‘) = @[m] (l‘) + D[m] (.Z') = Rm(a?)7

for all m > 1. Hence, by the above two equations we get the desired result. O
Example 2.12. Theorem 2.11 for k = 3,4,5 yields
es)(n) — o (n) = 5 (L4 (=1)"");

err(n) — orn(n) = \/§n75 (14 (=1)" 1) ;
e (n) — opg)(n) = =52 (14 (=1)"1);

where Fy,_3 1is the (n — 3)th Fibonacci number.

"11
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2.3. Pattern 7 = 213...k. Let us start by the following example.

Example 2.13. (see Simion and Schmidt [SS, Proposition 7]) Corollary 2.7 for 7 = 213 together with
the fact that Moy (z) = €91 (z) = 1% and D91 (x) =0 yield

(1 —2)(1 — 422 + 42%)
(1 —2z)(1 — 322 + 4z*)’

(1—x)x?
(1 —2z)(1 — 322 + 4z*)’

Ca13(x) = Da13(w) =

The case of varying k is more interesting. As an extension of Example 2.13, by using Corollary 2.7,
and induction on & (Similarly as Theorem 2.11) we get

Theorem 2.14. For all k > 1,

i7712134...(21@ (z) =

(1+20) (U1 (35) — Uae () + 275252 )
Ui (35) — 20041 (35) + 1253 7

1-3z2

(1+ 2x) (Uzk 2 () — Uzi—1 (5 )+%)
Usk—1 (55) — 22Usk (55) — 2;81(17;53;2)

3x2

Ma134...(26—1) (T) =

By Theorem 2.14 together with use of the fact that Foi34. x(2) = Ri(z) (see [MV2, Theorem 2.6])
we get

Corollary 2.15. For allk > 1,

. U2k71( L ) (1+2$)(U2k—1(2 )=Usi (5 )+m2+21’;1)
QE — l 2/ _|_ x i 1—3z 7.
(@) €2131..20 () = 3 lﬁU%(z}) Uai (55 ) —20Uskr1 (55 ) + 72205

U (36) 200 ()25

2 Vs z)( Uzk—1(3z 2 ’”i‘*’ii;l
(11) 92134._(2]@(1') lU k- (( \f) _ (1+2 )<U k ( ) U k( )+ )]7

U2k72( y ) (1+21)(U2k 2( ) Usp— 1(2 )+ a? 42w 1)
i) & () =1 2v@ 4 @ 1—322 i
( ) 2134...(2k 1)( ) 2 [\/EUzkl(zfﬁ) Usp— 1( ) szzk( ) 211(1_732@ ’
i Unos () (o2 (Uaima (G)—Uneca () + 22525 )
v D _ xr) = 1 2V _ x T :_3‘1 '
(iv) O2134...2k-1)(T) = 3 ViUai—1(557) Use1 (5 ) —20Usk (5 ) — 220022

2.4. Pattern (d + 1)(d 4+ 2)...k12...d. In this subsection we consider the case 7 = [k, d] where
[k,d] = (d+1)(d+2)...k12...d. Following to Theorem 2.11, our present aim is to find explicitly
the generating functions €, (z) and O, (z) where 7 = [k, d]; thus we need to consider four cases either
k even or odd, and either d even or odd. First of all, using Theorem 2.6 for 7 = [k, d] we state the
following fact.

Lemma 2.16. Let k> 2,1 <d<k—1, and 7 = [k,d]. Then
(L4 aMpp—a—1)(—2) — 2Mg) (—2)) M (2) + (1 — M p—a—1)(2) + 2M (g (x)) M (—2)
=2+ .’L‘f)ﬁ[k,d 1] ( I) [d] (m) — xf)ﬁ[k,d,l] (a’:)m[d](—l‘),

(1 — 2Mpp—g—1)(2) — @My ()M~ (z) — (1 + 2Mpg—g—1) (—2) + 2Mg) (—2)) M, (—2)
= =My g—1) (@) M) () — 2Mpge—g—1) (—2) Mg (—2).
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2.4.1. k and d are odd numbers. Now, we ready to consider the first case k and d are odd numbers.
Theorem 2.17. Let 0 < d < k. Then
Mok+1,2a+1) () = 1 + zRe(2?).

Proof. Theorem 2.11 yields Moy, _o0q_1(7) = 1+2Rx_q_1(2?) and Moy, 1(x) = 1+ Ry(2?). Therefore,
by use of Lemma 2.16 for 7 = [2k + 1,2d + 1] we get

Sm[k,d] ((E) + m[k7d](—$) = 2,

(1 -2z — 2?Ry(2?) — 22Rp_g_1(2?))M, () — (1 + 22 — 22 Ry(2?) — 2? Rp_q_1(2?)) M, (—x)
= —2x — 223 Ry(2?)Ry_q_1(2?),
S0,
(1 — 22 Ryg(2?)Rg—q—1(2?))
1= 22(Rq(2?) + Rp—q-1(2?))
By using the following identities (see [MV2])

M (z) =1+

(210)  1— 2Ry (a?)Ry(a?) = —rrolae) (2%')1 and 1— ?(Ry(22) + Ry(a?)) = —ortat! (%1) :
Up (ﬂ) Uq (ﬂ) Up (ﬂ) Uy (ﬂ)
we have ( . )
Uk-1 (5
mq— =1+ 2z ,
)
and by Identity 1.1 we get the desired result. O

By Theorem 2.17 together with use of the equation Fj; 4(x) = Ry (z) (see [MV2, Theorem 2.4]) we
get

Corollary 2.18. For all0 < d <k,

1 1
€[2k+172d+1} (l‘) = §(R2k+1(l‘) + :CRk(Q?Q) + 1) and D[2k+1,2d+1] (CL‘) = §(R2k+1(.7;) — l‘Rk(J:Q) — 1).

A comparison of Corollary 2.18 for values of d suggests that there should exist a bijection between the
sets €,(132,2...(2k+1)1) and €,(132, (2d+2)(2d+3)...(2k+1)12...(2d+1)) for any d. However,
we failed to produce such a bijection, and finding it remains a challenging open question.

2.4.2. k odd number and d even number. Now, let us consider the case where k£ odd number and d
even number.

Theorem 2.19. Let 1 < d < k. Then
Miok+1,2q)(2) = 1 + xRy (2?).

Proof. Let m = k — d; solving the system equations in Lemma 2.16 for 7 = [2k + 1, 2d] together with
use of Theorem 2.11 we get

@(Rin(2?) + Ra(2?) — Ry (2%)Ra(2?))
1—22R, (22)Ry(x2) '
Using Identities 2.10 we get the desired result. O

Mopt1,2q) () =1+
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By Theorem 2.19 together with use of the equation Fy q(x) = Ry (z) (see [MV2, Theorem 2.4]) we
get
Corollary 2.20. For all1 < d <k,

1 1
€lokt1,24)(T) = §(R2k+1 + 1+ zRi(27)) and Oy i12q/(x) = i(RQk—O—l —1— 2Ry (2?).

A comparison of Corollary 2.18 with Corollary 2.20 suggests that there should exist a bijection between
the sets €,(132,12...(2k+1)) and €,(132,[2k + 1,d]) for any d. However, we failed to produce such
a bijection, and finding it remains a challenging open question.

2.4.3. k even number and d odd number. Similarly as above subsections, we can consider the case
where k even number and d odd number.

Theorem 2.21. Let 0 <d < k—1 and m =k —d— 1. Then the generating function M sy, 2441)()
is given by
(1 — 2?(Rp(2%) + Ra(2?)) + z(1 — 22 Ry ( 2%))) (1 4 22 Ry, (22) Ra(2?))
1 712(1+R$n(:r2))(1+x2R2 (z2?)) '

By Theorem 2.21 together with use of the equation Fj; 4(7) = Ry (z) (see [MV2, Theorem 2.4]) we
get

Corollary 2.22. Let0<d<k—1andm=k—d—1.

(i) The generating function &gy, 2441](x) is given by

1 (ng(a:) . (1= 2*(Rim(2?) + Rq(2?)) + x(1 — 2*Ryp 22))) (1 + 2Ry, )Rd(x2))> |
1—22(1+ R?n(xQ))(l + x2R2 2 (x2))

(ii) The generating function Oy 2q41)(x) is given by

U gty - LT Bonle®) & Ra(a?)) + 21— 2 Ron #2))) (1 + 22 Ry (2?) Ry(22))
g (T 1—x2(1+R3n(x2))(1+x2R2 @) :

2.4.4. k and d even numbers. Similarly as above subsections, we can consider the case where k and d
even numbers.

Theorem 2.23. Let 1 <d <k —1and m =k —d—1. Then the generating function Mo 2a) () is
given by
1 (1=2*(Rm(2?) — Ra(2?))) (1 — 2?(Ra(x?) + R (2?)) — #(1 — 22 R4(2*) Ry (22)))

x z + 23(1 + 22R%(22))(1 — 2R, (22) + 22R2,(22))

By Theorem 2.23 together with use of the equation Fy; 4(x) = Ry(z) (see [MV2, Theorem 2.4]) we
get

Corollary 2.24. Let 1 <d<k—1andm=k—d—1.
(i) The generating function €ap, 2q41)(x) is given by

1(R (z) + 1 (1 — 2?(Ry(2%) — Ra(2?))) (1 — 2?(Ra(2?) 4+ Rim(2?)) — z(1 — 2®Ra(x?) R (2?)))
2\ v+ 23(1+ 22R3(22))(1 — 2Ry (22) + 22 R2, (a2)) :




12 TOUFIK MANSOUR

(ii) The generating function Oy, 2q41)(x) is given by

1 1 (1= 2?(Rn(2?) — Ra(2?))) (1 — 22(Ra(2?) + Ry (2?)) — 2(1 — 22 Ra(2?) Ry (22)))
§(R2k($)—g+ 7+ 23(1 + 22R2(22)) (1 — 2R, (22) + 22R2, (22)) )

2.5. Wedge patterns. For a further generalization of the results in the pervious subsections, consider
the following definition. We say that 7 € &y is a wedge pattern if it can be represented as 7 =
(t1,p', ..., 7", p") so that each of 7¢ is nonempty, (p',p?,...,p") is a layered permutation of 1,...,s
for some s, and (71,72%,...,7") = (s + 1,8 + 2,...,k). For example, 645783912 and 456378129 are
wedge patterns. Evidently, [k, d] is a wedge pattern for any d. We say that 7 € &, is an odd-wedge
pattern if it a wedge pattern such that the length of (71, p!,... 7P pP) is given by odd number for
all p=1,2,...,r. For example, 23145 and 34251 are odd-wedge patterns. Evidently, [2k + 1,d] is an
odd-wedge pattern for any d.

Theorem 2.25. M. (z) = 1 + xRy (x?) for any odd-wedge pattern T € Sopy1(132).

Proof. We proceed by induction on r. If r = 1 then 7 = [2k + 1,d] for some d, and the result is true
by Theorems 2.17 and 2.19. For an arbitrary r > 1, 7 looks like either

7= (7"2p+2d+2,2p+2d+3,...,2k+1,1,2,...,2d),
or
T=(7"2p+2d+3,2p+2d+4,...,2k+1,1,2,...,2d + 1),

for some d and p, where 7/ = (71, p, ... 7771 pr1).
The first case; 7/ contains 2p + 1 elements and it is an odd-wedge pattern, so by induction 9./ (z) =
1+ zR,(z?), so Corollary 2.7 gives
(14 2Ry (22) Ry (22)

1+a22R2,(2?) ’

M (7 2py2dt2) () =

and then
M opr2diazpiaats) (@) = 1+ 2Rppq (2?).
Therefore, by induction we have

T (o) = (L 3Ricaa) Riafa?)
(77 2p+2d+2,2p+2d+3,...,2k) g IQR%—d(IZ) .

Hence, Theorem 2.6 for 7 = (7/,2p+ 2d +2,2p+2d + 3,...,2k + 1,1,2,...,2d) yields (similarly as
Theorem 2.19)
a(Ry—a(2?) + Ra(z®) — Ry—a(2®)Ra(2?))
1-— $2Rk—d(x2)Rd($2) ’
and using Identities 2.10 we have that M, (z) = 1 + xRy (z?).

M- (x) =1+

The second case; similarly as the first case we have that

M (1 2p+2d+3,2p+2d44,...2k) () = 1 + T Rp_q_1(2?).
Hence, Theorem 2.6 for 7 = (7/,2p+2d + 3,2p+ 2d + 4,...,2k+ 1,1,2,...,2d + 1) yields (similarly
as Theorem 2.17)
(1 — 22 Ry(2®) Ry _q_1(2?))
1-— :U2(Rd(£r2) + kadfl(ir2))’
and using Identities 2.10 we have that M, (z) = 1 + 2R (x?). O

M (x) =1+
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A comparison of Theorem 2.11 with Theorem 2.25 suggests that there should exist a bijection between
the sets &,(132,12...(2k + 1)) [respectively; D,(132,12...(2k + 1))] and €,(132,7) [respectively;
9,(132,7)] for any odd-wedge pattern 7. However, we failed to produce such a bijection, and finding
it remains a challenging open question.

Corollary 2.26. For any odd-wedge pattern 7 € Gap11(132),
1 1
¢ (z) = §(R2k+1(x) + xRy (2?) + 1) and O, (z) = 5(R2k+1(m) — xRy (z%) — 1).

3. CONTAINING A PATTERN EXACTLY ONCE

Let er,-(n) [respectively; or..(n)] denote the number of even [respectively; odd] permutations in
6,,(132) that contain 7 € &;(132) exactly r times, and ef.;(n) [respectively; o?.,.(n)] denote the
number of even [respectively; odd] permutations in &,(132,p) that contain 7 € &;(132) exactly
r times. We denote by &,..(z) and €7 (x) [respectively; O..(z) and O?  (x)] the corresponding
ordinary generating functions. Using the argument proof of Theorem 2.4 we get as follows.

Theorem 3.1. For any 7 = (7°,mq,...,7",m,) be the canonical decomposition of nonempty T €
Sk(132), then
r+1 1 1
67;1(55) - ¢ (_ )= Z Qfﬂd 1. 1( )@Zd 1 (z) + Qfﬂd 1. 1( x)égz;l (—z)+
(3.1) T‘+1 . .
+x Z D pd—1. 1( )D ( )JFDﬂd 1. 1( x)DZd;l (—x),
4l d—1 d—1
Ori(z) = Ora(—z) =2 Z T (2)D%u (2) + €Tuyy (—2)DT0 ) (—2)+
(3.2) T'H d—1 d—1
‘HUZDwd 11( ) gd;1( )+Dﬂd 11( .’[7) Zd1(_m)7
x k1 d -1 1
Cria(2) + Ern(—a) = 5 pa (Q’Id L (@) + €T () (D90, (2) = Oy (—2)+
T+1 1 N
+ Z( Mg (2) + 00 (—2)) (€20, (2) — €7 (—2))+
(33) i N
+3 S (€T (@) — €Tuy (—2)(€Z0; () + €20, (—2))+
X T""? d -1 -1
+3 dZO(D”d L1 (@) = O (—2)) (D7, (2) + O] (—x)),
and
z n+l d d da—1 d—1
Or1(2) + Ora (1) = Z (@Zafl;l(ff) + € (—2))(€7a (2) — €70y (—2))+
T 7+1 d—1 d—1
+3 Z( T (@) + 0Ty (—2)) (D70, (2) — O] (—2))+
(3.4) 7"+1 . L
Z( T (@) = €Tuy (—2)) (D70, (2) + O (—2)+
T+1 d d—1

Z( ﬂ—d 11( )_D;dflg(_x))( gdjl( )+€gd1( x))»
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Remark 3.2. Strictly speaking, Theorem 8.1, unlike Theorem 2.4, is not a recursion for €. (z) or

O.1(x), since it involves functions of type €7., () and O, (x) (unless r = 0; see the next subsection).
However, for these functions one can write further recursions involving similar objects. For example,

7 - aj:
e (@) —em (- )—xZ% 1 (@) €5

and
:j J ; oi-1 ; e
O, 2 (@) = Dﬂz 1a(-2) =2 ;)@:Fgl(x)gg%:;l(x) + ezi’l:l(_m)oaz:iﬂ(_m)“‘
: : 1 i ol
+z DﬂZ—l 1(13)@5 i1 1(x) +D;_1 1(—x)@ai 1 1(735)’
1=0 ’ j—1)

where aj | is the ith suffix of T ~t. Though we have not succeeded to write down a complete set

of equations in the general case (for €2(x) and DL (x)), it is possible to do this in certain particular
cases.

As a corollary of Theorem 3.1 we obtain the main result of [MV2, Theorem 3.1].
Corollary 3.3. (see Mansour and Vainshtein [MV2, Theorem 3.1]) Let 7 = (7%, mq,...,7",m,) be
the canonical decomposition of T € Sk(132), then for all v > 0,

r+1

—xZGﬂJ (2)G (),

where G, (x) is the generating function for the number of permutations in &,,(132) containing T exactly
once, and GP(x) is the generating function for the number of permutations in &,,(132,p) containing
T exactly once.

Proof. If adding Equations 3.1 and 3.2 together with use of the fact that G2(x) = €2(z) + O2(x) for
any 7 and p, we get

r+1

(3.5) Gr(x) = Gr(—2) =2y Gl s (2)GTa  (2) + Grur (—2)GTa (—),

and if adding Equations 3.3 and 3.4 we have

r+1
(3.6) Gr(@) + Gr(—a) =2 ) Crus ()G (2) = Gruna(—2)CGgu (~a).
d=0
Hence, by adding the Equations 3.5 and 3.6 we get the desired result. g

Our present aim is to find explicitly the generating functions €,.1(x) and O,.1(x) for several patterns
7, thus we the following notations. We define 9M.,.(z) = €,..(v) — Orr(x) and M2, (z) = €2 (z) —
O, (z) for any 7 and p, and MG, (x) = M,(x) for any p.
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Theorem 3.4. For any 7 = (7°,mq,...,7",m,) be the canonical decomposition of nonempty T €
Sk(132), then
r4+1
(7)) Meale) ~ Mea(—a) =2 Y Mo, (@M, (@) + Moy (~2)MGs ) (~a),
d=0
and
r4+1
(38)  Me(@) + My () =2 Y MIusy (2)Muy (=) = MIas, (—2)MTu, ().
d=0

Proof. If subtracting Equation 3.2 from Equation 3.1 then we get Equation 3.7, and if subtracting
Equation 3.4 from Equation 3.3 then we get Equation 3.8. ]

3.1. Pattern 7 = [k]. One can try to obtain results similar to Theorems 2.11, 2.14, and 2.17-2.23, but
expressions involved become extremely cumbersome. So we just consider a simplest wedge pattern,
which is the pattern [k].

Theorem 3.5. For allm > 0,
. x
(i) im[2m+1];1(x) =

$2R3n+1($2)
(14 22R2, | (22))2U2 (5)

(i) Mg () = (14 201 (a%) ~ R0,

Proof. Let 7 = [k], then r = 0, and it follows from Theorem 3.4 that

Mgy (2) = Mppgn (=) = a1y () Mppgsa (@) + 2Mpgo— 1) (=) Mpy1 (— )
+Mge—1p;1 (@) My () + 2171 (—2) My (—2),
(3.9)
M1 (@) + Mppgn (—2) = a1y (2)Mpg1 (—2) — 2Mpe—1) (=) M (2)
+$m[k_1];1($)m[k](—$) — (Em[k_l];l(—fv)m[k] (x)
Now, let us consider two cases either k = 2m or k = 2m + 1 as follows. (i) Let k = 2m, Equation 3.9
for k = 2m and Theorem 2.11 together with Identity 1.2 we get
(1~ 2 Run (t2) Mg (@) — (1 + 2Ry () Mg (—) =
~ z(14 xRy (a?))R2, (2?) (1 — 2R, (2?))R2, (2?)

— Moy, 11
T+ () emual®) T )

m[2m71];1 (—CU)

1+ a:Rm(:cz))Dﬁpm];l(:c) +(1- me(xQ))S)ﬁ[zm];l(fx) =
(1 - TRy (%)) R2,(2?) (1 + 2R, (2%))R2,(22)

B 1+ 22R2, (2?) Mizm-1j1.(2) = 1+ 22R2 (72) Mizm—1);1 (=)
If solving the above system of Equations, then using Identity 1.2 we have
rR2 (2?) 99 o )
(3.10) Mgy (z) = (14 22R2,(22))? (1 —2?R2,(2%)Migm—1):1(z) — 22 R (2®)Mpzp—1701 (—2) |

(ii) Let k = 2m + 1, similarly as first case (i) we get

(3.11) Migm1)1(7) =2 ((1 — :cQan(a:2))9ﬁ[2m];1(x) — 2:cRm(:c2)£m[2m};1(x)>.
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If using Equations 3.10 and 3.11, then we have that for m > 1,

M) () = 2°R2, (2°) Mg 1)1 (2).

Besides, by definitions we have that 1},1 (z) = =, hence Mz, 41);1(7) = 5 Using Equation 3.10

X
U2 (55
together with the property U7 (t) = UZ(—t) for all p, we get the desired result. O

Theorem 3.5 together with the fact that the generating function for the number permutations in
6,,(132) containing [k] exactly once is given by Tll) we have
k

B

Corollary 3.6. For all m >0,

(i) Cminal(@) =1 (U'z 1( oy " U%ZL%))

2m+1\ 2/z
1 ’

2 p2 2
T }%'m,#»l($ )

T, o () O 2o () - $2R’2”+1(x2))>’

(ii) D[2m+1];1($) = % < : 1 ) Uz

Ubnia (30

8

(iii) €[2m+2];1(17) = % <U2
2m+2

—"
¢
—
9
~—
+

. wZan (%)
(iv) Opmia;(2) = % (Ungr;( 1 ) T (1+22R? (zé))ngn(%) (1 + 20 R (2?) — $2R12n+1($2))>~

m—+1

4. FURTHERMORE RESULTS

In this section, we present several directions to generalize and to extend the results of the previous
sections.

4.1. Statistics on the set ¢,(132) and on the set 9,(132). The first of these direction is to
consider statistics on the set €,(132) (or on the set 9,,(132)). First of all, let us define

Flz1,22,...) = ano Zﬂ'GGn(lgoQ) HjZl x;l"j(ﬂ)v
E(z1,22,...) = ano Zween(l?a) szl x;zmj(ﬂ)v
O(1,22,...) = ano Zwebn(wz) szl x;zmj(ﬁ)v
where 12...j(n) is the number occurrences of the pattern 12...j in 7. We denote the function

E(x1,x9,...) — O(x1,22,...) by M(x1,22,...). Using the argument proof of Corollary 2.7 together
with the main result of [BCS] we get as follows.

Theorem 4.1. We have

2(1 + $1m(—$1$2, T3, .. ))

m L) =
(z1,72,...) (1 — 210 (2122, 2223, .. )2 + (L + 219 (—2 129, 2273, . )2

and
1

f(fEl,.’EQ,...) = Qf(xl,.’ﬂQ,...)+D(l’1,1’2,...) = 1 —xlf(ajle Totis )

An application for Theorem 4.1 we get the distribution of the number right to left maxima on the set
¢,,(132) or on the set ©,(132). Let m € &,,; we say 7, is right to left mazima of = if m; > m; for all
j < 4. The number of right to left maxima of m we denote by rim..
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Corollary 4.2. We have

. 1 1 1+ 2y — 2%yC(2?)
n,rlmy. _
(@) nzzjo ﬂeeg(:lm) vy 2 (1 —zyC(z) 1 —222yC(2?) + 22y2C(22) )’
.. 1 1 1+ 2y — 2%yC(2?)
nyrlmy _ — _
(i) nzzjo 7r€53§(132) vy 2 <1 —xyC(z) 1—222yC(22) + 22y2C(22) )

Proof. Using Theorem 2.9 together with definitions we have M(x,1,1,...) = 1 + 2C(2?). So, Theo-
rem 4.1 yields

1+ 2y — 22yC(2?)

m Lyy . )=¢ -1 L )-O(y,y Ly, y . ) = ,
(zy,y" " uy ) =€y, y L yy ) -O@y, Yy LYy, ) 1= 22250 (a7) + 22570 (29)
and
1
F -1 o) =¢@y,y Lyy L )+ 9@y, y Lyl ) = ————.
@y, y™ s yy ) = Elay,y LYy )+ O(zy,y Yy ) = 2yC@)
On the other hand, using [BCS, Proposition 5] we get
ay"r = Fley,y iy, y T,
n>0 e, (132)
X atytmr=Clayy iy ),
n>0re€,(132)
ay"m = O(xy, y Ty, y ).
n>07e0,, (132)
By combining all these equations we get the desired result. O

The second application for Theorem 4.1 we get an explicit expressions for the generating function
D >0 Zween(lw) x"y'2#) for given k and 7 := 12... k(). The following result is true by using
Theorem 4.1.

Theorem 4.3. Let k > 1; we have

Uk(ﬁ)JrUk—l(ﬁ) .

(i) Marr10(z) = 1+ zRy(2?) = Ul ) ;

.o m,z ) — .”1?1 ;
(ii) [2k+1],1(x) U2(2_1:)

k

(iii) Mpopq1)52(x) = szl )(ka(l“Q) -1)= o USQ(EZL)

k\ 2z

Therefore, by [MV1, Theorem 4.1] together with the above theorem we get the number of even (or
odd) permutations avoiding 132 and containing [2k + 1] exactly » = 0,1, 2. For example, for r = 2 we
get (for r = 1 see Corollary 3.6)

Corollary 4.4. Let k > 1. Then

(i) the generating function for the number 132-avoiding even permutations containing 12...(2k + 1)
ezactly twice is given by

Vaio: (35) | a(Uims (3) - Ui (1))

1
2\ "0t (1) Ut (&) |
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(i) the generating function for the number 132-avoiding odd permutations containing 12...(2k + 1)
ezactly twice is given by

2 3(_1 3 (L ’
Uk (m) Uk: (2w)
4.2. Two restrictions. The second of these directions is to consider more than one additional re-
striction. For example, the following results is true. Let B,1 ;2(x) be the generating function for the
number of even permutations in &, (132,71, 72). Assume 7! = 12...k and 72 = 2134...k, then we
get as follows.

Theorem 4.5. Let Vi, (z) = (1 — aWy () Wing1(2) such that

(1 —22Rp—2(2)Rin—3(2))Rp_1(x)
1—22Ry_1(2) Ry _2(2) '

Win () =
Then, for all k > 2,
(1) The generating function €12, 2k 2134...2k(x) is given by
% (War(z) + 1+ ka(x2)) .
(2) The generating function O1a.. 2k 2134...2k(T) is given by
% (War(z) — 1 — 2Ry (2%)) .

(3) The generating function €13 (2p11),2134...(26+1)(T) 15 given by

1 (2(1 + 2Ry 1 (2?)) — Vor(x) — xRy g1 (2%) Vor(—2)
9 14+ 22R7 ,,(2?)

R (a?) + W2k+1($)) .

(4) The generating function D13 (2k+1),2134...2k+1) () s given by

%1 (2(1 + 2R y1( )i J: Eggjl(;z])?kﬂ(x )Wak(—x) Ryir(2?) — W%H(x)) :

Another example to consider the case of avoiding 7! and counting occurrences of 72. For example,
2 2

the following result is true. Let €7 (x,y) [respectively; OT;(x,y)] be the generating function for the

number of even [respectively; odd] permutations in &,,(132,72) containing 7! exactly r times.

Theorem 4.6. Let G(x,y) = (’E%z]ﬂ] (x,y) — D{Z]H] (z,y). Forallk>1,

Dy _1(x) — 2% + Bi(2)(1 — y) + 22(Dy_3(z) — 2F72)(1 — y)?
Dy () + Ex(2)(1 —y) + 22 Dg—ao(x)(1 — y)? ’

Gip(z,y) =142z

where By, (z) = (=1)™ — )™ % By, (z) — 2™~ 1 and Bopyq = —22™ + 2221 and
2m+1
ng(Q?) = %(UQ'HL-Fl (%) - 2xU2m (%) - 2:1;)’
x2m+3

Dopmii(z) = m(UszrS (%) = Uzm+1 (%) — 4x),

for allm > 0.
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