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ABSTRACT

We study the generating function for the number of even (or odd) permutations on n
letters containing exactly r > 0 occurrences of a 132 pattern. It is shown that finding
this function for a given r amounts to a routine check of all permutations in Gs,.

Nous tudions la fonction gnratrice pour le nombre de permutations paires (ou impaires)
ayant n lettres contenant exactement r» > 0 occurrences du motif 132. Nous montrons
que trouver cette fonction pour r donn revient vrifier une routine pour toutes les
permutations dans Gg,.

2000 Mathematics Subject Classification: Primary 05A05, 05A15; Secondary 05C90

1. INTRODUCTION

Let [n] = {1,2,...,n} and &,, denote the set of all permutations of [n]. We shall view
permutations in &,, as words with n distinct letters in [n]. A pattern is a permutation
o € G, and an occurrence of ¢ in a permutation 7 = w7y - - - 7w, € &,, is a subsequence
of 7 that is order equivalent to ¢. For example, an occurrence of 132 is a subsequence
mimime (1 <4 < j < k < n)of m such that m; < m, < m;. We denote by 7(m) the
number of occurrences of 7 in 7, and we denote by s7(n) the number of permutations
7 € &, such that o(7) = r.

In the last decade much attention has been paid to the problem of finding the numbers
s (n) for a fixed r > 0 and a given pattern 7 (see [1, 2, 3, 5, 6, 7, 10, 11, 14, 15, 16,
17, 18, 19]). Most of the authors consider only the case r = 0, thus studying permu-
tations avoiding a given pattern. Only a few papers consider the case r» > 0, usually
restricting themselves to patterns of length 3. Using two simple involutions (reverse
and complement) on &, it is immediate that with respect to being equidistributed, the
six patterns of length three fall into the two classes {123,321} and {132,213, 231, 312}.

Noonan [13] proved that
3( 2n
5%23(”) ~n (n . 3)-

'Research financed by EC’s IHRP Programme, within the Research Training Network ” Algebraic
Combinatorics in Europe”, grant HPRN-CT-2001-00272
1



2 COUNTING OCCURRENCES OF 132 IN AN EVEN PERMUTATION

A general approach to the problem was suggested by Noonan and Zeilberger [14]; they
gave another proof of Noonan’s result, and conjectured that

9 59n? +117n + 100 [/ 2n
S123(n) =
2n(2n —1)(n+5) \n—14

and
2n — 3
s132(n) = (n—3)'

The first conjecture was proved by Fulmek [8] and the latter conjecture was proved by
Béna in [6]. A conjecture of Noonan and Zeilberger states that s’ (n) is P-recursive in
n for any r and 7. It was proved by Boéna [4] for 0 = 132. Mansour and Vainshtein [11]
suggested a new approach to this problem in the case o = 132, which allows one to get
an explicit expression for s7;,(n) for any given r. More precisely, they presented an
algorithm that computes the generating function ) ., s75,(n)z™ for any r > 0. To get
the result for a given r, the algorithm performs certain routine checks for each element
of the symmetric group G,,. The algorithm has been implemented in C and yields
explicit results for 1 < r < 6.

Let 7 be any permutation. The number of inversions of m is given by i, = [{(4, ) : m >
mj, © < j}|. The signature of 7 is given by sign(m) = (—1)"~. We say 7 is an even per-
mutation (respectively; odd permutation) if sign(m) = 1 (respectively; sign(m) = —1).
We denote by E, (respectively; O,,) the set of all even (respectively; odd) permuta-
tions in &,. Clearly, |E,| = |0, = 3n! for all n > 2. The following lemma holds
immediately by definitions.

Lemma 1.1. For any permutation 7, sign(m) = (—1)2(™),

We denote by e’ (n) (respectively; o (n)) the number of even (respectively; odd) per-
mutations m € E,, (respectively; m € O,,) such that o(7) = r.

Apparently, for the first time the relation between even (odd) permutations and pattern
avoidance problem was suggested by Simion and Schmidet in [16] for 0 € S3. In
particularly, Simion and Schmidt [16] proved that

alr) = 3 () T e 1y2):

oalr) = 3 () " e 1y2)!

In this paper, as a consequence of [12], we suggest a new approach to this problem in the
case of even (or odd) permutations where o = 132, which allows one to get an explicit
expression for ef,,(n) for any given r. More precisely, we present an algorithm that com-
putes the generating functions E,(z) = ) o, €l52(n)2z™ and O (z) = >, o, 073,(n)2"
for any r > 0. To get the result for a given r, the algorithm performs certain rou-
tine checks for each element of the symmetric group Go,. The algorithm has been
implemented in C, and yields explicit results for 0 < r < 6.

and
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2. DEFINITIONS AND PRELIMINARY RESULTS

In this section, we recall the definitions and the preliminary results of counting occur-
rences of the pattern 132 in a permutation, see [12]. Then, as a consequence of these
results, we get the preliminary results of counting occurrences of the pattern 132 in an
even (odd) permutation.

To any m € G,, we assign a bipartite graph G in the following way. The vertices in
one part of G, denoted V7, are the entries of 7, and the vertices of the second part,
denoted V3, are the occurrences of 132 in 7. Entry ¢ € Vj is connected by an edge
to occurrence j € V3 if 7 enters j. For example, let 7 = 57614283, then 7 contains 5
occurrences of 132, and the graph G is presented on Figure 1.

A142 143 183 283
5 7 6 1 4 2 8 3
FiGURE 1. Graph G, for 7 = 57614283

We denote by G7 the connected component of GG, containing the last entry n. Let
7(i1),...,7(is) be the entries of 7 belonging to G?, and let 0 = o0, € &; be the
corresponding pattern permutation. We say that m(i1),...,n(is) is the kernel of 7
and denote it ker 7 and o is called the shape of the kernel, or the kernel shape. Let
s = s(oy) be the size of the kernel, and the number of occurrences of 132 in ker 7 is
called the capacity of the kernel. For example, for 7 = 57614283 as above, the kernel
equals 14283, its shape is 14253, the size equals 5, and the capacity equals 4.

Theorem 2.1. (Mansour and Vainshtein [12, Theorem 1]|) Let 7 € &, such that
132(m) = r, then the size of the kernel of 7 is at most 2r + 1.

We say that p is a kernel permutation if it is the kernel shape for some permutation
7. Evidently p is a kernel permutation if and only if 0, = p. Let p € &, be an
arbitrary kernel permutation. We denote by &(p) the set of all the permutations of all
possible sizes whose kernel shape equals p. For any 7 € &(p) we define the kernel cell
decomposition as follows. The number of cells in the decomposition equals s(s + 1).
Let ker m = 7(i1),...,7(is); the cell Cpyy = Cpy(w) for 1 <1< s+1and 1 <m < sis
defined by Cpy(7) = (7(j1), 7(j2), - - -, 7(Ja)) such that j, # j, if and only if p # ¢, and

{1 g2y s dat =47 e < <ty T(ip-1(m-1)) < 7T(J) < T(ip-1(m)) }

where i = 0, 1541 = n+ 1, p~1(0) = 0, and 7(0) = 0 for any 7. If 7 coincides with p
itself, then all the cells in the decomposition are empty. An arbitrary permutation in
S(p) is obtained by filling in some of the cells in the cell decomposition. A cell C is
called infeasible if the existence of an entry a € C' would imply an occurrence of 132
that contains a and two other entries z,y € ker 7’ for some 7’. Clearly, all infeasible
cells are empty for any m € &(p). All the remaining cells are called feasible; a feasible
cell may, or may not, be empty. Consider the permutation 7 = 67382451. The kernel
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of m equals 3845, its shape is 1423. The cell decomposition of 7 contains four feasible
cells: Ci13 = (2), Ciy = &, C15 = (1), and Cy; = (6,7) (see Figure 2). All the other
cells are infeasible; for example, C3, is infeasible, since if a € Csy, then an'(iz)7'(i4) is
an occurrence of 132 for some ker 7'
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FIGURE 2. Kernel cell decomposition for 7 = 67382451 € &(1423)

As another example, permutation 7 = 111071246 58293 1 belongs to &(364152). Its
kernel is 7128293, and the feasible cells are C33 = (4,6,5), C17 = (1), Cs; = (11, 10).

Given a cell Cj; in the kernel cell decomposition, all the kernel entries can be positioned
with respect to Cj;. We say that © = m(ix) € ker 7 lies below Cj; if p(k) < i, and above
Ci; if p(k) > 4. Similarly, = lies to the left of C;; if k < j, and to the right of C;; if
k > j. As usual, we say that z lies to the southwest of Cj; if it lies below C;; and to the
left of it; the other three directions, northwest, southeast, and northeast, are defined
similarly. Let us define a partial order < on the set of all feasible cells by saying that
Cot < Crpp ZCrypif m>m' and [ < ['.

Theorem 2.2. (Mansour and Vainshtein [12])

(i) < is a linear order.

(i) Let Cpy and Cpyr be two nonempty feasibly cells such that 1 < I'. Then for any pair
of entries a € Cypy, b € Cypr, one has a > b.

(iii) Let Cpy and Cryy be two nonempty feasibly cells such that m < m'. Then any
entry a € Cyy lies to the right of any entry b € Cpyy (m1(b) < 7 (a)).
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Let m be any permutation with a kernel permutation p, and assume that the feasible
cells of the kernel cell decomposition associated with p are ordered linearly according
to <, C1,C2,...,C/). Let d; be the size of C7. For example, let m = 67382451 with
kernel permutation p = 1423, as on Figure 2, then dy =2, dy =1, d3 =0, and dy = 1.
We denote by ;(p) the number of the entries of p that lie to the north-west from C7 or
lie to the south-east from CY. For example, let p = 1423, as on Figure 2, then I;(p) = 3,
la(p) = 2, l3(p) = 3, and l4(p) = 4. Clearly, li(p) = s(p) — 1 and ly(,) = s(p) for any
nonempty kernel permutation p. We denote by sign(C?) the number of occurrences of
a 21 pattern in C7.

Lemma 2.3. For any permutation ™ with a kernel permutation p,

p)

(p)
. f( 7. .
sign(ﬁ) — (_1)(215i5j5f(p) dzd]+2j:1 dyl](P)) . 51gn(p) . H51gn(07)
Jj=1

Proof. To verify this formula, let us count the number of occurrences of the pattern
21 in 7. There four possibilities for an occurrence of 21 in 7. The first possibility
is an occurrence occurs in one of the cells C7, so in this case there are Zf(:pl) 21(CY)
occurrences. The second possibility is an occurrence occurs in kerm, so there are
21(p) occurrences. The third possibility is an occurrence of two elements which the
first belongs to kerm and the second belongs to C, so there are Zj(:”l) dili(p) (see
Theorem 2.2) occurrences. The fourth possibility is an occurrence of two elements
which the first belongs to C* and the second belongs to C? where ¢ < j (Theorem 2.2
yields every entry of C* is greater than every entry of C7 for all 7 < j), so there are
> <i<i<f(p) d;d; occurrences. Therefore, by Lemma 1.1 we have

sign(m) = (—1)Zi 21C7) (120 (_1) T8 G0 (1) Ercicicrin s,
0 g :
equivalently, sign(7r) = (—1)(215"95“") iy + /5 i1y (o)) - sign(p) - Hf(:”l) sign(C?). O

We say the vector v = (v, va, ..., vy,) is a binary vectorif v; € {0,1} forall i, 1 <i < n.
We denote the set of all binary vectors of length n by B™. For any v € B", we
define |v| = v; + vy + -+ + v,. For example, B> = {(0,0),(0,1),(1,0),(1,1)} and
(1,1,0,0,1)| = 3.

Let p be any kernel permutations; we denote by X,(p) (respectively; Y?) the set of all
the binary vectors v € Bf() such that (—1)VI*5() = g (respectively; (—1)/V! = a). For
any v € B/ we define

2,(v) = (=1)Z<i<i<se) vivg + 2[5 b (s sign(p)-

Letting p be any kernel permutations and v = (v, v, ..., v5(,)) € B/®) | we denote by
S(p; v) the set of all permutations of all sizes with kernel permutation p such that the
corresponding cells C7 satisfy (—1)% = (—1)%; in such a context v is called a length
argument vector of p. By definitions, the following result holds immediately.

Lemma 2.4. For any kernel permutation p,

Sp)= J &)

vEBf(ﬂ)
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Letting p be any kernel permutations and letting

vV = (1}1,1}2, .. .,Uf(p)), u= (ul,u2, .. .,uf(p)) € Bf(p),

we denote by &(p; v, u) the set of all permutations in &(p; v) such that the correspond-
ing cells C7 satisfy sign(C?) = 1 if and only if u; = 0; in such a context u is called a
signature argument vector of p. By Lemma 2.4, the following result holds immediately.
Lemma 2.5. For any kernel permutation p,

U sevi= U U &pvw.

vEBf(P) vEBf(P) uEBf(P)
For any a,b € {0,1} we define

L(Er(z) + (-1)°E,(—z)), ifb=0
H,(a,b) =
L(Ox(z) + (=1)20,(=z)), ifb=1

2
By definitions, the following result holds immediately.

Lemma 2.6. Let a,b € {0,1}. Then the generating function for all permutations
such that 132(1) = r, (=1)I" = (=1)¢, and sign(7) = (—=1)® is given by H,(a,b), where
we denote by || the length of the permutation 7.

3. MAIN THEOREM

The main result of this note can be formulated as follows. Denote by K the set of all
kernel permutations, and by K; the set of all kernel shapes for permutations in &;.
Letting p be any kernel permutation, for any a,b € {0,1} and any ry,...,7p(), we

define
Lfl,...,rf(,,) Z Z H H,, (05, u5).

VeX( nHae uEY( l)bzp(v)

Remark 3.1. The product H;Zl H,,(vj,u;) gives the generating function for the num-
ber of s permutations m ..., such that w0 contains 132 exactly r; times, the modulo
2 of the length of m is v;, and 7’ is even (respectively; odd) permutation if and only if
u; =1 (respectively; u; = 0).

Theorem 3.2. Let r > 1. For any a,b € {0,1},

(3.1) H(ab)= ) L8, o (@),

PEKr g1 Tittr p(p)=r—c(p), 7520

Proof. Let us fix a kernel permutation p € Ky, a length argument vector v =
(v1,..-,v5) € X(1)a(p), and a signature argument vector u = (uy,...,uyz,)) €

Y(’i(f))bzp V) Recall that the kernel p of any 7 contains exactly ¢(p) occurrences of 132.
The remaining r — ¢(p) occurrences of 132 are distributed among the feasible cells of
the kernel cell decomposition of 7. By Theorem 2.2, each occurrence of 132 belongs
entirely to one feasible cell, and the occurrences of 132 in different cells do not influence

one another.
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Let 7 be any permutation such that 132(7) = r, sign(r) = (—1)® and (—1)" =
(—1)° together with a kernel permutations p, length argument vector v, and signature
argument vector u. Then by Lemma 2.5, the cells C7 satisfy the following conditions:

(1) v; = 0 if and only if d; is an even number,
(2) u; = 0 if and only if sign(C?) =1,

(3) (_1)v1+...+vf(p)+s(p) — (_1)(1’ and

(4) (=1 FTwzy(v) = (=1)"

Therefore, by Remark ?? and Lemma 2.6 this contribution gives

f(p)
xs(ﬂ) Z H H’l"j (Uj, Uj).

r1+tr ey =r—c(p),7; >0 j=1

Hence by Lemma 2.5 and Theorem 2.1, if summing over all the kernel permutations
p € Ky 1, length argument vectors v € X(_1)a(p), and signature argument vectors

I(p)
uEY iy, v

Proposition 3.3. (see Mansour and Vainshtein [12, Proposition]) The only kernel
permutation of capacity r > 1 and size 2r + 1 is

p=2r—1,2r+1,2r—3,2r,...,2r — 25 —3,2r — 2j,...,1,4,2.

then we get the desired result. O

Theorem 3.2 provides a finite algorithm for finding E,(z) and O,(x) for any given
r > 0, since we only have to consider all permutations in G, 1, and to perform certain
routine operations with all shapes found so far. Moreover, the amount of search can
be decreased substantially due to the following theorem.

Theorem 3.4. The only kernel permutation of capacity r > 1 and size 2r + 1 1is
p=2r—1,2r+1,2r—3,2r,...,2r — 25— 3,2r — 2j5,...,1,4,2.
Its parameters are given by s(p) = 2r+ 1, c(p) =, f(p) = r + 2, sign(p) = —1, and

2o(V1, .o Vo) = (_1)(1+w+2+21§¢<,§r+2 vivg).

Proof. The first part of the proposition holds by Proposition 3.3. Besides, by using

the form of p we get s(p) = 2r + 1, c(p) = r, f(p) = r + 2; sign(p) = —1, and
li(p)=2rforall j =1,2,...,7+1 and l,12(p) = 2r + 1. Therefore, z,(v1, ..., vr42) =
(_1)(1+”T+2+215i<j5r+2 vit;). O

By this proposition, it suffices to search only permutations in G,,. Below we present
several explicit calculations.

3.1. The case r = 0. Let us start from the case r = 0. Observe that Theorem 3.2
remains valid for r = 0, provided the left hand side of Equation 3.1 for a = b = 0 is
replaced by H,(0,0) — 1 = 1(E,(z) + E,(—x)) — 1; subtracting 1 here accounts for the
empty permutation. So, we begin with finding kernel shapes for all permutations in
GS;. The only shape obtained is p; = 1, and it is easy to see that s(p;) =1, ¢(p1) =0,
f(pl) = 2a

Xl(pl) =Y,= {(11 0)’ (0’ 1)}’ X—l(pl) =Y, = {(0’0)’ (17 1)}a
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and
2p,(0,0) = 2,,(1,0) = 2,,(1,1) = —2,,(0,1) = 1.
Therefore, Equation 3.1 for a = b = 0 gives
(3.2)
3(Eo(z) + Eo(—2)) —1 =
= xHy(1,0)Hy(0,0) + xHy(1,1)Hy(0,1) + xHy(1,0)Hy(0,1) + xHy(1,1)Hy(0,0),

Equation 3.1 for a = 1 and b = 0 gives
(3.3) s(Eo(z) — Eo(—2)) = xH§(0,0) + H(0,1) + zH(1,0) + 2 H§(1,1),

Equation 3.1 for a = 0 and b = 1 gives
(3.4)
H00(2) + O( ) =
= .IH()(l, 1)H0(0, 0) + iEH()(l, O)Ho(o, 1) + CCH()(O, O)H()(l, 0) + CCH()(O, l)H()(l, 1),

and Equation 3.1 for a = b =1 gives
(3.5) 3 (0o(z) — Og(—2)) = 20H(0,1)Ho(0,0) + 2zHo(1,1)Ho(1,0).
Our present aim to find explicitly Ey(z) and Og(x), thus we need the following notation.
We define
M,(z) = E;(z) — O,(z) and F,(z) = E,(z) + O,(z)
for all » > 0. Clearly,

Hr(oa 0) - Hr(oa 1) =

(M, (z) + M,(—z)), H,(0,0) + H,(0,1) = L(F.(z) + F,(~1)),
Hy(1,0) — H,(1,1) = 0

(M (x) — M,(—x)), H,(1,0)+ H,(1,1) = %(Fr(x) — I (—x)),

2

NN [—

for all » > 0. Therefore, by subtracting (respectively; adding) Equation 3.4 and Equa-
tion 3.2, and by subtracting (respectively; adding) Equation 3.5 and Equation 3.3 we
get

and
{ Fy(z) + Fy(—z) = 2+ z(F¢(z) — Fi(—x))
Fy(z) = Fo(—z) = z(Fg(z) + F§(-=))
Hence,
Mo(z) =1+ %;‘W and Fy(z) = - Y1 =4 ;‘49”

Theorem 3.5. (i) The generating function for the number of even permutations avoid-
ing 132 is given by (see [16])

1/1—+1—4x 1— 1 — 422

(ii) The generating function for the number of odd permutations avoiding 132 is given
by (see [16])

OO(x) D) 2x 2x

1 (1—\/1—4x . 1—\/1—4x2>
5 )
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(iii) The generating function for the number of permutations avoiding 132 is given by

(see [9])
1-— m_

Fole) = 2z

3.2. The Case r = 1. Since permutations in &, do not exhibit kernel shapes distinct
from p;, the only possible new shape is the exceptional one, po = 132. Calculation of
the parameters of py gives s(p2) = 3, c(p2) =1, f(p2) = 3,

Xl(pg) =Y = {(1, 0,0), (0, 1, O), (0, 0, 1), (1, 1, 1)},
X_1(p2) = Y1 ={(0,0,0),(1,1,0),(1,0,1),(1,1,0)},
and
Zp2(0,0,0) = Zp2(1, 0,0) =2, (0, 1,0) = —zpz(l, 1,0) =1,
—25,(0,0,1) = 2,,(1, 0, 1): ,(0,1,1) =2,,(1,1,1) =1

Therefore, by Theorem 3.2 we have
( 2(H1(0, 0) - Hl(O, 1)) =
= Mi(2) + My(—2) = % (Mo(—x) — Mo(w)) (MG (—z) + MZ(x))

-

2([‘[1(1,0) - Hl(l, 1)) -
= Mi(z) — Mi(—z) = QfU(Mo(fg)Ml(fU) + Mo(—2)Mi(—2))
\ — 5 (Mo(—2) + Mo(2))(M§(—2z) + M§(z))),

Using the expression for My(x) (see the case r = 0) we get

1 1 — 3z — d2? + 423
My(e) = 5(~1+ 3z +20%) + . 2x T4 4a?) 1,

Similarly, if considering the expressions for H;(0,0) + H1(0,1) and H;(1,0) + H(1,1)
we get

Fi(@) = 5o 1)+~ 520 (1 42) 72

Theorem 3.6. (i) The generating function for the number of even permutations con-
taining 132 exactly once is given by

1 1-3 1 — 3z — 422 + 4423
By(a) = —5(1— 20— 2%) + ——L(1—da) 2 4 - TR ()12

(ii) The generating function for the number of odd permutations containing 132 ezactly
once is given by

1 — 3z — 42% + 428

1 —
5 ; (1= 4g2) 12,

Ou(w) = 2w +a%) + L2201 -y

(iii) The generating function for the number of permutations containing 132 ezactly
once is given by (see [6])

1-3x

Fi(z)= %(m—l)—i— (1 —4z) 12,
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3.3. The case r = 2. We have to check the kernel shapes of permutations in G,.
Exhaustive search adds four new shapes to the previous list; these are 1243, 1342,
1423, and 2143; besides, there is the exceptional 35142 € &5. Calculation of the
parameters s, ¢, f, z, X,, Y, is straightforward, and we get

Theorem 3.7. (i) The generating function for the number of even permutations con-
taining 132 exactly twice is given by

1 1
Ey(z) = 5:c(a:3 +322 —dx — 1) + Z(23:4 — 4% + 2922 — 152 + 2)(1 — 4z)73/2

1
—7 (1627 — 482° — 762" + 64" + 362" — 212? — 5z +2)(1 — 42%)73/2,

(ii) The generating function for the number of odd permutations containing 132 exactly
once is given by

1 1
Oy(x) = —§(x4 +32% — 522 — 4z +2) + Z(2954 — 423 + 2922 — 153 + 2)(1 — 4z)~3/2

1
+ (1627 — 482° — 762° + 642" + 362° — 2157 — 5 + 2)(1 — 42%) /%,

(iii) The generating function for the number of permutations containing 132 ezactly
twice is given by (see [12])

1 1
Fylw) = 5(a* + 3z = 2) + 5 (2" — 42° + 200” — 152 + 2)(1 — da) ¥*,

3.4. The cases r = 3,4,5,6. Let r = 3,4, 5, 6; exhaustive search in G4, &g, G19, and
G4 reveals 20, 104, 503, and 2576 new nonexceptional kernel shapes, respectively, and
we get

Theorem 3.8. Let r = 3,4,5,6, then

M, (z) = % (A (2) + B,(2)(1 — 42%)7+1/2)

and

where

Asz(z) = 225 + 1025 — 242* — 3023 + 2322 + Tz — 2,
Ay(z) = 228 + 1427 — 462° — 902° + 1172* + 852 — 422% — 8z + 1,

As(z) = 221 4 182% — 762® — 19827 + 3602° + 440x° — 355x* — 1712® + 6222
+10x — 2,

Ag(x) = 2562 — 4462'%2 — 6182 + 194210 — 1402° + 7982® + 140427 — 170225
—14302° + 8152 + 30223 — 8822 — 15z + 4,
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Bs(z) = 64z — 3202'° — 8002° + 12162 + 112427 — 9722 — 52425 + 3122*
+1002% — 4322 — 72 + 2,

Bu(z) = —2562' + 17922 + 611223 — 1312022 — 19840z + 2222471
+190542° — 1478028 — 83287 + 47725 + 18402° — 775x* — 19723 + 5622
+8x — 1,

Bs(z) = 10242 — 92162'® — 4006427 + 11174426 + 2288962'° — 3432642
—4040562'% + 398712212 + 321058z — 234686x'° — 1374682° + 784802%
+3389627 — 1540025 — 47802° + 1723z* + 3512 — 9822 — 10z + 2,

Bg(7) = 52428822 + 117555252 — 1593344222 — 232499212 + 11627522%°
+298112z'% + 269644828 + 485686417 — 7020288x'6 — 746456820
+6981056x'* + 544569622 — 386894272 — 23354502 + 1324884210
+6273062° — 2905362% — 10651027 + 40772z° + 110462° — 3543z*
—63223 4+ 17622 + 152 — 4,

Cs(z) = 223 — 52% + To — 2,
Cy(z) = ba* — 723 + 222 + 82 — 3,
Cs(z) = 142% — 172* + 2% — 1622 + 142 — 2,

Cs(z) = 422° — 442° + 5z* + 42 — 202 + 19z — 4,

and

Ds(x) = —2225 — 10625 + 2922* — 30223 + 13522 — 27z + 2,
Dy(x) = 22° + 2182% + 107427 — 175425 + 38825 + 1087z,

Ds(x) = =50z — 2568x'° — 108262° + 162522° — 1246627 + 161842° — 1648025
+9191z* — 28933 + 52022 — 50z + 2,

Dg(x) = 4™ + 8202 + 32824212 + 112328z — 205530210 + 1412941°
—305622° — 6760227 + 10425625 — 740902° + 30839z — 7902x% + 123022
—107x + 4.

Moreover, for r = 3,4,5,6,

E.(z) = i (Ar(2) + Cp(2) + Dr(2)(1 — 42) "2 + B,(2)(1 — 42%)7"F1/?)
and
Or(2) = i (Ar(z) = Cr(2) + Dy () (1 = da) "2 = By (2)(1 — 42?)"+72) .

11
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4. FURTHER RESULTS AND OPEN QUESTIONS

First of all, let us simplify the expression

L? (a,0) — L?

15T f(p) T1y-Tf(p) (a7 ]‘)’

where a = 0,1, r; > 0 for all j.
Lemma 4.1. Let v € {0,1}" be any vector, and let a € {1,—1}. Then

Z HHT(’U]',.Q?j) - Z HHT(Uj’yj) = G’ng(j)a

X€Y, j=1 yeY_, j=1

where gr(j) = Hr(vj’ 0) - Hr(vja 1) = %(Mr(x) + (_1)var(_$)) fO’f‘ all .7

Proof. Let us define an order on the set B", we say the vector v < u if there exists j

such that u; + v; = 1, and u; = v; for all 1 # j. We say the 2" vectors u',---,u*" of
B™ are satisfy the £-property if
0=(0,0,...,0)=u'<u’ < - <u”,
and we say the 2" vectors u',--- ,u?" are satisfy the c-property if the vectors
(ui,...,ul), ..., (u¥",...,u2")
are satisfy the /-property for all m = 1,2,...,n. For example, the vectors of B* are

satisfy the c-property by
(0,0,0) < (1,0,0) < (1,1,0) < (0,1,0) < (0,1,1) < (1,1,1) < (1,0,1) < (0,0, 1).

First of all, let us prove by induction on n that there exists an order of the vectors
of B™ with c-property, for all n > 1. For n = 1 the c-property holds with (0) <
(1). Suppose that there exists an order of the vector of B™ with the c-property. Let
vi=(ul,...,u,0) forall j =1,2,...,2" and v¥"+ = (u? t'77 ... u2't14 1) for
all j = 1,2,...,2™. By definitions, v! = (0,0,...,0) and v! < --- < v¥"", so0 the
{-property holds for m + 1. Hence, by induction on m we get that there exists an order
of the vector of B™ with the c-property.

Now we are ready to prove the lemma. Without loss of generality we can assume that
(0,0,...,0) € Y (which means a = 1); otherwise it is enough to replace a by —a. Let
x!, ..., x?" all the vectors of B" with the c-property. Using (0,0,...,0) € Y together
with the c-property we get that x*~' € ¥® and x* € Y™ for all 1 = 1,2,...,2" .
Therefore, for all 1 = 1,2,...,2" 1,

%(HHMﬁ“)ﬁ m,ﬂ

= "Z: ( ﬁZHT(U]’ X2 1))

- é(‘<%ﬁ”—ﬁﬂ@%0’
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where y? = (x,...,x%) for all p = 1,2,...,2" ', and ¥ = (vy,Vs,...,vn). Using
the c-property for x!,...,x?" we get that the vectors y',... ,yzn_1 are satisfy the c-
property in B"~!. Hence by induction on n (by definitions, the lemma holds for n = 1),
we get that the expression equals to GH?:1 9-(7)- O

As a remark, the vector (0,0,...,0) € Yz’;(v
permutation p and vector v. Therefore, by Theorem 3.2 and Lemma 4.1 we get the

following result.
Theorem 4.2. Let a € {0,1} and r > 0. Then

%(MT(ZL') + (_l)aMT(_x)) - 5r+a,0 =
fp)
= > 20 > > 2770 (v) T (M, (2) + (—1)“1‘Mrj(—x))) '

PEK2 41 Ty p(p)=T—C(p) \VEX(_1)a(p) Jj=1

) if and only if 2,(v) = 1 for any kernel

As a remark, the above theorem yields two equations (for ¢ = 0 and a = 1) that are
linear on M, (x) and M,(—z). So, Theorem 4.2 provides a finite algorithm for finding
M,.(z) for any given r > 0, since we have to consider all permutations in &y, 1, and to
perform certain routine operations with all shapes found so far. Moreover, the amount
of search can be decreased substantially due to the following proposition which holds
immediately by Theorem 3.4 and Theorem 4.2.

Proposition 4.3. Let r > 1, a € {0,1}, and
p=2r—1,2r+1,2r—3,2r,...,2r—25—3,2r —2j,...,1,4,2.
Then the expression

f(p)
RCED ST 270z, [ (M, (@) + (~1)% My, ()

1

X

Tl f(p)=T—C(p), 7520 \vEX(_1)a(p) J

s given by

[(r+2)/2]
. 2 ) .
2 (—1)%““24*( o )x”“(Mo(m) — Mo(—a) ) (Mo() + Mo(—2))"+2.
o 2]+1—a

By this proposition, it is sufficient to search only permutations in G,,. Besides, using
Theorem 4.2 and the case r = 0 together with induction on r we get the following
result.

Theorem 4.4. M, (z) is a rational function on x and /1 — 4z? for any r > 0.

In view of our explicit results, we have even a stronger conjecture.

Conjecture 4.5. For any r > 1, there exist polynomials A,.(z), B,(z), Cr(x), and
D, (x) with integer coefficients such that

E,(2) = 1(A(e) + B,(w)) + %Cr(m)u — 4g) T2 4 %Dr(x)(l — 4g?)r2,

2
and

1

1
— ZDT (2)(1 — 42%) TH1/2,

0,(2) = §(Ar(@) = Bu(@)) + 3Cr(a)(1 — dz) 2 -
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