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1 Introduction

The generalized Fibonacci and Lucas numbers are defined by

Un(p,q) = Va(p,q) = o™ + 67, (1)

where o = %(p +/p?—4q) and 8 = %(p — /p? — 4q). Clearly, U,(p,q) and V,(p, q)

are the usual Fibonacci and Lucas sequences {F,} and {L,} when p =1 and ¢ = —1.
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Definition 1.1 Let d > 0. For any n > 0, we define

samp, k)= > [ Ukilps0)-

Ji+je+e+ja=n i=1

For the Fibonacci numbers, Zhang [3] found the following identities:
1
so(n;1,—1;1) = g((n —1)F,+2nF, 1), n>1, (2)

1
s3(n;1,—1;1) = %((5# —9n—2)F, 1 +(5n* —3n—2)F, 5), n>2  (3)

and when n > 3,

1
s4(ny1,—1;1) = ﬁ((4n3 —12n* —4n+12)F, 5+ (3n® — 6n* — 3n+6)F, 3). (4)

Recently, Zhao and Wang [2] extended these identites to the case of {U,(p,q)} and

{Va(p,q)}; for n > 1

sa(m;p, q; k) = % ((n — 1)Uk (P, ) Vie(p, @) — 2n¢" U1y (p, Q)), (5)

for n > 2,
. k) = U2(p,q) 1 _ )2 U
s3(nip 4 k) = smgrgy—ige | (0 = D= 2)Vi (0 )Uni(p; )

—¢"Vi(p, q)(4n* — 6n — U 13 (p, 9) (6)

+(4n* — 28n + 28(n — 3)Vi(p, ¢) + 80)Un—2)k (p, (Z)),



and when n > 3,

3
ss(nip, a5 k) = graps (V,f’(p, q)(n = 1)(n —=2)(n = 3)Unk(p, q)
—6¢*V2(p,q)(n — 2)(n — 3)(n + 1)Un—1)%(p; q)
+12¢*Vi(p, q) (n — 3)(n* + 1 — 1)Un—20 (p, q)

—8¢¥*n(n* — 4) U3y (p, Q)> :

In this paper, we extend the above conclusions. We establish an identity for the case

sq(n; p, q; k) for any d > 2.

2 Main results

We denote by Gi(z;p, q) the generating function of {U,.«(p, q)}, that is, Gx(z; p,q) =
> nso Unk(p, q)x™, where k is a positive integer. Clearly, by Definition 1 and the

geometric formula,

. _ -TUk:(pa Q)
Gk(z,p, Q) - 1— Vk(p, q)a: + qug'

We define Fy(z) = Fi(z;p,q) = W Then

Fiu(z) = 3 Uns(p, @) = —— 4220 (3)

T 1= kp2-
= 1= Vi(p, @)z + ¢bx

Definition 2.1 Let a(0,d) = 4¢ for any d > 0, and a(¢,0) = 0 for any £ > 1. We

define a(f,d) for £,d>1 by a(l,d) =4l +1)-a(l,d—1)+L-a(l—1,d—1).



Using this definition we quickly generate the numbers a(/,d); the first few of these

numbers are given in Table 1.

e 0 1 2 3 4 5 6
0o 1 0 0 0 0 0 0
1 4 1 0 0 0 0 0
2 16 12 2 0 0 0 0
3 64 112 48 6 0 0 0
4 256 960 800 240 24 0 0

3 1024 7936 11520 6240 1440 120 0

6 4096 64512 154112 134400 53760 10080 720
Table 1: Values of a(¢,d) where 0 < £,d < 6.

We can also use Definition 2.1 to find an explicit formula for a(¢, d).

Lemma 2.2 For any ¢,d > 0,

V4
a(l,d) = 447* Z(_l)j (ﬁ) (£+1—75)~



Proof. By Definition 2.1 it is easy to see that the lemma holds for £ = 0 or d = 0.

Using induction on d and ¢ we get that

40+1)-all,d—=1)+£-a(l-1,d—-1)

= (DAY Q=)+ L 4d—f§(—1)j(f;1) (¢ — j)st
=400+ 1) i (D7) (+1—5)* " +¢ i(—l)j‘l(f_i) (41— j)*
=440 (04 1)% + > (D7) (e +1-5)¢ =a(t,d+1),

as requested. O

Definition 2.3 Let b(1,d) = (=2)4! for any d > 1, and b(¢,1) = 0 for any £ > 2.

We define b(£,d) for £,d > 2 by b(£,d) = b(f — 1,d — 1) — 20 - b(¢,d — 1).

Using this definition we quickly generate the numbers b(¢, d); the first few of these

numbers are given in Table 2.

3 4 ) 1 0 0 00
4 -8 28 —12 1 0 00
5 16 -—-120 100 —-20 1 0 O

6 —32 49 —-720 260 —-30 1 O
Table 2: Values of b(¢, d) where 0 < ¢,d < 6.

We can also use Definition 2.3 to find an explicit formula for the numbers b(¢, d).



Lemma 2.4 For any £,d > 1,

Proof. By Definition 2.3 it is easy to see that the lemma holds for £ = 1 or d = 1.

Using induction on d and ¢ we get that

b —1,d—1) —2¢-b(,d — 1)

_1\d—29d—¢ £=2 - i _1)d—29d—£—1 -1 Ny i B
= Sl S0+ DT - 2o S D () G+ )
.7_: j=
_1)d—19d—¢ =1 -2 o . B
_ 1()£71)2! / z:()(_l) (6 1) (] + 1) (£ B 1) z:o(_l)](fjg)(] + 1)d 2]
| J= §=

:L%%ﬂ.(yﬂﬂl+2()(Gﬁ—“—”«ﬂﬁr”wﬁ

J

_ (-1();:;:14 (—1)d1pdt 4 i(_l)j(fgl) (j+1)d—1]

j=0
_1\d—19d—¢ -1
= O SN0+ 1 = bk ),
J:
as requested. -

Now we introduce a relation that plays the crucial role in the proof of the main result

of this paper.

Proposition 2.5 Let d > 1. The generating function Fy(x;p,q) satisfies the following

equation:

> [0 (S0 O +1-0) (B2852) 77 wina)
_y [J—l).k)d] (Jf(—l)i(jZI) (i + 1)’“) (Vi(p, q) — 2¢*2)’ FP (w;p, Q)} :

1=0



where Fk(j)(ac;p, q) is the jth derivative with respect to x of Fy(x;p,q).

Proof. We define A = % and B = Vi(p, q) — 2¢*z. Let us prove this theorem

by induction on d. Noticing that

(Vi(p, @) — 2¢*2) Fi(2;p, q)
1 —Vi(p,q) + ¢ka?

FV(x;p,q) =

we get

A¢* Fy(z;p,q) + A - F(x;p,9) = B- FY(z;p, q),

therefore, the theorem holds for d = 1. Now we suppose that the theorem holds for d,

that is,

d . J .

. _ V2(p,q)—4
_Zoa(J,d)rJ‘d ok (7’%(28,(1)(1 ) B (@ip0)
j=

= 3 b(j, gk (Vi(p, q) — 2¢*z)" FP (z; p, ).

i=1

Therefore, derivative this equation with respect to x we have that

d . L.
3 + Da(f, d)g=* AT} (z;p,q) F" (; p,q)

J=0

d ; i j
= 3 b3, d)g B (w3 p,0) - zzm b(j, d)g =B Y (w;p, q).

]:

If multiplying by B and using Equation 9 then we get that

S+ V)a(j, d)g DR ATHE 2 (25p,q) + 0 A3 + 1)a(j, d)g DR ATFI (25 p, q)
3=0 j=0
d+1 ( d ] . . (])
225(1 —1,d)q' =k BIF) (25 p, q) — Z b(j,d)g R BIF (z;p, q),
]_ :



equivalently,

d+1 N
> (ja(i = 1,d) + 4(j + V)a(j, d)) gt AT F ™ (25 p, q)

i=0

d+1 N
= 32 (b(j — 1,d) = 24b(j, d))d“ P BIF) (;p,q).
j=1
Therefore, using Definition 2.1 and Definition 2.3 we have that

d+1 N d+1 L
> a(j, d + 1)gu Dk AT (4 p, q) = 3 b(j,d + 1)g“ Dk BIFD (25 p, ).
Jj=0 j=1

Hence, using Lemma 2.2 and Lemma 2.4 we get the desired result. a

By the above proposition, we have the main result of this paper.

Theorem 2.6 Letd > 1. For anyn > d,

S | (SO +1-07) (S85L) suln+s - dinaib)]

q
.zd: [ l)d I(Qq - (]5(—1)i(j§1) (1 + 1)'“) (Z V,j,s (M) Untj—d—s)k (P 9) (i))] ,

j=1 s=0

where vqjs(n) = (=2¢*) VI (0, ) [T_,(n +j — d — s — i).

Proof. 1f comparing the coefficients of 2”@+ on both sides of Proposition 2.5 we get

the desired result. O

Theorem 2.6 provides a finite algorithm for finding s4(n; p, ¢; k) in terms of U,x(p, ¢) and
Vo (P, @), since we have to consider all s;(n;p,q; k) for j =1,2,...,d. The algorithm
has been implemented in Maple, and yields explicit results for 1 < d < 6. Below we

present several explicit calculations.



Corollary 2.7 (see Zhao and Wang [2, Equation 9]) For any n > 1,

Uk(p; g
s2(n;p, g; k) = m ((n — DVi(p, )Unk(p; @) — 2n¢"Utn 13k (p, q))-

Proof. Theorem 2.6 for d = 2 yields

V2 , —4, k
Aqhs1(n — 13, g3 k) + VS s, (s p, s )

= (n = D)Vi(p, Q) Unk(p, q) — 2(n — 2)¢"Ugn_1) (p, q)-

Using the fact that si(n;p, ¢; k) = Unr(p, q) we get the desired result. O

Corollary 2.8 (see Zhao and Wang [2, Equation 10]) For any n > 2,

2
s3(n;p, 4; k) = spatir ((n — D(n =2V (p, ¢)Unk(p; @)
—2¢*(n = 2)(2n + 1)Vi(p, Q) Un-1)x (P, ¢)

+4q2k(n —2)(n+ 2)U(n_2)k (p, q)) .

Proof. Theorem 2.6 for d = 3 yields

V2(p,q)—4q" 2(V2(p,q)—4q*)?
16¢%s1(n — 2 p, 4; k) + 124" 20 55 (n — 15p, g; k) + 25 B00 s (ns p, g k)
= (n—1)(n = 2VZ(®, Q)Unk(p, ¢) — 2(n — 2)(2n — 5)¢"*Vi (0, )Un 1) (0, @)

+4¢* (n — 3)2Un-2) (P, q).-

Using Corollary 2.7 with the fact that s1(n; p, ¢; k) = Unr(p, q¢) we get the desired result.

O



Similarly, if applying Theorem 2.6 for d with using the formulas of s;(n;p, ¢; k) for j =

1,2,...,d—1, then we get the following result (in the case d = 4 see [2, Equation 11]).

Corollary 2.9 We have

(i) For any n > 3,

s4(n; p, ¢; k)
~ s (V0. )0 = )00 = D0~ sl
—6¢*V2(p,q)(n — 2)(n — 3)(n+ 1)Un—1)(p, q)
+12¢** Vi (p, ¢)(n = 3)(n* +n = 1)Ugs—2)(p: )

—8¢* n(n? — 4) U3y (p, (1)> -
(ii) For any n > 4,

s5(n; p, ; k)
~ e (Vi) 0~ 1 — 21— 3)(0 — )0slp0)
~4¢* V3 (p, @) (n — 2)(n — 3)(n — 4)(2n + 3)Upn—1)x(p; 9)
+12¢°V2(p, q)(n — 3)(n — 4)(2n* + 4n — 1)Ugn_ayk (p, q)
—8¢*Vi(p,q)(n — 4)(2n + 1)(2n? + 2n — ) Un_3k(p, 9)

F160% (0= 3 = )+ 1)1+ Ve s(p.0) )
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(iii) For any n > 5,

s6(n; p, 4; k)
— s (VB 00— D0~ D= 30— (0~ Vo)
10V (p.0) (1~ 2)(n — 3)(n — D — )0+ 2Vu-1e(p:0)
F205VE(,0)(n — 3)(n — )0 — 5)(20 + 61+ DUicae (9.0
—40¢**V2(p,q)(n — 4)(n — 5)(n + 1)(2n® + 4n — 9)Upn—3) (0, @)

+80¢* Vi (p, ¢)(n — 5)(n* + 203 — 10n* — 110+ 9) U s (p; )

32 n(n = )(n = D+ 20+ DWoron(p.0) ).

From these results, it is very easy to obtain Equations 2-4. If k=1 and p=—q =1,
then by using Corollary 2.9 together with the recurrence F,, = F,,_{ + F,,_o we arrive
to

Z FanFchFe
a+b+ct+d+e=n

= 5 (3(n — 1)(8n® — 5n? — 2Tn + 50) F, — 20n(5n — 17)F,_y)

F,F,F,F,F,F;
a+b+ctd+e+f=n

= = ((n — 1)(5n* — 70n® — 65n% + 490n + 264) F,, + 2n(5n* + 5n* — 226)F,_,).
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