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Abstract

Competition in the airline industry depends greatly on how efficiently crews
are scheduled. Scheduling problems can be modeled as integer programs
which can be solved exactly using branch-and-price methods. However, in
practice, in order to find a good schedule expediently, the branch-and-price
tree is often only partially explored. A constraint branching heuristic called
connection fixing often selects branches containing optimal or near-optimal
solutions. This thesis investigates utilizing connection fixing in a branch-
and-price algorithm to exactly solve airline crew scheduling problems.

We present a mathematical model for optimizing airline crew scheduling
that is suitable for the branch-and-price algorithm. Then we present the
branch-and-price method for solving integer programs, the connection fixing
heuristic, and how this can be integrated into a branch-and-price method.
Finally, we evaluate these ideas by implementing a branch-and-price system
using connection fixing and use this system to solve exactly several small and
medium sized crew scheduling problems. The numerical results suggest that
the branch-and-price method with connection fixing is a promising method
for exactly solving large-scale crew scheduling problems.
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1 Introduction

This thesis is a proof of concept project implemented at Jeppesen AB that
aims to evaluate the feasibility of utilizing a connection branching branch-
and-price (B&P) system within the crew pairing component of crew schedul-
ing. Crew pairing is the creation of shifts or work periods such that the
flights are staffed. This differs from crew rostering, which is the assignment
of specific individuals to these shifts [3] [7]. An example of this distinction is
given in Chapter 2.

Crew costs are the second largest cost in the airline industry after fuel
costs [3] [7]. Consequently, optimal or near-optimal crew scheduling is cru-
cial for airline competitiveness. Determining an optimal crew schedule is
extremely complex due to the large amount of human resources being man-
aged, the varying and overlapping competences of the crew, the number of
ways the crew can be matched to different tasks at different times and loca-
tions, governmental regulations, labor rules, worker preferences, and seniority
rules [3]. Billions of scheduling combinations can arise from a few thousand
flights [5]. Accordingly, for a specific scheduling problem, there may exist
millions of solutions of varying cost for which all tasks will be completed
while fulfilling all the labor rules and other constraints.

In order to manage the enormous complexity of crew scheduling and other
optimization problems common to the transportation sector, many compa-
nies employ optimization products developed by Jeppesen AB. The process
of solving large-scale scheduling problems at Jeppesen utilizes many opti-
mization technologies. These technologies include algorithms based on the
theoretical and applied mathematics of optimization. The connection fixing
heuristic, which will be explained in Section 5.3, is one algorithm used in
generating near-optimal solutions very quickly. Connection fixing is based
roughly on the idea of searching for schedules that do or do not include a
connection (for the crew) between two flights.

Currently, connection fixing is a part of the system Jeppesen uses to de-
termine high quality crew pairings. Some of these crew pairing problems
are intractable when approached with other methods, such as commercial
integer programming solvers, due to their very large size. That such huge
problems can be tackled at all is due in part to the efficiency of connection
fixing. While every feasible solution (a schedule that does not violate any
of the constraints) cannot be considered by the current process, it may be
possible to utilize connection fixing ideas to exhaustively search small and
medium sized pairing problems. Performing an exhaustive search is theo-
retically possible with traditional B&P approaches. However, the hope is
that a B&P system branching on connections, i.e. connection branching, will
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lead to a time efficient exhaustive search. Time efficient methods for finding
the best schedule (i.e. a global optimum) are of great importance since, in
practice, the time between when a schedule planning begins and the schedule
commences is limited.

In order to evaluate using connection branching as a basis for a B&P
system, Jeppesen AB has provided the software and hardware requisite for
developing the B&P system. We develop the connection branching B&P sys-
tem mostly from freely available open source software. The primary software
development tools are the GNU C and C++ compilers [14], the Mercurial
software code management system [23], and the Eclipse C/C++ Develop-
ment Tools Project [13]. The connection branching B&P system relies on
two commercial products: the primal heuristic PAQS by Jeppesen AB, which
is based on work by Wedelin [30], and the linear programming solver and the
integer programming solver in XPRESS R© by Fair Issac Co. [32]. Addition-
ally, we write Python [25] scripts to analyze and visualize the data. These
Python scripts use the following libraries or software packages: igraph [16],
matplotlib [22], and Graphviz [15].

Chapter 2 describes the airline crew pairing problem in detail and situ-
ates it within airline industry scheduling. Furthermore, Chapter 2 discusses
the role of optimization techniques and their applicability to airline indus-
try scheduling problems. Suitable mathematical models for the airline crew
pairing problem are developed in Chapter 3. Chapter 4 explains the B&P
algorithm which is suitable for solving the models developed in Chapter 3.
Chapter 5 explains how B&P is tailored in our implementation for solving
the airline crew pairing problem. The results of using this implementation to
solve several small and medium test problems are displayed in Chapter 6. We
conclude with Chapter 7, summarizing our results and discussing directions
for further research and development.
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2 Optimization of Airline Crew Scheduling

This chapter aims to situate the crew pairing problem within the wider con-
text of the airline industry as well as expand upon the description of the crew
pairing problem presented in the introduction. We begin by describing the
usage of optimization or operations research in the airline industry and then
focus on the crew pairing problem.

The airline industry is faced with many complex business decisions. As
with all industries, making such decisions is a matter of minimizing costs
and maximizing profits. These businesses decisions can be modeled mathe-
matically and expressed as mathematical optimization problems. Then the
techniques and methods of mathematical optimization can be applied, aiding
the decision making process.

The utility of employing optimization methods depends both on how well
the mathematical model represents the actual business decisions and their
related processes as well as on how well the model can be solved using op-
timization methods (the tractability of the model). Many factors affect the
modeling of business decisions. For example, the complexity of the decisions,
the quality of the input data, the interdependencies and the number of uncer-
tainties all affect the modeling. The extensive use of optimization methods
within the airline industry attests to the fact that the mathematical models
adequately represent the business decisions in the airline industry [3] [7]. The
difficulty is with the tractability of these models. Mathematical properties of
these models such as discreteness, nonlinearity, and a huge number of vari-
ables characterize optimization problems that are difficult to solve [7]. This
means that determining an optimal or near-optimal decision in terms of the
model can be extremely taxing in terms of the computational resources, and
can potentially exceed the available computing resources.

The crucial decisions in the airline industry are related to scheduling.
Generally, ‘scheduling’ is deciding when and where certain people (e.g. pilots)
and machines (e.g. aircraft) should carry out certain activities (e.g. piloting
an aircraft, performing maintenance on an aircraft). Following the survey by
Barnhart et al [7], scheduling in the airline industry can be decomposed into
the sequence of four scheduling problems described in Table 2.

Each of these four scheduling problems is not really a separate problem
since the input data for each scheduling problem is determined by the solution
to the preceding one. For example, ‘schedule design’ determines which flights
will be flown and thus which of the flights ‘crew scheduling’ needs to staff.
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Table 1: Airline Scheduling Components
Scheduling Problem Scheduling Problem Objective

Scheduling flights to satisfy
Schedule Design

passenger demand for specific routes

Scheduling the appropriate aircraft types
Fleet Assignment

to these flights

Aircraft Maintenance Scheduling aircraft so they are at maintenance
Routing sites with sufficient time and frequency

Scheduling crew members to ensure
Crew Scheduling

that the flights have sufficient staff

Accordingly, the problems should properly be treated as one integrated
problem in order to truly schedule optimally. Otherwise, the scheduling can
go awry due to the fact that each scheduling problem constrains the following
scheduling problem. In an extreme case, aircraft flights could be scheduled
in a way that satisfies much of the passenger demand, but forces many crew
members to fly many costly ”deadheads” (traveling to an other airport as a
passenger, instead of being on active duty). A fully integrated model, inte-
grating the four scheduling problems into a single model, would take account
of such interdependencies. Unfortunately, integrated problems are extremely
complex and can result in billions of decision variables (the variables in a
mathematical optimization model that are to be optimally determined and
correspond to real world decisions; these variables differ from help variables
that are used, primarily for modeling purposes). Thus a common framework
for airline scheduling is to work separately on the four scheduling problems
while allowing for some feedback between them [3]. Feedback between the
scheduling problems means that the impact of the schedules on each other is
communicated between departments that plan each of the schedules. How-
ever, this feedback is not such that it fully integrates the scheduling problems.
This thesis focuses on the separate, or sequential, framework.

In this sequential optimization process, crew scheduling comes last and
thus crew scheduling is influenced by, but does not impact, schedule de-
sign, fleet assignment, and aircraft maintenance routing. Consequently, crew
scheduling can focus purely on its own objectives: staffing cabin crews (e.g. flight
attendants) and cockpit crews (e.g. pilots) such that all flights are properly
staffed and all labor rules are satisfied at the lowest possible cost. An addi-
tional important factor not examined in this thesis is determining schedules
that are robust. A robust schedule is a schedule that is easier and less expen-
sive to adjust after a perturbation or a change, such as delays at an airport.
Consequently, increasing the robustness of a schedule decreases the actual
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cost of a schedule. Since optimization removes slack and redundancies in the
schedule, optimized schedules which do not consider robustness can be more
sensitive to minor perturbations [7].

Finally, the crew scheduling problem is further divided into two subprob-
lems: crew pairing and crew rostering. As mentioned in the introduction,
crew pairing creates work periods that staff flights (pairing work periods
with flights) and crew rostering assigns real individuals to the work periods
(manning the crews or assigning people to the roster). For example, a crew
pairing could dictate that an anonymous pilot A departs Minneapolis at 9:00
for New York city and departs New York city at 14:00 for Minneapolis and
that an anonymous pilot B departs New York city at 8:00 for Minneapolis,
departs Minneapolis at 11.30 for Los Angeles and finally departs Los Angeles
for New York city at 16:30. Crew rostering could determine that the anony-
mous pilot A will be ’Jane Doe’ and that the anonymous pilot B will be ’Bob
Johnson’.

This subdivision means that the chosen crew pairing conditions roster-
ing possibilities. Two reasons for breaking crew scheduling into these two
subproblems are complexity reduction and delaying rostering. Considering
the subproblems sequentially, solving crew pairing and then crew rostering,
reduces the mathematical complexity and thus reduces the computational
burden. However, as with dividing the airline scheduling problem into four
parts, dividing crew scheduling into pairing and rostering means that not all
feasible crew schedules will be considered. Since the integrated crew schedul-
ing problem is more complex and computationally intensive than the roster-
ing problem, splitting the crew scheduling makes it computationally easier.
Concretely, this means that solving the crew rostering problem requires less
time and planning resources than the integrate crew scheduling problem.

Due to complex pay structures of crews, determining a good crew pairing
is not just a matter of scheduling such that all the flights are flown. Each task
performed or flight piloted does not have a fixed cost, but instead the cost
depends a number of factors such as the time worked during a duty period (a
work day), rest time alloted, time away from the home base for the crew, and
the duty performed. Furthermore, the salary is often calculated according
to several different formulas of which the maximum is used to calculate the
actual commensuration for a crew member. This entails that the costs per
crew per task can be a complicated nonlinear function [6] [7].

Given the complexity of large crew pairings, finding a good pairing ”man-
ually” (that is, without using optimization software) is nearly impossible.
Consequently, techniques of mathematical optimization are employed. In or-
der to use such techniques, the pairing problem needs be formulated in terms
of the mathematics of optimization.

8



3 Optimization Formulation of the

Crew Pairing problem

Crew pairing is often formulated as a set partitioning problem or a set cover-
ing problem [3] [5] [6] [27]. In turn, the set partitioning problem and the set
covering problem can be formulated as integer linear programs (ILP) which
can be solved with optimization techniques such as B&B (branch and bound)
[31] or B&P (branch and price) [5]. Section 3.1 precisely formulates the pair-
ing problem so that it can be modeled mathematically in the subsequent
sections. In Section 3.2, the set partitioning problem is formulated and the
corresponding ILP formulation is explained. Furthermore, we elucidate how
the crew pairing problems fits the set partitioning model. In Section 3.3, the
set covering formulation will be explained along with some reasons as to why
it is often the preferred formulation in practice. Finally in Section 3.4, a few
slight amendments will be made to the set covering model so that it better
models the pairing problem.

3.1 The Pairing Problem

In this section, the ground for mathematically modeling the crew pairing
problem is cleared by precisely defining the crew pairing problem. This sec-
tion concludes with Example 3.1 which describes a small pairing instance.

First, there are a number of flights that must be staffed. Each flight
starts at a specific time at a specific airport and ends at a specific time at
a specific airport. A pairing is a schedule for a crew (or crew member). A
pairing consists of a sequence of flights which satisfies the labor rules, other
regulations, and airline specific requirements. Furthermore, the sequence of
flights in a pairing must start and end at the same airport, referred to as
the ‘home base’. This means that crew is returned to its home base at the
end of the pairing. Every pairing i has a cost ci. Determining the cost ci for
a particular pairing can be complicated and is outside of the scope of this
thesis; some of the relevant factors were discussed at the end of Chapter 2.
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Example 3.1 A Pairing Problem
This example shows the input data for a crew pairing problem. The flying
times, airports, and the flight network have been chosen for notational sim-
plicity rather than attempting to model an actual crew pairing problem. Table
2 list the flights and Figure 1 depicts the same flights. The pairings listed in Ta-
bles 3 and 4 are all the feasible pairings that can be formed with the flights. In
order to understand the meaning of the pairings, consider the pairing 17 listed
in Table 4: pairing 17 represents a crew (or a crew member) flying from Lon-
don(LHR) via flight 1 to Gothenburg(GOT), then from Gothenburg(GOT) via
flight 7 to Copenhagen(CPH), and finally from Copenhagen(CPH) via flight 5
back to London(LHR). Note also that it may be difficult to gauge the cost of
an individual pairing. For example pairing 1 may seem at first overly expen-
sive, but after considering that the working day for pairings 4, 7, and 8 are
just as long as that of pairing 1 along with some other unknown cost factor,
the cost of pairing 1 no longer seems unreasonable.

Table 2: Flights
Flight From To Depart. Arrival

1 LHR GOT 9.30 12.00

2 GOT LHR 17.00 19.30

3 GOT CPH 12.30 13.00

4 CPH GOT 15.30 16.00

5 CPH LHR 17.00 19.15

6 LHR CPH 8.00 10.15

7 GOT CPH 12.30 13.00

8 CPH GOT 13.30 14.00

Figure 1: Flight Network

London
LHR

Gothenburg
GOT

Copenhagen
CPH

Flight 7:
12.30 - 13.00

Flight 3:
14.30 - 15.00

Flight 1:
9.30 - 12.00

Flight 2:
17.00 - 19.30

Flight 8:
13.30 - 14.00

Flight 4:
15.30 - 16.00

Flight 6:
8.00 - 10.15

Flight 5:
17.00 - 19.15

Table 3: Pairings 1-8
Flight

Pairing Cost
order

1 8 1-2

2 7 6-5

3 5 3-4

4 9 1-3-4-2

5 5 1-3-5

6 6 6-4-2

7 8 1-7-8-2

8 8 1-7-4-2

Table 4: Pairings 9-17
Flight

Pairing Cost
order

9 3 3-8

10 3 7-8

11 5 7-4

12 4 6-8-2

13 6 6-8-3-5

14 5 7-8-3-4

15 6 6-8-3-5

16 4 1-7-5

1-7-8-
17 7

3-4-2
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3.2 Set Partitioning Formulation

A set partitioning problem has two components: the ground set Ã consisting
of elements ẽj and a family F̃ of subsets ãi ⊂ Ã. Each ãi is associated with
a cost ci ∈ <+. The objective of a set partitioning problem is to select a
set B of these subsets ãi ∈ F̃ such that B defines a partition of Ã and that
the sum of the costs ci of the chosen subsets in B is minimized. The set
B of the chosen subsets is a partition of Ã if and only if ∪ãi∈B ãi = Ã and
ãi ∩ ãj = ∅ for all ãi, ãj ∈ B such that ãi 6= ãj. In general, there is not any
guarantee that a partition of Ã exists; we will not consider this issue, since
it cannot occur (in practice) with the final model used in this thesis.

We can formulate a finite set partitioning problem compactly as an ILP
in the following way: let the ground set Ã consist of m elements ẽj and let the
family F̃ consist of n subsets, index the elements ẽj of the ground set Ã with
j such that j = 1, . . . , m, index the subsets ãi ∈ F̃ with i for i = 1, . . . , n and
let ci, where i = 1, . . . , n, represent the costs corresponding to each subset ãi.
The decision vector x is defined to consist of xi ∈ {0, 1} for i = 1, . . . , n and
indicates which subsets are chosen. If xi = 1 then the subset i is selected,
i.e. i ∈ B, and if xi = 0 then the subset i is not selected, i.e. i /∈ B. The vector
c ∈ <n

+ is defined to consist of the given costs ci ∈ <+5 for i = 1, . . . , n. We

define an m × n matrix A that corresponds to the ground set Ã and the
partitioning subsets by

Aji =

{

1, if ẽj ∈ ãi,

0, otherwise,
j = 1, . . . , m, i = 1, . . . , n. (1)

This gives the integer linear program

min
x∈{0,1}n

cTx,

s.t. Ax =
� m. (2)

Note that s.t. means ‘subject to’. Defining ai ∈ <m for i = 1 . . . n to be the
column vectors of the matrix A, we can reformulate (2) in terms of sums,

min
x∈{0,1}n

n
∑

i=1

cixi,

s.t.
n
∑

i=1

aixi =
� m. (3)
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It should be noted that although, together, the integrality constraints, x ∈
{0, 1}n and partitioning constraints

∑n

i=1 aixi =
� m, of the problem (3) can

be considered difficult, the objective function, f(x) =
∑n

i=1 cixi is a linear
function. Optimization models with linear objective functions are generally
considered to be easier to handle than ones with nonlinear objective functions
[4] [8].

The pairing problem as specified in Section 3.1 can be characterized as
a set partitioning problem and thus modeled by the ILP (3). We consider
all the flights that need to be staffed as the ground set in a set partitioning
problem and note then that the pairings correspond to the subsets ãi ∈ F̃
and the columns ai of the matrix A. In terms of the ILP (2), we obtain
that the m × n matrix A, where m is the number of flights and n is the
number of pairings, indicates the flights that each pairing contains. The
n dimensional vector x consists of the decision variables, indicating which
pairings are selected. This gives us the following definitions of x and A:

xi =

{

1, if the pairing i is used in the schedule,

0, otherwise,
(4)

Aji =

{

1, if flight j is in pairing i,

0, otherwise.
(5)

Minimizing the ILP (3) with x and A defined as in (4) and (5) will then
give the minimum cost schedule. This pairing formulation is often used since
it avoids bringing the nonlinear crew costs into the objective function [3] [5]
[27]. If the decision variable were, for example, the specific assignment of
crews to tasks instead of choosing pairings, the objective function would be
complicated, nonlinear, and difficult to optimize, see the discussion at the
end of Chapter 2. It should be noted that not all the information about the
pairings is preserved in the matrix A. For instance, the temporal order of
the flights is not contained in A. The process of modeling a crew pairing
problem as an ILP is shown in Example 3.2. This example will be further
developed in the following chapters and sections in order to clarify various
modeling decisions and algorithms.
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Example 3.2 Set Partitioning Formulation
Using the definitions (4) and (5), the ILP for the crew pairing problem from
Example 3.1 is constructed:

min
x∈{0,1}17

[ 8 7 5 9 5 6 8 8 3 3 5 4 6 5 6 4 7 ]x,











1 0 0 1 1 0 1 1 0 0 0 0 0 0 0 1 1
1 0 0 1 0 1 1 1 0 0 0 1 0 0 0 0 1
0 0 1 1 1 0 0 0 1 0 0 0 1 1 1 0 1
0 0 1 1 0 1 0 1 0 0 1 0 0 1 0 0 1
0 1 0 0 1 0 0 0 0 0 0 0 1 0 1 1 0
0 1 0 0 0 1 0 0 0 0 0 1 1 0 1 0 0
0 0 0 0 0 0 1 1 0 1 1 0 0 1 0 1 1
0 0 0 0 0 0 1 1 1 1 0 1 1 1 1 0 1





















x1

x2

.

.

.

.

x16

x17











=











1
1
1
1
1
1
1
1











.

(6)

An optimal solution to this pairing problem is choosing the pairings

3, 12, and 16 giving a cost of 13. If the LP relaxation of (6)—replacing the

integrality constraint x ∈ {0, 1}17 with x ∈ [0, 1]17—is considered instead, an

optimal solution is x = [ 0 0 0 0 0 0.5 0 0 0 0 0 0 0.5 0 0 0.5 0.5 ] with a cost of 11.5.

The solution to the LP relaxation corresponds to choosing half of each of the

pairings 6, 13, 16, and 17. While in reality, a half pairing cannot be chosen, the

LP relaxation solution gives a lower bound on the ILP and, as will be shown,

plays an important role in solving the ILPs from crew pairing problems.

Although the set partitioning formulation and its ILP formulation (3)
represent the crew pairing problem, these formulations have a computational
deficiency. Often during the process of determining an optimal solution to an
ILP, the integrality requirements on the decision variables are relaxed—this
modification is known as LP relaxing and it transforms an ILP into a LP
(linear program) known as the LP relaxation. In our case, this would mean
that the vector x is allowed to take the values [0, 1]n instead of {0, 1}n,

min
x∈[0,1]n

n
∑

i=1

cixi,

s.t.
n
∑

i=1

aixi =
� m. (7)

Problematically, the equality constraints make the problem (7) numer-
ically instable and difficult to solve, especially when compared to the set
covering formulation [5], which is discussed in the next section and alleviates
these difficulties without requiring extra variables.
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3.3 Set Covering Formulation

The set covering formulation is almost identical to the set partitioning for-
mulation. The difference is that the requirement that every element in the
ground set be in one and only one of the selected subsets is replaced by that
every element in the ground set is in at least one of these subsets. This dif-
ference is shown in Example 3.3, which formulates the crew pairing problem
from Example 3.2 as set covering problem.

We formulate the set covering problem in such a way that the equivalent
IP formulation is clear. The finite set covering problem is, given a finite
ground set Ā containing elements ēj where j = 1, . . . , m, and a family subsets
āi ∈ F̄ with costs ci, where i = 1, . . . , n, such that āi ⊂ Ā, find a minimum
cost set B̄ of the subsets such that the union of the subsets contains every
element in the ground set Ā.

As with the set partitioning problem, the decision vector x is defined to
consist of xi ∈ {0, 1} for i = 1, . . . , n. The vector x indicates which subsets
are selected. If xi = 1 then the subset i is selected and if xi = 0 then the
subset i is not selected. Furthermore, we can define a m × n matrix A to
represent Ā by

Aji =

{

1, if ēj ∈ āi,

0, otherwise,
j = 1, . . . , m, i = 1, . . . , n. (8)

Letting ai for i = 1, . . . , n be the column vectors of A, we can formulate the
set covering problem as an ILP,

min
x∈{0,1}n

n
∑

i=1

cixi,

s.t.
n
∑

i=1

aixi ≥
� m. (9)

Since this formulation has inequality constraints instead of equality con-
straints, it is more stable numerically [5]. It is always trivial to find a feasible
solution to the problem (9) and the corresponding LP relaxed problem. A
trivial solution can be constructed by selecting pairings that contain uncov-
ered flights (flights which are not in any of the pairings chosen so far) until
all flights are covered. A flight that is overcovered, that is, a flight that is
in two or more of the selected pairings, indicates where a deadhead is in the
schedule. Note that a solution to the set partitioning problem is also a solu-
tion to the corresponding set covering problem and that a solution to the set
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covering problem without overcovers is also a solution to the corresponding
set partitioning problem. It may even be possible be transform a solution to
the set covering problem with overcovers to a partitioning solution. If the
requirement that a covering subset or pairing must constitute a sequence of
flights (such that each flight transports pilots to the next flight, starting and
ending at the home base) could be discarded, it would be trivial to remove
overcovers to create a partitioning solution—but then we would loose the
practical applicability to the crew pairing problem.

Example 3.3: Set Covering Formulation
The crew pairing problem described in Example 3.2 can also be modeled as a
set covering problem as this Section explains. Stating the corresponding ILP
in the same form as (9) yields:

min
x∈{0,1}17

[ 8 7 5 9 5 6 8 8 3 3 5 4 6 5 6 4 7 ]x,











1 0 0 1 1 0 1 1 0 0 0 0 0 0 0 1 1
1 0 0 1 0 1 1 1 0 0 0 1 0 0 0 0 1
0 0 1 1 1 0 0 0 1 0 0 0 1 1 1 0 1
0 0 1 1 0 1 0 1 0 0 1 0 0 1 0 0 1
0 1 0 0 1 0 0 0 0 0 0 0 1 0 1 1 0
0 1 0 0 0 1 0 0 0 0 0 1 1 0 1 0 0
0 0 0 0 0 0 1 1 0 1 1 0 0 1 0 1 1
0 0 0 0 0 0 1 1 1 1 0 1 1 1 1 0 1





















x1

x2

.

.

.

.

x16

x17











≥











1
1
1
1
1
1
1
1











.

(10)

An optimal solution to this pairing problem is choosing the pairings
12, 14 and, 16 giving a cost of 13. This solution has overcovers and would
be infeasible in the model (6) from Example 3.2, since the left hand sides
of the flight constraints 7 and 8 equal 2—that is for the solution x =
[ 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 ],











1 0 0 1 1 0 1 1 0 0 0 0 0 0 0 1 1
1 0 0 1 0 1 1 1 0 0 0 1 0 0 0 0 1
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(11)

Consequently, some crew will fly ‘deadhead’ on flights 7 and 8. Note, although
the partitioning solution found in Example 3.2 is also optimal in (10), the set
covering formulation does not distinguish between overcovering solutions and
partitioning solutions. In Section 3.4 we augment the set covering model so
that overcovers can be given a cost.
The LP relaxation of the problem (10) has an optimal solution x =
[ 0 0 0 0 0 0.5 0 0 0 0 0 0 0.5 0 0 0.5 0.5 ] with a cost of 11.5. This solution does not
contain any overcovers and is the same solution as that found to the set par-
titioning formulation in Example 3.2. That these LP relaxed solutions are
identical is not unexpected, since the possibility of dividing pairings in the LP
relaxation, allows (unrealistically flexible) combinations of pairings so that the
constraints are satisfied with equality.
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3.4 The Augmented Set Covering Formulation

The set covering formulation (9) represents the pairing problem well and thus
when minimized gives a good schedule as long as two modeling assumptions
are met: overcovers in the solution are actually feasible and not prohibitively
expensive and there are no important interdependencies between the pairings.
The nature and source of these interdependencies is explained in this section.

Since overcovers result in costly deadheads (which occupy a passenger
seat), we want to avoid them if possible. This is accomplished by penalizing
overcovers with a non-negative penalty vector f ∈ <m

+ where m is the number
of flights. This gives the overcover penalized covering problem,

min
x∈{0,1}n

n
∑

i=1

cixi, + fT

(

n
∑

i=1

aixi −
� m

)

,

s.t.

n
∑

i=1

aixi ≥
� m. (12)

The elements of the vector
∑n

i=1 aixi −
� m indicate how much the corre-

sponding flights (or elements in the ground set) are over-covered. If ev-
ery flight is covered once, i.e. the set covering is also a set partition, then
∑n

i=1 aixi −
� m = 0m, and thus the overcover cost penalty is not incurred.

Example 3.4.1 illustrates penalizing overcovers by augmenting Example 3.3
with overcover penalties.
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Example 3.4.1: Penalizing Overcovers
The crew pairing problem described in Example 3.2 can be modeled in several
ways. The model in Example 3.3 gives a solution with overcovers. If overcov-
ers incur an additional cost or are undesirable, they can be penalized using an
overcover penalized set covering model as shown in (12). In this example, every
flight constraint is given an overcover penalty cost of 10. Thus in terms of (12),
fT = [ 10 10 10 10 10 10 10 10 ]. Recalling that ai is a column of the constraint ma-

trix, fT

(

∑17
i=1 aixi − � 8

)

= [ 20 20 20 40 30 30 40 50 20 20 20 30 40 40 40 30 60 ]x−80

is calculated. Adding this term to the objective function in Example 3.3, the
ILP is stated in the same form as (12):

min
x∈{0,1}17

[ 28 27 25 49 35 36 48 58 23 23 25 34 46 45 46 34 67 ]Tx− 80,











1 0 0 1 1 0 1 1 0 0 0 0 0 0 0 1 1
1 0 0 1 0 1 1 1 0 0 0 1 0 0 0 0 1
0 0 1 1 1 0 0 0 1 0 0 0 1 1 1 0 1
0 0 1 1 0 1 0 1 0 0 1 0 0 1 0 0 1
0 1 0 0 1 0 0 0 0 0 0 0 1 0 1 1 0
0 1 0 0 0 1 0 0 0 0 0 1 1 0 1 0 0
0 0 0 0 0 0 1 1 0 1 1 0 0 1 0 1 1
0 0 0 0 0 0 1 1 1 1 0 1 1 1 1 0 1
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(13)

An optimal solution to this pairing problem is choosing pairings 3, 12 and 16,
which results in no overcovers, and has a cost of 13. This is the same so-
lution as that found for the set partitioning model in Example 3.2. The
overcovering solution with pairings 12, 14, and 16 found in Example 3.3
would now cost 33, which explains why this solution, while still feasible,
is not chosen. The LP relaxation of this problem (13) has an optimal
x = [ 0 0 0 0 0 0.5 0 0 0 0 0 0 0.5 0 0 0.5 0.5 ] with a cost of 11.5. This solution is
identical to the solution found to the LP relaxations in Examples 3.2 and 3.3.

Furthermore, there can exist interdependencies that further restrict the
combinations of the pairings that may be chosen. Pairings are interdependent
due to the resources that some pairings use and the nature of these resources.
For example, there often exist minima and maxima on the number of pairings
with certain home bases that can be selected since the total staff is limited
and often guaranteed a minimum amount of work at a given home base [11].

The restrictions on how the pairings can and cannot be combined in
a schedule are known as the GLCs (GLobal Constraints). Enforcing the
GLCs is accomplished by adding soft constraints. A definition and dis-
cussion of soft constraints is found in [4, Section 1.8]. The following soft
constraints are added: Bx − y ≤ d where B is an integer q × n matrix,
q is the number of GLCs, and n is the number of pairings in the original
overcover-penalized covering problem; the matrix B is defined as follows:
Bki = quantity of resource k used by pairing i; the vector d ∈ <q

+ defines
the soft maximum usage of resource k for k = 1, . . . , q—that is, the maxi-
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mum usage allowed without incurring any additional cost; the variable vector
y ∈ <q

+ brings the amount exceeding the maximum usage into the objective
function.

Accordingly, the penalty term pTy =
∑q

k=1 pkyk, where pk > 0, is the
penalty cost per unit of using additional amount of resource i, is added to
the objective function. For notational simplicity, we let bi ∈ � q for i =
1 . . . n be the column vectors of B. Combining GLCs with the overcover-
penalized covering problem, we obtain the following MILP (mixed integer
linear program),

min
x∈{0,1}n y∈<q

+

n
∑

i=1

cixi + fT

(

n
∑

i=1

aixi −
� m

)

+

q
∑

k=1

pkyk,

s.t.
n
∑

i=1

aixi ≥
� m, (14)

n
∑

i=1

bixi − y ≤ d.

Note: It may not always seem natural to model certain restrictions on the
ways pairings can be combined with “≤” constraints as shown in (14) (e.g. a
minimum number of pairings with a certain home base. However, a single
GLC k that would naturally be modeled by

∑n

i=1 Bkixi + yk ≥ dk (e.g. a
minimum number of pairings with a certain home base) can be modeled as
explained above by multiplying each constant in such a constraint by −1
giving −

∑n

i=1 Bkixi − yk ≤ −dk. The role of GLCs is demonstrated in
Example 3.4.2.
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Example 3.4.2: Adding GLCs
The crew pairing problem described in Example 3.2 is modeled in this example
as a penalized set covering problem (see Example 3.4.1) augmented with GLCs.
The restriction that no more than two pairings can be chosen without incurring
extra cost is imposed. This restriction is modeled by defining that every pairing
uses 1 unit of crew and imposing a soft maximum crew supply of 2 and a
penalty cost of 20 for every crew unit that exceeds the soft maximum.
In order to adapt the model (13) from Example 3.4.1, we need to determine the
penalty terms

∑q
k=1 pkyk and the soft constraints

∑n
i=1 bixi − y ≤ d for the

model (14), which are, respectively, 20y1 and [ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ]x −
y1 ≤ 2. Adding this term to the model from 3.4.1 yields,

min
x∈{0,1}17

y1≥0

[ 28 27 25 49 35 36 48 58 23 23 25 34 46 45 46 34 67 ]x + 20y1 − 80
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[ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ]x− y1 ≤ 2 .

(15)

In this model, the solution with pairings 3, 13, and 17 found in Examples

3.2 and 3.4.1 increases in cost from 13 to 23. An optimal solution to

the model (15) is choosing the pairings 2 and 17 which gives a cost of 14

with y1 = 0. The LP relaxation of this problem (15) gives the solution

x = [ 0 0 0 0 0 0 0.5 0 0 0 0 0 0 0.5 0 0 0.5 0.5 ] with a cost of 11.5 and y1 = 0.

Formulation (14) is a MILP since it contains variables both with and
without the integrality requirements. In this case, x has the integrality re-
quirement and y lacks the integrality requirement. Also note that the struc-
ture of the GLCs implies that the choice of x completely determines y but
not vice versa. The vector x contains the decision variables and the vector
y contains help variables (for a discussion of help variables, or non-decision
variables, see [4, Remark 1.4]). The fact that all the decision variables are
integral implies that we can treat the MILP (14) as an Integer Program (IP),

min
x∈{0,1}n

g(x),

s.t.

n
∑

i=1

aixi ≥
� m

(16)

where
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g(x) := min
y∈<q

+

n
∑

i=1

cixi + fT

(

n
∑

i=1

aixi −
� m

)

+

q
∑

k=1

pkyk,

s.t.
n
∑

i=1

bixi − y ≤ d.

(17)

This formulation, while not linear, is quite simple. Note also that the function
g(x) is a convex function. The choice of using formulation (16)–(17) or
formulation (14) varies depending on the solution method to be applied.
More importantly, the existence of these two formulations makes it logically
consistent to discuss the crew pairing model with overcover penalties and
GLCs as the MILP (14) or the IP (16)–(17). This is equivalence is important
for Section 4.1, which explains B&B algorithm, for the crew pairing problem,
in terms an IP.

The problem (14) captures the essential characteristics of the crew pairing
problem—that is, it models the essential characteristics of the problem, and
given accurate input data, should yield staffed aircraft at a lowest possible
cost. However, two crucial issues remain: How can a large integer program
be solved? and Which pairings should be considered? This latter question
is particularly important since handling all possible pairings explicitly is in-
tractable for many real-world problem instances and considering fewer but
good pairings makes solving (14) easier. The next chapter explains the B&P
algorithm that can resolve these issues.
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4 Solving Integer Programs with

Branch and Price

Finding optimal or near-optimal solutions to integer linear programs (ILP)
has been the subject of much research since many important decision prob-
lems from industry can be formulated as ILPs [29] [31]. While the ability
to succinctly model many problems is valuable, it does not itself lead to
high quality solutions. The computational resources required to solve one
particular ILP depends greatly on the choice of the algorithm.

Some algorithms classified as approximation algorithms run in polyno-
mial time, but can only guarantee near-optimal solutions; other algorithms
classified as exact algorithms guarantee optimal solutions but often do not
run in polynomial time [19]. Accordingly, the computational complexity of
algorithms differ. While the theoretical complexity of algorithms is an im-
portant topic, it is beyond the scope of this thesis. The problem at hand
is determining a practical algorithm for finding an optimal solution to the
pairing problem as formulated in Section 3.4. This being said, it should be
noted that the set covering problem is NP-complete and thus should temper
expectations for quick solution methods [19].

The exact algorithm for solving ILPs that we will focus on is the B&P
algorithm. The appearance of this algorithm in the literature dates back to
the 1980s when it was first used to solve routing and scheduling problems
[12] [31]. The column generation roots of B&P are found in the early work
of Ford and Fulkerson on multi-commodity flows, see [21].

The B&P algorithm combines the ideas from B&B (branch and bound)
and column generation. Combining these ideas is not straightforward and a
time-efficient implementation is problem specific. We follow a common tact
of explaining B&B and column generation algorithms and then explain B&P
in terms of these two algorithms. The following exposition assumes a basic
understanding of general optimization theory and linear programming. The
requisite theory is covered in depth in [4], [10], [18] and [28].
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4.1 Branch and Bound

Through algebraic manipulation (as shown in Section 3.4), the final set cov-
ering MILP (14) can be equivalently formulated as the following general IP
with n variables and m constraints

min
x∈ � n

g(x),

s.t.

n
∑

i=1

aixi ≥ h,
(18)

where ai,h ∈ <m are given. Note that the requirement on the variables, x ∈
{0, 1}n present in (16), can be incorporated into the constraints

∑n

i=1 aixi ≥
h and x ∈ � n found in (18). Given that the IP (18) is bounded, we can
theoretically determine the optimal solutions by enumerating and evaluating
all its feasible solutions (all solutions vectors that satisfy all the constraints
of an optimization problem). For most problems, this simple method is
clearly not tenable due to the size of the solution space (the set of feasible
solutions). Even if the problem of enumerating the solution space is ignored,
the remaining part of the algorithm—evaluating the feasible solutions—is not
a polynomial-time algorithm since the size of the solution space as function
of the number of decision variables, n, grows faster than any polynomial for
large values of n [19]. B&B is a method for dealing with the size of the
solution space by systematically partitioning the feasible set (set of feasible
solutions or the solution space) in such a way that portions can successively
be discarded until an optimal solution is found.

B&B begins by relaxing the integrality constraint on x in the IP (18) and
partitioning the solution space of the relaxed problem to create a number of
subproblems. For each subproblem, the feasible set is a partition constructed
by restricting the solution space in some way—meaning that the feasible set
for each subproblem is a subset of the feasible set of the original relaxed
problem. Before explaining further, we consider these subproblems: a sub-
problem can never attain a lower objective value (the value of the objective
function for a given solution values) than the original relaxed problem since
the feasible set of a subproblem is a subset of the feasible set of the original
relaxed problem. Moreover, if the optimal solution to the original problem
is also in the feasible set of a subproblem, then the optimal objective value
of a subproblem cannot be higher than that of the original problem.

We can discard or prune a subproblem if it is infeasible, if its solution is
greater than or equal to a known integer solution to the original problem, if
its optimal solution is integral, or if all the subproblem’s subproblems have be
discarded; these pruning conditions are referred to, respectively, as ‘pruned

22



by infeasibility’, ‘pruned by the bound’, ‘pruned by optimality’, and ‘pruned
by its children’ [31]. The condition referred as ‘pruned by optimality’ implies
that a subproblem can be discarded since if a subproblem has an integer
solution, this solution is also a solution to the original IP problem [31]. The
latter condition gives rise to the tree structure of a B&B search—this tree of
subproblems is referred to as the search tree.

By repeating this process of creating subproblems, eventually the opti-
mal solution will be found and all subproblems will be pruned—proving the
optimality of the lowest integral solution. This method is called branch and
bound since subproblems known as branches are created that are cut off by a
bound—the best integral solution available [31] [24]. In this thesis, the terms
branches, subproblems and nodes are used synonymously. A node that is
branched upon to create new subproblems, is called a parent. The subprob-
lems created by branching on a parent are called children. The parent of a
node, the parent of the parent of a node, etc are considered the ancestors
of a node; and the children of a node, and the children of the children of a
node, etc are descendants of a node. The node that is the ancestor to all
other nodes, i.e. the node whose subproblem that is the LP relaxation of the
original IP, is referred to as the root node. Example 4.1 demonstrates how
the B&B algorithm can be used to solve the crew pairing model (6) presented
in Example 3.2.
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Example 4.1: B&B
This example demonstrates how B&B can be used to solve the ILP (6) from
Example 3.2:

min
x∈{0,1}17

[ 8 7 5 9 5 6 8 8 3 3 5 4 6 5 6 4 7 ]x,
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6

6

6

6
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0 1 0 0 1 0 0 0 0 0 0 0 1 0 1 1 0
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(19)

This ILP can be solved with a B&B algorithms which branch either on the
variables or the constraints. Since this ILP has binary decision variables,
branching on variables is simple and is accomplished creating subproblems
which successively fix variables to either 0 or 1. An example of this is variable
branching scheme is shown in Figure 2. The variables that are fixed in any
subproblem can been seen in the figure by following the path up the tree from
a subproblem back to the root node.
Branching on the constraints is a bit more complicated. The subproblems cre-
ated satisfy two constraints, i.e. constraint g and constraint h, in two different
ways: in one subproblem only pairings that satisfy both or neither g nor h are
considered and in the other subproblem only pairings that only contain only
one of g or h or contain neither g nor h. These branchings are denoted respec-
tively by both(g,h) and dif(g,h). This branching scheme is demonstrated in
Figure 3. For more details concerning this constraint branching scheme see
the description of Ryan-Foster branching in Section 4.3.

Figure 2: Variable Branching
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Figure 3: Constraint Branching
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           Bound

It is worthwhile to note that an optimal solution was found relatively early
in both branching trees. The similarity in number of nodes required and
geometry of the branching trees in the variable and constraint branching are
specific to this instance and the branching choices and not to the branching
schemes in general.
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At first glance, B&B seems simple, but in practice, determining the
branches—that is, how the feasible set should be partitioned—is nontriv-
ial. Choosing, for example, whether the B&B algorithm branches over the
values the variables take (i.e. variable branching) or over how the constraints
are satisfied (i.e. constraint branching), see ‘restrictions on subsets’ in [5])
can affect both the difficulty of solving the subproblems and how well B&B
can work within other frameworks. Example 4.1 demonstrates both of these
branching alternatives. It is possible that in pathological cases a B&B algo-
rithm will not be able to cut off any branches until all subproblems have been
solved—this means that what we set out to avoid, evaluating every feasible
solution, will have occurred [17]. Further, determining the order in which
the branches are explored is critical, since good integral solutions may be
discovered along the way [1] [9] [31]. These good integral solutions, which
give upper bounds on the optimal objective value, let us discard subproblems,
thus avoiding unnecessary branching.

Once the above issues are resolved for a particular class of ILPs, B&B can
efficiently find the optimal solutions. However B&B does not suffice for the
crew pairing problem. This is because there are usually far too many possible
pairings which would make the B&B subproblems very large, requiring an
unacceptably long time to optimize. Thus, we must select or generate good
subsets of the possible pairings in some way. Section 4.2 covers the column
generation algorithm which resolves the pairing generation issue.
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4.2 Column Generation

This section explains column generation in the context of LP. It also builds
on general LP theory, such as the theory of the simplex method. This general
LP theory is covered in [4], [10], [18], and [28]. For more details concerning
column generation, the classic book by Lasdon [20] is an excellent source.
For a review of recent developments in column generation, see Lübbecke and
Desrosiers [21]. Although the end goal is to use column generation for solving
ILPs within a B&P framework, this section only covers the column generation
in terms of LP problems. This suffices since the goal is to explain the role of
column generation within B&P algorithms which use column generation to
solve the LP relaxations of huge ILPs.

Consider the following LP relaxation of (18) which will be referred to as
the master problem (MP):

zMP = min
x∈<n

∑

i∈I

cixi,

s.t.
∑

i∈I

aixi ≥ h, (20)

where ai,h ∈ <m. We assume that the feasible set of defined by (20) is
bounded. In the MP (20), the index set I indexes costs ci, variables xi in the
objective function, and the associated constraint columns ai. The MP (20)
may be intractable due to the large number of variables indexed in I. This
may happen, for instance, if the algorithm, used to solve (20), requires more
memory than available. The way around this impasse is to only consider a
subset of the variables and columns. Thus instead of considering I, consider
I ′ ⊂ I. This gives the restricted master problem (RMP) to the MP (20):

zRMP = min
x∈<n

∑

i∈I′⊆I

cixi,

s.t.
∑

i∈I′⊆I

aixi ≥ h, (21)

where ai,h ∈ <m. Given that I ′ is a sufficiently small subset of I, the
RMP is tractable. Of course, the optimal solution to the RMP (20) is not
generally optimal in the MP (20). Since every feasible solution in the RMP is
also feasible in the MP, it holds that zRMP ≥ zMP . However, for large-scale
problems, the optimal solution to the MP is sparse, or in other words, most
of the optimal xi’s for i ∈ I are equal to zero. This means if we can correctly
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select I ′, the optimal solutions to the RMP will be optimal solutions to the
MP and the RMP will remain tractable.

The RMP can be successively updated to solve the MP using column
generation: first select an initial subset I ′ ⊆ I such that the RMP is feasible.
The RMP is then solved using the simplex method and the optimal dual
solution vector u ∈ <m

+ is saved [20, Chapter 4]. Using the terminology of
the revised simplex method, we define the reduced cost vector c̄ ∈ <|I\I′| to
consist of the reduced costs c̄i = ci − uTai for i ∈ I \ I ′ [28]. Then we solve
the pricing subproblem,

min
i∈I\I′

{c̄i := ci − uTai}. (22)

This can be solved by enumeration—that is calculating all c̄i and selecting
the minimum. Define c̄∗ := min{c̄i|i ∈ I \ I ′}. If c̄∗ ≥ 0, then the RMP (21)
optimally solves the MP (20) since there are no columns indexed in I that,
when added to the RMP, can improve its objective value. On the other hand,
if c̄∗ < 0, then the RMP (21) does not optimally solve the MP (20). Thus,
in this case, the RMP is updated by adding to I ′ some indices i ∈ I \ I ′ such
that c̄i < 0; doing this ensures that the optimal value zRMP of the RMP (21)
will decrease, [20, Chapter 4].

Now the RMP (21) is resolved and the pricing subproblem is repeated.
This process of solving the RMP (21) and the pricing subproblem continues
until c̄∗ ≥ 0 or, in other words, until the optimal solution to the RMP (21)
is also optimal to the MP (20). This method for solving the MP (20) is
exact and finite if the implementation of the simplex method does not cycle
[21]. Solving the pricing subproblem is known as column generation since it
generates columns ai. Finally, note that in the context of the crew pairing
problem, generating columns corresponds to generating pairings.

Since solving the pricing subproblem is computationally less demanding
than solving the MP (20) (provided that the columns ai are efficiently gen-
erated), column generation allows us to tackle large LP problems. This ex-
planation of column generation has omitted many important details such as
how the initial set I ′ is determined, the role of numerical precision, methods
for determining the dual vector u, and different methods for selecting a good
subset of the columns with negative reduced cost. These and other important
details are covered in the references listed at the beginning of this section.

Before proceeding to B&P, a few comments pertaining to the set covering
model for crew scheduling developed in Section 3.4 are in order: solving the
pricing problem by enumeration as presented may be overly burdensome.
Perhaps generating ai for all i ∈ I is intractable in itself—determining the
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feasibility of an ai can be complicated, as it is for the crew pairing problem—
or solving the pricing subproblem is computationally prohibitive. Both of
these issues present a serious difficulty when solving medium and large crew
scheduling problems. There are various schemes such as partial pricing that
can alleviate such difficulties [10]. Moreover, for many pricing subproblems,
there exists an equivalent compact or combinatorial formulation that, instead
of calculating the reduced costs c̄, generates some columns with a negative
reduced cost c̄i. Often the compact formulation is much easier to solve than
the standard pricing subproblem (22) when I is large. This is especially
true when the compact formulation is a standard combinatorial optimization
problem such as the knapsack problem or, in the case of our model for crew
pairing, a constrained shortest path problem. The connection between the
constrained shortest path problem and the crew pairing MP is laid out in [5]
and [7].

When deciding which columns to add the RMP, there usually exist many
columns ai such that c̄i < 0. The traditional least reduced cost pricing
rule is to add the column with the least reduced cost c̄i. However, for the LP
relaxations of set partitioning and covering problems, the lambda pricing rule
works particularly well [21]. Assuming positive costs ci, the lambda pricing
rule adds the columns from the set

arg min
i∈J

ci

uTai

(23)

where

J =

{

i ∈ I
∣

∣uTai > 0 and
ci

uTai

< 1

}

. (24)

The lambda pricing rule is used in our implementation and results in about
approximately 40% less columns being generated. For both the pricing rules,
multiple columns such that c̄i < 0 can be added. Although adding more
than one column may add unnecessary columns to the RMP—unnecessarily
increasing its size—and making it more difficult to solve, the number of times
the RMP and pricing subproblem needs to be solved is typically reduced [5].
Consequently, there is a trade-off between increasing the size of the RMP
and the number of times the pricing subproblem must be solved. The optimal
setting depends on the computational cost of solving a large RMP versus the
computational cost of solving the pricing subproblem.
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4.3 Branch and Price

B&P is a combination of B&B and column generation. B&B provides the
machinery for determining optimal integral solutions to an ILP. Column gen-
eration supplies B&B with the variables and the corresponding constraint
matrix columns—or in our case, crew pairings—of the ILP (the master prob-
lem) that need to be considered. The branching rule for the B&B algorithm
must be chosen such that it can incorporate these new variables and con-
straint matrix columns as they are generated. This usually means that we
forego variable branching, employing constraint branching instead since col-
umn generation does not change the constraints—all pairings generated must
satisfy the same set of constraints and GLCs.

For instance, given a set partitioning problem with several rows, we can
summarize a branching rule suitable for B&P called the Ryan-Foster branch-
ing [26]. This rule is based on the fact that if the solution to the LP relaxation
is not integral, there exists at least two columns whose associated variables
are fractional. Variables that have values that are not integer are known as
fractional variables. Furthermore, there must exist rows r and s such that two
of these fractional columns—columns in the constraint matrix corresponding
to fractional variables—have a 1 in row s and only one of them contains a 1
in row r. From this fact follows the branching rule: one subproblem should
contain all columns (of those already generated) which have a 1 in rows r
and s and the other subproblem should contain no column has a 1 in both
r and s. Note that some columns with 0 in both rows r and s are in both
subproblems. These two subproblems can be branched upon in the same
way. Consequently, we can apply the B&B procedure using the Ryan-Foster
branching.

Once we have an appropriate branching rule, such as Ryan Foster branch-
ing, the B&P algorithm begins by using column generation to solve the LP
relaxation of the ILP—this LP relaxation becomes the RMP (21). Then,
B&B is used, applying the branching rule, to create a number of subprob-
lems. In order to find the solution to each of these subproblems, we apply
column generation. It is crucial that the columns generated comply with the
restrictions specific to each subproblem. Furthermore, it is possible that for
columns currently in the RMP, the RMP has become infeasible for subprob-
lems. In this case, the definition of solving the pricing subproblem is widened
to scanning the MP for columns that would restore feasibility. If feasibility
is restored, the normal pricing can proceed, otherwise the subproblem is in-
feasible. Now we return to B&B to decide whether a subproblem should be
discarded or branched upon. The entire B&P algorithm is depicted in Fig-
ure 4. Note that in Figure 4, one algorithmic detail is ambiguous: whether
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every subproblem has its own RMP or there is a global RMP shared by all
subproblems. Actually, both these design choices are valid and the choice
depends on the ILP and the computational environment.

Enforcing the restrictions specific to a branch and its subproblem during
column generation is not always trivial since the enforcement may entail
examining all the columns generated or, if using a compact formulation,
complex modifications to the pricing subproblem might need to be made.
This means that the branching rule must be compatible with the pricing
subproblem. Chapter 5, we present a branching rule for our pairing model
that is compatible with the constrained shortest path problem [6].

30



Figure 4: B&P algorithm for minimizing an ILP
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5 Branch and Price Utilizing Connection Branch-

ing

This chapter describes the B&P system that we use to solve crew pairing
problems. The system exactly solves the crew pairing model (14) presented in
Section 3.4. Throughout this chapter, we assume that solutions to the pairing
problems and various subproblems do not contain overcovers; this assumption
can be enforced, in most cases, by adjusting the overcover penalties, see
Section 3.4. While this assumption is not actually necessary for the B&P
system to work properly, it greatly simplifies the presentation.

Section 5.1 discusses a branching rule for B&P, referred as connection
branching, which suits the crew pairing problem (14). Section 5.2, which is
more applied, discusses how to resolve some issues that arise in conjunction
with actually using the connection branching rule. These first two sections
cover details that would need to be addressed in any B&P system using con-
nection branching. Section 5.3, is a slight digression which outlines how the
ideas in this chapter can be used to construct a heuristic solver for the paring
problem, while Section 5.4 discusses details specific to our implementation.

5.1 Connection Branching: the Branching Rule

This section explains connection branching by first defining a connection
and introducing some related terminology and then showing how connections
can define a constraint branching rule. The notation that is developed in
this section is intended to give a precise description of which pairings are
allowed in each branch or node during branch and price. This notation is
summarized in Table 5. The connection branching rule is compatible with
the constrained shortest path pricing subproblem. This branching rule is used
in our implementation and it is related to the ’branch-on-follow-on’ rule used
by Vance et al [27].
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Table 5: Connection Branching Notation
Symbol Description
P the set of all known feasible pairings

pairingi a pairing, if pairingi ∈ P then pairingi is feasible.

if g 6= h, then flight g follows flight h in some pairing
conxgh if g = h, then flight g is the last flight in some pairing

the set of all flights that follow flight g in some feasible
pairing or g itself if some pairing ends with flight g;
or symbolically, h ∈ Hg if there exists aHg

pairingi ∈ P such that conxgh ∈ pairingi

the set of all feasible pairings that have conxgh;Pgh
symbolically, Pgh := {pairingi ∈ P |conxgh ∈ pairingi}

the set of all feasible pairings that cannot be in any solution
Bgh without overcovers that contains a pairing from Pgh

the set of all feasible pairings that have conxgh or do not
P+

gh contain flights g or h; symbolically, P +
gh := P \ Bgh

an expanded version of P +
gh for B&P which includes the

pairings P +
gh plus any pairings generated during pricing thatP̃+

gh

include a connection conxgk such that k 6∈ Hg

For convenience, the crew pairing problem (14) is restated here in terms
of an index set P that indexes all the pairings and their costs, a set J that
indexes all the flight constraints and a set K that indexes all the GLC’s
variables,

min
x∈{0,1}n y∈<q

+

∑

i∈P

cixi + fT

(

∑

i∈P

aixi −
� m

)

+
∑

k∈K

pkyk,

s.t.
∑

i∈P

aixi ≥
� m, (25)

∑

i∈P

bixi − y ≤ d.

Connection branching is based on the idea that a pairing is composed of a
number of connections. A normal connection consists of two flights such that
in some pairing the start flight (temporally) precedes the end flight without
any other flights occurring in between the two—symbolically, this is expressed
by conxgh such that g 6= h and flight g immediately precedes flight h in the
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pairing. This relationship of immediately preceding or following is expressed
with the terminology: flight g precedes flight h or flight g is the precedent
of flight h; analogously, flight h follows flight g or flight h is the follower of
the flight g. The last flight in a pairing is also considered a connection—
symbolically written conxgg where flight g is the last flight in the pairing.
The purpose of including this additional last flight connection will become
clear when the branching rule is explained.

Together, these two kinds of connections define how the flights g and h
in a pairing i form connections:

conxgh ∈ pairingi if

{

g 6= h and g precedes h in pairingi, or,

g = h and g has no followers in pairingi.
(26)

The connections of a pairing completely specify the flights in a pairing. Con-
nections can specify information not preserved in the constraint matrix A of
the pairing problem (14) because connections represent the temporal order of
the flights. This can be useful for cyclic schedules in which the connections,
conxgh and conxhg, both occur. Furthermore, all the flights in a pairing
occur exactly in two connections (contained by this pairing), except for the
first flight in the pairing which is only in the first connection. Table 6 con-
cretely illustrates what connections are by the adding connection information
for each pairing found in Table 3 from Example 3.

Table 6: Pairings 1-8 with Connections
Flight

Pairing Cost
order

Connections

1 8 1-2 conx12 conx22

2 7 6-5 conx65 conx66

3 5 3-4 conx34 conx44

4 9 1-3-4-2 conx13 conx34 conx42 conx22

5 5 1-3-5 conx13 conx35 conx55

6 6 6-4-2 conx64 conx42 conx22

7 8 1-7-8-2 conx17 conx78 conx82 conx22

8 8 1-7-4-2 conx17 conx74 conx42 conx22
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In order to understand how connections are used in the branching rule, we
consider first an integral solution vector x to the crew pairing problem (14)
without any overcovers. The pairings that are in the solution, i.e. pairings
i such that xi = 1, are referred to as the solution pairings. Given a flight g
that has some followers in some pairings, we define the set of flights Hg to
contain these followers plus g itself:

Hg := {j ∈ J | conxgj ∈ pairingifor some pairingi, i ∈ P}. (27)

The set of pairings that include the conxgh is denoted by Pgh,

Pgh := {i ∈ P | conxgh ∈ pairingi}. (28)

Exactly one of conxgh such that h ∈ Hg can be in the set of solution pair-
ings since otherwise the flight constraint g would be either overcovered or
uncovered. Of course, if the flight g does not have any followers in the solu-
tion pairings, then Hg = {g} and conxgg must be in the solution. We can
assume that some flights have followers, since otherwise each pairing would
contain only one flight (resulting in a trivial problem). Thus given a fixed
flight g and {h1, . . . , hn} = Hg, then the sets

Pgh1, . . . , Pghn
, (29)

represent all the ways the flight constraint g can be satisfied. Here there may
arise questions concerning if some pairingj containing a connection conxfg

such that g 6= f have been neglected. However, given such a pairingj, either
g is the last flight or g has some followers; in the first case, conxgg ∈ pairingj

by definition (26) and thus pairingj ∈ Pgg ⊂
⋃

h∈Hg
Pgh or in the second

case, g has a follower l and thus again by definition (26), pairingj ∈ Pgl ⊂
⋃

h∈Hg
Pgh since l ∈ Hg holds.

Moreover, the fact that a flight g with some followers can only have one
follower h ∈ Hg per pairing gives the following relationship for a fixed g,

Pgj ∩ Pgk = ∅, j 6= k, j, k ∈ Hg. (30)

It is clear that sets like Pgh can form part of the basis for the connection
branching rule. However, we cannot use Pgh alone for grouping the pairings
into sets since the union of all Pgh for a fixed g is not generally equal to all
the pairings, i.e.

⋃

h∈Hg
Pgh 6= P . This is because there are more constraints

to satisfy than just for flight g. Consequently, Pgh such that h ∈ Hg for a
fixed g groups just a small portion of the feasible pairings. Continuing with
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the idea of assigning pairings according to connections, we define Bgh to be
the set of the pairings that break a connection conxgh,

Bgh := {i ∈ P | i ∈ Pgj for some j 6= h or

i ∈ Pkh for some k 6= g or

pairingi starts with h }. (31)

Given a solution without overcovers, if a conxgh is contained in some pairing
among the solution pairings, then the pairings in Bgh cannot occur in the
solutions pairings. Hence, pairings Bgh break a solution containing conxgh.
The definition (31) of Bgh implies for a fixed g,

⋂

h∈Hg

Bgh = ∅. (32)

Let P+
gh := P \ Bgh. Concretely, the set P +

gh contains the only pairings that

permit solutions that include conxgh. The definition of P +
gh implies for any

flights g and h that

Pgh ⊆ P+
gh (33)

and for a fixed flight g that

Pgj 6⊆ P+
gh, j 6= h, j, h ∈ Hg (34)

Thus for a fixed g,

⋃

h∈Hg

P+
gh =

⋃

h∈Hg

(P \ Bgh)= P \
⋂

h∈Hg

Bgh = P. (35)

The relationship (33) implies that for every flight g, the sets of pairings
P+

gh for h ∈ Hg contains the pairings P such that each Pgh includes all the
pairings that contain connection conxgh; the relationship (34) implies that
each Pgh does not contain any other connections starting with flight g. Fi-
nally, the relationship (35) implies that for a fixed g, P +

gh such that h ∈ Hg

groups the feasible pairings into sets such that the solution can only be in
one of them.

Armed with P +
gh and the definition of Hg (27), we can state the con-

nection branching rule for the crew pairing problem (25): choose a flight
g such that |Hg| > 1 and then create a subproblem or branch for each
conxgh such that h ∈ Hg by replacing P with P ∩P +

gh. Each subproblem can
be further branched upon if |Hg| > 1 for some other flight g. Now the set of
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pairings, P , for each subproblem is some P +
gh in terms of the original problem.

When branching again on some of the subproblems, P will become an even
smaller set. For instance, if for one of the Pgh subproblems, flight j is then
branched upon creating a (sub)subproblem Pjk, then P for this subproblem
in terms of the original problem is P ∩Pgh ∩Pjk. In this way, all the ways of
satisfying the flight constraints will be explored. Consequently, the pairings
considered in any subproblem in the search tree can be characterized as

P ∩ P+
g1h1

∩ P+
g2h2

∩ . . . ∩ P+
gnhn

6= ∅, (36)

where h1 ∈ Hg1, h2 ∈ Hg2, . . . , hn ∈ Hgn
.

In practice, not all the possible (or relevant) connections for a given crew
pairing problem will be known in advance. Usually only some of the possible
connections are known during B&P. This situation can be handled in the
following manner: when branching on a start flight g, one of the branches is
designated as a gathering node or branch. The subproblem for the gathering
branch is defined by P̃+

gh which includes the usual P +
gh plus all pairings con-

taining any other unknown connections beginning with the start flight g. If
we let conxgh such that h ∈ Hg be the known connections for a start flight g
and let H̃g contain all the flights h such that conxgh is a connection, we can
formally define P̃+

gh := P+
gh ∪ {i ∈ P |pairingi ∈ P+

gk for some k ∈ H̃g \ Hg}.

Including pairings in P̃+
gh lets pricing implicitly consider unknown connec-

tions. In fact, if not all the possible connections are known, every branching
must include one gathering node.

Properly handling gathering nodes, illustrated in Figure 5, is simple. If
while solving the pricing subproblem for a gathering node for which the sub-
problem is defined by P̃+

gh, some new connections conxgi1, . . .conxgin are
discovered and the node is not pruned, then we choose the node that has
branched on multiple connections. The branching for this node is, accord-
ingly, to create nodes for each of the discovered connections conxgi1 , . . . ,
conxgin as well as the original conxgh, and then to designate one of these
nodes as a gathering node.
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Figure 5: Gathering Node Example
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At this gathering node, no new
connections were found and
thus branching on other flights
can proceed.

The discussion above concerning gathering nodes opens up the possibility
of grouping together already known connections conxgh such that h ∈ Hg

for a given flight g. For example, the subproblems P +
gh2

and P+
gh4

of a branch-

ing on subproblems P +
gh1

, P+
gh2

, P+
gh3

, P+
gh4

, and P̃+
gh5

could be combined to

produce the following subproblems: P +
gh1

, P+
gh2

∪ P+
gh4

, P+
gh3

, and P̃+
gh5

. If

the subproblem P +
gh2

∪ P+
gh4

is not pruned, then it will be branched upon

to produce the subproblems P +
gh2

and P+
gh4

. Whether or when combining
subproblems is advantageous is a heuristic decision that is related to the se-
lection and ordering of branches discussed in Section 5.2. Some issues related
to combining branches are explicitly considered in Section 5.4.

5.2 Connection Branching: Selection and Ordering

The connection branching rule, developed in Section 5.1, supplies a branch-
ing rule that is closely related to the structure of the crew pairing problem.
While such a close relationship is often prerequisite for a successful B&P sys-
tem, there remain two main unresolved issues: determining which branches
should be formed for an unpruned node, i.e. a branch or node selection rule,
and determining the order in which branches should be explored, i.e. a branch
or node ordering rule. This section presents some approaches for resolving
these issues. Some of the approaches presented have a firm mathematical
foundation, while others are rooted in praxis.
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A branch selection rule is needed since for most crew pairing problems,
the inequality |Hg| > 1 usually holds for several choices of g. Thus there
are several branching choices for every unpruned branch. Selection rules,
together with the branching rule, dictate how the space of feasible pairings is
partitioned, i.e. defines the feasible set for each subproblem. In turn, how the
space of feasible pairings is partitioned determines both when good integral
solutions are found, and the total number of subproblems that must be solved
to guarantee that the optimal solution has been found [1] [9] [31]. A reduction
of the total number of subproblems can be achieved by branching such that
many of the branches will be pruned by the upper bound when solved.

Figure 6: Extreme Effects of Branch Selection

PrunedUnpruned

Case 1: First A, then B

Case 2: First B, then A

In order to understand how selection rules affect the number of subprob-
lems, consider the following example illustrated in Figure 6. For a hypothet-
ical ILP, there exist two different branching choices, A and B, which can be
chosen independently of each other and both the branching choices A and B
result in five new subproblems. Thus, if no pruning occurs, applying A and
then B or applying B and then A both result in 30 subproblems. However,
in practice, the pruning of branches makes branch selection noncommuta-
tive. Now consider two hypothetical cases using A and B. In the first case,
a problem is branched using A into five subproblems and none of these five
subproblems is pruned; then each of these subproblems is branched using
B into five new (sub)subproblems of which three are pruned. This leaves
ten unpruned subproblems. In the second case, the branching choices are
reversed: a problem is branched using B into five subproblems and three of
these are pruned and then for each of the two remaining subproblems, five
new branches are created using A. None of these new branches are pruned so
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the same ten unpruned subproblems that case one finds remain. In the first
case, 30 subproblems were solved but in the second case, only 15—yet, both
cases make the same amount of progress. While branch selection decisions do
not always lead to such a dramatic reduction in the number of the branches,
the effect is usually palpable [1] [9].

Determining the order in which the branches are explored is crucial since
an apt ordering explores more nodes with good integral solutions sooner. In
turn, good integral solutions provide good bounds and thus make it possible
to prune branches sooner—further accelerating the search for the optimal
solution and proving optimality [9] [31].

Developing selection and ordering rules for connection branching requires
a measure upon which such rules can be based. A measure called connection
weight, denoted for a connection conxgh by Wgh is related to the inclusion
of a given connection in a solution. A connection weight Wgh is defined in
terms of the LP relaxation of problem (25),

min
x∈[0,1]n y∈<q

+

∑

i∈P

cixi + fT

(

∑

i∈P

aixi −
� m

)

+
∑

k∈K

pkyk,

s.t.
∑

i∈P

aixi ≥
� m, (37)

∑

i∈P

bixi − y ≤ d.

The connection weight is defined as

Wgh :=
∑

i ∈Pgh

x̄i (38)

where x̄i, i ∈ P is an optimal solution to (37).
Recalling the discussion in Section 5.1, particularly the definitions (26)

and (28) and the equation (30), connection weights indicate the inclusion of
certain connections in a solution. If Wgh > 0 then conxgh is represented
in the optimal solution to (37)—that is, there exists an i ∈ P such that
conxgh ∈ pairingi and xi > 0. Moreover, for a solution without overcovers,
definitions (26), (28), and (38), imply that the pairing solution is integral
if and only if Wgh ∈ {0, 1} for all conxgh and the pairing solution is not
integral if and only if Wgh ∈ (0, 1) for some conxgh. For proofs of these
results, see [27].

Another consequence of the definitions (28), (26), and (38) is that for
a pairing solution without overcovers, given a fixed flight constraint g, the
following holds
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∑

h∈Hg

Wgh = 1. (39)

The above results suggest utilizing connection weights to heuristically find
good integral solutions as well as reduce the number of subproblems. Find-
ing good integral solutions heuristically is accomplished with a selection
rule, referred to as the ‘high weight’ rule, branches on a flight g for which
Wgh is near 1 for some h ∈ Hg—creating subproblems by restricting P to
P+

gh such that h ∈ Hg and associating each subproblem with the Wgh—and
an ordering rule that prioritizes branches associated with high connection
weights. Mathematically, the ’high weight’ rule branches on flight t such
that

t ∈ arg max
q∈{r | |Hr|>1}







max
s∈{v∈Hq

∣

∣Wqv<1}

{Wqs}







, (40)

where |Hr| denotes the cardinality of Hr, defined by (27). Note that while
branching on P +

gh, where Wgh = 1, will reduce the space of pairings, it will

not change the solution of the RMP since branching P +
gh effectively forces

Wgh = 1 in that branch. Thus branching on such P +
gh is avoided at this stage,

since such a branching cannot perturb the solution towards integrality. The
‘high weight’ rule is supported by the work of Vance et al [27] and Barnhart
et al [5].

Assuming that the best upper bound has been found, the reduction of
the number of subproblems (that will be solved before B&P terminates) is
independent of the ordering rule and depends solely on the selection rule. A
first attempt at such a selection rule might be to branch on a flight g such
that some branches corresponding to near-zero Wgh are created. While such
near-zero branches are often pruned, the equation (39) implies that if all but
one Wgh is near-zero, then one branch corresponding to conxgh such that
h ∈ Hg will have a near-one connection weight which probably will not be
pruned. These unpruned branches problematically resemble their parents to
such an extent that B&P has not made any significant progress. In fact, since
some Wgh is near one, this first attempt has recreated the ’high weight’ rule.

In practice, there usually exists other branching choices that, while re-
sulting in fewer pruned children per branching, actually reduce the total
number of nodes required. Given a flight g such that many Wgh are near
zero, there often exists a branching that causes Wgh ∈ {0, 1} for h ∈ Hg in
their associated subproblems and thus removing the option of branching on
g. An explanation for this phenomenon may be that branching choices for
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near-zero Wgh correspond to a relatively small portion of the feasible set and
after pruning such branches, most of the solution space remains feasible in
the unpruned branch. On the other hand, choosing to branch on a flight e
that has more balanced values of Weh for h ∈ He—meaning for all h ∈ He,
Weh are neither near zero nor one—may create larger, more balanced, par-
titions of the feasible set. Furthermore, the smaller portions of the feasible
(created when branching on g) may lie in one of the larger partitions (created
when branching on e), so the subproblem corresponding to one of these larger
partitions is pruned, some of the Wgh may become integral or branching on
conxgh may not longer be possible, i.e. P +

ef ∩P+
gh = ∅. In either of these two

cases, some of the branching possibilities corresponding to conxgh such that
h ∈ Hg have been eliminated.

A selection rule for reducing the number of subproblems, in lieu of the
above insights, is branching on a flight g such that

g ∈ arg min
q∈{r | |Hr |>1}







∑

s ∈ Hq

∣

∣|Hq|Wqs − 1
∣

∣

2(|Hq| − 1)







. (41)

This selection rule, which is referred to as the ‘most balanced’ rule, attempts
to find the start flight g such that all the conxgh, h ∈ Hg, are equally used in
the LP relaxation. The term |Hg| scales the connections weights so that start
flights with a different number of possible connections can be compared.

Additionally, we develop another basis for selection rules by considering
the ‘opposite’ of the connection weight, referred to as the connection break
weight,

Bgh :=
∑

i∈Bgh

x̄i, (42)

where x̄i, i ∈ P is an optimal solution to (37). A connection break weight
Bgh, in terms of problem (37), is the sum of the optimal values of the solution
pairings that would be excluded if conxgh were branched upon. Thus Bgh

roughly measures how the LP relaxation will be perturbed by various branch
selections. A selection rule, referred to as the ‘most broken’ rule, is based on
this observation and consists of branching on the flight t where

t ∈ arg max
q∈{r | |Hr|>1}







∑

s∈Hq

Bqs







. (43)

Branching on t hopefully perturbs the respective LP solutions such that many
branches become pruned by bound since these subproblems have eliminated
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many of the pairings that appeared in the optimal LP solution of the parents
of these subproblems.

The selection rules described in this section, ‘high weight’, ‘most bal-
anced’, and ‘most broken’, play an important role in the B&P system pre-
sented in Section 5.4.

43



5.3 Connection Fixing heuristic

The ideas in Sections 5.1 and 5.2 can also be utilized in a heuristic proce-
dure referred to as the connection fixing heuristic. The heuristic—instead of
branching and solving a number of subproblems and repeating this process
by further restricting the set of pairings considered—restricts pairings more
drastically by fixing many connections before solving any subproblems. Thus
the set of pairings P is restricted to some set P̄k = P+

g1h1
∩P+

g2h2
∩ . . .∩P+

gkhk

before any subproblems are solved. The restrictions P +
g1h1

, . . . ,∩P+
gkhk

can be

chosen according to connection weights. A simple choice is selecting P +
gjhj

for
j = 1, . . . , k such that 0.9 < Wgjhj

< 1.0. The objective of this operation
is that such choices will guide the solution of the LP relaxed pairing prob-
lem (37) to a good integral solution. In practice, connection fixing adds and
removes many of the sets P +

gh in the intersection P +
g1h1

∩ P+
g2h2

∩ . . . ∩ P+
gkhk

as it searches for near optimal integral solutions. Although the details of
this process are not discussed here, it should be noted that the efficiency of
connection fixing is the impetus for this thesis and the attempt to utilize
connection branching in a B&P algorithm.

5.4 Implementation of the Branch and Price System Using

Connection Branching at Jeppesen AB

This section describes the test B&P system using connection branching, here-
after simply referred to as the B&P system, which was implemented Jeppe-
sen AB, Gothenburg, Sweden. The description outlines the high level pro-
gram flow and the main components, but does not describe all of the minor
implementation details. We begin this section by describing the software
development environment and software development tools and then the im-
plementation of the B&P system.

The B&P system comprises approximately 10,000 lines of C++ code that
manage the pairings and create the search tree and subproblems. In order
to solve the subproblems, the B&P system links in the linear program solver
XPRESS R© by Fair Issac Co. [32]. Furthermore, the IP heuristic PAQS [30]
provided by Jeppesen AB is also linked to the B&P system in order the find
integral solutions to the pairings in some subproblems—while these integral
solutions are usually quite good, there is no proof that they are optimal and
thus can only be used as upper bounds.

The B&P system has two phases: the initialization phase and the node
processing phase. The initialization phase loads the pairing problem data
from a file that describes the flights and their overcover penalties, the GLCs
and all the possible pairings to form the MP (20). The implementation does
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not use a compact pricing subproblem, but rather has all the possible pairings
explicitly enumerated—these pairings referred to as the pricing pool. Since
the size of the pricing pools of the instances solved (see Section 6) range
from several hundred to several million, solving the pricing subproblem in
our implementation is often slower than solving the corresponding compact
pricing subproblem. After the pairing problem data has been loaded, the
program solves the RMP (21).

The RMP is initialized with artificial pairings that each covers one flight
and costs more than the most expensive pairing in the pricing pool multiplied
by the number of flights. These initial pairings cannot be considered actual
pairings since they do not constitute a sequence of flights starting and ending
at the same base. The cost of the initial pairings, guarantees that their
associated xi = 0 when column generation at the root node is completed.
Since the RMP starts with these artificial pairings—that are very far from the
optimal solution—column generation at the root node, often, adds hundreds
of pairings to the RMP when only a few percent of these have nonzero xi

when it completes. Consequently, many of the columns generated at the root
node are not very useful, since many are generated when the solution of the
RMP is very far from optimality. Thus after computing the optimal solution
at the root node, all pairings with xi = 0 are discarded—that, is removed
from the RMP. Then to accelerate future pricing, a number of columns with
low reduced cost c̄i < 0 are added to RMP. The idea is that the first branch
choices will shift the LP relaxation slightly causing pricing to add columns
to the RMP that were just nearly excluded when pricing at the root node.
This method of initializing the RMP grew out of conversations at Jeppesen
AB [2].

The columns in the RMP are then sent to the heuristic IP solver, PAQS
[30], which attempts to quickly construct an integral solution. If an integral
solution is constructed, it serves as an initial upper bound for the B&P and
otherwise, the upper bound is set to infinity. Initialization concludes by
scanning the RMP for connections in RMP and then determining an initial
branching from these connections. The initial branching is selected according
to the ‘most balanced’ rule to create a variety of different nodes for future
branching. The nodes created from this initial branching are added to the
active node pool (the set of nodes that have been created but not processed)
without being solved. Now that the B&P system has some active nodes, it
can begin the node processing phase.

The node processing phase processes the active nodes until no active
nodes remain—effectively completing the B&B component of the B&P sys-
tem. When node processing is completed, the best IP solution found is the
best solution to the pairing problem. Active nodes are processed according
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to the current strategy. The main loop of node processing cycles between
selecting a strategy and the actual node processing, i.e. applying the selected
strategy to the active nodes. The main loop is depicted in Figure 8 and the
node processing is depicted in Figure 7.

A strategy consists of an ordering rule and a selection rule. For node
processing, the B&P system uses the three strategies: ’find IP’, ’prune’, and
’heuristic IP’. While these three strategies suffice and we limit our empirical
experiments to these strategies, it should be noted that it is possible to
construct other strategies by combining an ordering rules with a selection
rule. Accordingly, if there were to exist 10 ordering rules and 10 selections
rules, these could be combined to construct 100 different strategies. Both
’find IP’ and ’prune’ have an ordering rule that sorts the active nodes by
their W and removes the highest 20% of these nodes from the active node
pool and puts them in the processing queue. (There is no particular reason
for removing the specific percent: 20%. However, removing 100%—that is,
putting all the active nodes into the processing queue—would nullified the
effect of having an ordering rule, since then there would be no reason for
sorting them.) The subproblems of the nodes in the processing queue are
solved. If a node is not pruned according to the B&B pruning criteria, then
a selection rule is used to branch on this node.

The selection rule ’high weight’ is used for ’find IP’ and the rule ’most
broken’ is used for ’prune’. According to the discussion in Section 5.2, the
’find IP’ strategy should lead to the discovery of good integral solutions and
the ’prune’ strategy should lead to a reduction in the total number of nodes
provided that a good integral solution has been found. Although the results in
Section 6 confirm this usage of these strategies in general, the results suggest
that the best settings are somewhat problem specific. Once a selection rule
has branched on a node—creating its children—its children are added to the
active node pool.
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Figure 7: Node Processing or Running A Strategy
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The strategy ’heuristic IP’ does not follow the standard schematic dis-
cussed above and shown in Figure 7. Instead, ’heuristic IP’ executes the
heuristic PAQS on two of the active nodes on which PAQS has not previously
been run and have the highest average cumulative connection weight. The
average cumulative connection weight is the sum of the connection weight
Wgh associated with a node and all its ancestors divided by the number
of ancestors. The justification for using the average cumulative connection
weight is that high connection weights are known to correspond to nodes
whose LP solutions are integral or nearly integral—that the LP solution is
nearly integral and the solution space is smaller than the solution space of the
root node, makes it easier for the heuristic to find good IP solutions. Since
’heuristic IP’ does not solve any subproblems, it does not necessarily remove
or add any nodes to the active pool unlike the other strategies. Nodes are
removed from the active pool only when ’heuristic IP’ finds a better integral
solution that can prune some nodes by the bound. Following the discussion
in the preceding paragraph, we scan the ancestors of the active nodes to find
nodes that can be removed.

If while processing nodes, a better IP solution (an IP solution with a lower
objective value) is found, the ancestors of the active nodes and the nodes in
the processing queue are scanned. If the objective value of any of these
ancestors exceeds or equals the new IP objective value, the corresponding
nodes are removed from the active pool and the processing queue.
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Figure 8: The Main Loop of the B&P System
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The current strategy can be determined according to a number of factors
related to all the existing nodes, the active nodes, the pairing problem, the
progress of the B&P system, etc. We present a simple, yet effective, decision
logic for determining which strategy to run based on the ratio between the
total number of nodes processed and the number of active nodes, see Figure
8. This ratio varies as the B&P system processes nodes. We define Rc to
be the current ratio. We define a ‘decision’ ratio, R, which is set to Rc once
when node processing has completed four cycles using the ‘find IP’ strategy
and thereafter only if a better integral solution has been found since the last
time R was set. The reasoning behind R and Rc is that at some point after
the optimal integral solution has been found, Rc must start increasing as
more nodes are being processed than created (and added to the active pool).
Thereafter R remains constant unless the first integral solution or a better
integral solution is found which triggers that R is set to Rc. If Rc > R + 2
then ’prune’ is run, otherwise, the B&P system alternates between the ’find
IP’ or ’heuristic IP’ strategies.

Finally, building on the discussion at the end of Section 5.1, some of
the children with the same parent are regrouped into a fewer number of
nodes in order to reduce the total number of nodes processed. After some
experimentation, the following logic for group was developed: children that
have a connection weight Wgh ≥ 0.80 are never grouped with other children.
In order to discuss the grouping of other children, let the pairings considered
in the subproblem of the parent be denoted by P̄ , pairings of the children
with Wghi

< 0.80 to be P̄ ∩P+
ghm

, . . . , P̄ ∩P+
ghn

, and let the intersection of all

these children be denoted by Y =
(

P̄ ∩ P+
ghm

)

∪ . . . ∪
(

P̄ ∩ P+
ghn

)

. The set of
these children can by partitioned in a number of grouping subsets Si’s, each
containing a number of children that will be grouped into single nodes. The
feasible pairing for each of these grouped nodes is

Fi :=
⋃

conxgh∈Si

(

P̄ ∩ P+
gh

)

. (44)

Since nodes that have a large number of feasible pairings are less likely to
be pruned, it is important choose the Si’s such that |Fi| are minimized. Of
course, assigning one child per Si would minimize |Fi| but that would defeat,
altogether, the idea of grouping children to minimize the total number of
nodes evaluated. The solution is to group children that are ’most similar’
into a few nodes—this is accomplished by counting the number of pairings
shared by pairs of the children and then using a greedy algorithm.
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6 Results

In this chapter, we present the numerical results for the B&P system. The
B&P system is run on four different pairing test problems with several differ-
ent settings. The test problems, which were provided by Jeppesen AB, are
presented in Table 7. Table 8 displays the time the B&P system requires to
completely solve a test problem and Table 9 displays the objective value of
the best integral solution found.

Table 7: Pairing Test Problems
Test Problem A B C D

Number of Flights 51 51 385 385
Number of Pairings 425 166095 99998 999998
Number of GLCs 2 2 0 0
Sparsity 0.117 0.200 0.0227 0.023

Table 8: Processing Time(sec) for each Pairing Test Problem
Test Problem A B C D

Default Settings 2.38 (6) 6.41 (3) 30.26 (3) 10616.41 (1)
Without ’heuristic IP’ 0.08 (3) 3.96 (1) 17.71 (1) >74000.00 (2)
Only ‘high weight’ 0.31 (5) 6.43 (4) 1803.49 (5) >74000.00 (2)
Only ‘most broken’ 0.07 (2) 4.75 (2) 13.43 (2) >74000.00 (2)
No PAQS 0.06 (1) 20.48 (5) 92024.36 (6) >74000.00 (2)
XPRESS 0.17 (4) 49.28 (6) 44.60 (4) >74000.00 (2)

The numbers in parentheses correspond to the ranking of the results: (1) is the

best and (6) is the worst.

Table 9: Best Objective Value found for each Pairing Test Problem
Test Problem A B C D

Default Settings 2867525 2860910 20233435 (2) 15283590 (1)
Without ’heuristic IP’ 2867525 2860910 20293530 (5) 15516460 (3)
Only ‘high weight’ 2867525 2860910 20288120 (4) 15516460 (3)
Only ‘most broken’ 2867525 2860910 20293530 (5) 15516460 (3)
No PAQS 2867525 2860910 20249280 (3) 15516460 (3)
XPRESS 2867525 2860910 20233215 (1) 15285795 (2)

The numbers is parentheses correspond to the ranking of the results: (1) is the

best and (6) is the worst.
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The test problems, shown in Table 7, increase in size, from A to D. The
pairings in these test problems are the pairings that are used as the pricing
pool (the purpose of this pool is described in Section 5.4). Test problems B
and D can be considered as realistic problems in the sense that the number
of pairings greatly exceeds the number of flights. In fact, the test problem A
was created by selecting a subset of the pairings from B and C was created,
in the same fashion, from D. Since in practice, we are most interested in
being able to solve larger instances quickly, the importance of a test problem
increases with its size.

Before comparing the results of various tests and configurations of the
B&P system, it can be useful to think about the solution process unfolds.
Figure 9 visualizes the search that the B&P system performs on test problem
A when run with the configuration ’Default Settings’ (the various configura-
tions are explained later in this section). The notation for the tag of each
node is somewhat complex. The tag begins with the node index which is
followed by ‘:’; this is followed by the connection that was branched upon in
‘(, )’; the tag ends with the connection weight. For nodes in which several
connections with the same start flight and different followers were grouped,
the connection information is replaced by a ‘m’ followed by the number of
connections, or nodes, that are grouped. Any node that has the same parent
will have the same start flight as this grouping node and thus in this way,
the start flight for the grouping node can be ascertained. The connection
weight for a grouped node is the sum of the connection weights of the nodes
that are grouped. The root node is shown with connection (−1,−1), which
means that the root node has not branched on any connections. For exam-
ple, the tag ‘1:(28,22) 0.5’ indicates that the index of the node is 1, that
the node branched on connection, conx28,22, and that the connection weight
W28,22 = 0.5. Figure 10, visualizes the search that the B&P system performs
on test problem C when run with the configuration “Without ’heuristic IP”’.
This figure, Figure 10, is displayed without any node information due to the
number of nodes; its primary purpose is to show how the search tree grows
rapidly with the size of the problem.
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Figure 9: The Node Search Performed by the B&P System on
Test Problem A with the Configuration ’Default Settings’

Figure 10: Example of the Node Search Performed by the B&P System
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For all test problems and all the settings, the tolerance for pruning is set
to 0.3%—meaning that if a node has an objective value of v and the current
upper bound is b, then this node will be pruned by bound if 1.003v >= b.
Using a tolerance of 0.3% garuantees that the objective value of the best
integral solution found by the B&P system will be within 0.3% from the
objective value of the optimal solution. Thus for the test runs for which the
processing time is explicitly stated in Table 8, the objective value found in
Table 9 is within 0.3% of the optimal solution. The only test runs that did
not run to completion were test runs for test problem D which were allowed
the maximum time of 74, 000 seconds. We anticipated that test problem D
would result in very long running times and thus we decided to stop all test
runs for test problem D at this maximum run time.

The different configurations presented in Tables 8 and 9 require some ex-
planation. The ’Default Settings’ is the configuration described in Section
5.4. The next three configurations, “Without ’heuristic IP”’, “Only ‘high
weight”’, and “only ‘most broken”’ are identical to the ’Default Settings’,
except for the described modifications: “Without ’heuristic IP”’ runs PAQS
during the initialization phase only and then never runs PAQS again; “only
‘high weight”’ runs PAQS during the initialization phase only and then dur-
ing the processing phase it uses only the strategy ‘high weight’; and “only
‘most broken’ runs PAQS during the initialization phase only and then during
the processing phase uses only the strategy ‘most broken’. The ‘No PAQS’
configuration is identical to the ’Default Settings’ except that PAQS is nei-
ther run during the initialization nor during node processing. The ’XPRESS’
configuration is the result obtained from letting the XPRESS R© Integer Pro-
gramming Solver solve the test problem. Additionally, the start time for all
the tests of the B&P system begins when the B&P is done with the ini-
tialization phase. For the ’XPRESS’ configuration, the start time is when
XPRESS has finished solving the LP relaxed problem. We choose this start
time since we are interested in comparing and measuring the time used to
obtain integral solutions and not the initial set up time. Note additionally
that all times were measured as CPU or processor time for actually solving
the problem.

While keeping in mind, that the B&P solver is a proof of concept and is
not designed to compete head-to-head against XPRESS R©, it does perform
quite well in general. Before discussing the results in detail, we note that
test problem A is almost too small to be considered significant for meaningful
comparisons. The duration of the test runs for test problem A range from 0.17
to 2.38 seconds. Thus, test problem A is really too small to be interesting.
However, the fact all the optimal objective values found for test problem A
are identical indicates that the B&P system is working correctly.
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For the remainder of the discussion of the results, we focus on test prob-
lems B, C, and D and only use A as a reference. All the objective values
for each test problem are within 0.3% of each other as being within 0.3%
of the optimal solution necessitates. Rerunning the ’Default Settings’ test
runs with a lower tolerance, shows that the results for the ’Default Settings’
displayed in Table 9 are actually within 0.1% of the optimal integral solution.
This experiment was not performed on the remaining problems due to time
constraints of this thesis project. Besides noting that all the objective values
for each test problem are within the given tolerance, the individual values do
not have any meaning.

Comparing running times, we observe that the ‘Default settings’ are never
the worst choice, in terms of time, and for the most significant test problem,
D, they were far superior. The configuration “only ‘most broken’ performs
unexpectedly well in the other test cases—especially, considering that it was
not designed to find integral solutions needed for pruning nodes according to
the reasoning in Section 5.2. In fact, the log file from“Only ‘high weight”’ for
test problem D reveals that the only integral solution found is found at the
root node by PAQS. Thus, the reason for “Only ‘high weight”’ not competing
well on test problem D is that it fails to find the integral solutions necessary
for pruning. Although this explanation seems likely, the same phenomena of
not finding integral solutions occurs for “Only ‘high weight”’ for test problem
D as well, meaning that for some problems running PAQS periodically is
crucial. Furthermore, we note that for the B&P system the ‘No PAQS’
configuration had the worst average performance for the significant problems
B, C, and D. The main reason for the success of ’No PAQS’ for problem A
is the initialization time for PAQS. For the two most significant and realistic
problems, B and D, we note that the default setting are far superior to the
‘XPRESS’ configuration and that solutions are quite reasonable. On the
downside, as expected, Table 8 indicates that the solution time does not
scale well with the size of the problem. Note that even XPRESS R© uses an
IP heuristic when solving IP problems.
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7 Conclusion

In this thesis, the airline crew pairing problem was explained and several
suitable mathematical models for the crew pairing problem were formulated.
These models were ILP, MILP, or IP problems that could be solved with
the discussed optimization algorithms such as the B&P algorithm. The key
components of the B&P algorithm were explained as well as the applicability
of the algorithm to models developed. The B&P algorithm was adapted to
the crew pairing problem by developing connection branching and developing
the branching and ordering rules in Section 4.3. Finally, these ideas were
tested by developing the B&P system and performing several experiments
on a number of test problems.

The main conclusion is that utilizing connection branching to solve small
and medium airline crew pairing problems is a promising approach. The
results for the rather small test problems indicate that even medium size
problems (problems with approximately a thousand flights and millions of
feasible pairings) could be optimized using a connection branching B&P sys-
tem without much additional work.

The strategies, discussed in Chapter 6, affect the solution process, but the
limited number of tests makes difficult to draw any definite conclusions on
how these strategies could be better utilized, improved or combined. Drawing
such conclusions would require combining and changing the current strategies
and then additional experimentation. The results indicate that the default
combination of strategies is a safe choice, especially for large crew pairing
problems. Moreover, the results indicate that the strategy based on the
‘most broken’ rule and the connection break weight shows promise and could
be developed further (developed in Section 5.2). Furthermore, the solution
process of the B&P system is sensitive to whether or not PAQS is run. Ac-
cordingly, future work could attempt to better define when PAQS should be
run.

Outside the scope of developing and refining strategies, future work could
explore employing early termination and column management [21]. Early
termination is the idea that not all subproblems need to be solved to opti-
mality, since their associated nodes will be pruned anyways if their children
are pruned. This at first seems a little backwards, since it results in pro-
cessing more nodes. However, early termination can prove advantageous if
the number of times the pricing subproblem must be solved for certain nodes
is excessive. Column management means that not all the columns, or in
our context, pairings, that are added to the RMP are allowed to remain in
the RMP, since the time required to solve RMP grow with the number of
columns. Instead, columns are strategically removed to make solving RMP
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simpler and faster. Another area for refinement, which could potentially
boost performance, is the grouping of nodes (see Section 5.4).

In summary, this thesis demonstrates that connection branching is a vi-
able approach for optimally solving crew pairing problems. The many areas
for future work imply that this approach is far from exhausted and is suitable
for future research.
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