AN INJECTIVITY RESULT FOR HERMITIAN FORMS OVER
LOCAL ORDERS

LAURA FAINSILBER AND JORGE MORALES

ABSTRACT. Let A be a ring endowed with an involution a — a. We say that
two units a and b of A fixed under the involution are congruent if there exists an
element u € A* such that a = ubia. We denote by H(A) the set of congruence
classes. In this paper we consider the case where A is an order with involution
in a semisimple algebra A over a local field and study the question whether the
natural map H(A) — H(A) induced by inclusion is injective. We give sufficient
conditions on the order A for this map to be injective and give applications to
hermitian forms over group rings.

INTRODUCTION AND MOTIVATION

Let R be a ring endowed with an involution ~ : R — R (that is, an anti-
automorphism of order 2). For a left R-module M we denote by M* the dual
module Hom (M, R) with the left R-module structure given by (a¢)(m) = ¢(m)a,
for all a € R, ¢ € Hom g(M, R), m € M.

Let € € R be a fixed central element satisfying ée = 1, for example e = +1. A
(unimodular) e-hermitian form over R is a pair (M, h) consisting of a reflexive R-
module M and an isomorphism of R-modules h : M — M* satisfying h* = eh. The
notion of isometry of e-hermitian forms is defined in the obvious way.

It is a natural question to ask for a classification of e-hermitian forms over R. An
obvious necessary condition for two forms (Mj, hi) and (M, hy) to be isometric is
that their underlying R-modules M; and M, be isomorphic. This leads us to fix an
R-module M and consider the set of all e-hermitian forms on M.

Assuming that this set is not empty, we fix once and for all an e-hermitian form
ho : M — M* and we equip the endomorphism ring A = End gr(M) with the
involution given by

(1) f=hg'f*he.
A straightforward calculation shows that all the e-hermitian forms on M are of the
form h = hga, with a € A* satisfying @ = a, and that two such forms h = hya and
g = hgb are isometric if and only if there exists u € A* such that uatt = b. Note
that this is a particular case of the so-called transfer to the endomorphism ring in
hermitian categories (see [15, Chapter 7, Section 4] or [13]).

The above construction motivates the introduction of the following equivalence
relation for any ring A equipped with an involution ~.

a~b <= there exists u € A* such that vat = b
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on the set of units of A fixed under the involution. We shall denote the set of equiv-
alence classes by H(A). Two elements equivalent in the above sense will be called
congruent. Many classification problems in the theory of quadratic and hermitian
forms can be reduced to determining the congruence classes in a suitable algebra
with involution (3, 6, 8, 9, 11, 12, 13, 15]. Note that H(A) is also the cohomology
set H'(Co, A¥) in non-abelian cohomology, where the non-trivial element in Cy acts
via A — AL

In this article, we shall deal with the case where A is an order in a finite-
dimensional algebra over a local field.

The following notation will be in force throughout the paper:

: a field complete with respect to a discrete valuation

: the valuation ring of K

: the residue field of O, assumed to be finite of characteristic # 2

: a semisimple K-algebra equipped with an involution ": A — A

: an O-order in A, stable under the involution, such that A = K ®o A.

=GN

The main question that we shall address in this paper is whether the canonical
map H(A) — H(A) induced by the inclusion A — A is injective.

For instance, as an easy consequence of the classification of unimodular quadratic
forms over O by their determinant, one sees that if A = M,,(K) and A = M, (O), and
the involution is transposition, then H(A) — H(A) is injective. A simple example
(see the next section) shows that even in the local case one cannot expect the map
H(A) — H(A) to be injective in general.

We show that H(A) — H(A) is injective if A is a hereditary order in a semisimple
algebra (hence in particular if it is a maximal order) or if it projects onto an order for
which the property holds (see Theorem 3.1 for a precise statement). We also show
that if #(A) — H(A) is injective then this property extends to the endomorphism
rings of the self-dual projective modules over A. As a consequence, we prove that
if two unimodular hermitian forms on projective A-modules are isometric over A,
then they are isometric over A.

A particularly interesting case is when A = OG, the group algebra over O of a
finite group G. We show that H(A) — H(A) is injective if G is of odd order, or
if the p-Sylow subgroup of G is normal, where p is the characteristic of the residue
field k.

1. HEREDITARY ORDERS

In this section we consider the case where A is a hereditary order. We recall that
an order A is left hereditary if all its left ideals are projective as A-modules. One
defines in a similar manner the notion of right hereditary, but it is known that these
two notions are equivalent [14, Theorem 40.1]; so we shall simply write hereditary.

The structure of hereditary orders is known (see [14, Theorem 39.14]) and they
include in particular the maximal orders [5, Section 26].
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Theorem 1.1. If A is a hereditary order in A then the natural map
H(A) — H(A)

18 injective.
Proof. Let a and b be representatives of classes in H(A) that are congruent in A.
Let u € A% be such that uati = b. We show that the hermitian form (A% < a, —b >)
is isometric to the hyperbolic plane H(A).

Consider the homomorphism ¢ : A2 — A of left A-modules given by ¢(z,y) =
x — yu. Since A is hereditary, the image ¢(A?), which is isomorphic to an ideal
in A, is a projective A-module; hence M := ker ¢ is a direct factor of A%2. One
verifies immediately that the left submodule M C A? is equal to its orthogonal M+
with respect to < a,—b >. By a result of Knebush [15, Lemma 7.3.7], the form
< a,—b > is stably isometric to H(A). Since Witt cancellation holds for A [15,
Theorem 7.10.9], this shows that actually < a,—b >~ H(A) as forms over A. But
we also have H(A) ~< a, —a >; hence, by Witt cancellation again, we conclude
<a>~< b> over A. O

We give below a simple example of a (non-hereditary!) order A for which the map
H(A) — H(A) is not injective.

Example. Let 7 be a uniformizing parameter in O, and let ¢ € O be a unit which
is not a quadratic residue modulo 7.
Let A = M,(K), with the involution given by

2) (Z 2) — (bZQ md_Q)’

and let A C M5(O) be the subring defined by

a b
A—{(CWQ d) .a,b,c,dEO}.

One verifies readily that A is stable under the involution (2). The matrix (8 g)

is congruent to the identity matrix in 7{(A) but not in #(A). So in this case H(A)
does not map injectively into H(A).

The ring A is actually the endomorphism ring of the arrow (1,7?) : 0? — O?
associated with the quadratic form < 1,72 > (see [3]), and H(A) corresponds to the
set of (non-unimodular) forms {< 1,72 >, < g,en? >, < l,en? >, < g,m> >}. The
defect in injectivity reflects the fact that the first two forms and the last two become
isometric over K.

2. REDUCTION OF THE SET H(A)

In order to generalize the result above to a certain class of rings which are not
hereditary, in particular to certain group rings, we reduce the study of the set #(A)
of congruence classes of involution-invariant invertible elements of A to the study of

simple factors carrying involutions of orthogonal type in the semi-simplification of
A.
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Lemma 2.1 (Reduction modulo the radical). Let A be an algebra over a complete

local ring as above. Reduction modulo the Jacobson radical of A induces a bijective
map H(A) =~ H(A/rad A).

Remark. Lemma 2.1 follows from more general known theorems ([2, Theorem 5.1]
or [1, Theorem 10.3]). We include an ad-hoc proof for the convenience of the reader.
For even more general analogues in hermitian categories, see [9], or [15, Theorem
7.4.4).

Proof. We first prove that the reduction map is surjective from the set A* of invert-
ible elements of A fixed under the involution, onto the set (A/rad A)* of invertible
elements of A/rad A fixed by the involution. Indeed, say [«] is invertible in A/rad A
and invariant under the involution, then v = (o + &)/2 is invariant under the invo-
lution and [y] = [a]. Note that 7, being invertible modulo rad A, is automatically
invertible in A.

Second, we prove that any congruence relation can be lifted from A/rad A to A.
Let m be a uniformizing parameter for . There is a positive integer k£ such that
rad (A)¥ € A C rad (A) [5, Proposition 5.22]), so the topology defined by the radical
is equivalent to the m-adic topology, and A is complete with respect to its radical.
Suppose we have o, 3 € AT and v a unit in A such that o = vB8% mod rad A.
We shall construct a sequence (v;);>1 of units in A with v; = v and o = v;89;
mod (rad A)* for 7 > 1; this sequence will converge to a limit w € AX with a = ww,
thus completing the proof of the lemma. To construct the (n + 1)st element in the
sequence, we suppose « = v,3%, mod (rad A)", and let § = v,,69, — a € (rad A)™.
Since f and v, are units in A, there is a 7 € (rad A)" such that v,87 = —§/2.
We let v, 11 = v, + 7. We then have v,1080,11 = v,00, + v,07 + 700, + 70T =
OBy — 0/2 — 6/2 4+ TB7 = v, B, — 6 + TBT = a4 TB7 with 737 € (rad A)2*. [

Remark. In Lemma 2.1, and in everything that follows in Sections 1 and 2, one
can replace the condition that 2 is invertible in A by the weaker condition that A
contains a central element ¢ with ¢ + ¢ = 1. The proof above requires only minor
adjustments to include this situation. Note however that for the case of group rings,
that will be the focus of our interest in Section 3, the existence of such an element
c is in fact equivalent to 2 being invertible in O, as can be easily seen by applying
the augmentation map to the identity ¢ + c = 1.

Let F be a field, and let ~ be an involution of the first kind on M, (F), (i.e. " is
the identity on F'). Since transposition is also an involution of the first kind, the
Skolem-Noether theorem yields an element v € M,,(F') such that for all x € M, (F),
Z = vrtv~!. The matrix v is either skew-symmetric (v* = —v), in which case we say
that ™ is of symplectic type, or symmetric (v' = v), in which case we say that ™ is of
orthogonal type ([15, Chapter 8, Section 6], [11]).

More generally, if (B,”) is a central simple F-algebra with involution of the first
kind, we say that (B,”) is orthogonal (respectively, symplectic) if (B ®p F,”) is
orthogonal (respectively, symplectic), where F' is the separable closure of F.

Let S be a semisimple algebra over a finite field F, with involution ~. We can

write S as a product of simple algebras, which are all rings of matrices over finite
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extensions of F'
S =51 x---x8,, where S; ~ M, (F;).

When we consider the action of the involution on the simple components, we see
that it switches some pairs of components, and stabilizes the others. We denote
again by ~ the involution induced on the components or pairs of components. On a
stable simple factor S;, the involution is either of the first kind, or it is of the second
kind, i.e. it induces a non-trivial involution on the center F;, in which case F; is a
quadratic extension of the field F;" fixed by the involution.

We will now show that the only non-trivial unimodular hermitian forms of rank
one are carried by the simple components on which the involution is of orthogonal
type. More precisely :

Lemma 2.2. Let S be a finitely generated semisimple algebra over a finite field,
and let Syonn be the product of the simple components on which the involution is of
the first kind, of orthogonal type. Then H(S) = H(Sortn)-

Proof. 1t is clear that an element of S is invertible and invariant under the involution
if and only if its projections on the pairs of simple subalgebras S; x S; switched by
“and on the components stable under ™ are invertible and ~-invariant, and also that
congruence of two elements is determined by congruence of the projections on the
stable components or pairs of components.

We first describe H (M, (F;) x M, (F;)) when ~ switches the two components.
There is an automorphism 6 of order 2 of M,,(F;) such that for all z,y in M, (F;),

——

(z,y) = (0(y),0(x)). So the elements fixed by ~are all of the form (z, 6(z)). But such
elements are congruent to (1,1) since (z,0(z)) = (z,1)(1,0(z)) =
(x,1)(1,1)(x,1). Hence H(M,,(F;) x M, (F;)) ={1}.

Secondly, we consider simple components M, (F;) on which the involution is of
the second kind, and show that H(M,,(F;)) = {1} :

Let ~ denote the involution induced on F;. The involution which maps a matrix
M = (mj;) to its transpose conjugate M* = (mj;) is of the second kind, and the
invertible elements fixed by the involution are the non-degenerate hermitian forms
of rank n; over F;. To show that every such form A is diagonalizable, we show
that A represents a non-zero element o € Fj, so we can write h =< a > @®h' and
proceed by induction on n;. We have h(F", F;*') = F;, and since F; is a separable
extension of F;', the trace map Tr : F; — F." is not zero. So there are elements
v,w € F" such that Tr(h(v,w)) # 0, and we have h(v + w,v + w) = h(v,v) +
h(w,w) + h(v.w) + h(v, w) hence Tr(h(v,w)) = h(v+w,v+ w) — h(v,v) — h(w, w),
so at least one of the three values on the right is non-zero : h represents a non-zero
value. Hence every matrix fixed by the involution is congruent to a diagonal matrix,
whose entries oy, ..., q, are in F;". But F; is a finite field, so every element in F."
is the norm of an element in Fj, say o; = 7,;%;, and hence the matrix is congruent
to the identity matrix. This shows that for this involution, H(M,,(F;)) = {1},
but we also know that if 7 is another involution of the second kind on M, (F;)
which induces - on Fj, then 7 is equivalent to <*. Indeed, by the Skolem-Noether
theorem there is an element y € M,,(F;)* such that for all z € M, (F}), T =y 'T'y
([11]). Moreover, Z = y~'7*2y'~'y = x implies that A = y~'7* € Fj, and hence
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Yy = y”t = My' = My so A\ = 1, and Hilbert’s theorem 90 yields a p € F;* such
that A = ug . We can replace y by z = uy to get 28 = uy’ = idy = py = z. We
showed above that z is congruent to 1, i.e.. that there exists a matrix w such that
z = w'w. Consider the inner automorphism of M, (F;) : 6(z) = wzw™'. We have

0(z) = wiw™ = wz ' T2w™! = wwT W T Www ™ = wTwt = 0(z) . So the
algebras with involution (M, (F;),-") and (M,,(F;),”) are isomorphic, and hence for
any involution of the second kind on M, (F;), the set of isomorphism classes of rank
one unimodular hermitian forms is trivial.

The last case we consider is that of a simple component on which the involution
is of symplectic type, say & = vzlv~! with v* = —v. Suppose = = Z, then zv = vz!,
and (zv)! = v'z' = —va’ = —2v, so zv is skew-symmetric. But all skew-symmetric
elements are congruent ([15, Theorem 7.8.1]) so there is a z € M, (F;) such that
zv = zv2', hence z = zvz'v™! = 2Z so again = is congruent to 1 and H(M,,(F;)) is
trivial.

So we have proved that the only components of S with non-trivial rank-one her-
mitian forms are the components on which the involution is of orthogonal type, i.e.
that H(S) = H(Sortn)- O

3. MORE GENERAL ORDERS

In this section we establish a result that will allow us to extend Theorem 1.1 to a
larger class of orders that includes, as we shall see in the next section, group rings
for certain types of groups.

Theorem 3.1. Let A be an O-order with involution in a semisimple K-algebra B
and let A — A be a surjective, involution-preserving homomorphism which induces
an isomorphism (A/rad A)oren =~ (A/rad A)open- If the natural map H(A) — H(B)
is injective, then so is the natural map H(A) — H(A).

Proof. The natural inclusions A < A and A < B induce a diagram of sets

H(A) — H(A)
H(A) —— H(B)

with H(A) = H((A/rad A)oren) =~ H((A/rad A)grn) = H(A) by Lemma 2.1 and
Lemma 2.2. By hypothesis, the vertical map H(A) — H(B) is injective, so in the
diagram the composite maps from #H(A) to H(B) are injective, and hence H(A) —
H(A) is injective. O

We now show that if H(A) — H(A) is injective, then this property also holds
for the endomorphism rings of projective modules over A that afford a unimodular
hermitian form.

Lemma 3.2. Let A be an O-order with an involution ~, and consider My,(A) en-

—~——

dowed with the involution (a;;) = (aj;). Then the map A* — M,(A)* given by
a — diag(a, 1,...,1) induces a bijection H(A) ~ H(M,(A)).
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Proof. Let A = A/rad A. Then M,(A)/rad M,(A) = My(A) (see [5, Proposition
5.14]. It is easy to see that the orthogonal components of M,(A) are of the form
M, (S), where S is an orthogonal component of A. By Lemma 2.2, it is enough to

see that for these components the map S — M, (S) given by z — diag(z,1,...,1)
induces a bijection H(S) ~ H(M,(S)). But this is clear, since the elements of H(.5)
are classified by their determinant, and det diag(z, 1, ... ,1) = det(z). O

Theorem 3.3. Assume that the map H(A) — H(A) is injective. Let hy and hy be
unimodular hermitian forms on a projective A-module P. If hy and hy are isometric
over A, then they are isometric over A.

Proof. Suppose first that P is free over A, say P = A". Let M,(A) be endowed with
the involution (a;;) = (@;;). Consider the following commutative diagram

H(A) —— H(A)

- |
HOL(Y) — HOML(A),

where the vertical maps are as in Lemma 3.2. The map H(A) — H(M,(A)) is
injective since Witt cancellation holds for forms over A [15, Theorem 7.10.9]. Hence,
by virtue of the above diagram, if H(A) — H(A) is injective, so is H(M,(A)) —
H(M,(A)), and we deduce that hy and hy are isometric over A.

Suppose now that P is projective and let () be a finitely generated projective
A-module such that P @ @ is free. Let H(Q) = Q @ Q* be the hyperbolic hermitian
space on Q and define (Q',g) = (P,h;) L H(Q). Then (P,h;) L (Q',g) and
(P, hy) L (@', g) are hermitian forms with free underlying A-module.

It follows from our hypothesis that (P,h;) L (Q',g9) and (P, he) L (Q',g) are
isometric over A. By the above considerations in the free case we conclude that
(P,hy) L (@,g) and (P, he) L (@', g) are isometric over A. Finally, using Witt
cancellation for forms over A [15, Theorem 7.10.9], we see that (P, hy) and (P, hy)
are isometric.

U

Remark. Let P be a projective A-module that affords a unimodular hermitian
form h. We equip the endomorphism ring End 4 (P) with the adjoint involution of A,
asin (1). An equivalent formulation of Theorem 3.3 is that if the map H(A) — H(A)
is injective, then so is the map H(End 5 (P)) — H(End 4(P ® K)).

In the case where A is hereditary, this result also follows directly from Theorem
1.1 and the fact that End 5 (P) is hereditary as well [14, Theorem 40.21].

4. GROUP RINGS AND G-FORMS OVER LOCAL RINGS

We now study the case of group rings OG, with the involution which sends each
element of the finite group G to its inverse, where as before O is a complete discrete
valuation ring. We shall assume throughout this section that |G| is not zero in O.

We recall that for any OG-module M, we can identify canonically the set of
hermitian forms on M with the set of G-invariant symmetric O-bilinear forms on M
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via the isomorphism ¢ : Hom (M, O) — Hom pg(M, OG), functorial in M, given
by 6(f)(x) = ,eq f(g7'x)g (see, for instance, [10]).

Lemma 4.1. Let G be a finite group and let k be any field. If the order of G is odd,
then the only self-dual absolutely simple kG-module is the trivial module k.

Proof. Suppose first that char(k) = 0. Let x be an irreducible character of G
satisfying the self-duality condition x(g) = x(¢g~!) for ¢ € G. Let xo be the unit
character. To show that x = xo, it will be enough to show that the inner product
< Xo, X > is nonzero. On the one hand, the sum Zg# x(g) is divisible by 2, since
each term in the sum appears twice by self-duality. On the other hand, it is well-
known that (1) divides |G| (see, for instance, [16, Section 6.5, Proposition 17]),
which implies in particular that x(1) is odd. Hence

1
<xXoxo > = @Zx(g)

geG
= 1 (mod2).

In particular, < x, xo ># 0. (See also [16, Section 13.2 Exercise 1]).

Suppose now that char(k) = p > 0. We can assume without loss of generality
that k is a finite field. Let K be a local field whose residue field is k. We can also
assume that K contains all |G|-th roots of unity.

The group Cs of order 2 acts naturally by duality on the Grothendieck groups
Go(KG) and Go(kG). One verifies readily that the canonical surjection
d: Go(KG) — Go(kQG) as well as its canonical section (see [16, Section 18.4] for the
definitions) commute with the action of Cy. Hence d induces a surjection

d, : H(Cy, Go(KQ)) — H(Cy, Go(kQ)) .

Now, by the considerations in characteristic 0, we have H°(Cy, Go(KG)) = Z/2Z,
with the nontrivial element corresponding to the unit representation K. It is easy
to see that k represents a nontrivial element of H%(Cy, Go(kG)), so d, is an isomor-
phism, which proves the Lemma. 0

Corollary 4.2. Let k be a field and let G be a group of odd order. Then
(kG /rad kG)ortn = k.

Proof. Let S be a simple component of kG /rad kG ~ k x Sy x --- x S,, with S # k
and S stable under the involution. We extend the scalars to an algebraic closure k
of k, and we decompose S @, k = B; x --- x B, into simple components.

Now we consider the action of the involution on the components B;. If B, = B;, we
have a non-trivial self-dual simple kG-module, which contradicts Lemma 4.1. So the
components B; are switched by the involution, and we can write S ®; k = C x C.
In particular, dimg (S ®; k)™ = dimz(S @ k)~ = 5 dimz(S ®y k) so the involution is
of type IT on S. O

Proposition 4.3. Let G be a finite group of odd order. The natural inclusion of
group rings OG — KG induces an injective map from H(OG) to H(KG).
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Proof. By Corollary 4.2 we have (OG /rad OG)on = (kG /rad kG)open = k, S0 using
Theorem 3.1 with A = O and the augmentation map ¢ : OG — O we conclude
that the natural map H(OG) — H(KQG) is injective.

U

Proposition 4.4. Let p # 2 be the characteristic of k, and let G be a group whose
p-Sylow subgroup G, is normal. Then the map H(OG) — H(KG) is injective.

Proof. 1f p does not divide the order of G, then OG is a maximal order [5, Proposition
27.1], so Theorem 1.1 applies. Otherwise we can take A = O[G//G,] in Theorem 3.1;
then A/rad A = k[G/Gp] = OG/rad OG since k|G /G)] is semisimple and rad OG
contains mOG, where 7 denotes a uniformizing parameter for O, and the elements
1 — g for g € G, which are nilpotent mod . U

Remark. Note that Proposition 4.4 covers the case of all finite abelian groups G.

Combining Propositions 4.3 and 4.4 with Theorem 3.3 we get the following result,
which can be interpreted as a “hermitian” version of [16, Section 16.1, Corollary 2].

Theorem 4.5. Let G be a finite group either of odd order or such that its p-Sylow
subgroup G, is normal, where p is the characteristic of k. Let (P, g) and (Q, h) be
unimodular hermitian forms over OG, where P and @) are projective OG-modules.
If (PR K,g) and (Q ® K, h) are isometric over KG, then (P,g) and (Q,h) are
isometric over OG.

Proof. We have in particular that P® K and @Q ® K are KG-isomorphic, so by [16,
Section 16.1, Corollary 2|, we conclude that P ~ @) as OG-modules. By Propositions
4.3 and 4.4, the map H(OG) — H(KG) is injective; hence, by Theorem 3.3, the
forms (P, g) and (Q, h) are isometric over OG. O

We now give a Grothendieck group interpretation of Theorem 4.5, which gener-
alizes [2, Theorem 3.5] to a larger class of groups.

For a ring with involution R (R = OG or R = KG in what follows) we denote
by KUy(R) the Grothendieck group of the category of unimodular hermitian forms
on finitely generated projective modules over R. If (M, h) is such a form, we will
denote by [M, h] the element of KUy(R) that it represents.

Theorem 4.6. With the same hypotheses as in Theorem 4.5, the canonical homo-
morphism 1 : KUy(OG) — KUy(KQG) induced by extension of scalars is injective.

Proof. Let € be an element of ker .. We write £ as a formal difference £ = [P, h| —
(@, g]- Tt is known, and easy to see, that the isometry class of a form over KG is
completely determined by its class in KUy(KG), so (P®K,h) ~ (Q®K, g). Since P
and @ are projective modules over OG, we conclude by [16, Section 16.1, Corollary
2], that P ~ @ as OG-modules. Applying Theorem 4.5, we have (P, h) ~ (Q, g) as
hermitian forms over OG. Hence £ = 0 as claimed. O

Finally, we give an application to the existence of integral orthonormal bases per-
muted by G. The following statement generalizes Corollary (2.4) in [6] to nonabelian
groups:
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Corollary 4.7. Let G be a finite group as in Theorem 4.5. Let b: OG x OG — O
be the G-invariant symmetric O-bilinear form defined by b(g, h) = dg for g,h € G.
Let M C KG be a free OG-lattice self-dual with respect to b. Then M has an
orthonormal O-basis permuted by G.

Proof. There is an element m € KG* such that M = OGm. Computing the dual of
M for the unit form, we get M* = OGm ™, so since M is self-dual, OGm = OGm
and hence OGmm = OG so mm € OG* and in fact mm € H(OG). Now by
construction, mm ~ 1 € H(KG), and by the injectivity of H(OG) — H(KQG), this
means that mm ~ 1 € H(OG), so there is an element n € OG* such that ni = mm.
Let w = n~'m; then we have OGw = OGm and w@ = n~'mmn~! = 1, so right-
multiplication by w is an isometry from (OG, < 1 >) to (M, < 1 >), or equivalently,
a G-equivariant isometry of O-modules between (OG, b) and (M, b). O

As an application, we give a different proof of the the following result found in
Erez—Taylor [7, Section 3].

Corollary 4.8 (Erez—Taylor). Let L/K be a tamely ramified Galois extension of
odd degree. Let Apjx = @Z/lf, where Dk s the different of L/K. Then Ar/k
has a self-dual normal basis over O.

Proof. 1t is known that L has a normal basis over K that is self-dual with respect to
the trace form (Bayer-Lenstra [4]), that is, (L, Try k) ~ (K G, b) as G-forms, where
b is as in Corollary 4.7. Moreover, Ay, is self-dual with respect to Trz,x, and Ar,/x
is a projective OG-module if L/K is tamely ramified, by [17, Proposition 1.3], and
hence isomorphic to OG by [16, Section 16.1, Corollary 2]. So, by Corollary 4.7,
Ak has a self-dual (orthonormal) normal basis.
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