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Abstract

The Streamline Diffusion Finite Element Method (SDFEM) for a two dimensional
convection-diffusion problem is analyzed in the context of the hp-version of the Finite
Element Method (FEM). It is proved that the appropriate choice of the SDFEM
parameters leads to stable methods on the class of “boundary layer meshes” which
may contain anisotropic needle elements of arbitrarily high aspect ratio. Consistency
results show that the use of such meshes can resolve layer components present in the
solutions at robust exponential rates of convergence. We confirm these theoretical
results in a series of numerical examples.
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1 Introduction

Standard Galerkin Finite Element Methods (FEM) for convection-dominated convection-
diffusion problems are known to produce often wildely oscillatory solutions due to intrinsic
stability problems in the schemes. To circumvent these stability problems the Streamline
Diffusion Finite Element Method (SDFEM) was introduced by T. Hughes, C. Johnson and
their coworkers. We mention here only the pioneering work [4, 6, 7, 11, 12, 13] and the
references there. In the meantime, numerous papers have appeared where the SDFEM
and related Streamline Upwind Petrov Galerkin (SUPG) techniques have been applied
successfully to incompressible fluid flow problems and to solid mechanics problems with
analogous mathematical structure (see, e.g., [8, 29, 30] and the references there).
However, all these approaches were mainly concerned with the h-version FEM where conver-
gence is achieved by refining the mesh 7 at fixed, low polynomial degree p. The convergence
rates were consequently at best algebraic. In the 1980ies, the p- and hp-FEM were intro-
duced by I. Babuska, B.A. Szab6 and their coworkers, and it was shown that the hp-FEM
achieves exponential convergence for elliptic problems with piecewise analytic solutions (cf.
the survey paper [1] and the references therein).

The hp-version of the SDFEM for convection-dominated problems in one space dimension
was analyzed in [17]. There, robust exponential convergence of the hp-SDFEM (and of the
hp-Galerkin FEM) is proved in global norms (mainly the L? norm and the “energy norm”,
cf. (14)) provided that boundary layers and fronts in the solution are resolved. Whereas in
the h-version FEM this requirement of scale resolution amounts to the use of anisotropic,
so-called Shishkin meshes (cf. [20, 22]), in the hp-version context this can be achieved very
efficiently by inserting anisotropic needle elements of the proper width into the layer (see,
e.g., [15, 16, 17, 18, 24, 27]). Furthermore, the behavior of the hp-SDFEM was investigated
under the assumption that layers are not resolved which may happen, for example, when
the precise location of the layer is unknown. In this case, the hp-SDFEM can lead to
robust exponential convergence on compact subsets upstream of the layer/shock while the
performance of the hp-Galerkin FEM is poor throughout the domain. This is important
in adaptive schemes that try to locate and resolve the layers. In the one dimensional case,
a complete convergence analysis of the hp-SDFEM was possible in [17] because precise
regularity results for the exact solution were available.

In two space dimensions, however, the regularity theory is much more complex and analytic
regularity to prove robust exponential convergence does not seem to be available at present.
Usually, the regularity of the exact solution is described by means of asymptotic expansions.
There, the solution is decomposed into a smooth (piecewise analytic) part, a layer part, and
a (small) remainder. While the regularity of the smooth and layer parts are well understood,
it is the analytic regularity of the remainder, containing, for example, corner layers, that is
not very well understood. Nevertheless, mesh design principles for the robust exponential
approximation of the dominant solution components, the smooth part and the layer part,
are available [18].

In the present work we extend the Ap-SDFEM to convection-diffusion problems in two space
dimensions and show that:

1. The appropriate choice of the SDFEM parameters leads to stable methods on bound-
ary layer meshes which may contain anisotropic needle elements of arbitrarily high
aspect ratio.



2. Boundary layer meshes can resolve the layer components present in the exact solution;
the SDFEM based on such boundary layer meshes can lead to exponential rates
of convergence where the constants depend only very weakly on the perturbation
parameter.

3. The SDFEM on shape regular meshes yields optimal Ap-convergence rates for smooth
solutions.

The performance of the hp-SDFEM is studied in a series of numerical examples. We illus-
trate that the hp-version mesh design principles indeed permit the resolution of localized
small scale features such as boundary layers and lead to robust exponential convergence
in the global energy norm. Under the assumption that the layers are not resolved, we can
still observe exponential rates of convergence upstream of the layer, in agreement with the
corresponding results in one dimension [17]. We point out, however, that this convergence
behavior upstream is fairly sensitive to the choice of the SDFEM parameters.

The outline of the paper is as follows: In Section 2 we present our model convection-diffusion
problem and review the SDFEM formulation in the hAp-context. In Section 3 we introduce
the class of “boundary layer meshes” and discuss the hp-approximation of layer components
on such meshes. Section 4 is devoted to the stability analysis of the SDFEM on boundary
layer meshes. In Section 5 we prove consistency results for the hp-SDFEM and show that
smooth and layer components can be resolved at robust exponential rates of convergence.
On shape regular meshes optimal hp error bounds are derived for smooth solutions. We
conclude our presentation with numerical results in Section 6.

Standard notations and conventions are followed in this paper. For a domain D the
Lebesgue space of square integrable functions is denoted L?(D). We write (-,-)p for the
L?*(D) inner product where the index D is omitted if clear from the context. The corre-

sponding norm is || - ||z2(p)- L*(D) is the space of all bounded functions equipped with
the supremum norm || - ||,.. The Sobolev spaces of order k& > 0 are denoted by H¥(D).
We write || - ||gk(p) and | - [gr(py for the corresponding norms and semi-norms. Hg(D) is

the space of H'(D)-functions with vanishing trace on the boundary dD of D. The Sobolev
spaces of L*°-functions are denoted by W*>(Q). We use the notation QP(D) for the set
of all polynomials of degree < p in each variable and PP(D) for the set of all polynomi-
als of total degree < p. In the following we denote by ¢, C,Cy, Cy, ... generic constants
not necessarily identical at different places but always independent of the meshwidths, the
polynomial degrees, and the singular perturbation parameter €. Similarly, the constant o
arising in expressions of the type e™°? is independent of the polynomial degree p and the
perturbation parameter € but not necessarily the same in different instances.

2 The Streamline Diffusion Finite Element Method
(SDFEM)

In this section we introduce the SDFEM discretization of convection-diffusion problems
based on hp Finite Element spaces.



2.1 The Convection-Diffusion Problem

In a curvilinear Lipschitzian polygon Q C R? we consider the convection-diffusion problem

—eAu(z) + d(z) - Vu(z) + b(z)u(z) = f(z) in Q, (1)
u = 0 on 0S. (2)

Here, the parameter ¢ € (0,1] may approach zero, the right-hand side f is in L?(f2), and
the coefficients @ = (a1, as) and b are assumed to be bounded, differentiable and to satisfy

b(x)—%v-&‘(x)zu>0, req. (3)

Condition (3) guarantees the stability and the unique solvability of (1), (2) for all € € (0, 1].
The standard weak formulation of (1), (2) is:
Find u € Hy(2) such that

8/ Vu-Vvda:+/(EL'- Vu + bu)vdx = / fvdz Vv e Hy(Q). (4)
Q Q Q

2.2 Finite Element Spaces

In order to solve (1), (2) numerically by a Finite Element Method the infinite dimensional
space H{(Q2) in (4) is replaced by a finite dimensional FE-space of functions which are
piecewise mapped polynomials on a mesh 7:

A mesh T on Q C R? consists of curvilinear quadrilateral and/or triangular elements {K}
satisfying the following standard assumptions:

(i) The elements {K} partition the domain, i.e., they are open, pairwise disjoint and
there holds Q = Ug7K.

(ii) Each element K is the image of the generic reference element K which is either the
reference triangle 7 = {(z,y) : 0 < z < 1, 0 < y < x} or the reference square

A

Q = (0,1)?, i.e., with K € T there is associated an element mapping Fi : K — K.
Fy is an analytic diffeomorphism in a neighborhood of K with det DFy > 0 on K.

(iii) The intersection K N K’ of two elements K and K' is either empty, one common
vertex or one entire side. A(Vertices and sides are the images of the vertices and sides
of the reference element K under F.)

(iv) The parametrization is the same “from both sides”: Let v = K N K’ be the common
side of K and K' with endpoints P; and P,. Then for any point P on v we have
dist(Fg'(P), Fg'(P))/lx = dist(Fy! (P), Fye! (P))/lx: for i = 1,2 where lg and I
denote the lengths of the corresponding edges of the reference elements of K and K’,
respectively.

We denote by Ak mee and Ak mi, the maximal and minimal lengths of the sides of K € T.
The mesh T is called shape regular if

(i) There is a constant £ > 0 independent of the elements and the partition such that
hK,maw S /ihK,min-



(ii) On K we have |IDPFlle < Chimae for multi-indices 8 with 1 < |8] < 2 and
Ch? < det DFy < Coh? with constants C', C; and C5 independent of the

K,min
elements

K,mazx

T is called affine if the element mappings Fx are affine transformations.

Let now p = {px : K € T} be a degree vector on 7 which associates with each element
K € T a polynomial degree pr. The space SE(7T) of piecewise mapped polynomials is then
defined as follows:

S2(T) :={u e H'(Q) : ulg o Fx € 8*<(K), VK € T}. (5)

Here, the generic polynomial space S” ( ) is to be understood as QP (Q) if K =0 and as
PP(T) if K = T. Further, we define S5(7) := S2(T) N HY(Q). If px = p for all K € T, we
simply write S?(7) and Sp (T), respectively.

2.3 SDFEM Discretization

The standard Galerkin Finite Element Method for (1), (2) is:
Find U € S5(T) such that

B(U,V) :zs/VU-Vde-i—/
0

Q

(G- VU + bU)Vds = F(V) = / Ve (6)

for all V € S5(T).

To improve the stability of the scheme (6), the test function V' is replaced by a test function
“upwinded” in stream direction @ given on each element K by V'|x +dx pk (@- VV)|x where
pr > 0 is a mesh-dependent parameter (depending on A maz, P min and px) and 6x > 0
is a user-specified parameter to be selected later on. This yields the SDFEM formulation:

Find U € Sg(T) such that Bsp(U,V) = Fsp(V) for all V e Sg(T) (7)
where
Bsp(U,V) = BUV)+ S fxpx / (—eAU + - VU +00)(@-VV)dz,  (8)
KeT K
FSB(U,V) = + ZéKpK/ f a- VV (9)

KeT

If f € L*(Q), the exact solution u of (1), (2) satisfies Bsp(u, V) = Fsp(V) forall V € Sg(T)
and hence there holds the orthogonality property

Bsp(U—u,V)=0 VYV € Sg(T). (10)
We assume the SDFEM parameters {dx} and {px} to be given by
1 hpminh

K,min' K ,max
(11)
2a h%( ,max + hK ,man

0<0dx <d, pk=

I



for some constants §, > 0 and o > 0. We will make use of the following short-hand notation

h2 L h’%(,minh%(,maw K e 7— (12)
K «— 9 .
h%(,mam + h%(,mm

We will come back to the choice of the parameter o in our numerical experiments ahead.
We note that the parameter dx = 0 is not excluded in (11) and leads to the standard
Galerkin FEM (6). In order to be able to analyze the “true” SDFEM, it will be convenient
to assume occasionally the following non-degeneracy condition:

35 >0 suchthat dxg >0 VK eT. (13)

Our analysis will be performed in the framework of the “energy norm” || - ||z and mesh-
dependent SDFEM norm || - ||sp given on H () as:

lullf == ellVullja@) + pllull2@y  ulldp = llullz + D dxpxlld- Vullfap.  (14)
KeT

Remark 2.1 In the subsequent analysis the parameters {px} in (11) can equivalently be

2
h’K,min

2.
PK

%min {a,b} < a“—f() < min {a, b}, valid for all a, b > 0.

chosen as p% = because there holds hx ~ hk min by the standard two-sided bound

3 Approximation on Boundary Layer Meshes

Due to the singular perturbation parameter ¢ solutions of (1), (2) exhibit boundary layer
phenomena. The numerical approximation of these layers requires carefully designed meshes
with anisotropic needle elements. In Section 3.2 the class of “boundary layer meshes” is
introduced and in Section 3.3 it is shown that layers can be resolved on such meshes at
exponential rates of convergence.

3.1 Properties of the Solutions

For the design of hp methods for (1), (2), it is important to have precise information about
the solution behavior, that is, to have some regularity theory. The best tool available at
present for describing the regularity are asymptotic expansions. There, the solution u is
decomposed in a number of components, typically in the form

U = Usmooth T Ulayer + Urem- (15)

Each solution component accounts for a different feature of the solution. In practice,
the “smooth” part is piecewise analytic. The “layer” part consists of (possibly several)
components which have a typical layer behavior: With respect to a special, fitted coordinate
system (7, s) the layer component wgyer = Uiayer (7, s) behaves smoothly in the variable s
but decays sharply in the other variable . From an analysis of the simpler one dimensional
case in [16, 17] and the related reaction-diffusion equation in two dimensions, 18], we can
expect the layer parts to satisfy the following regularity properties:



Definition 3.1 An analytic function u = u(r, s) is said to be of layer type with length scale
[ > 0 if there are constants C, v, d > 0 such that

1m0 u(r, 5)| < Cy™ "n! max{m,l 1}me 4/, m,n € Ng,r > 0. (16)

For the solutions of (1), (2) it is known that only two length scales [ arise: | = O(g), giving
so-called exponential layers and [ = O(g'/?) for the so-called parabolic layers.

For such small length scales, we see that Definition 3.1 reflects the typical, anisotropic
behavior of layers, namely, the rapid decay in one direction (here: for r — oo) and the
fact that successive differentiation with respect to the variable r produces negative powers
of the length scale on the one hand and a smooth (here: analytic) behavior in the other
direction.

Layers appear as boundary layers near the outflow boundary I'y = {x € 90| d@(z)-7i(z) > 0}.
There, the fitted coordinate system (r, s) is given by r = dist (x, ') and s is the arc-length
parameter for I' ;. The layers near I', are of exponential type. A similar situation holds for
the characteristic part I'y = {z € 0Q | d(z) - fi(z) = 0}, where parabolic layers are present.
Another instance of parabolic layers is given by internal layers, caused by unsmoothness of
the data near the inflow boundary I'_ = {z € 02| d(z) - 7i(z) < 0}. The remainder u,, is
defined such that (16) holds true once the smooth part wsmeetn and the layer part gy, are
defined by means of asymptotic analysis. Little can be found in the literature about the
regularity of e, (we hint at some of the difficulties by pointing out that in the case of a
polygonal domain €2, the solution has to exhibit corner singularities which can interact with
boundary layers near some of the vertices). Fortunately, the remainder u,e,, is in practice
small and the components Ugmooth, Uiayer do indeed capture the dominant features of the
solution u. In our analysis, we will therefore neglect the effects of the wu,.ep,-

3.2 Boundary Layer Meshes

We introduce the class of “boundary layer meshes” that are designed to resolve layer com-
ponents arising in solutions of (1), (2):

Definition 3.2 A mesh T is called boundary layer mesh if for each element K € T there
erists a triangle R = {(&,n) : 0 <& < hy, 0 < < Z—Zf} or a rectangle Rg = (0, hy) X

(0, hy) such that the mapping Fi(€,n) := FK(é, ,?—y), &) € R—K, satisfies on R—K

C;! < det DF < C4, | DP Fr| oo < CgC’lf'\ﬂ“ V multi-indices 3 € Nj (17)
with constants C1,Cy and Cj independent of the elements.

Definition 3.2 formalizes the idea that for boundary layer meshes the element mappings Fix
can be factorized into two transformations F; and Fp,

A

N ~ A A hs 0
FK($,y):FKOF1($,y), Fl(xay):( 0 h )(g) (18)
Yy

This is indicated in Figure 1. The scaling and anisotropy properties of the element K are
coded into the map F;, while Fi is completely independent of these issues due to (17).
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Figure 1: The factorization of the element mapping in boundary layer meshes.

The rather technical assumptions in (17) may be difficult to check in practice. A possibility
to construct boundary layer meshes is the use of a macro-element technique. This approach
is based on certain two-level families of meshes: We start with a macroscopic shape regular
mesh 7, = {M}. Some of these macro-element patches M are now further partitioned by
mapping a corresponding refinement T of the reference element into M with the element
transformation Fj;. We will be interested in the following reference patches T which are
defined in terms of additional parameters such as polynomial degrees p, length scales [,
grading factors ¢ and number of layers L (cf. Fig. 2):

(P1) The trivial patch: T = K.
(P2) The two-element patch: Top = {(0, kpl) x (0,1), (kpl, 1) x (0,1)}.

(P3) The geometric patch: The reference element K is refined geometrically and anisotrop-
ically towards the line x = 0 with grading factor ¢ € (0,1) and a number of layers
L € Ny such that ¢© ~ {. That is, the mesh is given as T = {(z;11,2;) % (0,1)]7 =
0,...,L+1} where x;,1 =0 and z; = ¢’ for i € {1,...,L}.

(P4) The tensor product patch: For two length scales i, ls and grading factor ¢ € (0, 1)
let Ly, Ly € Ny such that ¢&t ~ Iy, g©2 ~ l,. Then the reference element K is refined
geometrically towards the lines x = 0 and y = 0 with L, layers in the z-direction
and L, layers in the y-direction. That is, the mesh is given as 7 = {(zi41, ;) X
(vj+1:95) |4 = 0,...., L1 + 1,5 = 0,..., Ly + 1} where zr,11 = 0, yr,41 = 0, and
.’Eiqu, iZO,...,Ll, yj:q],j:(),...,LQ.

Remark 3.3 We restricted ourselves to quadrilateral mesh patches. However, analogous
refinement strategies can also be defined on triangular patches.

3.3 Approximation of Layers on Boundary Layer Meshes

The purpose of the present section is to illustrate that the mesh patches presented above
are well-suited for the approximation of layer functions at robust exponential rates. The
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Figure 2: Reference patches (P1)—(P4).

approximation results presented here cover not only the approximation in “energy norms”
but also in stronger norms in order to enable us to analyze the SDFEM below. As the
construction of the interpolants is fairly technical, the actual proofs are collected in Ap-
pendix A.

We start at this point by showing that the property of being a function of boundary layer
type in the sense of Definition 3.1 is invariant under analytic changes of variables. This will
be our tool to be able to restrict our attention to very few reference configurations.
Throughout, let S denote the closed reference square, i.e., S = [0, 1]%.

Lemma 3.4 Let S = [0,1]2 and F : S — R?, (z,y) — (r,5) = F(z,y) be an analytic
diffeomorphism in a neighbourhood of S. Assume that r = r(x,y) satisfies r(0,y) =0 (i.e.,
that F' maps the the line x = 0 into the line r = 0). Let u be of boundary layer type and
satisfy (16) on F(S). Then there are C', o', d' > 0 depending only on the constants C, =,
d of (16) and the mapping F such that the function @ := uo F satisfies on S:

870y a(z, y)| < C'(7)™ " nlmax {m, 1"}~ V(m,n) NG, (z,y) €S (19)

Proof: The proof is essentially the one presented in Lemma 3.6 of [19]. O

The merit of Lemma 3.4 is that it allows us to perform approximation theory on reference
configurations in the framework of the mesh patches introduced above. We may therefore
assume for the purpose of the present section that a function u of boundary layer type is
given on S and satisfies (19).

We can now formulate the following three approximation results for functions satisfying
(19). The proofs are relegated to Appendix A. We start with the two-element patch (P2).

Theorem 3.5 Forx >0, p € N let 7 := min {1/2, kpl} and define the “two-element mesh”
Tept = {(0,7) x (0,1), (,1) x (0,1)}. Let u satisfy (19). Then there are C, o, kg depending



A

only on C, v, d of (19) such that for k € (0, ko) there is m, € SP(Tp) with

kpl|V (u = mp)llL2s) + llu— mpllasy < CUYPe™,
kpl||V(u — 7p) || Loo(sy + || — Tp||poo(sy < Ce™ P,

Remark 3.6 The two-element patch (P2) is essentially the minimal mesh that can resolve
functions of layer type at a robust exponential rate; we refer to [24] where necessity of a
small element of size O(pl) in the layer was demonstrated for a 1-D model problem.

The next theorem circumvents the need to choose x by considering meshes that are graded
geometrically towards the line z = 0. These meshes are the ones presented as type (P3):

Theorem 3.7 Let u satisfy (19) on S. Let ¢ € (0,1) be a fized grading factor and let
L € Ny be such that ¢~ ~ 1. Let T be a mesh on (0,1) given by the points 1 = 0, z; = ¢*
fori=0,...,L. Let 7; be an arbitrary mesh on (0,1) and T = 'f; X 7; Then there are
constants C, o > 0 depending only on C and v of (19) and an interpolant m, € Sp('j') such
that

UV (u—m)lleaes) + llu—mpllzs) < CIM?e,
UV (u—mp)llzee(s) + llu = mpllees)y < Ce™,
hK,minhK,maw —o
S I PG (u — ) [Feiey < Ce

KeT
Z B minl|V (u — 7Tp)||%2(K) < Ce ™.

KeT

It should be noted that the number of elements in the meshes considered in Theorem 3.7 is
not independent of the length scale [ of the layer: From the condition ¢* ~ [ we immediately
get L = O(|Inl]). Nevertheless, this is a rather weak side condition. The preceding two
theorems were concerned with the approximation of a single layer. Let us now turn to the
problem of approximating two layers on S located at the lines x = 0 and y = 0. Specifically,
let uq, us be two functions of boundary layer type satisfying

0y Oyui(z,y)| < Cy™™nlmax {I;1, m}™e /" VY(m,n) e N2, (x,y) €S, (20)
0, Oy ua(z,y)| < Cy™™nlmax {I;1, m}™e~ %" Y(m,n) e N3, (z,y)€S. (21)

The simultaneous approximation of these two different layers on the same domain S can
be handled by tensor product meshes of the type (P4):

Theorem 3.8 Let uy, uy satisfy (20), (21), ¢ € (0,1) be a fived grading factor and let Ly,
Ly € Ny be such that g™ ~ 1y, ¢"> ~ 5. Let Tp, T5 be two meshes on (0,1) given by the
points

-TL1—|—1207 xi:qiv 7;207"'7L1 yL2+1:07 y]:qja j:O:"'7L27



respectively, and set T := 7T, x T5. Then there are constants C, o > 0 independent of p, [y,

A

ly and interpolants m; € SP(T), i = 1,2, such that for i = 1,2 there holds:

lz”V(U”L - ﬂ-'i)“LZ(S) + ||UZ — 7Ti||L2(S) < Clz.l/2efap’
LIV (ui = 73) || oo(s) + |lui — millze(s) < Ce™,
hK,minhK,ma;c o
S K 20 ;= )|y < Ce,
KeT ’
Z hK,mm”V(uz - 71—1)”%2(1() S Ce 7P,
KeT

Remark 3.9 Our meshes consist of quadrilaterals only. However, similar results hold true
on triangular patches as well.

4 Stability of the SDFEM

In this section we address the stability of the SDFEM on boundary layer meshes. This
problem is closely related to inverse inequalities on anisotropic elements which are presented
in Section 4.1.

4.1 Inverse Inequalities

We recall the basic inverse estimate valid on the reference element K (= Q or 7)) [23]:
Lemma 4.1 There ezists a constant C independent of p such that
VIl 2y < CPP Il 2y, Ml o) < Ol 24
for all polynomials 11, € Sp(f().
On a boundary layer mesh 7 we have:

Proposition 4.2 Let K be an element of the boundary layer mesh T and I, a mapped

A

polynomial on K, that is II, o Fic € SP(K). Then there exists a constant Cipn, > 0 indepen-
dent of p and of the elements of T such that

h2
Cin'vp_{f”VHp”%%K) < ) 720, (22)
h%{ 2 2 2
Cin'up_4||D o7y < VI [I72e)s (23)
Cin'u hK,min
2 I N2 oy < 1Ml Z (- (24)

Proof: The element mapping Fi : K — K can be f:}ctorizeq into Fg = FK o Fi, where Fj

is the change of variables £ = h,%, n = hyy from K onto Rg. h, and h, are the scaling

factors in accordance to Definition 3.2 and (18). Taking into account (17) we see that
C_lhK,mam S max{hz, hy} S ChK,maxa (25)
C_lhK,min < min{hma hy} S C’hK,mm

10



Fix now a mapped polynomial II, on K, i.e., I, o F € SP(IA(). We set I:[p(f,n) =
II, 0 Fx(&,7n) and I1,(Z,9) = II, o Fk (&, 7). Using again (17) we have

VIl 2 ) < C||Vﬁp||L2(RK)ﬂ Tl 2y < ClMpllz2iy, (26)
IVl 22y < ClHVTIplL2xc
ID* M| p2xy < C||HP||H2(RK (27)

From a Poincaré inequality for convex sets (see, e.g., Section 7.8 of [9]) there holds

- hz+h;
inf [[TL, — ell () < C— == N V0 2 -

Thus, observing that the right-hand side of (27) does not change if II, is replaced with
II, + ¢, ¢ € R, we obtain

h2 + h?
VT2,

ID?T0, |22 < C |[IDT] +

Wllisci 5,

where we additionally exploited the trivial fact that h2 + h? is bounded. The inverse
estimates in Lemma 4.1 and a scaling argument applied to f[p o F; yield

oIl L aye oIl -
||8—§p||L2(RK) S Ch’z 1p2||Hp||L2(RK)a ||8—77p||L2(RK) S Chy 1p2||HP||L2(RK)' (28)

Combining (25), (26) and (28) results in

h% hK 2p2
h‘%maﬁhmmnvn pllzee Ch2 +h2”VH 22
h2h2 ol ot o
Oy 15 i 15 i)
< Cp h2 ¥ h2|| P||L2 (Rk) < Cp4||HP||%2(K)
Analogously,
h2 212

h? hzh, ~

K,maz'“K,min

T DM < O DTy + OVl
2 2

h N
<C {“ p,§§||L2 (Rg) + 2||Hp,§n||L2 (Rg) + ||Hp,nn||L2 (Rk) }+ C”VHPHLZ(R)

< Chz ,ﬂ{h?nnp,gnp TR I 11 S I Wity L
h2 + h2
y T ha 4 4 2
< Ch;% n h p*(IVII, ”L2(RK) < Cp|IVIL |72y

This shows (22) and (23).
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To prove (24), we calculate similarly:

Mllzioy < Clllrore) < ChitmazlTpll s oz);

N 1 ~ 1
)l 2y = \/WHHIJHM(RK)SCHWHHIJHH(K)-

(24) can now be inferred from these last two estimates together with Lemma 4.1. O

4.2 Stability in the SDFEM Norm

Let 7 be a boundary layer mesh. We show that the bilinear form Bsp of the SDFEM is
coercive on Sy (T) x S5 (7).

Proposition 4.3 Let the weights px be given by
hi

PK = ifp}hl_fs? < C for some constant C > 0, (29)
Pk
hy

Pk = —5 else.
Pk

Then there exists a constant oy just depending on Ci,, in Lemma 4.2, the constant C of
(29), and on the data @, b such that for parameters i satisfying 0 < g < &y the SDFEM
(7) is coercive, i.e.

1
MUl < BsoU.0) VU € ST,
Proof: Assume first that 0 < dx < §) with &) to be chosen later on. We have

Bso(U,U) = BU,U) + Y bxpie / (—eAU +@- VU + bU)(@ - VU)da.
KeT K

Due to assumption (3) we have B(U,U) > |U||% and it remains to estimate the critical
terms

A = ) Ajg= ) dxpx / —eAU(@ - VU)dz,

KeT KeT K
A = Y 5KpK/ bU (@ - VU)dz.
KeT K
We first bound A;: Fix K € T and consider the case where px = ZTK. We use Cauchy-
K

Schwarz and the inverse estimates in Proposition 4.2 to get
[Ark| < 5KPK5||AU||L2(K)||5' VU||L2(K)

2
p
< Obkpicy | VUIaqre) < COENVUaqr

12



If px , we use (29) and get by a twofold application of Proposition 4.2:

[Ar k| < Okpre?| AU T k) + 5KPK||G VU|Z2x)

P
< 056/)K62hffullUlle + 5KpK||a VU Z2x

< 056,u||U||Lz + 5KPK||G VU||L2(K

Hence, we get for A; the bound

1 .
A1 < CRIUIE + 3 D oxpxll@ VUl

KeT

The second term A, is estimated as follows:

4| < CD SkprlUle2aolld - VU2

KeT
< CY VowpxllUlloVoxpxlla - VU| 2k
KeT
< O SkorlUage + 3 3 bxpulld VU
KeT KET
1 b
< Coul|U[ 20 + 1 Z Sk px || - VU|[72 i)

KeT

Combining the above estimates gives

1 -
Bsp(U,U) 2 (1= Co)|UIE + 5 > xpxlla- VU

KeT

Selecting now &y < & := 5 finishes the proof. O

Remark 4.4 In Proposition 4.3 we chose px = hx/px when ¢ is small compared with
hx and 1/pk in the sense of (29). This particular choice is motivated by our analysis on
quasiuniform meshes in Remark 5.9 to give optimal hp-error bounds. By similar techniques
stability of the SDFEM can also be obtained for px = hx/p% for o > 0 when a condition
analogous to (29) is satisfied. The performance of the SDFEM in dependence on « is
investigated numerically in Section 6.

5 Consistency of the SDFEM

In this section the hp-approximation results of Section 3 and the stability properties in
Section 4 are combined into our main result: We prove in Section 5.1, 5.2 and 5.3 that
exponential rates of convergence can be achieved in the hp-SDFEM provided that all layer
components present in the solutions are resolved. Moreover, in Section 5.4 we derive optimal
hp convergence results on shape regular meshes valid for smooth solutions.

13



5.1 Exponential Convergence

By Proposition 4.3 we may assume that the SDFEM is coercive on S5(7) x S5(T), i.e.,
there holds for some ¢y > 0

collU|2p < Bsp(U,U) VU € Sg(T).
We use the Galerkin orthogonality in (10) and obtain for every interpolant Iu € S5(7)
collU — Tul|3p < Bsp(u — Tu,U — Iu)

= 5/V(u—Iu)V(U—Iu)dx+/(d’-V(u—Iu)+b(u—[u))(U—Iu)dx

Q
+ 5KpK/ (—eA(u— Tu)+@- V(u— Iu) + b(u — Tu))(@- V(U — In))dz
K
=: 51(77, U — Iu) + 52(77, U— IU,) + 53(77, U— Iu),
where we wrote 7 = v — Iu. Next, we introduce the semi-norms

Sl(n’ ﬂ-)

Ti(n) := sup , 1€{1,2,3} (30)
oxester) I7llsp
and then get
lu = Ullg < |lu—Tullg + |U = Tullsp < |[nlle + ¢ [Ta(n) + To(n) + Ts(m)] . (31)

Note that the interpolant Iu € Sg(7) was so far not specified and is still at our disposal.
Let us write Tu € Sg(T) in the form Tu = Iusmeoth + I Wigyer + IUrerm and introduce Ngmeon =
Usmooth — Iusmootha Mayer = Wiayer — Iuluyer: Nrem = Urem — Iurem- As the eXPTeSSiODS ,-Tz are
semi-norms on H'(Q), we get the a priori bound

WU — Iul|sp < ||NsmootnllE + |Mayer || 2 + [|Treml| 2

+Cal (Z Ti(nsmooth) + Ti(nlayer) + n(nrem))- (32)

=1

The smooth component %gmeep, and the layer component 44y, are (piecewise) analytic and
they can be approximated at robust exponential rates of convergence using, for example,
the mesh patches introduced in Section 3.2. This approximability result holds for the
SDFEM as well. As no regularity theory is available for the remainder .., we will restrict
ourselves to the assumption that u,e, vanishes (or at least is negligible). In this context,
we can formulate the following main result of this paper:

Theorem 5.1 Let u be the solution of (1), (2). Assume that u is of the form u = Usmootn +
Ulayer With Ugmootn, being (piecewise) analytic and wjqyer consisting of finitely many layer
components in the sense of Definition 3.1. Let U € S5(T) be the SDFEM solution where
we assume that the method is stable according to Proposition 4.8 and satisfies (11), (13).
Let T be a boundary layer mesh on Q) generated by mesh patches of the form (P1), (P3),
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or (P4) such that all layer components can be resolved. Then there are C, o > 0 such that
for the error uw — U there holds

lu = Ul < C|T[V?e P,
where | T| stands for the number of elements in the triangulation T.

Remark 5.2 We excluded the use of the “two-element” patch in Theorem 5.1 as we wanted
to be able to handle the case of the simultaneous approximation of two different layers on
the same patch. The mesh patches of type (P2) can be used if only one type of layer has to
be approximated on each patch. A careful inspection of the proof of Proposition 5.7 shows
that the factor |7|'/? stems from the approximation of parabolic layers on meshes of type
(P3) and (P4). Hence, the factor | 7|2 could be avoided if only exponential layers occur.
If mesh patches of type (P3) or (P4) are used in the generation of the mesh, then the
number of elements (and hence also the number of degrees of freedom) does depend weakly
on g, ie. |[T| < C(lng)? and DOF < Cp?(lne)?.

Section 5.2 and Section 5.3 are devoted to the proof of Theorem 5.1, i.e., to obtaining
bounds for the terms T;(1smootn) and T;(nigyer) in (32). The proof of Theorem 5.1 will then
follow from (32), the fact that the macro element maps are analytic diffeomorphism and
from Propositions 5.4, 5.7 ahead. Strictly speaking, one has to check that the patchwise
defined interpolants of these propositions lead to an element of SJ(7); this is indeed the
case.

5.2 hp-Approximation of the Smooth Part
For the smooth part gm0, We have the following lemma (cf., e.g., [22]):
Lemma 5.3 Let T be an arbitrary boundary layer mesh in the sense of Definition 3.2 and

let n € HY(Q)NMgerH?(K). Then there is C > 0 depending only on Q and the coefficient
functions d@, b such that

1/2
Ti(n)| < &'/? (Z“n“%p(m) :

KeT

| Ta(n))

IN

1/2
. 1
Cmin < (|7l #(0), (Z m”ﬁ“%z(x)) )

KeT

1
Ts(m)| < COY_ drprde’ iy + I3y + 172012
KeT

Proof: The bounds for T (n) and Ty(n) are obvious. To estimate T3(n), let 7 € S5(7) and
integrate the expression Sy(n, ) in (30) by parts to get

/(d’-Vn)ﬁdx: —/n&'-dex—/(divc'i)nwdm.
o Q Q
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Hence, we have

/&"VT}T(C[I’
Q

As by the choice of the parameters ¢, dxpx there holds ¢ + dxpx < C for some C' > 0, we
can estimate

< nllzaolla - Vallze + Clinllze@llwllze@)-
KeT

1/2
1
Inll2@llmllz2@) < C { Z 7“77”%2(1()} 7 lsp-

jear € T O0KxPK

Next, the Cauchy-Schwarz inequality for sums gives

Z ||77||L2(K)||5' V7T||L2(K)

KeT

1/2 1/2
1 , o
= { > 7 Ok PK ”77””(10} { > (e +dxp)la- V””L?(K)}

KeT KeT

1/2
1 2
<C { Z %“n“LQ(K)} I7llsp

KeT

The desired bounds for T5(n) now follow. O

For the smooth part ug,00tn, We can now formulate:

Proposition 5.4 Let T be boundary layer mesh in the sense of Definition 3.2 consisting
of quadrilaterals only. Assume that (11) and (18) hold. Let Ugmoon be analytic on Q. Let
Tugmootn € SP(T) be the piecewise Gauss-Lobatto interpolant of Usmootn- Then there are C,
o > 0 such that, upon writing Nsmoeoth = Usmooth — L Usmootn, there holds

3
||775m00th||E + Z |T'i(775mooth)| S Ce—ap-

=1

Proof: The proof follows directly from the observation that for each element K there holds
||775mooth||W2’°°(K) < Ce . O

5.3 hp-Approximation of the Layer Part

For the approximation of exponential boundary layers, Lemma 5.3 is not appropriate as it
cannot lead to robust estimates. For estimates of the layer part, we have to treat the term
T; differently. This is accomplished in the next lemma.

Lemma 5.5 Let T be an arbitrary boundary layer mesh in the sense of Definition 3.2 and
let n € WH>(Q). Then there is C > 0 depending only on Q0 and the coefficient functions a,
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b such that

A

1/2
Ti(n)| < 61/2(Z||77||§11(K)) :

KeT

1/2
1
Ta(n)| < C(Z 7”77”%2(1()) ;
icor €t ok

Ts(n)] < C[Ei(n) + Ex(n) + Es(n) + |0l 2]

where
" e 1/2
Ei() = { e — [5||V77||%2(K)]} , (33
KeT K,min ""K,min
. ) 1/2
p p hK,maac
By(n) = { Okpr) [52||vn||§m(,<)}} : (34)
KeT p K,min K,min
1/2
Es3(n) = { min {F} k(7 F2,K(77)}} ; (35)
KeT
4 4 2
p p 2 D thaz 2
F = (4 —_ 0o , 36
1,k (1) (OkpK)® pie + e lh%(mm||77||L2(K)+ mim lImllz (K)] (36)
Fox(n) = dkprlld- VnllZs - (37)

Remark 5.6 On polygons, the exact solution u has corner singularities such that estimates
that contain terms like ||Vn|| =(x) are not directly applicable. However, the proof of
Lemma 5.5 shows that these 1> bounds are not necessary in all elements. Nevertheless, to
get meaningful bounds avoiding these L™ estimates, more information about the regularity
of the exact solution in the vicinity of the corners is necessary. Such regularity issues must
be addressed in future work.

Proof of Lemma 5.5 : The bounds on the terms 77 and 75 are those of Lemma 5.3. We
can therefore turn directly to bounding 73(n). For any m € Sg(7), the term Ss(n,7) is a

sum of integrals over elements K. Each term of this sum can be written as dx px (t1(K) +

H(K) = — / An@Vrds,  to(K)= / @Vn) (@Vr)de,  ts(K) = / bn@-Vr da.
K K K

To estimate t,(K), to(K), t3(K), we use that any 7 € S5 (7)) satisfies for some C' > 0
p4
pte + h2

K,min

(38)

|17l gr ey <

4
C P’ p

th'm pg+h’szn

IN

71|15 (39)

||7T||H2(K)
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where we wrote ||7[|7, x = el|V7|[Zok) + ITl[72(k)- The estimate for ||7|n2(x) follows
immediately from that for ||7||41(x) by Proposition 4.2. For the latter one, we use

2

IV7|l L2y < g ? (51/2||V7T||L2(K)) ) IVl Loy < C

||7T||L2(K)
K,mm

and thus arrive at

. 2
IV7liaw < C (min{e ™2, p*hicn}) [Ellvﬂlliz<x)+|lﬂlliz(x)

p4

£+ h?

K,min

< 17117 . -

We estimate now ¢;(K) and start with ¢;(K): An integration by parts yields
t(K) = 6/ Onn (@- V) — E/ Vn - Vrdivadr — 5/ Vn - (@Dn) dz,
oK K K

where D?7 here stands for the Hessian of 7. Each of these three terms is now estimated
separately. The first term can be bounded by

thmaw
< 05||V77”L°°(K)||V7T||L1(8K)SCP\/hK ellVnllzee | V|l 2,

h’Kmacc
< , 9 V oo T < ,
- \/hK,mm ps—i—thm V0l ooy I l| 1,5

using Proposition 4.2 and (38). For the remaining two components of ¢; we have

0K

< Cel|Vnlle2m) || V7| L2 (k)

p4
C\|———5—¢lV Vr :
m VAl 2 V|1 e,

< Ce||Vnll 2o |7l 2

5/ Vn-Vrdivadx
K

IN

5/ Vna - D dx
K

2 4
C p p

hK,min 45 + h

VAN

el Vallza 716,k -
K,min

Therefore, we get for t1(K):

0(K)| < € B |2 2l + oy [ty e
€+ hK min hK,min hK,mm

The Cauchy-Schwarz inequality for sums now gives

Y Sxpxlt(K)| < C[Ei(n) + Ex(n)] [Illsp-

KeT
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We now turn to to(K). We have

o) = | [ @ V- 9n| <@ Vlhago - 12 Valluo
K

and this gives immediately the term F x(n) in the minimum occuring in E5(n). We there-
fore have to see that ¢5(K) can also be bounded by F} k(7). To that end, we start just as
in the treatment of ¢;(K) by an integration by parts to arrive at

tQ(K):/aKn(c?-Vw)(d‘-ﬁ)ds—/

n(a-Vr)divadx — / nd-V(a-Vr)dz.
K K

Proceeding along the same lines as above, we get

thaa: p4
< C J . ’
< p\/hK,mm ple +h%(,mm”n”L (K)||7T| 1,e,K

< Clnllezaoll@ - Vol 2y < Clinllez |7l a2 ox

n(@-Vr)(a-i)ds
o

/ n(a- Vr)divadx
K

p4
< C — |7 ,
< Clinllzex) p4€+h’%(,min|| 1,6,
/ n(@-v(a@-vnr))divadz| < C|nllezmll7ll a2k
K
2 4
p p
< C 7 .
< Ol g mlhex
Therefore,
p4 p2 hK maxr
t K < C + ’ oo T e K-
a(8)] < Oy | [hmmnnnmm Py ol (K)] Il
We recognize that this bound leads directly to F k(7). Finally, bounding
[t3 ()| < [|bll e @ lInll 2o 7] 220
finishes the proof of the assertions. O

The terms T;(niqyer) are exponentially small for meshes that do resolve localized small scale
features:

Proposition 5.7 Let 2 = K and let u be a function of boundary layer type defined on K
satisfying (19) for 1 = ¢ orl = €'/?. Assume that the SDFEM parameters {px} satisfy (11)
and the non-degeneracy condition (18). Let T be one of the patches of type (P2), (P3), or
(P4) (in case of (P4) the number of layers in the y-direction is arbitrary). Then there is

m € SP(T) such that the error n:= u — 7w satisfies on K for some C, o > 0 independent of
p and |

3
Inlle + Y |Ti(n)| < C|T(/?eP.
i=1
|'7'| denotes the number of elements of T.
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Proof: Theorems 3.5, 3.7, 3.8 immediately give that for all patches of type (P2)—(P4) that
can resolve the layer there holds

Inlle < Ce=®, el gigry < VP21l iy < CeP.

In order to estimate T5(n), we observe that

1
€+ 0kpK

1
€ + 0h Kk minD

||77||%2(K) S C _ah’K,minhK,maw”n”%m(K) S Ceiap

for some appropriate constants C, o > 0. Hence,

1 R

Z m”ﬁ”%?(m < |[Tle .

KeT
It remains to bound T3(n). To that end, we have to estimate Ey, E,, E3, and |||z
of Lemma 5.5. The reader may easily convince himself that E;(n) and FEs(n) satisfy the
desired bounds (even with constants independent of the number of elements of 'f') For
bounds on Ej3(n), we see that for the cases (P3) and (P4) Theorems 3.7 and 3.8 yields
immediately the desired bound via

E3(n) < Z F> k(n) < Ce™P.
KeT

For the two-element patch (P2) we see that we can bound

Fl,K < Ce 7P if hK,min ~ hK,maa:a
Frx < Cﬁpl”n”%P(K) < Ce™ if hgmin = Kpl.

This concludes the argument. O

5.4 hp-Approximation on Shape Regular and Quasiuniform Meshes
for Smooth Solutions

As a consequence of Lemma 5.3, we derive in this section optimal convergence results in
h and p on shape regular meshes. To do so, we assume throughout the section that the
condition (29) is satisfied and the weights pg are chosen to be hg/px on all elements.

Let T be a shape regular mesh on 2 and let the solution u of (1), (2) be in H*(Q) N H}(Q)
for some s > 2. Particularly, we assume that usmeoth = U, Uigyer = Urem = 0. U is the
SDFEM solution in S5 (7). We denote by Iu a suitable hp-interpolant of u in Sg(7") which
will be specified in (41) ahead. From (32) and Lemma 5.3 we see that ||U — [ul|sp can be
bounded by

1
C(D_ (e +opi)llnllin ) + Oxprce® llipa o) + Orepr +1+ MnllZage)?- (40)

KeT +6KpK

We can now choose the interpolant Iu € S(I)—)(T) in such a way that the following hp-
approximation properties hold [23]:
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VK—T

lu — Tu||gr gy < C plg_r ||| s ) 0 <r <pg, vk =min(px + 1, 5). (41)
K

Inserting this into the bound (40) we get

h2I/K 2
U — Tullgp < C Z 0K~ 95—2 ||u||Hs(K) (42)
KeT K
with
P 1 h2
ax = {(e + xpr) + Oxpre® e + (Oxpr + 1+ )= }- (43)

h2 e+ 0kpr’ Pk

Proposition 5.8 Let T be a shape reqular mesh on Q and v € H*(Q) N H}(Q). Let U be
the SDFEM solution obtained with weights px given by px = hk/pkx. Assume (13) and
(29). Then we have

N[=

21/K 2 h
||U_U||SD<C{Z ~oema lull7s )(8+p—£)

ker PK

with v = min(pg + 1, 5).

Proof: Due to assumption (29) we can bound the term 5KpK82—£z< in (43) by Cph—z‘. Hence,
K K
from (42) and (43) we get that

hQI/K 2 hK
U = Tulgp < CY g llull sy (e + —)-
KeT K Px
The claim follows now by an application of the triangle inequality. O

Remark 5.9 If the mesh 7 is quasiuniform, i.e. hx ~ h, and if we use a uniform polyno-
mial degree p on all elements, i.e. px = p, we get

plmin(p+1,5)-1) — p
lu = Ullsp < Cw(“ + (2—0)2)||U||HS(K)

Remark 5.10 The error estimate for the SDFEM in Proposition 5.8 and Remark 5.9 is half
a power of h/p away from being quasi-optimal [23]. For the h-version of the SDFEM this
is a well known fact, which is extended in Proposition 5.8 to the p-version of the SDFEM.

6 Numerical Examples

In this section we confirm the theoretical results in a series of numerical examples.
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6.1 Model Problems

We consider two convection-diffusion model problems of the form (1), M1 and M2, where
we explicitly prescribe the exact solution wu:

Model Problem M1: Here, Q = (—1,0) x (=1,1), d(z) = (1,0) b(z) = 1 and the right-
hand side is chosen as f(z) = ¢1(e)x1 + ¢1 + ¢ with ¢1(g) = exp(— (It 1HE)) 1 and
cs = —1. The exact solution is

1++1+4e

5 x1) + c1(e)zy + co.

u(z) = exp(
This solution satisfies (1) with zero Dirichlet conditions at the boundaries {z = —1},
{z = 0} and symmetry conditions at {y = —1}, {y = 1}. It has an exponential
boundary layer along the right side of ). u is essentially one dimensional and we use
this model problem to confirm the numerical results of [17].

Model Problem M2: Here, Q = (0,1)%, a(z) = (1,1)!, b(z) =1 and

flx) = ci(x)zy — cr(x)ea(x)me + T102(T) — T101(T)C2 () + 9 — T2 (T) + 24

—z101(x) + T2 — T12202(x) — 101 (T) T2 + T101(T)Co(T) X0

with ¢;(x) = exp ((z1 — 1)/¢) and ca(x) = exp ((x2 — 1)/e). The exact solution is

u() = z125(1 — exp (=(1 — 21)/)) (1 — exp (=(1 — z2)/¢)).

It satisfies (1), the zero Dirichlet boundary conditions in (2) and has two exponential
boundary layers along the top and right side of €.

To discretize these equations by the Ap-SDFEM in (7) we use the Fortran 90 code HP90,
a general hp-FEM framework for Finite Element implementations (see [2]). The SDFEM
parameters are chosen as in (11), i.e., px = hx/p% with the constant « still at our disposal.

We are mainly interested in « = 1 and o = 2. In addition, we will also compare the Galerkin
approach (6) with the SDFEM (7) which can easily be done by setting g = 0 for all K € 7.

6.2 Results for M1

We present the results for the model problem M1: We consider first the SDFEM and
Galerkin performance for ¢ = 0.1 on a four element mesh given by an equidistant partition
in z-direction. For this large value of € the layer is of course very weak and the element on
the right resolves it already. We measure the relative H' error in the element on the left
side, i.e., in the element that is farthest away from the boundary layer. From Figure 3 we
see that the Galerkin method performs best followed by the SDFEM with px = hy/p%.
We observe that px = hi/pk is not the correct choice for the SDFEM parameter, in the
case that ¢ is small compared to hx and 1/pg, just as asserted in in Proposition 4.3.

In Figure 4 we perform the same experiment on exactly the same mesh with ¢ = 1078,
This time the behaviour of the three curves is different. We clearly see that the Galerkin
method does not give any reasonable solution. The SDFEM with px = hg/px performs
best and indeed converges exponentially, whereas the SDFEM with px = hg/p% diverges
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uniform mesh, € = 1.E-1

£ - == galerkin
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rel H1 error first element
I
o

107°

approx. order

Figure 3: M1: Local H' error upstream on uniform 4 element mesh.

uniform mesh, e = 1.E-8
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Figure 4: M1: Local H' error upstream on uniform 4 element mesh.

and the error is several orders of magnitude worse. Therefore, for £ small compared to hg
and 1/pk the stabilization parameter should be chosen as px = hi /pi-

The pointwise error along the line y = 0 through €2 for the three methods is shown in Figure
5 and we clearly see that the SDFEM error with px = hyx/px decays exponentially in the
upstream direction. The decay with px = hx/p% is still exponential outside the boundary
layer but again several orders of magnitude worse.

Of interest is now the question for which parameter « in the h/p* factor the performance
of the SDFEM is best. For ¢ = 107® we investigate this on a quasiuniform mesh which
is not aligned with the coordinate axes. Again, we measure the relative H! error in the
element farthest away from the boundary layer. The results in Figure 6 indicate the superior
performance of the SDFEM for o = 1, which is consistent with one dimensional numerical
results in [17] and with the theoretical analysis for the limiting case ¢ = 0 in [5]. In
particular, we note again that o = 2 is not the correct choice for small values of ¢.

In Figure 7 we show the performance for M1 on geometric boundary layer meshes. We start
with p = 2 on a four element mesh that is not aligned with the flow. We insert geometrically
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uniform mesh, p=8, e = 1.E-8
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Figure 5: M1: Pointwise error on uniform 4 element mesh.
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Figure 6: M1: Local H! error upstream on quasiuniform non-aligned 16 element mesh.

graded layers towards the boundary {z = 0} and also uniformly increase p. We show the
results for the Galerkin method, which does not converge in the range of p =1,...,8, for
px = hi/p% and for px = hx/pr. In the last case we see again a superior performance.

6.3 Results for M2

The results for M1 are now confirmed for M2. We use here a uniform mesh with 16 elements
that are either aligned or slightly perturbed. These meshes are shown in Figure 8.

We again perform similar experiments and present in Figures 9 and 10 the local relative
H?! error in the element that has largest distance to the boundary layers. The results are
for e = 107® and, as expected from the previous results, the SDFEM with px = hg/pxk
performs best and converges exponentially. It is remarkable that the SDFEM with px =
hi /p% diverges in the practical range of p.

Finally, we present the global relative H' error on a boundary layer mesh with anisotropic
needle elements of width 10 (this mesh is essentially a tensor product construction corre-
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Figure 7: M1: Local H! error upstream on geometrically graded non-aligned mesh.
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Figure 8: Uniform aligned mesh and non-aligned mesh.

sponding to the patch (P2) in order to resolve the layers at both outflow boundaries z =1
and y = 1). From Figure 11 we see that the performance of the Galerkin method is superior
in this case, whereas the SDFEM does perform rather poorly for px = hx /px. There is no
need for the SDFEM stabilization if the mesh already resolves the layers. However, we get
exponential convergence in all cases as predicted in Section 5.
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A Proof of Theorems 3.5, 3.7, 3.8

A.1 Approximation in One Dimension

We start by introducing the following two projectors: Let 7 be an arbitrary mesh on (0, 1).
Then we introduce

L. iy : C([0,1]) — SP(T) is the piecewise Gauss-Lobatto interpolation operator.

2. Let T € (0,1) an arbitrary mesh point of 7. Then the projector Py : C([0,1]) —
SP(T) is defined by

e (i3u) (x) - %u(f) on (0,7)
P ule) = T:;u(l) on (z,1).

We have the following L stability result for these two interpolation operators:

Lemma A.1 There is C > 0 independent of p, the mesh T and the mesh point T € (0,1)
such that there holds

||7l$u||Loo((0,1)) -+ ||P;U||Loo((0,1)) < 0(1 + 1np)||u||Loo((0,1)) Yu € C([O, 1])
Proof: 'The stability result for the Gauss-Lobatto interpolation operator i; was proved in

[25]. That result implies readily the stability of the operator Py O

In analogy to condition (19) functions of boundary layer type satisfy in one dimension:
0"u(z)] < Cy"max {I7t,n}"e ¥/t Vne N, z¢€/(0,1). (44)

Robust exponential approximations of such functions can be achieved with the projector
P? provided that the point  can be chosen such that 7 = O(pl) is a mesh point.

Lemma A.2 Let u satisfy (44). Then there are C, o, ko > 0 independent of | and p such
that the following holds: Let T be an arbitrary mesh on (0,1) and assume that for some
k € (0,kq) the point T := min{1/2,kpl} is a mesh point of T. Then the projector Piu
(defined with this choice of the point T) satisfies
/ipl“(u — P;U),||L2((0,1)) + ||’LL — P;U||L2((0,1)) S Cll/Qe_Unp,

kpl||(u — P;U)I”Loo(ji) + lu = Byullpooqry < Ce P for I; C (0,7),

wpl||(u = Byu)[| ey + llu — Pyulleor;y < Ce i/l for I; = (x5, xi41) C (T, 1).

Proof: This result is proved as Lemma 2.4 in [17]. Note that the special case of a two-
element mesh 7 = {(0, kpl), (kpl, 1)} is contained as a special case. O
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A.2 Two Dimensional Approximation Results

Due to Lemma 3.4, we can restrict our attention in the two dimensional setting to a reference
configuration, and for the remainder of this section, we will assume that the function wu is
defined on the closed reference square S = [0, 1]? and satisfies there the growth conditions
in (19). We consider tensor product meshes on S in order to be able to exploit our one
dimensional results. To that end, we denote by 7 the one dimensional (piecewise) Gauss-
Lobatto interpolation operator as defined above but acting on the y-variable instead of the
x-variable. We have:

Lemma A.3 Let u satisfy (19). Then there are C, o, ko > 0 independent of p and | such
that following holds: Let T, T, be arbitrary meshes on (0,1) and let T := T, x T, be the

tensor product mesh on S. Assume that for some k € (0, ko) the point T := min{1/2, kpl}
is a mesh point of T,. Then the interpolant m, := (i o Py)u = (P o i¥)u € SP(T) satisfies
CIM2(1 4+ Inp)e o,

C(1+Inp)e ™  for I, C (0,7)

kpl||V (v — )| 2gs) + llu — mpl|L2es) <
kpl||V (u = mp)[|Loo(r, x1,) + U = TpllLoo(gux1,) <

and
RpUIV (u = Tl (raxsy) + 1w = TpllLos(raxsy,) < C(1 + Inp)e=®/!
for I, = (xi,is1) C (T, 1). In the last two estimates, I, may be an arbitrary element of Ty.
Proof: We will only show the L*-bounds. Let I, = (x;, z;41), Iy be elements of T, 7,. We
have
lu = Tplleeroxr,y < v — dull ooty xr,) + 1135 (u — Byu)l|Lee(r, x1,)
< M= ulliegoxn,) + CQ+Inp)u = Blullii

by the one-dimensional stability result Lemma A.1. Standard polynomial approximation
results (cf., e.g., [15]) give the existence of C', ¢ > 0 depending only on C and ~ of (19)
such that

10y (u — )| ooz, x1,) + lu — PSullpoo (1, x1,) < Ceillg=0op (45)

Using this and the one dimensional results of Lemma A.2 we arrive at
|u = mpllLoo 1,1,y < C(1+Inp)e if I, C (0,7),
lu = Tpllzoo(rxr,y < C(1+Inp)e %/ if I, C (7,1).

For the estimates on the derivatives, we proceed similarly. We have, using the additional
fact that 0, and P/ commute,

10y (v — 3 Pyu)|| oo, x1,) < 1|0y (u — By poo(r,x1,) + 10y (Pyu — Pyidu)|| neor, x1,)
< [@yu) = PF(Oyu)l|zoez. xz,) + 155 (8y (v — ifu)) || Loz, x1,)
< |1(Byu) — Py (Oyu)||poe(r, x1,) + C(1 + Inp)||0y(u — ibu)|| oo (r, x1,)-
These last two terms can be estimated in the desired fashion using Lemma A.2. Finally,
for the derivative in the z-direction, we have
102 (u — 3 PIu)|| poo(r, x1,) < |0z (v — 85w) || poo (1, x1,) + 1|0z (5w — 3% Pyu) || ooz, x1,)
< |[(Ozu) = 35 (0ptu) || ooz, x1,) + 175(0z (v — Pyw))||Loo(r, x1,)
< |[(Ozu) = 35 (0ptt) || oo (1, x1,) + C (1 + Inp)||0:(u — Pyw)|| pos (1, x1,)-
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It it now easy to see from standard approximation results that there holds
| (Ozu) — i (Opu) || oo (1, x1,) < Cllewillg=op,

Next, ||0z(v — PJu)||eo(1,x1,)¢ can be bounded again by Lemma A.2. This completes the
proof. O

We note that Lemma A.3 proves Theorem 3.5. Lemma A.3 is also the basis for the proof
of Theorem 3.7.

Proof of Theorem 3.7 : The key observation to employ the preceding lemma is that by
our assumption that ¢& ~ [ there is k € {0,..., L} such that ¢®#*! < kopl < ¢*. Hence,
there is always a mesh point in 7, of the form T = kpl with kK € (koq, ko]- In order to
simplify the notation for the remainder of this proof, we assume that ¢* = kopl. The first
two estimates therefore follow immediately. It remains to see that the last two ones hold.
For the elements I; = (x;, z;11) of T, we write h; := x;11 — x; and similarly, we write h; for
the length of the j-th element I; of 7,. We now estimate for the elements near x = 0 with
Lemma A.3

1 hih; Y, Kopl
ZZ =V ( u—ﬁp)HLoolxI) < C’Z LeTP < O —— Op e P < Ce 7P,
J i=k

Now, for the elements that are “far” from x = 0, we have for 7 < k, by the assumption that
the mesh is graded geometrically towards x = 0, that there holds h; ~ x; with constants
independent of 7 and [. Hence, from Lemma A.3

k hih. k i k
ZZ %ZQHV(U’ )||L°°(I <I5) < Z T e i/l < Cze—a z;/l < Ce™
i=0 j i=0 =0

This completes the proof of the third estimate. For the last one, we proceed similarly. We
have

L+1 L+1
szin{h’i’hj}nv(u_TP)H%,?(QXIJ-) < Zh”V ||L2(S)
i=k J
L+1 Kopl
< c hil™le™? < 02 e~ < CeP

and finally, again as h; ~ x; for ¢+ < k:

k
Z Z min {h;, h;}|V (u — )||%2(1i><1j) < Z Z hfhj”V(u - 7Tp)||%oo(1,-x1j)
=0 j =0 j
k k
< ORI < 0 e < e,
i=0 i=0
This completes the proof of Theorem 3.7. O

The proof of Theorem 3.8 is a straightforward extension of the arguments above.
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