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ABSTRACT. This paper extends results of Szymaiiski [S] and others on Hopf *-
algebra actions and finite index II; subfactors to certain extensions of algebras
without trace. Suppose k is a field and N C M is a separable Frobenius ex-
tension of k-algebras with trivial centralizer Cs(N) and N a direct summand
in M as N-bimodules. We do not assume the existence of a Markov trace.
Let M; := End(My) and M> := End(M1)s be the successive endomorphism
rings in a Jones tower N C M — M; — M>. We define a depth 2 condition
on this tower by simply requiring that a basis of A := Ca, (N) freely gener-
ates Mi as an M-module and a basis of B := Cz, (M) freely generates M as
an Mi-module. We then prove that A and B have semisimple Hopf algebra
structures dual to one another. As our main result, we prove that M; is a B-
module algebra with subalgebra M of invariants and M» is isomorphic to the
smash product M;# B. We then apply the characterization of crossed product
algebras as cleft Hopf extensions to conclude that M; is isomorphic to M#A.
Since M; is isomorphic to the endomorphism ring of M/N, it follows that M
is a B-Galois extension of N. Together with a converse in Section 3, this last
result forms an explicit non-commutative analogue of the classical theorem: a
finite field extension is Galois if and only if it is separable and normal.

1. INTRODUCTION

Three well-known functors associated to the induced representations of a sub-
algebra pair N C M are restriction R of M-modules to N-modules, its adjoint T
which tensors N-modules by M, and its co-adjoint H which applies Hompy (M, —)
to N-modules. The algebra extension M /N is said to be Frobenius if T is naturally
isomorphic to H [Mo]. M/N is said to be separable if the counit of adjunction
TR - 1 is naturally split epi; and M/N is a split extension if the unit of adjunc-
tion 1 = RT is naturally split monic [P]. An algebraic model for finite Jones index
subfactor theory is given in [K1, K2] using a strongly separable extension, which
has all three of these properties. Over a ground field k, an irreducible extension
M/N, which is characterized by having trivial centralizer Cps(N) = k1, is strongly
separable if it is split, separable and Frobenius.

In this paper we extend the results of Szymanski [S] and others [Lo, EN] on Hopf
x-algebra actions and finite index subfactors with trace (i.e., linear ¢ : M — k such
that ¢(mm') = ¢(m'm) for all m,m' € M and ¢(1) = 1;) to strongly separable,
irreducible extensions. We will not require of our algebras that they possess a
trace. However, we require some hypotheses on the endomorphism algebra M;
of the natural module My, to which there is a monomorphism given by the left
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regular representation of M in End(My). We require a depth two condition that
two successive endomorphism algebra extensions, M < M; and M; < M, be free
with bases in the second centralizers, A := Cp, (N) and B := Cy, (M). Working
over a field of arbitrary characteristic, we prove in Theorem 5.3 and Theorem 6.3:

Theorem 1.1. The Jones tower M C My C Ms over a strongly separable, irre-
ducible extension N C M of depth 2 has centralizers A and B that are involutive
semisimple Hopf algebras dual to one another, with an action of B on My and an-
other action of A on M such that My and My are smash products: My = Mi1#B
and My = M#A.

The main theorem 1.1 is of intrinsic interest in extending [S] to the case of an
irreducible finite index pair of von Neumann factors of arbitrary type (I, II, or
ITI). Secondly, it gives a proof that M; is a smash product without appeal to a
tunnel construction; i.e. assuming the strong hypotheses in a characterization of
a strongly separable extension M /N that is the endomorphism algebra extension
of some N/R. Thirdly, the main theorem is the difficult piece in the proof of a
non-commutative analogue of the classical theorem in field theory:

Theorem 1.2. A finite field extension E'/F' is Galois if and only if E'/F' is
separable and normal.

By E'/F’' Galois we mean that the Galois group G of F'-algebra automorphisms
of E' has F' as its fixed field E’®. From a modern point of view, the right non-
commutative generalization of Galois extension is the Hopf-Galois extension (cf.
Section 3) [M], with classical Galois groups interpreted as cosemisimple Hopf al-
gebras. From the modern cohomological point of view, the non-commutative sep-
arable extensions mentioned above are a direct generalization of separable field
extensions (cf. Section 2) [HS]. The trace map T : E' — F' for finite separable
field extensions [L] is a Frobenius homomorphism for a Frobenius extension (cf.
Section 2), while the trace map for Galois extensions is the action of an integral on
the overfield (corresponding to the mapping E in the proof of Theorem 3.14). In
Section 6 we prove the following non-commutative analogue of Theorem 1.2:

Theorem 1.3. If M/N is an irreducible extension of depth 2, then M /N is strongly
separable if and only if M /N is an H-Galois extension, where H is a semisimple,
cosemisimple Hopf algebra.

In Sections 2 and 3 we note that the non-commutative notions of separable
extension and Hopf-Galois extension generalize separability and Galois extension,
respectively, for finite field extensions. However, Theorem 1.3 is not a generalization
of the classical theorem, since non-trivial field extensions are not irreducible. The
proof of Theorem 1.3 follows from Theorems 3.14 and 1.1. Theorem 3.14 is the
easier result with roots in [KT], [D] and [K2]. The smash product result on M in
Theorem 1.1 follows from the depth 2 properties in Section 3, the non-degenerate
pairing of A and B in Section 4, and the action of B on M; in Section 5 together
with key Proposition 4.6. The non-degenerate pairing in Equation 14 transfers the
algebra structures of A and B to coalgebra structures on B and A, respectively,
that result in the Hopf algebra structures on these. The antipodes on A and B
result from a basic symmetry in the definition of the pairing. From the action of B
on M; with fixed subalgebra M, we dualize in Section 6 to an A-cleft A-extension
M /M, use the Hopf algebra-theoretic characterization of these as crossed products,
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and compute that M; is a smash product of M with A from the triviality of the
cocycle. Each section begins with an introduction to the main terminology, theory
and results in the section.

2. STRONGLY SEPARABLE EXTENSIONS WITH TRIVIAL CENTRALIZER

In this section, we recall the most basic definitions and facts for irreducible and
split extensions, Frobenius extensions and algebras, separable extensions and alge-
bras, and strongly separable extensions and algebras. We introduce Frobenius ho-
momorphisms and their dual bases, which characterize Frobenius extensions, noting
that Frobenius homomorphisms are faithful, and have Nakayama automorphisms
measuring their deviation from being a trace on the centralizer. After introducing
separability and strongly separable extensions, we come to the important theory
of the basic construction M7, conditional expectation Ey; : M; — M and Jones
idempotent e; € M;. The basic construction is repeated to form the tower of alge-
bras N C M C M; C Ms, and the braid-like relations between e; and e; € M, are
pointed out.

Throughout this paper, k denotes a field. Let M and N be associative unital
k-algebras with N a unital subalgebra of M. We refer to N C M or a (unity-
preserving) monomorphism N < M as an algebra extension M /N. We note the
endomorphism algebra extension End(My)/M obtained from m — A, for each
m € M, where \,, is left multiplication by m € M, aright N-module endomorphism
of M.

In this section, we denote the centralizer of a bimodule Py by PN := {p €
P|Vn € N, pn = np}, a special case of which is the centralizer subalgebra of N in
M: Cp(N) = MN. The algebra extension M/N will be called irreducible if the
centralizer subalgebra is trivial, i.e., Cys(N) = k1. Since the centers Z(M) and
Z(N) both lie in C'yr(N), they are trivial as well. If £ denotes End(My) and M°P
denotes the opposite algebra of M, we note that (Vm € M)

(1) Ce(M)={f €&|mf(z) = f(mz),Ym € M} =End(mMn) = Cp(N)P.

Whence the endomorphism algebra extension is irreducible too.

M/N is a split extension if there is an N-bimodule projection £ : M — N. Thus,
E(1) =1, E(nmn') =nE(m)n', for all n,n' € Nym € M,and M = N @ ker E as
N-bimodules, the last being an equivalent condition. The condition mentioned in
the first paragraph Section 1 is easily shown to be equivalent as well [P].

Frobenius extensions. M/N is said to be a Frobenius extension if the nat-
ural right N-module My is finitely generated projective and there is the fol-
lowing bimodule isomorphism of M with its (algebra extension) dual: yMys =
~Hom(Mpy, Ny)ar [K]. This definition is equivalent to the condition that M /N has
a bimodule homomorphism F : y My — yNp, called a Frobenius homomorphism,

and elements in M, {z;}", {yi}1,, called dual bases, such that the equations

n

(2) > E(mai)y; =m = Z ziE(yim)

i=1
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hold for every m € M [K].! In particular, Frobenius extension may be defined equiv-
alently in terms of the natural left module y M instead. The Hattori-Stallings rank
of the projective modules My or yM are both given by >, E(y;z;) in N/[N, N]
[K1]. Tt is not hard to check that the index [M : N]g := Y, xiy; € Z(M) (use
equations 2) depends only on E, and E(1) € Z(N). Furthermore, M /N is split if
and only if there is a d € Cpr(N) such that E(d) =1 [K1].

If My is free, M/N is called a free Frobenius extension [K]. By choosing dual
bases {z;}, {fi} for My such that f;(x;) = d;;, we arrive at orthogonal dual bases
{z;}, {vs}, which satisfy E(y;xz;) = d;;. Conversely, with E, z; and y; satisfying
this equation, it is clear that M /N is free Frobenius.

If N is the unit subalgebra k1, M is a Frobenius algebra, a notion introduced
in a 1903 paper of Frobenius [F]. Such an algebra M is characterized by having a
faithful, or non-degenerate, linear functional E : M — k; i.e., E(Mm) = 0 implies
m = 0, or equivalently, E(mM) = 0 implies m = 0 (in one direction a trivial
application of Equations 2).

We note the following transitivity result with an easy proof. Consider the tower
of algebras N C M C R. If M/N and R/M are Frobenius extensions, then so is
the composite extension R/N. Moreover, the following proposition has a proof left
to the reader:

Proposition 2.1. If M/N and R/M are algebra extensions with Frobenius homo-
morphisms E : M — N, F : R - M and dual bases {z;}, {y;} and {z;}, {w;},
respectively, then R/N has Frobenius homomorphism E o F’ and dual bases {z;z;},
{yiw;}.

If M/N and R/M are irreducible, the composite index satisfies the Lagrange
equation:

[R:N]EF = [RM]F[M : N]E

Nakayama automorphism. Given a Frobenius homomorphism £ : M — N
and an element ¢ in the centralizer Cps(N), the maps ¢cE and Ec defined by
cE(z) := E(zc) and Ec(z) = E(cx) are both N-bimodule maps belonging to the
N-centralizers of both the N-bimodules Hompy (My, Ny) and Homy(n M, yN).
Since m — Em is a bimodule isomorphism, y My = yHomy (M, N)y, it follows
that there is a unique ¢’ € Cy(N) = MY such that Ec’ = cE. The mapping
qg:cr ¢ on Cy(N) is clearly an automorphism, called the Nakayama automor-
phism, or modular automorphism, with defining equation given by

®3) E(q(c)m) = E(mc)

for every ¢ € Cpr(N) and m € M [K]. M/N is a symmetric Frobenius extension
if ¢ is an inner automorphism. In case N = kl, this recovers the usual notion
of symmetric algebra (a finite-dimensional algebra with non-degenerate or faithful
trace), for if ¢ : M — M is given by q(m) = umu ', then Eu is such a trace by
Equation 3.

YFor if {x;}, {fi} is a projective base for My and E is the image of 1, then there is y; —
Ey; = f; such that >, z;Ey; = idy. The other equation follows. Conversely, My is explicitly
finitely generated projective, while z — Ex is bijective.
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Separability. Throughout this paper we consider M ® y M with its natural M-M-
bimodule structure. M/N is said to be a separable extension if the multiplication
epimorphism p : M @y M — M has a right inverse as M-M-bimodule homomor-
phisms [HS]. This is clearly equivalent to the existence of an element e € M @y M
such that me = em for every m € M and u(e) = 1, called a separability ele-
ment: separable extensions are precisely the algebra extensions with trivial relative
Hochschild cohomology groups in degree one or more [HS]. A Frobenius extension
M/N with E,z;,y; as before is separable if and only if there is a d € Cjr(N) such
that Zi .CIZz'dyz' =1 [HS]

If N = kly, M/N is a separable extension iff M is a separable k-algebra; i.e. a
finite dimensional, semisimple k-algebra with matrix blocks over division algebras
D; where Z(D;) is a finite separable (field) extension of k. If k is algebraically
closed, each D; = k and M is isomorphic to a direct product of matrix blocks of
order n; over k.

For example, if E'/F' is a finite separable field extension, a € E’ the primitive
element such that E' = F'(a), and p(z) = 2" — Y~ ¢;z* the minimal polynomial
of @ in F'[X], then a separability element is given by

g =0 G al
ZO[ QF az—i—l )

A k-algebra M is said to be strongly separable in Kanzaki’s sense if M has a
symmetric separability element e (necessarily unique); i.e., 7(e) = e where 7 is the
twist map on M ®; M. An equivalent condition is that M has a trace t : M — k
(i.e., t(mn) = t(nm) for all m,n € M) and elements z1, ... ,Zn,Y1,--. ,Yn such that
> oitimaz;)y; = m for all m € M and ), z;y; = 1. A third equivalent condition
is that M has an invertible Hattori-Stalling rank over its center [De]. It follows
that the characteristic of k£ does not divide the orders n; of the matrix blocks (i.e.,

nily # 0); for a separable k-algebra M this is also a sufficient condition for strong
separability in case k is algebraically closed

Strongly separable extensions. We are now ready to define the main object of
investigation in this paper.

Definition 2.2 (cf. [K1, K2]). A k-algebra extension N C M is called a strongly
separable, irreducible extension if M /N is an irreducible Frobenius extension with
Frobenius homomorphism E : M — N, and dual bases {z;}, {y;} such that

L B1) #0,

2. Ez’ TilYi # 0,
Remark 2.3. Since M/N is irreducible, the centers of M and N are trivial, so
E(1) = plg for some nonzero p € k. Then %E, 1z, y; is a new Frobenius homo-

morphism with dual bases for M/N. With no loss of generality then, we assume
that

(4) E(1) =1.

It follows that M = N @ Ker E as N-N-bimodules and E? = E when E is viewed
in Endy(M). Also

(5) Z:viyi = )\_11M
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for some nonzero A € k. It follows that A", z; ® y; is a separability element and
M/N is separable. The data E, z;, y; for a strongly separable, irreducible extension,
satisfying Equations 4 and 2, is uniquely determined.?

The basic construction. The basic construction begins with the following endo-
morphism ring theorem, whose proof we sketch here for the sake of completeness:

Theorem 2.4 (Cf. [K1, K2]). £/M is a strongly separable, irreducible extension
of index \71.

Proof. For a Frobenius extension M/N, we have £ = M ®n M by sending f —
> f(®i) ® y; with inverse m ® n — A, E), in the notation above. We denote
M; := M ®n M, and note that the multiplication on M; induced by composition
of endomorphisms is given by the E-multiplication:

(6) (m1 ® ma)(m3 @ ma) = my1E(mams) Q@ my.

The unity element is 1; := ) . 2; ® y; in the notation above. It is easy to see
that Ep; := Ay, where p is the multiplication mapping M; — M, is a normalized
Frobenius homomorphism, and {A\7'z; ® 1}, {1 ® y;} are dual bases satisfying
equations 4 and 5. O

We make note of the first Jones idempotent, e; :=1 ® 1 € M;, which cyclically
generates M as an M-M-bimodule: M; = {}", z;e1y;| ®;,y; € M}. In this paper, a
Frobenius homomorphism E satisfying E(1) = 1 is called a conditional expectation.
We describe My, e1, Epr as the “basic construction” of N C M.

The Jones tower. The basic construction is repeated in order to produce the
Jones tower of k-algebras above N C M:
(M) NCMCMCMC---
In this paper we will only need to consider M,, which is the basic construction of
M C M;. As such it is given by
(8) My =M, @y My = MeNn Moy M
with Ej-multiplication, and conditional expectation Epr, := Ay : Mo — M, given
by

my; ® me ® mz — Amy E(ma) @ ms.
The second Jones idempotent is given by

e2=1®1L szi ® YiTj D Yj,
12}

and satisfies €3 = ey in the Ej-multiplication of M.

2There is a close but complicated relationship between Kanzaki strongly separable k-algebras
and strongly separable extensions A/k1 in the sense of [K2]. Note that A = M3(Fy), where F is
a field of characteristic 2, is not Kanzaki strongly separable, but is a strongly separable extension
A/F>1 since E(A) = a11 + a12 + a21 and

Z-?Ui ®y; =e11 ®e21 +e12®e11 +e12Qezr +e22 ®erz + e22 Qe +e21 ® ez,
i
satisfies >, z;y; = 1, E(1) = 1, E a Frobenius homomorphism with dual bases x;,y;. However,
a strongly separable extension A/k1l with Markov trace [K2] is Kanzaki strongly separable; and
conversely, if k = Z(A).
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The braid-like relations. Note that 1, = >, A7'2; ® 1 ® y; and Epy (ei41) =
Al where My denotes M. Then the following relations between e;, es are readily
computed in My without the hypothesis of irreducibility:

Proposition 2.5.

€1€2€1 = )\61 ].2
€9€1€62 = /\62.
Proof. The proof may be found in [K1, Ch. 3]. O

3. DEPTH 2 PROPERTIES

In this section, we place depth 2 conditions on the modules j;M; and pg Mo
by requiring that they be free with bases in A := Cjp, (N) and B := Cyp, (M),
respectively. We then show that A and B are separable algebras with Epr|4 and
Eyr, | B, respectively, as faithful linear functionals. The classical depth 2 property,
coming from subfactor theory [GHJ], is established for the large centralizer, C' :=
Cum,(N); ie., C is the basic construction of A or B over the trivial centralizer
with conditional expectations EF4 and Ep studied later in the section. We next
establish the important property that F' := Ejs o Ejpy, restricts to a faithful linear
functional on C'. We interpret the various Nakayama automorphisms arising from
F, Ep|a and Ejpy, |B. The important Pimsner-Popa identities are established. We
end this section by recalling the basic properties of Hopf-Galois extensions, and
prove Theorem 3.14 which states that an H-Galois extension is strongly separable
of depth 2 if H is a semisimple, cosemisimple Hopf algebra. This establishes one of
the implications in Theorem 1.3.

Finite depth and depth 2 conditions. We extend the notion of depth known
in subfactor theory [GHJ] to Frobenius extensions.

Lemma 3.1. For all n > 1 in the Jones tower (7) the following conditions are
equivalent (we denote M_1 = N and My = M) :
(1) My_1 is a free right M,_s-module with a basis in Cur,_, (N) (respectively,
M, is a free right M,_1-module with a basis in Cpr, (M) ).
(2) There exist orthogonal dual bases for Eyr,_, in Cyr,_,(N) (respectively, there
exist orthogonal dual bases for Epy, . in Cyr, (M) ).

Proof. We show that (1) implies (2), the other implication is trivial. Denote by
{2} and {w;} orthogonal dual bases in M,,_1 for Eyr,_,, where {z;} C Cp, _,(N).
We compute that w; € Cp, _, (N):

rw; = Z-TEMn S(wizj)w; = Z(Sz]ij ZEMH_Z(U)Z'JJZJ')’U)J' = W%
J J
for every £ € N. The second statement in the proposition is proven similarly with
dual bases {u;} in Cp, (M) and therefore {v;} in Cr, (M). O

We say that a Frobenius extension M/N has a finite depth if the equivalent
conditions of Lemma 3.1 are satisfied for some n > 1 . It is not hard to check that
in this case they also hold true for n + 1 (and, hence, for all ¥ > n). Indeed, if
{u;} and {v;} are as above, then {A\"'ujent1}, {€nt1v;} C Cu,,y (M) is a pair of
orthogonal dual bases for £, . We then define the depth of a finite depth extension
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M/N to be the smallest number n for which these conditions hold. In the trivial
case, an irreducible extension of depth 1 leads to M = N.
Let A and B denote the “second” centralizer algebras:

A::CMI(N), B:: CMQ(M)
The depth 2 conditions that we will use in this paper are then explicitly:

1. M; is a free right M-module with basis in A;

2. M, is a free right M;-module with basis in B.

It is easy to show that M; and M, are also free as left M — and M;—modules,
respectively. Note that the depth 2 conditions make sense for an arbitrary ring
extension M /N where M; and M, stand for the successive endomorphism rings.

In what follows, we assume that M /N has depth 2 and denote {z;}, {w;} C A
orthogonal dual bases for Ey and {u;}, {v;} C B orthogonal dual bases for Ey,
that exist by Lemma 3.1.

Proposition 3.2. A and B are separable algebras.

Proof. For all a € A, we have ) . Ex(az;)w; = a =), ziEn(w;ia) where Epy(az;)
and Ea(w;a) lie in Cy(N) = kla. {2} is linearly independent over M, whence
over k, so A, similarly B, is finite dimensional.

It follows that Ej restricted to A is a Frobenius homomorphism. Since {z;},
{w;} are dual bases and [M; : M]g,, = A71, it follows that A}, z; @w; is a separa-
bility element. Similarly, B is a Frobenius algebra with Frobenius homomorphism
Eyy,, and a separable algebra with separability element A" Ui ® ;. O

The lemma below is a first step to the main result that M is a smash product of
B and M; (cf. Theorem 5.3).
Lemma 3.3. We have M; = M Qi A as M-A-bimodules, and M> = M; ® B as
M -B-bimodules.
Proof. We map w € M into ), Ey(wz;) @w; € M ® A, which has inverse mapping
m®aeM®A into ma € M.

The proof of the second statement is completely similar. O

We let C' = Car,(N). Note that A C C and B C C. Of course A1, N B = k1
since Cur, (M) = k1;. We will now show in a series of steps the classical depth 2
property that C' is the basic construction of A or B over the trivial centralizer.

Lemma 3.4. C =2 A ®y; B via multiplication a @ b — ab and C = B ® A via
b®a+— ba.

Proof. If ¢ € C, then }; Ep, (cuj) ® v; € A® B, which provides an inverse to the
first map above. The second part is established similarly. O
Lemma 3.5. We have ex A = e;C and Aes = Cey as subsets of My. Also, e1B =
e1C and Be; = Cey in M.

Proof. For each b € B we have b;,b, € M, such that

VRRG]

eb=1,011 ) bjob=e» En(b)bj € key
J J

since Ej EM(bj)bg- € Cp, (M) = k1. Then eaC = eaBA = e2A. The second
equality is proven similarly. The second statement is proven in the same way by
making use of e; A = Ae; = ke;. O
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We place the Ejpr-multiplication on A® A, and the Ej, -multiplication on B® B
below.

Proposition 3.6 (Depth 2 property). We have C = Aes A and C = A ® A as
rings. Also, C = Be1 B and C' = B ®y, B as rings.
Proof. Clearly AeoA C C. Conversely, if ¢ € C, then ¢ = }_; En, (cuj)vj. But
2o Ui ®Uj = ALY, zies ® exw; by the endomorphism ring theorem and the fact
that both are dual bases to Ear,. Then ¢ = 7! > i Eumy (cziea)eaw; € Aes A as
desired.

Since eswes = Epr(w)es for every w € My, we obtain the Ejy-multiplication on
AGQA. Then C = A€2A = A@M A A@k A since ANM = CM(N) = k].M

For the second statement, we observe:

C = A€2A = A€2€1€2A g 0610 = BelB,

while the opposite inclusion is immediate. The ring isomorphism follows from the
identity:
9) ercer = e1Ep, (€
for all ¢ € C, since BN N1y, C Z(N) = k1. For there are a;,b; € A such that
¢ =) ,a;ezb; , and n,n' : A — k such that, for all a € A, eja = e;n(a) while
ae; = n'(a)eyr by irreducibility. Then we easily compute that n = 5'. Then:

eice; = Zelaiezbiel = Zn(ai)n(bi)elegel
i i
= )\Zelaibi = 61E1\41 (C) O
i

In Section 3 it will be apparent that 7 is the counit € on A.

Corollary 3.7. If n = #{u;} = #{v;}, then C = M, (k) where the characteristic
of k does not divide n.

Proof. Since B is a Frobenius algebra with Frobenius homomorphism FEjy, , it fol-

lows from the isomorphism, Endg(B) = B ® B that

(10) C = Endg(B) = M, (k).

We have char k fn since the index A™1 = n1, # 0. O
Since we can use A in place of B to conclude that C' = End(A) in the proof

above, we see that dimy A = dimy B. Although C has a faithful trace, we will

prefer the faithful linear functional F' studied below for its Markov-like properties
in Corollary 3.11.

Proposition 3.8. F := Ejs o E)y, is a faithful linear functional on C.

Proof. We see that En(Ep, (C)) € Cy(N) = k1, and we identify k1 with k. If
c=a € Al,y, we see that

F(aC) = Ey(aEp, (C)) = Ep(ad) =0
implies that a = 0 by Proposition 3.2, since Fjs is a Frobenius homomorphism on

A and therefore faithful.
If ¢ = b € B, then by Lemma 3.4

F(bC) = EyEum, (bC) = Ey(Ep, (bB)A) =0
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c 5 C
{ \
A 2 A

FIGURE 1. The vertical arrows are given by the conditional expec-
tation Enr, |-

implies first Epy, (bB) =0, next b = 0.
If ¢ € C, then there are a; € A (= Enr, (cu;)) such that ¢ =", a;v;. Then

F(cC) =Y Ey(aiA)Ep, (v;B) =0

implies that each a; = 0, since if a; # 0, then Ey; (v;B) = 0, a contradiction.
Hence, F is faithful on C. O

Denote the Nakayama automorphism of F on C' by q : C' — C. It follows from
Corollary 3.7 that ¢ is an inner automorphism. We note some other Nakayama,
automorphisms and study next their inter-relationships. Let g4 : A — A be the
Nakayama automorphism for E; on A.

Let ¢ : B — B be the Nakayama automorphism for Ey, on B. Let §: B - B
be the Nakayama automorphism for F = En o Epy, © My — M, a Frobenius
homomorphism by Proposition 2.1.

Proposition 3.9. We have ¢gg = § = ¢|B, g4 = ¢|a and commutativity of the
diagram in Figure 1.

Proof. We have for each b€ B, ce C:
F(cb) = F(q(b)e) = F(q(b)c)
whence by faithfulness ¢|p = §. Then ¢ sends B onto itself, so
B, (qB(b2)b1) = Ep, (b1bz) = F(b1b2) = F(q(b2)b1) = Enr, (q(b2)b1)

for each by, by € B, whence g = ¢|B.
As for g4, we note that

F(q(a)c) = F(ca) = F(Ep, (c)a) = F(qa(a)Enr, (¢)) = F(ga(a)c)

for every a € A,c € C, whence ¢ = g4 on A.
Commutativity of Figure 1 follows from the computation applying Equation 11:

F(¢(BEwm, (c))c') = F(c'Ewm, (c)) = F(Em, (c')e) = F(q(c)Enm, (') = F(Ew, (a(c))c'),
for all ¢,c¢’ € C. |

We now compute the conditional expectation of C' onto B, a lemma we will need
in Section 3.

Lemma 3.10. The map Ep : C — B defined by Eg(c) = }°; F(cu;)v; for all
¢ € C is a conditional expectation.
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Proof. We first note that Ep is the identity on B, since Ep, (bu;) € k11, whence
Ep(b) = >2; Em(11)En, (buj)vj = b. Since Ep(En, (cuj)) € k1 for all ¢ € C, we
have for each b, b’ € B:
Eg(beid)) = ZF(belb'uj)vj = ZEM(elEM1 (b'ujgt (b))v;
J J
A" By, (bb'uj)v; = Mbb'

J

It follows from Proposition 3.6 that Ep is a B-B-bimodule homomorphism (it
corresponds to Ap : B ® B — B under the isomorphism b ® b’ — be1b’ of B® B
with C).

That Ep is a Frobenius homomorphism follows from [GHJ, Lemma 2.6.1], if we
show it is one-sided faithful, e.g., Eg(Cc) = 0 implies ¢ = 0. But this follows from
F being faithful and orthogonality of the dual bases {u;} and {v;}. O

The corresponding conditional expectation E4 : C' — A is easily seen to be Ejpy,
restricted to C. We next record several Markov-like properties of F': C' — k.

Corollary 3.11. The linear functional F' satisfies the following properties with
respect to Ey, and Ep:

(11) F(aEw,(c)) = F(ac), F(Ep, (c)a) = F(ca),
F(bEp(c)) = F(be),  F(Ep(c)b) = F(ch),
forall a € A,b € B,c € C. In particular, we have the following Markov relations:
F(aesz) = F(e2a) = \F(a), F(bey) = F(e1b) = A\F(b).
Proof. According to the definitions of F' and Ep, we have F o Ey, = FoEgp = F

and also Eyr, (e2) = A, Eg(e1) = A, whence the result. O
The Pimsner-Popa identities. We note that:

A leiEy(eiz) = eix Vo € M,

AN lesEny (e2y) = esy Vy € M.

Proof. Let x = ), m; ®mj where m;,m; € M;. Then e;x = e3 ), Epr(m;)mj, and
Eu, (e2x) = XY, Enpr(mg)mj from which one of the equations follows. The other
equation is similarly shown, as are the opposite Pimsner-Popa identities.

Corollary 3.12. e; € Z(A), ex € Z(B), and we have g(e1) = e1, g(e2) = es.

Proof. From Equation 9

€1a4 = ejae; = aeq,
for all @ € A. It is clear from Equation 3 that a Nakayama automorphism fixes
elements in the center of a Frobenius algebra. The assertions about e; are shown
similarly. |

When Hopf-Galois extensions are strongly separable. We recall a few facts
about Hopf-Galois extensions [M]. If H is a finite dimensional Hopf k-algebra
with counit € and comultiplication A(h) = h() ® h(z), then its dual H* is a Hopf
algebra as well (and H** = H). Thus we have the following dual notions of algebra
extension: M /N is a right H*-comodule algebra extension with coaction M —
M ® H, denoted by p(a) = aq) ® aq1), and N = {b € M|p(b) = b® 1} if and
only if M/N is a left H-module algebra extension with action of H on M given by
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Moy M & MeH*
\ 1=
EndMy <+ M#H

F1GURE 2. Commutative diagram where the left vertical mapping
is given by m @ m' —= A, EA,y and the right vertical mapping is
the isomorphism id ® 6.

hv>a = ag)(ap), h) and N = {b € M|Vh € H, h>b = g(h)b}. Conversely, given
an action of H on M and dual bases {u;}, {p;} for H and H*, a coaction is given
by

(12) pla) = Z(u] >a)® pj.
J

Recall on the one hand that M/N is an H*-Galois extension if it is a right
H*-comodule algebra such that the Galois map : M @y M — M ® H* given by
a®a aa(o) ® a’(l) is bijective.

Recall on the other hand that given a left H-module algebra M, there is the
smash product M#H with subalgebras M = M#1, H = 1#H and commutation
relation ha = (h()>a)hy) for alla € M,h € H. If N again denotes the subalgebra
of invariants, then there is a natural algebra homomorphism of the smash product
into the right endomorphism ring, ¥ : M#H — End(My) given by m#h —
m(h>-). We will use the following basic proposition in Section 5 (and prove part
of the forward implication below):

Proposition 3.13 ([KT, U]). An H-module algebra extension M /N is H*-Galois

if and only if M#H = End(My) via ¥, and My is a finitely generated projective
module.

The following theorem is a converse to our main theorem in 5.5. Let H be a
finite dimensional, semisimple and cosemisimple Hopf algebra.

Theorem 3.14 (Cf. [K2], 3.2). Suppose M is a k-algebra and left H-module al-
gebra with subalgebra of invariants N. If M/N is an irreducible right H*-Galois
extension, then M /N is a strongly separable, irreducible extension of depth 2 with
End(My) = M#H.

Proof. Since H is finite dimensional (co)semisimple, H is (co)unimodular and there
are integrals f € [, and ¢t € [, such that f(t) = f(S(t)) = 1k, e(t) = 1 and
f(1) # 0. Moreover, g — (t — g) gives a Frobenius isomorphism 6 : H* = H,
where t ~— f = f(t(1))t2) = 1, since f integral in H* means z +~ f = f(z)1lg for
every z € H.

IfB: Mex M — M ® H* is the Galois isomorphism, given by m @ m' —

mm'(o) ®m’(1), then ¢ = (idp ® ) o 3 is the isomorphism M @ y M = M+#H given
by
mem' = mmg ® (t —miy)) = m{m,ta))myg) te)

= m(t(l) -m') ® ti2) = mtm'.
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Now define E : M — N by E(m) = t-m, where t-m € N since h- (t-m) =
(ht) - m = e(h)t - m. Note that E is an N-N-bimodule map and E(1) =&(¢)1 = 1.

Denote 7' (1® f) =Y, 2;®y; € M ®n M. Since (id®6)(1® f) = 1#1, which
is sent by ¥ to idy, it follows that >, 2;(Ey;) = idy (cf. Figure 2).3

The homomorphism ¥ : M#H — End(My) (given by m#h — (m' — m(h -
m'))) is now readily checked to have inverse mapping given by g — >, g(=;)ty;
[KT].

By counitarity of the H*-comodule M, then y: M ® vy M — M factors through
B and the map M ® H* -+ M given by m® g — mg(1). Then ) . x;y; = f(1g)1lm,
whence the k-index [M : N]g is A" = f(1g).

It is not hard to compute that Carpr(N) = Cp(IN)#H which is H since M/N
is irreducible. Since M# H is free over M with basis in H, we see that the first half
of the depth 2 condition is satisfied.

The second half of depth 2 follows from noting that M#H is a right H-Galois
extension of M. For the coaction M#H — (M#H) ® H is given by

(13) m#th = mth) ® hg)-

One may compute the inverse of the Galois map to be given by S~ (m#h ® h') =
th(h’(l)) ® h’(z). Then My = M#H#H* and the rest of the proof proceeds as in
the previous paragraph. [l

The proof shows that an H-Galois extension M /N has an endomorphism ring
theorem: £/M is an H*-Galois extension. A converse to the endomorphism ring
theorem depends on £/M being H*-cleft, as discussed in Section 6.

4. HOPF ALGEBRA STRUCTURES ON CENTRALIZERS

In this section, we define and study an important non-degenerate pairing of A
and B given by Equation 14. This transfers the algebra structure of A onto a
coalgebra structure of B, and conversely. The rest of the section is devoted to
showing that B is a Hopf algebra with an antipode S satisfying S? = id. The key
step in this section and the next is Proposition 4.6.

A duality form. As in Section 2, we let N C M C M; C M5 C --- be the Jones
tower constructed from a strongly separable irreducible extension N C M of depth
2, F = Ej o E)p, denote the functional on C defined in Proposition 3.8, e; €
M, es € Ms be the first two Jones idempotents of the tower, and A1 = [M : N]
be the index.

Proposition 4.1. The bilinear form
(14) {a, b) = A2 F(aeqe1b), a€ A, be B,
is non-degenerate on A ® B.
3FE is in fact an Frobenius homomorphism with dual bases {z;}, {y;}, the other equation,
> (xiE)y; = idpy, following readily from a computation using 8 = n o 8, where §' is the

“opposite” Galois mapping given by 8'(m ® m’) = m(gym’ ® m(;y and 7 is an automorphism of
M ® H* given by n(m ® g) = mg) ® m1)S(g) [KT].
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Proof. If (a, B) = 0 for some a € A, then we have F(aezeic) = 0 for all ¢ € C,
since e; B = e;C by Lemma, 3.5. Taking ¢ = e2q~!(a’) (a’ € A) and using the braid-
like relations between Jones idempotents and Markov property (Corollary 3.11) of
F we have

F(d'a) = A" F(d'aes) = A\ F(aeaqg™ (a')) = A2 F(aezeq(e2q (') = 0

for all o’ € A, therefore a = 0 (by Proposition 3.2).
Similarly, if ( A, b) = 0 for some b, then F(cese1b) = 0 for all ¢ € C, which for
c=¢q(b')ey (b' € B) gives

F(bb') = A" F(e1bt’) = A" F(q(b')erb) = A\2F((q(b')e1)eze1b) = 0
for all ¥ € B, therefore b = 0. O

Observe that since k is a field the Proposition above shows that the map b —
Enr, (eaeqd) is a linear isomorphism between B and A. Indeed, Ear (eze1d) = 0
implies that for all a € A one has

F(aeze1b) = F(aEp, (eae1h)) =0,

whence b = 0 by nondegeneracy.

A coalgebra structure. Using the above duality form we introduce a coalgebra
structure on B.

Definition 4.2. The algebra B has a comultiplication A : B - B® B, b —
b(l) ® b(z) defined by

(15) (a, b(l) )(a', b(2) > = (aa', b)

for all a,a’ € A, b € B, and counit ¢ : B — k given by (Vb € B)
(16) e(b) = (1, b).

Proposition 4.3. For all b,c € B we have :

(17) e(b) = A1 F (bey),

(18) A(l)=1®1,

(19) e(bb') = e(b)e(b').

Proof. We use the Pimsner-Popa identities together with Corollaries 3.11 and 3.12
to compute

e() = A ?F(eserb) = A" 2F(e1bey) = A1 F(bey),
(a,1)(a',1) = A "*F(aese;)F(d'eze;)
= X 2F(ae))F(a'e;) = A\ 2F(aEp(a'er)er)
= X !'F(ad'e;) = (ad', 1),
e(Med) = X 2F(bes)F(bes) = A\"2F(bEyy, (V'es)es)

= A LF(bbes) = e(bb),

for all a,a’ € A, b,b' € B (note that the restriction of Ep|a = F and Epy, |p = F,
identifying k and k1). O
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The antipode of B. Recall that the map b — E), (e2e1b) is a linear isomorphism
between B and A. But considering the Jones tower N°? C M C M/ Cc MJ*
of the opposite algebras, we conclude that the map b — Ejy, (beres) is a linear
isomorphism as well. This lets us define a linear map S : B — B, called the
antipode, as follows.

Definition 4.4. For every b € B define S(b) € B to be the unique element such
that

F(q(b)eresa) = F(aeze15(b)), foralla € A,
or, equivalently,

.EM1 (b€1€2) = .EM1 (62615([))).
Remark 4.5. Note that S is bijective and that the above condition implies
(20) E)y, (bres) = Epy, (e22S(b)), for all xz € M;.
Indeed, B commutes with M and any x € M; can be written as z = ), m;ein;
with m;,n; € M, so that
Ep, (bxes) = X miEpy, (beres)n; = X;miEy, (e2e1.5(b))n; = Epr, (e22S(D)).

A and B are Hopf algebras. To prove that B is Hopf algebra, it remains to
show that A is a homomorphism and that S satisfies the antipode axioms. The

next proposition is also the key ingredient for an action of B on M; which makes
M5 a smash product.

Proposition 4.6. For all b € B and y € M; we have
yb = )flb(g)EMl (egyb(l)).
Proof. First, let us show that the above equality holds true in the special case
y = e1. Let Ep be the conditional expectation from C to B given by Eg(c) =
%; F(cu;)v; as in Proposition 3.10.
We claim that for any ¢ € C' we have ¢ = 0 if (a, Eg(ca’)) =0 for all a,a’ € A.
For since C = BA, let ¢ =}, b;a; with a; € A and b; € B, then

(a, Bn(ea)) = " (a, b:Fp(aia)) = 3 (a, b)) Flaia),
i i
and the latter expression is equal to 0 for all a,a’ € A only if for each i either a; = 0
or b, =0.
Observe that ¢ restricted to A coincides with the Nakayama automorphism g4 :
A — A of the Frobenius extension M; /N since

F(g(a)e) = F(ca) = F(Ewm, (c)a) = E o Em(qa(a) Em, (c)) = F(ga(a)c),

therefore, using the Pimsner-Popa identity for C' = Be; B, we establish the propo-
sition for y = es:

(a, Eg(eiba’)) = X 2F(aese; Ep(eiba’))
= X 1F(aeseiba’) = \(q(a')a, b),
(a, /\_IZJ(Q)EB(EJM1 (6261b(1))a') ) = /\_l(a, b(2) )F(egelb(l)a')
!

= XNa, b ){g(a’), bay) = Mq(a')a, b),
since Egla = F.
Next, arguing as in Remark 4.5 we write y = ¥; m;e1n; with m;,n; € M, whence

yb = 3¥; m;e bn; = )\_IEi mib(g)EMl (62611)(1))71,' = b(z)EMl (erb(l)). o
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Corollary 4.7. For all b € B and z,y € M; we have:
E, (e2zyb) = X1 Epy, (e22b(2)) Enry (e29b(1))-

Proof. The result follows from multiplying the identity from Proposition 4.6 by esz
on the left and taking Eys, from both sides. O

Although the antipode axiom (cf. Prop. 4.12) implies that S is a coalgebra anti-
homomorphism, we will have to establish these two properties of S in the reverse
order, as stepping stones to Propositions 4.11 and 4.12.

Lemma 4.8. S is a coalgebra anti-automorphism.

Proof. For all a,a’ € A and b € B we have by Corollary 4.7 :
(ad', S(b)) = A 2F(q(b)eiesaa’) = A"3F(eresEn, (e2aa'b))
= )\_4F(€1€2EM1(egab(z))EMl(egalb(l)))
6F(eieaE, (e2ab(s)))F (e1e2Ens, (e2a'b(1y))
4F(elegab(2))F(elega'b(l))
~*F(q(b2))ere2a) F(q(bay)ereza’)
= (a,S(b) ) a',S(bu)) )
where we use the definition of S, the Pimsner-Popa identity, and Corollary 3.11.
Thus, A(S(b)) = S(b(2)) ® S(bq))- O
Corollary 4.9. For all b € B and z,y € M; we have :
Ep, (bzyes) = A Eny, (bayzes) Enr, (b(ayyes)

Proof. We obtain this formula by replacing b with S(b) in Corollary 4.7 and using
Equation 20 as well as Lemma, 4.8. O

> > >

Proposition 4.10. S? = ¢|3'.
Proof. The statement follows from the direct computation :
F(aeze1q (b)) = M 'F(Ey, (baey)eser)

= M 'F(Eu, (e2aS(b))eser)
= A 'F(esEn (e2aS(D))er)
= F(e2aS(b)e1) = F(aEn, (S(b)eres))
= F(aee;5%(b)),

for all a € A and b € B, using Remark 4.5 and Corollary 3.12. O

Proposition 4.11. A is an algebra homomorphism.

Proof. Note that g|p is a coalgebra automorphism by Proposition 4.10.
By Corollary 4.9 we have, for all a,a’ € A and b,b' € B :

(aa', bb') = (A En, (q(b)ad'es), b)
= <)‘72EM1 (q(bl)(l)ae2)EM1 (q(b')(z)a'ez), b)
(A Bary (a0 Jaea). by J{ A~ B, (0t )a'e2), biay)
= {a, buybyy (@', bz)bis) ),
whence A(bb') = A(D)A(D). O
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Proposition 4.12. For all b € B we have S(b(1))b2) = (b)1 = b1)S(b(2))-
Proof. Using Corollary 4.9 and the definition of the antipode we have

(a, S(baybay) = A {En(a(be))aes), S(bay))
= A ?F(q(by)ereaE, (q(b2))aes))
AT F (B, (9(by)erea) B, (q(b(2))aes))
= A 2F(q(b)eraes) = A"2F(eraezb)
= M\ 2F(eia)F(bes) = (a, 1e(b) ),
VYa € A, b € B. The second identity follows similarly from Corollary 4.7 and the
corollary g o S = S~ from Proposition 4.10:
(a,b1)S(b2))) = A (Em, (a(S(bz))aes), b))
= AT°F(Em, (¢(S(bz)))aes)ezerb))
/\_3F(EM1 (S_l(b@))aez)ezelb(l))
= )\_3F(EM1 (eQab(2))EMl (egelb(l)))
= X 2F(esaeib) = A ?F(aeibes) = (a, 1e(b) ),
i.e., S satisfies the antipode properties. O

Theorem 4.13. A and B are semisimple Hopf algebras.

Proof. Follows from Propositions 4.3, 4.11, 4.12, and 3.2. Note that semisimplicity
and separability are notions that coincide for finite dimensional Hopf algebras [M].
The non-degenerate duality form of Proposition 4.1 makes A the Hopf algebra dual
to B. O

Corollary 4.14. The antipodes of A and B satisfy S? = id, F is a trace, and A,
B are Kanzaki strongly separable.

Proof. Etingof and Gelaki proved that a semisimple and cosemisimple Hopf algebra,
is involutive [EG]. It follows from Proposition 4.10 that ¢g = idp. But we compute:

(a, ' (b)) = A ?F(baezer) = A *F(q(a)eze1d) = (q(a), b)

for all a € A, b € B, from which it follows that S% = g4 =id. Since C = BA, we
have ¢ = idc. Whence F', Ey; and Ejy, are traces on C, A and B, respectively.

It follows from Proposition 3.2 that {\"1Ey, |5, \u;, v;} is a separable base for
B; similarly, {A\"'Eps|a, Az;,w;} is a separable base for A, whence A and B are
strongly separable algebras. |

Remark 4.15. Note that es is a (2-sided) integral in B, since {a, e2b) = {a, ez )e(b) =
(a,bey) by the Pimsner-Popa identity. Similarly, e; is an integral in A.

5. ACTION OF B ON M; AND M, AS A SMASH PRODUCT

In this section we define the Ocneanu-Szymarniski action of B on M;, which makes
M; a B-module algebra (cf. Equation 21). We then describe M as its subalgebra
of invariants and M, as the smash product algebra of B and M;. As a corollary,
we note that My /M and M,/M; are respectively A- and B-Galois extensions.
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Proposition 5.1. The map>: B® My — M :
(21) bz = AL Eyy, (bres)
defines a left B-module algebra action on M, called the Ocneanu-Szymariski action.

Proof. The above map defines a left B-module structure on Mj, since 1>z =
A1Ey, (zes) = z and

b (c>x) = A 2Ep, (bEar, (czez)es) = AP Eyy, (bezes) = (be) > .
Next, Corollary 4.9 implies that b > zy = (b > 2)(by > y). Finally, b1 =
)\71EM1 (beg) = /\71F(b62)1 = E(b)l. O
We note that an application of Proposition 4.6 provides another formula for the
action of B on Mj:
(22) bra = byzS(be)).
Proposition 5.2. M = M, i.e., M is the subalgebra of invariants of Mj.

Proof. If x € M; is such that b>x = e(b)z for all b € B, then Ejy, (bres) = Ae(b)x.
Letting b = e» we obtain Eps(x) = A1 Eypy, (eawes) = e(ez)x = z, therefore z € M.
Conversely, if x € M, then x commutes with e and

bz = A" Ep, (beaw) = X' Epy, (beo)z = e(b)z,
therefore M = M. O

Note from the proof that e2 > x = Ep(z), i.e., the conditional expectation Eps
is action on M; by the integral e, in B.

Theorem 5.3. The map 6 : x#b — xb defines an algebra isomorphism between
the smash product algebra Mi#B and Ms.

Proof. The bijectivity of 8 follows from Lemma, 3.3.
To see that @ is a homomorphism it suffices to note that by = (b(1) > y)b(2) for
all b € B and y € M;. Indeed, using Equation 22

(bay>y)be) = bayyS(bea))bes)
bayye(bz) =by. O
From this and Lemma 3.4, we conclude that:
Corollary 5.4. C =2 A#B.
Corollary 5.5. My /M is an A-Galois extension. Ms/M; is a B-Galois extension.

Proof. Dual to the left B-module algebra M; defined above is a right A-comodule
algebra M; with the same subalgebra of coinvariants M, since B* = A. By The-
orem 5.3 and the endomorphism ring theorem, M;#B =S M S End}, (M) is
given by the natural map z#b — x(b> -) since if b = Y, a;eqa; for a;,a} € A, then
for all y € My,

z(boy) = A1 Z za; By, (e2ajyes) = Z a;Ep(aly).
i i
By Proposition 3.13 then, M; is a right A-Galois extension of M.

It follows from the endomorphism ring theorem for Hopf-Galois extensions (cf.
end of Section 3) that Ms/M; is B-Galois. O
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Since M, is a smash product of M; and B, thus a B-comodule algebra, it has a
left A-module algebra action given by applying Equation 13:

av (mb) = (a,be) ymb1),

for every a € A,m € M;,b € B.* We remark that M; /M and M, /M, are faithfully
flat (indeed free) Hopf-Galois extensions with normal basis property [M][chap. 8].

6. ACTION OF A ON M AND M; AS A SMASH PRODUCT

In this section, we note that M; /M is an A-cleft A-extension (Proposition 6.1). It
follows from a theorem in the Hopf algebra literature that M is a crossed product of
M and A. The cocycle o determining the algebra structure of M#, A is in this case
trivial. Whence M; =2 M#A and M/N is a left B-Galois extension (Theorem 6.3).
We end the section with a proof of Theorem 1.3 and a proposal for further study.

From the Ocneanu-Szymariski action given in Equation 21, we note that B> A =
A. The next proposition shows, based on Corollary 4.14, that the action of B
on A yields a coaction A - A ® A (when dualized) which is identical with the
comultiplication on A. Recall that an extension of k-algebras N' C M’ is called
an A-extension if A is a Hopf algebra co-acting on M’ such that M’ is a right A-
comodule algebra with N’ = M'“°4 [M]: e.g. M;/M is an A-extension by duality
since A is finite dimensional. An A-extension M'/N' is A-cleft if there is a right
A-comodule map v : A — M’ which is invertible with respect to the convolution
product on Hom(A4, M) [M, DT].

Proposition 6.1. The natural inclusion ¢ : A < M; is a total integral such that
the A-extension M;/M is A-cleft.

Proof. Since (1) = 1, we show that . is a total integral by showing it is a right
A-comodule morphism [DT]. Denoting the coaction M; — M; ® A (which is the
dual of Action 21) by w — w(g) ®w(1), we have wgy(w(1),b) = b>w for every b € B.
Since each a(g) € A by Equation 12, it suffices to check that a( ) ®aq) = a1y ®a():
(a@y,b)(a@),b) = (a,bb')= A"2F(aeze, bb')
A3 F(En, (V'aes)eserd) = (A Eyy, (Vaes),b)
= (aq),b){aw),b").
Finally, we note that ¢ has convolution inverse in Hom(A, M;) given by ¢ o S where
S : A — A denotes the antipode on A. O

We recall the following theorem from the literature (see also [M][Prop. 7.2.3] and
[BCM)):

Proposition 6.2. [DT] Suppose M'/N' is an A-extension, which is A-cleft by a
total integral v : A — M’. Then there is a crossed product action of A on N’ given
by

(23) a-n=y(am)ny " (ae)

4 Alternatively, the depth 2 condition is satisfied by Mj;/M due to Theorem 3.14, and
Cry (M) = A via a +— d where F(aeze1d) = En, Epn,(besead) for all b € B; whence we
may repeat the arguments in Sections 3 — 5 to define an A-module algebra action on Ma,
abmy = )\*IEM2 (dm2es), where M3, Ejr, and e3 are of course the basic construction of Ma/Mi.
This is the same action of A on M> by repeating Proposition 6.1.
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for alla € A,n € N’', and a cocycle 0 : AQ A — N' given by

(24) o(a,a') = 7(0(1))7(6121))’771(a(2)al(2))
for all a,a’ € A, such that M’ is isomorphic as algebras to a crossed product of A
with N’ and cocycle o:
M' =2 N'#,A
given by n#a — nvy(a).

Applied to our A-extension M; /M, we conclude:
Theorem 6.3. M, is isomorphic to the smash product M#A via m#a — ma.
Proof. The cocycle o associated to ¢ : A — M is trivial, since
a(a,a') = apyaqyS(a@)ap)) = e(a)e(a’)ls.
It follows from Equation 23 and [M][Lemma 7.1.2]) that M is an A-module algebra
with action A ® M — M given by
(25) avm = aqymS(a()).

It follows from Proposition 6.2 and triviality of the crossed product that M; is a
smash product of M and A as claimed. O

Lemma 6.4. The fized point algebra is M4 = N.

Proof. That N C M4 follows from the definition of A and its Hopf algebra struc-
ture. Conversely, suppose that m € M is such that abm = e(a)m for all a € A. In
a computation similar to that of [Som][p. 6], we note that am = ma in M; for any
a€ A:

am = aymS(ae))as) = (an) > m)a) = ma.

Letting a = e;, we see that m commutes with e, so that E(m)e; = e;me; = eym.
Applying E)ps to this, we arrive at m = E(m) € N. O

Theorem 6.5. M/N is a B-Galois extension.

Proof. This follows from Theorem 6.3 and Proposition 3.13, if we prove that ¥ :
M+#A — End(My) given by
m#a — (z — m(a>x))

is an isomorphism.

Towards this end, we claim that e; >z = E(x) for every € M. Let G =e1 > -.
A few short calculations using Lemma 6.4 show that G € Homy_n(M, N) such
that G|y = idy, since

ae; = A Eyr(aer)er = A2 F(aezer)er = ca(a)er
and
ealer) = A2F(ereqe;) = 1.

Since E freely generates Hompy (M, N) (as a Frobenius homomorphism), there is
d € Cp(N) = k1 such that G = Ed, whence E = G as claimed.

Then ¥((m#ter)(m'#14)) = A ENy for all m,m' € M is surjective. An inverse
mapping may be defined by f — >.(f(xi)#e1)(yi#14) for each f € End(Mn),
where {z;}, {y;} are dual bases for E as in Section 2. O

We are now in a position to note the proof of Theorem 1.3.
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Theorem 6.6 (= Theorem 1.3). If M/N is an irreducible extension of depth 2,
then M /N is strongly separable if and only if M/N is an H-Galois extension,
where H is a semisimple, cosemisimple Hopf algebra.

Proof. The forward implication follows from Theorem 6.5. The reverse implication
follows from Theorem 3.14. O

We propose the following two problems related to this paper:

1. Are conditions 1 and 2 in the depth 2 conditions independent?
2. What is a suitable definition of normality for M/N extending the notion of
normal field extensions?®
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