Rolling Factors Deformations
and Extensions of Canonical Curves

Jan Stevens

An easy dimension count shows that not all canonical curves are hyperplane sec-
tions of K3 surfaces. A surface with a given curve as hyperplane section is called an
extension of the curve. With this terminology, the general canonical curve has only triv-
ial extensions, obtained by taking a cone over the curve. In this paper we concentrate
on extensions of tetragonal curves.

The extension problem is related to deformation theory for cones. This is best seen
in terms of equations. Suppose we have coordinates (zg:---: zy, : t) on P*"*1 with the
special hyperplane section given by ¢ = 0. We describe an extension W of a variety
V: fij(z;) = 0 by a system of equations Fj(z;,t) = 0 with Fj(z;,0) = f;(z;). We write
Fi(wi,t) = fi(zs) + tfj(ws) +--- + a;t%, where d; is the degree of F;. Considering
(7o, ...,Tn,t) as affine coordinates on C**! x C we can read the equations in a different
way. The equations f;(x;) = 0 define the affine cone C'(V') over V' and Fj(z;,t) = 0
describes a 1-parameter deformation of C'(V). The corresponding infinitesimal defor-
mation is fj(z;) — fj(;), which is a deformation of weight —1. Conversely, given a
1-parameter deformation Fj(z;,t) = 0 of C'(V), with F; homogeneous of degree d;, we
get an extension W of V. For most of the cones considered here the only infinitesimal
deformations of negative weight have weight —1 and in that case the versal deformation
in negative weight gives a good description of all possible extensions.

As the number of equations typically is much larger than the codimension one needs
good ways to describe them. A prime example is a determinantal scheme X: its ideal
is generated by the ¢ x ¢t minors of an r X s matrix, which gives a compact description
of the equations. Following Miles Reid we call this a format. Canonical curves are not
themselves determinantal, but they do lie on scrolls: a k-gonal curve lies on a (k — 1)-
dimensional scroll, which is given by the minors of a 2 x (¢9—k+1) matrix. For k = 3 the
curve is a divisor on the scroll, given by one bihomogenous equation, and for k = 4 it
is a complete intersection, given by two bihomogeneous equations. In these cases there
is a simple procedure (‘rolling factors’) to write out one resp. two sets of equations on
P9~1 cutting out the curve on the scroll.

Powerful methods exist to compute infinitesimal deformations without using ex-
plicit equations. We used them for the extension problem for hyperelliptic curves of
high degree [Stevens 1996] and trigonal canonical curves [Drewes—Stevens 1996]. In
these papers also several direct computations with the equations occur. They seem un-
avoidable for tetragonal curves, the subject of a preprint by James N. Brawner [Brawner
1996]. The results of these computations do not depend on the particular way of choos-
ing the equations cutting out the curve on the scroll. This observation was the starting
point of this paper.

We distinguish between different types of deformations and extensions. If only the
equations on the scroll are deformed, but not the scroll itself we speak of pure rolling
factors deformations. A typical extension lies then on the projective cone over the
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scroll. Such a cone is a special case of a scroll of one dimension higher. If the extension
lies on a scroll which is not a cone, the equations of the scroll are also deformed. We
have a rolling factors deformation. Finally if the extension does not lie on a scroll
of one dimension higher we are in the situation of a non-scrollar deformation. Non-
scrollar extensions of tetragonal curves occur only in connection with Del Pezzo surfaces.
Not every infinitesimal deformation of a scroll gives rise to a deformation of complete
intersections on it. One needs certain lifting conditions, which are linear equations in
the deformation variables of the scroll. Our first main result describes them, depending
only on the coefficients of the equations on the scroll.

The next problem is to extend the infinitesimal deformations to a versal deforma-
tion. Here we restrict ourselves to the case that all defining equations are quadratic.
Our methods thus do not apply to trigonal curves, but we can handle tetragonal curves.
Rolling factors obstructions arise. Previously we observed that one can write them
down, given explicit equations on P™ [Stevens 1996, Prop. 2.12]. Here we give formulas
depending only on the coefficients of the equations on the scroll. As first application we
study base spaces for hyperelliptic cones. The equations have enough structure so that
explicit solutions can be given.

Surfaces with canonical hyperplane sections are a classical subject. References to
the older literature can be found in Epema’s thesis [Epema 1983], which is especially
relevant for our purposes. His results say that apart from K3 surfaces only rational sur-
faces or birationally ruled surfaces can occur. Furthermore he describes a construction
of such surfaces. Extensions of pure rolling factors type of tetragonal curves fit very well
in this description. A general rolling factors extension is a complete intersection on a
nonsingular four-dimensional scroll. The classification of such surfaces [Brawner 1997],
which we recall below, shows that surfaces with isolated singularities and in particular
K3s can only occur if the degrees of the equations on the scroll differ at most by 4.
A tetragonal curve of high genus with general discrete invariants has no pure rolling
factors deformations. Extensions exist if the base equations have a solution. For low
genus we have more variables than equations. For the maximal genus where almost all
curves have a K3 extension we find:

Proposition. The general tetragonal curve of genus 15 is hyperplane section of 256
different K3 surfaces.

We also look at examples with genus 16 and 17. It is unclear to us which property
of a curve makes it have an extension (apart from the property of being a hyperplane
section).

The contents of this paper is as follows. First we describe the rolling factors format
and explain in detail the equations and relations for the complete intersection of two di-
visors on a scroll. Next we recall how canonical curves fit into this pattern. In particular
we describe the discrete invariants for tetragonal curves. The same is done for K3 sur-
faces. The second section is devoted to the computation of infinitesimal deformations.
First non-scrollar deformations are treated, followed by rolling factors deformations.
The main result here describes the lifting matrix. As application the dimension of T
is determined for tetragonal cones. In the third section the base equations for complete
intersections of quadrics on scrolls are derived. As examples base spaces for hyperelliptic
cones are studied. The final section describes extensions of tetragonal curves.



1. Rolling factors format.

A subvariety of a determinantal variety can be described by the determinantal equations
and additional equations obtained by ‘rolling factors’ [Reid 1989]. A typical example is
the case of divisors on scrolls.

We start with a k-dimensional rational normal scroll S C P™ (for the theory of
scrolls we refer to [Reid 1997]). The classical construction is to take k complementary
linear subspaces L; spanning P", each containing a parametrised rational normal curve
¢i: P! — C; C L; of degree d; = dim L;, and to take for each p € P! the span of the
points ¢;(p). The degree of Sis d =) d; =n —k+ 1. If all d; > 0 the scroll S is a
P?—1_bundle over Pl. We allow however that d; = 0 for some ¢. Then S is the image of
P?—1_bundle S over P! and S — S is a rational resolution of singularities.

To give a coordinate description, we take homogeneous coordinates (s:t) on P!, and

(2 :---: 2®) on the fibres. Coordinates on P™ are z;-” = 2Ws%i~itd with 0 < j < d;,
1 <i < k. We give the variable z* the weight —d;. The scroll S is given by the minors
of the matrix o o . "
o (%0 - Fa—1 - A e Zge
—\ L gy S5 MO &
1. gL e AL e d,

We now consider a divisor on S in the linear system |a H —bR)|, where the hyperplane
class H and the ruling R generate the Picard group of S. When we speak of degree on S
this will be with respect to H. The divisor can be given by one bihomogeneous equation
P(s,t,z") of degree a in the 2V, and total degree —b. By multiplying P(s,t, z) with a
polynomial of degree b in (s:t) we obtain an equation of degree 0, which can be expressed
as polynomial of degree a in the z;.i); this expression is not unique, but the difference
of two expressions lies in the ideal of the scroll. By the obvious choice, multiplying
with s®~™t™, we obtain b+ 1 equations P,,. In the transition from the equation P,, to
P,,+1 we have to increase by one the sum of the lower indices of the factors z;-i) in each
monomial, and we can and will always achieve this by increasing exactly one index.

This amounts to replacing a z{”, which occurs in the top row of the matrix, by the

element z;ij_l in the bottom row of the same column. This is the procedure of ‘rolling
factors’.

Example 1.1. Consider the cone over 2d — b points in P?, lying on a rational normal
curve of degree d, with b < d. Let the polynomial P(s,t) = ps24=° +pys2d=0=1¢ ... 4
Pag—pt??~? determine the points on the rational curve. We get the determinantal

20 A1 --- Zd—1
Z1 22 ... Zd

and additional equations P,,. To be specific we assume that b = 2¢:

_ 2 2
Po = pozg +p1zoz1 + -+ P2d—2c-12d—c—1Zd—c T P2d—2c%4_
_ 2 2
P = Po2021 T P121 + - + P2d—2c-124_. T P2d—2c%d—cZd—c+1
2 2
Py = pozi+pirzczer1 + -+ DP2d—2c-12d—12d + P2d—2:%g -

The ‘rolling factors’ phenomenon can also occur if the entries of the matrix are
more general.



Example 1.2. Consider a non-singular hyperelliptic curve of genus 5, with a half-
canonical line bundle L = g% + P, + P, where the P; are Weierstrass points. According
to [Reid 1989], Thm. 3, the ring R(C, L) = @ H°(C,nL) is k[x1, T2, y1, Y2, 21, 22 /I with
I given by the determinantal

1 U1 37% 21

Z2 37% Y2 22

and the three rolling factors equations

2 = oth +yi + 23y

2,2 .2 2
2122 = T1T2h + yix] + 25Yy5

2 2 4 3
Z2 :$2h+y1$1+y2
where h is some quartic in z1, x2, Y1, Yo.

The description of the syzygies of a subvariety V' of the scroll S proceeds in two
steps. First one constructs a resolution of (’)‘7 by vector bundles on S which are repeated
extensions of line bundles. Schreyer describes, following Eisenbud, Eagon-Northcott
type complexes C® such that C®(a) is the minimal resolution of i, ((’)g(—aH + bR)) as

Oprn-module, if b > —1 [Schreyer 1986]. Here i: S — P" is the map defined by H. The
resolution of Oy is then obtained by taking an (iterated) mapping cone.

The matrix ® defining the scroll can be obtained intrinsically from the multiplica-
tion map

H°04(R) ® H'Oz(H — R) — H°O4(H) .

In general, given a map ®: F' — G of locally free sheaves of rank f and g respectively,
f > g, on a variety one defines Eagon-Northcott type complexes C°, b > —1, in the
following way:

Cl?:{/\J:F@Sb—jG, for 0<j<b
! /\J+g_1F Q@ Dj_p-1G*@ N G*, forj>b+1

with differential defined by multiplication with ® € F* @ G for j # b+ 1 and A\ ® €
N F*®@ \Y G for j = b+1 in the appropriate term of the exterior, symmetric or divided
power algebra.

In our situation F = Of,(-1) and G =& 0%, with @ given by the matrix of the
scroll. Then C?(—a) is for b > —1 the minimal resolution of O5(—aH+bR) as Op-module
[Schreyer 1986, Cor. 1.2].

Now let V' C S C P™ be a ‘complete intersection’ of divisors Y; ~ a;H —b; R, i =1,
..., 1, on a k-dimensional rational scroll of degree d with b; > 0. The resolution of Oy
as Og-module is a Koszul complex and the iterated mapping cone of complexes C? is
the minimal resolution [Schreyer 1986, Sect. 3, Example].

To make this resolution more explicit we look at the case [ = 2, which is relevant
for tetragonal curves. The iterated mapping cone is

[Cb1+b2 <_a]_ _ a2) - Cbl(_al) @ CbZ (—az):| — CO
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To describe equations and relations we give the first steps of this complex. We first
consider the case that b; > by > 0. We write O for Opn. We get the double complex

O - AN 04 -1) « N 0% -1)® 02

I T

S, 02(—a1) @ Sh, 02(—(12) — Od(—l) ® Sb1_1(92(—a1) D Od(—l) ® 552_102(—0,2)

|

Sb1+b2 02(_a1 - a2)

The equations for V' consist of the determinantal ones plus two sets of additional equa-
tions obtained by rolling factors: the two equations P, P® defining V on the scroll
give rise to by + 1 equations P{) and bs + 1 equations P>.

To describe the relations we introduce the following notation. A column in the

matrix @ has the form (25", 27 ,). We write symbolically (za, za+1), Where the index

(i

J
if a = ;-i) and o = ;-i,) then the sum a + o' := j + j' only involves the lower indices.
To access the upper index we say that « is of type 7. The rolling factors assumption is
that two consecutive additional equations are of the form

Pm - Zpa,mzaa
a

Pm+1 = Zpa,mza+1-

«

a stands for the pair ¢ and o + 1 means adding 1 to the lower index. More generally,

where the polynomials p, ,, depend on the z-variables and the sum runs over all possible
pairs a = ;f’. To roll from P,, 1 to P, 412 we collect the ‘coefficients’ in the equation
Pp,+1 in a different way: we also have Py,11 =) Pa,m+1%a-

We write the scrollar equations as fog = 2023+1 — Za+123- The relations between
them are

Ropy = fap%a — faqy2s + far%as
Sa.py = fa,pZa+1 — fanzs+1 + [Br%at1;

which corresponds to the term A ©%4(—1) ® O? in Schreyer’s resolution. The second
line yields relations involving the two sets of P{™ :

Ry = P12 — P zpi1 — Y f3,0P5m:
(07
where n = 1,2 and 0 < m < b;. We note the following relation:

B ity = B 2 = 3 B o obliom = Pt fo = foa P

The right hand side is a Koszul relation; the second factor in each product is considered
as coefficient. There are similar expressions involving zy41, 2341 and Sg 4 . Finally
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by multiplication with suitable powers of s and ¢ the Koszul relation P P® — p® p®
gives rise to by + by + 1 relations — this is the term Sy, 13, O?(—a1 — as).

In case by > by = 0 the resolution is

O — AN 0% -1) « A 04-1)® 02

T T

Sy, O2(—a1) ® O2(—az) +— OH=1)® Sp,_10%(—a1) ® N> O%4(—1 — ay)

|

Sbl 02(—0,1 — U,g)

The new term expresses the Koszul relations between the one equation P® and the de-
terminantal equations (which had previously been expressible in terms of rolling factors
relations). For the computation of deformations these relations may be ignored.

Finally, if by = —1, the equations change drastically.

(1.3) Canonical curves [Schreyer 1986].

A k-gonal canonical curve lies on a (k — 1)-dimensional scroll of degree d = g — k + 1.
We write D for the divisor of the g;. To describe the type S(ey,...,ex—1) of the scroll
we introduce the numbers

fi=h%C,K —iD) - h°(C,K — (i +i)D) = k + h°(iD) — h°((i + 1) D)

for « > 0 and set
e =#{j [ f; =1} -1.

In particular, e; is the minimal number i such that h°((i + 1)D) — h%(iD) = k and it
satisfies therefore e; < %.

A trigonal curve lies on a scroll of type S(e1,e2) and degree d = e; + ey = g — 2
with
29 -2 > > u
3 - - 3
as a divisor of type 3H — (¢ — 4)R. The minimal resolution of O¢ is given by the
mapping cone

>62

€1

Cci=2(=3) — (Y.

Introducing bihomogeneous coordinates (z : y;s : t) and coordinates z; = xs® ',
y; = ys®2~"t* we obtain the scroll

Zo 1 ... Ter—1 Yo Y1 -+ Yes—1
r1T ITgo9 ... Teqy Y1 Y2 ... Yes

and a bihomogeneous equation for C
_ 3 2 2 3
P = Age,—e,+22° + Be, 4227y + Cey122Y” + Daey—ey +2Y

where Age, _e,+2 is a polynomial in (s:¢) of degree 2e; — e + 2 and similarly for the
other coefficients. By rolling factors P gives rise to g — 3 extra equations.
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The inequality e; < % can also be explained from the condition that the curve
C is nonsingular, which implies that the polynomial P is irreducible, and therefore the
degree 2ey — e; + 2 = 29 — 2 — 3e; of the polynomial Djy.,_, +2 is nonnegative. The
other inequality follows from this one because e; = g — e5 — 2, but also by considering

the degree of Age, _c,+2-

A tetragonal curve of genus g > 5 is a complete intersection of divisors Y ~ 2H —
b1R and Z ~ 2H — by R on a scroll of type S(ei, ea, e3) of degree d = e; +ea+e3 = g—3,
with b1 + b2 =d-— 2, and
-1
I—zeazeze>0

We introduce bihomogeneous coordinates (z:y:z;s:t). Then Y is given by an equation
P =P 2%+ Piazy+ -+ P332°

with P;; (if nonzero) a polynomial in (s:¢) of degree e; + e; — by and likewise Z has
equation

Q= Q1,1$2 +Qipxy + -+ 623,322
with deg Q;; = e; +¢e; — ba.

The minimal resolution is of type discussed above, because the condition —1 <
by < by < d—1 is satisfied: the only possibility to have a divisor of type 2H — bR with
b > d is to have e; = e3 = d/2, e3 = 0 and b = d, but then the equation P is of the
form az? + Bzy + yy? with constant coefficients, so reducible. If by = —1 also cubics
are needed to generate the ideal, so the curve admits also a g3 or g2; this happens only
up to g = 6. We exclude these cases and assume that by > 0.

Lemma 1.4. We have b; < 2eq and by < 2e3.

Proof. 1If by > 2ey the polynomials Py, P3 and Ps3 vanish so P is reducible and
therefore C. If by > 2e3 then P33 and Q33 vanish. This means that the section z =y = 0
is a component of Y N Z on the P2-bundle whose image in P91 is the scroll (if e3 > 0
the scroll is nonsingular, but for e3 = 0 it is a cone). As the arithmetic genus of Y N Z
is g and its image has to be the nonsingular curve C' of genus g, the line cannot be a
component. ]

This Lemma is parts 2 — 4 in [Brawner 1997, Prop. 3.1]. Its last part is incorrect.
It states that by < ey + ez if eg3 > 0, and builds upon the fact that Y has only isolated
singularities. However the discussion in [Schreyer 1986] makes clear that this need not
be the case.

The surface Y fibres over P. There are now two cases, first that the general fibre
is a non-singular conic. In this case one of the coefficients P;3, P»3 or P33 is nonzero,
giving indeed b; < e; + es.

The other possibility is that each fibre is a singular conic. Then Y is a birationally
ruled surface over a (hyper)elliptic curve E with a rational curve E of double points,
the canonical image of E, and C does not intersect £E. This means that the section E
of the scroll does not intersect the surface Z, so if one inserts the parametrisation of
E in the equation of Z one obtains a non-zero constant. Let the section be given by
polynomials in (s :t), which if nonzero have degree ds — e1, ds — e3, ds — e3. Inserting
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them in the polynomial ) gives a polynomial of degree 2ds; — bs. So by is even and
2ds = by < 2e3. On the other hand ds — e3 > 0 so ds = e3 and by = 2e3. The genus
of E satisfies po(E) = bo/2 + 1. If by > e + e3, then Y is singular along the section
x =y = 0. An hyperelliptic involution can also occur if b; < e; + e3.

We have shown:
Lemma 1.5. IfY is singular, in particular if by > e; + es, then by = 2es.
Finally we analyse the case by = 0 (cf. [Brawner 1996]).

Lemma 1.6. A nonsingular tetragonal curve is bielliptic or lies on a Del Pezzo surface
if and only if by = 0. The first case occurs for e3 = 0, and the second for the values
(2,0,0), (1,1,0), (2,1,0), (1,1,1), (3,1,0), (2,2,0), (2,1, 1), (3,2,0), (2,2,1), (4,2,0),
(3,2,1) or (2,2,2) of the triple (e, e2,€3).

Proof. If the curve is bielliptic or lies on a Del Pezzo, the g} is not unique, which
implies that the scroll is not unique. This is only possible if bs = 0 by [Schreyer 1986],
p- 127. Then C' is the complete intersection of a quadric and a surface Y of degree g —1,
which is uniquely determined by C.

The inequality e; + es + e3 — 2 = by < 2e5 shows that e3 < ey —e—14+2 <2, If
the general fibre of Y over P! is non-singular we have b; < e; + e3. This gives e; < 2
and b; < 4. The possible values are now easily determined. If the general fibre of Y is
singular then e3 = b2/2 = 0 and Y is an elliptic cone. O

(1.7) K3 surfaces.

Let X be a K3 surface (with at most rational double point singularities) on a scroll. If
the scroll is nonsingular the projection onto P! gives an elliptic fibration on X, whose
general fibre is smooth. This is even true if the scroll is singular: the strict transform
X on S has only isolated singularities.

We start with the case of divisors. A treatment of such scrollar surfaces with an
elliptic fibration can be found in [Reid 1997, 2.11]. One finds:

Lemma 1.8. For the general F' € |3H — kR| on a scroll S(es, ea, e3) the general fibre of
the elliptic fibration is a nonsingular cubic curve if and only if k < 3eq and k < ey + 2es3.

If one fixes k and e; + ey + e3 these conditions limit the possible distribution of
the integers (e1, ez, e3). By the adjunction formula one has k = e; + e2 +e3 — 2 for a
K3 surface. In this case we obtain 12 solutions, which fall into 3 deformation types of
scrolls, according to Y e; (mod 3):

(e+2,e,e—2) > (e+1,e,e—1) = (e,e,e€)

(e+3,e,e—2) > (e+2,e,e—1) > (e+1l,e+1,e—1) = (e+1,e,e)
(e+4,e,e—2) = (e+3,e,e—1) > (e+2,e+1,e—1) > (e+2,e,e) > (e+1,e+1,¢)
The general element of the linear system can only have singularities at the base locus.
The base locus is the section (0:0:1) if and only if ¥ > 3e3 and there is a singularity

at the points (s:¢) where both A¢, y9¢,—r and Ag, 2., vanish. The assumption that
the coefficients are general implies now that deg A¢, 12¢,—x < 0 and deg A¢, y2e¢,—% > 0.
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In the 12 cases above this occurs only for (e + 3,e,e — 1) and (e + 2,e,e — 1). In
the first case the term y2z is also missing, yielding that there is an A,-singularity at
the only zero of A, 2e,—k, Wwhereas the second case gives an A;. The scroll Sei4cc—2
deforms into Se43.e—1, but the general K3-surface on it does not deform to a K3 on
Se+3,e,e—1, but only those with an Aj-singularity. These results hold if all e; > 0; we
leave the modifications in case ez = 0 to the reader.

The tetragonal case is given as exercise in [Reid 1997] and the complete solution
(modulo some minor mistakes) can be found in [Brawner 1997]. We give the results:

Lemma 1.9. For the general complete intersection of divisors of type 2H — b1 R and
2H — by R on a scroll Se, e, es.e, the general fibre of the elliptic fibration is a nonsingular
quartic curve if and only if either

a: by <ep+ez, by <29 and by < 2ey4, or
B: by < ep +eyq, by < 2ey, 2e4 < by < 2e3 and by < e + e4.

Proposition 1.10. The general element is singular at a point of the section (0:0:0:1)
if the invariants satisfy in addition one of the following conditions:

la: by < 2e4, by > €1 + e4.
10i: by < ez +eq, e0+e4 < by <ep+eq.
106ii: by > e3 + eq, and ey + es + 2e4 > by + bs.
There is a singularity with z # 0 if
2ac: by > eg+e3,e1+e3 > by > e+ ey.
200: e1 +e4 > by > es + e3 and
ir if by < 2e4 then 2(e1 + ez + eq) > 2b1 + by
i: if 2e4 < by < e3 + e4 then e; + 2e3 + e4 > by + by
ili: ez +eq < by < 2e3

For K3 surfaces we need by + by = e1 + e3 +e3 +e4 — 2. We give a table listing the
possibilities under this assumption, cf. [Brawner 1997, Table A.1-A 4].

The table lists the possible values for (b, b2) and gives for each pair the invariants
(e1, €2, €3, e4) of the scrolls on which the curve can lie. These form one deformation
type with adjacencies going vertically, except Sei2.¢e.e and Sei1,e41,e+1,e—1 Which do
not deform into each other but are both deformations of S¢13 ¢41,¢,6—1 and both deform
t0 Set1,e+1,e,e- Furthermore we give the number of moduli for each family.

In the table we also list the base locus of |2H — b1 R| (which contains that of
|2H — b2 R|). The base locus is a subscroll, for which we use the following notation [Reid
1997, 2.8]: we denote by B, the subscroll corresponding to the subset of all e; with
e; < a, defined by the equations 2/ = 0 for e; > a. We give the number and type of

the singularities of the general element; the number given in the second half of [Brawner
1997, Table A.2] is not correct.

As example of the computations we look at (e + 3,e,e — 1,e — 2) with (b1, bs) =
(2e,2e — 2). The two equations have the form

P1TW + Paxz + poy” + P3YT + Pex’
G072 + Qoyw + g3zw + 1Yz + Tz + g2y’ + ¢syT + gsT?
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(b1, b9) (e1,e2,e3,€4) # mod. base sings
(2e,2e — 2) (e+3,e+1,e—1,e—3) 17 B. ——
(e+3,e,e—1,e—2) 15 B._ As
(e+2,e+1,e—1,e—2) 16 B._1 Ay

(e+2,e,e,e —2) 16 B._» ——

(e+2,e,e—1,e—1) 15 B._1 244
(e+1,e+1,e—1,e—1) 16 B._1 ——

(e+1,e,e,e—1) 17 B._1 ——

(e,e,e,¢€) 17 0 ——

(2¢ —1,2e — 1) (e+1le+1,e,e—2) 17 Be_s ——
(e+1,e,e,e—1) 17 B._1 ——

(e, e e, e) 18 0 ——

(2e +1,2e — 2) (e+4,e+1l,e—1,e—3) 17 B._4 ——
(6+3,€+1,6—1,6—2) 16 Be—l Al
(e+2,e+1,e—1,e—1) 16 B._1 ——
(e+1,e+1,e,e—1) 17 e ——

(2e,2e — 1) (e+2,e+1,e,e—2) 17 Be_o ——
(e+2,e,e,e—1) 15 B._1 Ay

(e+1,e+1,e,e—1) 17 B._1 ——

(e+1,e,e,¢) 18 0 ——

(2e 4 2,2e — 2) (e+5,e+1l,e—1,e—3) 18 B._4 ——
(6+4,€+1,6—1,6—2) 17 Be—l Al
(e+3,e+1l,e—1,e—1) 17 B._1 ——
(e+2,e+1,e,e—1) 18 B, ——
(e+1,e+1,e+1,e—1) 18 B._1 ——

(2e +1,2e—1) (e+3,e+1,e,e—2) 16 B, ——
(e+2,e+1,e,e—1) 16 B, ——

(e+1,e+1,e,€) 17 B, ——

(2e, 2e) (e+2,e+2ee—2) 17 Be_» ——
(e+2,e+1,e,e—1) 16 B._1 Aq
(e+1,e+1,e+1,e—1) 17 B._1 ——

(e +2,e,e,¢) 15 0 ——

(e+1,e+1,e,€) 17 0 ——

(2e +2,2e — 1) (e+4,e+1,e,e—2) 16 B, Aq
(e+3,e+1,e,e—1) 16 B, Ay

(e+2,e+1,e,€) 17 B, Aq

(e+1,e+1,e+1,e) 17 B, Ay

(2e 4+ 1, 2¢) (e+3,e+2,e,e—2) 17 B, ——
(e+3,e+1,e,e—1) 15 B, A,

(e+2,e+2,e,e—1) 16 B, Aq
(e+2,e+1l,e+1,e—1) 17 B._1 ——

(e+2,e+1,e,€) 16 B, ——

(e+1,e+1,e+1,e) 18 B ——
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where the index denotes the degree in (s:t). We first use coordinate transformations
to simplify these equations. By replacing y, z and w by suitable multiples we may
assume that the three constant polynomials are 1. Now replacing z by z — %qu — %q4x
removes the yz and xz terms. We then replace y by y — g3x to get rid of the zw term.
By changing w we finally achieve the form 22 + yw + ggz®. By a change in (s:t) we
may assume that p; = s. We now look at the affine chart (w = 1,# = 1) and find
y = —z2 — qg?, which we insert in the other equation to get an equation of the form

x(s + paz +---) + 2%, which is an As.

We leave it again to the reader to analyse which further singularities can occur if
€4 = 0.

2. Infinitesimal deformations.

Deformations of cones over complete intersections on scrolls need not preserve the rolling
factors format. We shall study in detail those who do. Many deformations of negative
weight are of this type.

Definition 2.1. A pure rolling factors deformation is a deformation in which the scroll
is undeformed and only the equations on the scroll are perturbed.

This means that the deformation of the additional equations can be written with
the rolling factors. Such deformations are always unobstructed. However this is not the
only type of deformation for which the scroll is not changed. In weight zero one can
have deformations inside the scroll, where the type (b1, ...,b;) changes.

Definition 2.2. A (general) rolling factors deformation is a deformation in which the
scroll is deformed and the additional equations are written in rolling factors with respect
to the deformed scroll.

The equations for the total space of a 1-parameter rolling factors deformation de-
scribe a scroll of one dimension higher, containing a subvariety of the same codimension,
again in rolling factors format. Deformations over higher dimensional base spaces may
be obstructed. Again in weight zero one can have deformations of the scroll, where also
the type (by,...,b;) changes.

Finally there are non-scrollar deformations, where the perturbation of the scrollar
equations does not define a deformation of the scroll. Examples of this phenomenon are
easy to find (but difficult to describe explicitly). A trigonal canonical curve is a divisor
in a scroll, whereas the general canonical curve of the same genus g is not of this type:
the codimension of the trigonal locus in moduli space is g — 4.

Example 2.3. To give an example of a deformation inside a scroll, we let C' be a
tetragonal curve in PY with invariants (2, 2,2; 3,1). Then there is a weight, 0 deformation
to a curve of type (2,2,2;2,2). To be specific, let C be given by P = sz?+ty?+ (s+t)22,
Q = 322 + s3y% + (s — t3)22. We do not deform the scroll, but only the additional
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equations:
g+ ?/02/1 + 25 +e(zf — )
330561 +yi + 2021 + (2122 — T172)
xi + y1y2 + 27 +e(yoyr + zo021)
T1%2 + Y5 + 2122 + e(yi +27)

122 + yo + ZO — 2122
2 2
T3 + Yoy1 + 2021 — 23

For € # 0 we can write the ideal as

z

2129 — T1%2)

3 +yoyr + 25 +e(Z?
1
25 — x3)
2

o1 +y% + 2021 + €
2+ y1ya + 22 +e

Yo + 2(2))
Yoy1 + Z0%1)
yi + 27)

ToZ1+Yi + 2021 + €
T2+ 1y + 22 +e
T1%9 + y% + 2129 + €

N N~~~

We can describe this deformation in the following way. Write () = sQs + tQ);. The two
times three equations above are obtained by rolling factors from sP —eQ; and tP+¢c(Q)s.
We may generalise this example.

Lemma 2.4. Let V be a complete intersection of divisors of type aH —b1 R, aH — by R,
given by equations P, Q. If it is possible to write Q = sQs + t**~%71Q, then the
equations sP — eQy, tP* =%~ 1P + £Q, give a deformation to a complete intersection of
type aH — (by — 1)R, aH — (by + 1)R.

In general one has to combine such a deformation with a deformation of the scroll.
(2.5) Non-scrollar deformations.

Example 2.6. As mentioned before such deformations must exist in weight zero for
trigonal cones. We proceed with the explicit computation of embedded deformations.
We start from the normal bundle exact sequence

0—>N5/C—)Nc—)Ns®00—>0.

As C'is a curve of type 3H—(g—4) R on S we have that C-C = 3¢g+6 and H'(C, Ng/¢) =
0. So we are interested in H°(C, Ns ® O¢), and more particularly in the cokernel of the
map H°(S, Ng) — H°(C,Ns ® O¢), as H°(S, Ng) gives deformations of the scroll.

Proposition 2.7. The cokernel of the map H%(S,Ns) — H°(C,Ns ® O¢) has di-
mension g — 4.

Proof. An element of H°(C, Ns ® O¢) is a function ¢ on the equations of the scroll
such that the generators of the module of relations map to zero in O¢ and it lies in the
image of HY(S, Ng) if the function values can be lifted to Og such that the relations
map to 0 € Og. Therefore we perform our computations in Og.

We have to introduce some more notation. Using the equations described in (1.3)
we have three types of scrollar equations, f; j = Ti%j 11 — Tit1%5, 9ij = Yilj+1 — Yi+1Yj
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and mixed equations h; ; = ;Y41 — Ti+1y;. The scrollar relations come from doubling
a row in the matrix and there are two ways to do this. The equations resulting from
doubling the top row can be divided by s, and the other ones by ¢, so the result is the
same.

A relation involving only equations of type f; ; gives the condition
w5 T (fik) — w5 I T (fir) + 2 T HR(fiy) = 0 € Oc
which may be divided by x. As the image ¢(f; ;) is quadratic in z and y the resulting
left hand side cannot be a multiple of the equation of C, so we have

s W O(fik) — ST T W o(fik) + 57 TR o(fi ) = 0 € Os
and the analogous equation involving only the g; ; equations.
For the mixed equations we get
s o (hyg) — 2 T T o(hy k) + ys© TR R o (fi ) = i jP € Og
with v; ;.1 of degree e; +e2—3 = g—>5 and analogous ones involving g; ; with coeflicients

;.55 These coefficients are not independent, but satisfy a systems of equations coming
from the syzygies between the relations. They can also be verified directly. We obtain

s T T i g — s I T e, g + s TR Ry, o =0 € Og
and
2 T T e — 2 I T W g 4 ys© T Y s — ys T e = 0
The last set of equations shows that serk_ltkwi,j;l = serl_ltlwi,j;k (rolling factors!)
and therefore 9; ;.5 = s%2~*=1tkq), ;. with 1); ;. of degree e; —2. This yields the equations
Sel_z_ltzlpj,k; o 361_3_1tj¢i,k; + Sel_k_ltklpiJ‘; =0

Our next goal is to express all 1; ;, in terms of the v; ;1. (where 0 < i < e; —2). First
we observe by using the last equation for the triples (0,4, 4+ 1) and (4,7 + 1,e; — 1)
that 1; ;11 is divisible by ¢* and by s 772 s0 ; ;+1, = s "~ 2t'c; for some constant
c¢i- By induction it then follows that 1; ;; = 381_1_2#0]-_1 + sel_’_3t’+1cj_2 + -+
s~ 14i=1¢, so the solution of the equations depends on e; — 1 constants. Similarly
one finds e; — 1 constants d; for the 1);.; ; so altogether e; + e3 — 2 = g — 4 constants.

Finally we can solve for the perturbations of the equations. We give the formulas
in the case that all d; and all ¢; but one are zero, say c, = 1. This implies that 1); ;. =0
if v ¢ [i,7) and ¢; j, = s I 1= if o € [i, j); under the last assumption
Vi gk = sITATITITREY IR TR We take ¢(f; ;) = 0 if v ¢ [i, 7). It follows that for
a fixed k the ¢(h; k) with ¢ < « are related by rolling factors, as are the ¢(h; ) with
1 > 7. This reduces the mixed equations with fixed k£ to one, which can be solved for in
a uniform way for all k. To this end we write the equation P as

P = ("7 AT 1 7 A, ey )T+ Y(Bey 1287 + Cey 22y + Daey ey 124°)
which we will abbreviate as (s2¢1=¢2=7T2A+T 4 7T A~ )23 + yE. We set
o(fij) = 0, if v &[4, 7)
o(fig) = s I HTIE ity € i, )
¢(gi5) = 0,
ohig) = —se2 lzkmitrgitk g=g2  if § <
o(hig) = s2atlzizkpith=r=1A+52" jf j > 4
This is well defined, because all exponents of s and ¢ are positive. O
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A similar computation can be used to show that all elements of T (v) with v > 0
can be written rolling factors type. However, even more is true, they can be represented
as pure rolling factors deformations, see [Drewes—Stevens 1996], where a direct argument
is given.

We generalise the above discussion to the case of a complete intersection of divisors
of type aH — b; R (with the same a > 2) on a scroll

(1) (1) (k) (k)
(Zo cee gl g ey e de—1>
(1) ) (k) CEE
Zl c e Zd]_ “ e Zl “ e de

We have equations fijqﬁ ) = zga)zﬁzl — zfi)lzj(-ﬂ ). The lowest degree in which non rolling

factors deformations can occur is a — 3. We get the conditions

20 a1 (FE) ) 0313 F) 420 R () = 3 Pl
l

with the zpfj‘kﬂl”) homogeneous polynomials in (s :¢) of degree b, — 1. The relations
between these polynomials come from the syzygies of the scroll: we add four of these
relations, multiplied with a term linear in the z(®; then the left hand side becomes
zero, leading to a relation (in Og) between the P®. As we are dealing with a complete
intersection, the relations are generated by Koszul relations. Because the coefficients of
the relation obtained are linear in the z(*, they cannot lie in the ideal generated by the
P® (as a > 2), so they vanish and we obtain for each [ equations
(@) gda —i—ltz‘%(_gm _,® sd"_j‘ltjwf,‘f,lfl)

+ Z(A’)Sd'y_k_ltklﬁ(aﬁa) _ Z(a)sdg—m—ltm¢(aﬁ7) =0.

ijmsl ijksl
Here some of the «, ..., 6 may coincide. If e.g. § is different from «, # and <, then
wz(;!,f?) = 0. If there are at least four different indices (e.g. if the scroll is nonsingular

of dimension at least four) then § can always be chosen in this way, so all coeflicients
vanish and every deformation of degree a — 3 is of rolling factors type.

Suppose now the scroll is a cone over a nonsingular 3-dimensional scroll, i.e. we
have three different indices at our disposal. Then every 1/)1(]057) with at most two different
upper indices vanishes, and the ones with three different indices satisfy rolling factors
equations. We conclude that for pairwise different «, (3,

¢1(ka7) — sd—i—j—k—Sti—i-j—Hcd);
with d = d, + dg + d, the degree of the scroll.

Finally, for the cone over a 2-dimensional scroll we get similar computations as in
the trigonal example above.

Proposition 2.8. A tetragonal cone (with g > 5) has non-scrollar deformations of
degree —1 if and only if by = 0. If the canonical curve lies on a Del Pezzo surface then
the dimension is 1. If the curve is bielliptic then the dimension is by = g — 5.

Proof. First suppose e3 > 0. Then the only possibly non zero coefficients are the 1,
which have degree b; +2 —> e;. As by +b2 = > e; — 2 they do not vanish iff by = 0. In

14



this case the computation yields one non rolling factors deformation of the Del Pezzo
surface on which the curve lies.

If e3 = 0, then bo = 0. For a bielliptic curve the methods above yield (e; — 1) +
(e2 — 1) = by = g — 5 non-scrollar deformations (a detailed computation is given in
[Brawner 1996]). Suppose now that the curve lies on a (singular) Del Pezzo surface. If
b1 = e1 > es = 2 then the equation P contains the monomial zz with nonzero coefficient,
which we take to be 1, while there is no monomial yz. After a coordinate transformation
we may assume that the same holds in case e; = ey = 2. Let ¢(h; ;) = (; k2 mod (z,y).
In the equation

25 0 (gi k) — ys2 I Wo(hi k) + ys2 R R o (hy ) = ik P

holding in Og the monomial yz occurs only on the left hand side, which shows that the
i,k are of rolling factors type in the first index. Being constants, they vanish. This
means that in the equation

s T () — 259 I T M (b k) + ys2 TR R o(fi ) = ik P

the monomial xz does not occur on the left hand side and therefore 1; ;. = 0. We
find only e — 1 = 1 non rolling factors deformation. If e; = 2, e; = 1 we find one
deformation. Finally, if e; = 3, e = 1 then there is only one type of mixed equation.
We have two constants ¢y and ¢;. Let the coefficient of zz in P be pys + pit. We obtain
the equations

sC1,0 — tCo,0 = co(pos + pit)

5C2,0 — 11,0 = c1(pos + pit)

from which we conclude that poco + p1c1 = 0, giving again only one non rolling factors
deformation. O

(2.9) Rolling factors deformations of degree —1.
We look at the miniversal deformation of the scroll:

) @ @ @) (®) (k)
( 25 Zg) o Zg) 1 2y e Zg) o de—1)
&) @) 1) (1) (1) (2) (k) (k) (®)
210+ ¢ .. Zg)_1 —i—Cdl_l Zq, 210 e Zg) 4 +Cdk_1 Zq,

To compute which of those deformations can be lifted to deformations of a complete
intersection on the scroll we have to compute perturbations of the additional equations.

We assume that we have a complete intersection of divisors of type aH — b; R (with
the same a > 2).

Extending the notation introduced before we write the columns in the matrix sym-

bolically as (24, Za+1+Ca+1)- In order that this makes sense for all columns we introduce

dummy variables ¢§” and ¢j’ with the value 0.

The Koszul type relations give no new conditions, but the relation

Pm—i—lzﬁ - szﬂ—i—l - Zpa,mfﬁa =0
a
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gives as equation in the local ring for the perturbations P/ of Py:
P’rln—i-lzﬁ - P'r,nZ,B-I—l - Zpa,m(Ca-i—lZ,B - ZaCﬁ—}-l) =0.
(6%

In particular we see that we can look at one equation on the scroll at a time. As
Y PamZa = P, the coefficient of (g1 vanishes. Because tzg — szg11 = 0 we get a
condition which is independent of 3:

SP7/1L+1 - tP'rIn, - S Zpa,mCOH-l =0
a

This has to hold in the local ring, but as the degree of the p, ., is lower than that of the
equations defining the complete intersection on the scroll (here we use the assumption
that all degrees a are equal), it holds on the scroll. ;From it we derive the equation

b—1
s°P] —t°P) = Z Zstrltb_m_lpa,mCaJrl (S)

m=0 «

which has to be solved with P and P; polynomials in the z, of degree a — 1. We
determine the monomials on the right hand side.

The result depends on the chosen equations, but only on P and P, and not on the
intermediate ones, provided they are obtained by rolling factors.

Example 2.10. Let b = 4. We take variables y; = 2 iy, 2z, = s> 'z with
deformations 7;, (;, and roll from ypzy to Y222 in two different ways:

Yozo — Y120 —* Y121 — Y221 — Y222
Yozo — YoR1 — Yor2 —> Y122 — Y222

This gives as right-hand side of the equation (S) in the two cases
st3zm + sM3y¢y + 52 zne + 52y (o
s Py + PPy Go + sMtPamy + St
which is the same expression. Similarly, if we roll from 22 to 23 we get
2543 2¢1 + 255t%2¢,
However, if we roll in the last step from y;29 to y123 we get
s3yCy + P2y + st3am
(remember that we have no deformation parameter (3).

To analyse the general situation it is convenient to use multi-index notation. The
equation P of a divisor in |aH — bR| may then be written as

<671)_b
P = Z Z pI7j3<e7I)_b_jtsz .
= =0
Here e = (e, ..., ex) is the vector of degrees and z! stands for (z™V)% .. .. (2®)ix,
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Proposition 2.11. The lifting condition for the equations P,, is that for each I with
|I| =a—1 and (e,I) < b—1 the following b — (e, I) — 1 linear equations hold:

k (6,I+5l>—b
Y>> (a4 Dpras =0,
=1  j=0

where 0 < n < b— (e, I)

Proof. We look at a monomial s{&I)=0=3gizI' In rolling from P to P, we go from
za to zayp. Here we write a monomial as product of a factors: zq, - 2a, with
factors of type I. Let I' = I + 6; with §; the Ith unit vector. The monomial leads to an
expression in which the coefficient of 2! is

Baq

S Y stentroitagportica,

{g|aq of type 1} r=1
We stress that the choice of a, can be very different for different j.

We collect all contributions and look at the coefficient of s{&D+n¢b=n2I with 0 <
n < b— (e,I). This cannot be realised as left-hand side of equation (S). Because
b—n=>b—r+j— a4 this coefficient is

k <67[+6l>_b
> Y (it Dpras i, =0,
=1 7=0

We note that all terms really occur: in rolling from z4 to z4+p we have to increase the
gth factor sufficiently many times, because (e, I) < b — 1. O

Example 2.12: trigonal cones. Let the curve be given by the bihomogeneous equation
F= A2a—m+2Z3 + Ba+2z2w + Cm+2zw2 + D2m—a+2w3

then there are only conditions for I = (0,2), i.e. for w? asa+m =g —-2>b—1. So
f2m <b—-1=9g—-5weget b—2m —1 = a—m — 3 equations on the deformation
variables Cla ey Ca—la W1y eeey Wm—1

m-—+2 2m—a—+2
Y ciGian+3 Y diwjin =0,
=0 =0

as stated in [Drewes—Stevens 1996, 3.11]. We have a system of linear equations so we
can write the coefficient matrix. It consists of two blocks (C | D) with C of the form

/CO Ct C2 ... Cmpi2 0 0 0 0 0 \
0 Chp C1 ... Cm4+1 Cm42 0 ce 0 0 0

0 0 ¢ .- Cem Cmt1 Cm+2 --- 0 0 0

0 0 0 . Co C1 Co oo Cm42 0 0

0 0 0 e 0 Co C1 coe Cpm41  Cm42 0
\ 0 0 O 0 0 co cvr Cm Cm41 Cmy2 )

and D similarly. Obviously this system has maximal rank.
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The Proposition gives a system of linear equations and we call the coefficient matrix
lifting matrix. It was introduced for tetragonal cones in [Brawner 1996].

In general the lifting matrix will have maximal rank, but it is a difficult question
to decide when this happens.

Example 2.13: trigonal K3s. We take the invariants (e,e,e), b = 3e — 2 with e > 3.
The K3 lies on P2 x P! and is given by an equation of bidegree (3,2). Now there are
six I's with |I| = 2 each giving rise to e — 3 equations in 3(e — 1) deformation variables.
In general the matrix has maximal rank, but for special surfaces the rank can drop.
Consider an equation of type p123 + pay® + p3z3 with the p; quadratic polynomials in
(s : t) without common or multiple zeroes. Then the surface is smooth. The lifting
equations corresponding to the quadratic monomials zy, zz and yz vanish identically
and the lifting matrix reduces to a block-diagonal matrix of rank 3(e — 3). The kernel
has dimension 6, but the corresponding deformations are obstructed: an extension of
the K3 would be a Fano 3-fold with isolated singularities lying as divisor of type 3H —bR
on a scroll S(ey, ez, es,e4), and a computation reveals that such a Fano can only exist
for > e; <8.

We can say something more for the lifting conditions coming from one quadratic
equation.

Proposition 2.14. The lifting matrix for one quadratic equation has dependent rows
if and only if the generic fibre has a singular point on the subscroll By_.

Proof. The equation P on the scroll can be written in the form ?zI1z with II a
symmetric k£ X k£ matrix with polynomials in (s:t) as entries. The condition that there
is a singular section of the form z = (0,...,0,2%"(s,t),..., 2% (s,t)) with ¢ > b—1
is that ®2IT1 = 0 or tz5;I1s; = 0 where 25 = (20+Y(s,t),...,2%(s,t)) and I, is the
matrix consisting of the last £ — [ rows of II. The resulting system of equations for the
coefficients of the polynomials z (s, t) gives exactly the lifting matrix. O

(2.15) Tetragonal curves. Most of the following results are contained in the preprint
[Brawner 1996]. We have two equations on the scroll and the lifting matrix M can have
rows coming from both equations. We first suppose that b2 > 0. Then also e > 0
and the number of columns of M is always > (e; — 1) = g — 6, but the number of rows
depends on the values of (e, eq, e3; b1, b9): it is Zi,j max(0,b; —e; —1).

Theorem 2.16. Let X be the cone over a tetragonal canonical curve and suppose that
by > 0. Then dim Ty (—2) = 0. Suppose that the g} is not composed with an involution
of genus %2 + 1.
1) Ifby <e;+1orby <esz+1org<15 then dimT%(—1) = 9 + dim Cork M.
2) If by > e1+ 1, by > e3+1 and g > 15 then 9 + dimCork M < dimT%(—1) <
gTJ“?’ 4 6 + dim Cork M and the maximum is obtained for g of the form 6n — 3 and
(e1,ea,e3;b1,b2) = (3n—2,2n —2,n — 2;4n — 4,2n — 4).

3) For generic values of the moduli dim Cork M = 0.

Proof. 1If by > 0 there are only rolling factors deformations in negative degrees. In
particular dim 7% (—2) = 0. The number of pure rolling factors deformations is p =
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> max(ej —b; +1,0). The number of rows in the lifting matrix is >, ; max(0, b; —
e; —1) = 3(b1+b2)—2(61+eg+63—l—3)+p—g—15+p If p > 9 the number of
rows exceeds the number of columns and dim 7% (—1) = p + dim Cork M; otherwise it
is 9 + dim Cork M. So we have to estimate p.

As the gi is not composed we have b; < e; + e3. Together with b1 < 262 we get
3b1 <2g—6and 3by > g—9; from e; < ng we now derive e; —bs +1 < 921 41 —
A180b2:61+€2+63—2—b1 262—2, 8062—b2+1S3.

2) Suppose first that by > e; + 1 and b > e3 + 1. Then p = max(0,e; — ba + 1) +
max(0,e2 — by + 1) < gTjL?’ + 6. Equality is achieved iff e; = (g — 1)/2, by = (¢ — 9)/3
and ea = bs + 2, so g has the form 6n — 3 and (ey, e, e3;b1,b2) = (3n —2,2n — 2,n —
2;4n —4,2n — 4).

1) In all other cases p < 9: if by > e; + 1, but by < e3 + 1 then p = (e; —
b2+1)+(62—b2+1)+(63—b2+1) =g—3by < 9. Ifeg+1< b <e1+1
then p = (e;1 — b1 + 1) + (e1 — ba + 1) + max(0,e3 — ba + 1) + max(0,e3 — by + 1) =
2e; + 7 — g + max(0,e2 — by + 1) + max(0,e3 — ba + 1). As by > 0 we have that
max(0,e2 — ba + 1) + max(0, ez — by + 1) > max(0, ey + e3 — bo + 1). But from b; < ey
it follows that by > ea+e3—2. Sop<(9g—1)+7—g+3=9. If by < e3+ 1 then
p§2€1+262+4—2b1—2b2+263:8.

3) It is easy to construct lifting matrices of maximal rank for all possible numbers
of blocks occurring. O

Now we consider the case that the g} is composed with an involution of genus
g = %2 + 1. So if by > 0, then ¢’ > 1. After a coordinate transformation we may
assume that the surface Y is singular along the section z = y = 0, so its equation
depends only on z and y: P = P(z,y;s,t). We may assume that ) has the form
Q=2+ Q' (z,y;s,t). Let My, be the submatrix of the lifting matrix consisting of the
blocks coming from P and @’ and the £ and 7 deformations.

Theorem 2.17. Let X be a tetragonal canonical cone such that the g} is composed
with an involution of genus g’ > 1. Then dim Ty (—1) = e1 + e3 — 2e3 + 6 + Cork M,,.

Proof. The rows in the lifting matrix M coming from the first equation and the
variable z vanish identically. The second equation gives a z-block which is an identity
matrix of size by —e3 —1 = ez — 1, so all { variables have to vanish. What remains is the
matrix Mg, which has e; + ez — 2 columns. The number of rows is max(0, ez —e3 —3) +
max(0,e; — e3 — 3) + max(0, 2e3 — e; — 1) + max(0,2e3 — e — 1). We estimate the last
two terms with e3 — 1 and the first two by es — eg3, resp. e; — e3. Therefore the number
of rows is at most e; + ey — 2. For each term which contributes 0 to the sum we have
pure rolling factors deformations, so if the matrix has maximal rank the dimension of
T%(—1)is e; + e2 — 2 — (2e3 — 8). O

Example 2.18. 1t is possible that the lifting matrix M does not have full rank even if
the g; is not composed. An example with invariants (6,5, 5;7,7) is the curve given by
the equations (s° + t°)x? + s3y? + 322, s°2? + (s® — %) (y — 2)? + 2t32%. The matrix is

0 0] 2 00 0 | 0 00 O
0 o] 0 00 0 | 0 00 2
0 0| 2 00 -2 | -2 00 2
0 0] 200 2 | 2 00 2
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Finally we mention the case by = 0. Bielliptic curves (e3 = 0) are treated in
[Ciliberto-Miranda 1992], curves on a Del Pezzo in [Brawner 1996] (but he overlooks
those with e3 = 0). Now there is only one equation coming from @, which can be
perturbed arbitrarily. As the z variable does not enter the scroll, we have one coordinate
transformation left. The lifting matrix involves only rows coming from the equation P.
One checks that the matrix M resp. M,, has maximal rank and the number of rows
does not exceed the number of columns. Together with the number of non-scrollar
deformations (Prop. 2.8) this yields the following result, where we have excluded the
complete intersection case g = 5.

Proposition 2.19. Let X be the cone over a tetragonal canonical curve C' with by = 0
and g > 5. Then dim T4 (-2) = 1.

1) If C lies on a Del Pezzo surface then dim Tk (—1) = 10.

2) If C is bielliptic (e3 = 0), then dim Tx (—1) = 2g — 2.

Remark 2.20. For all non-hyperelliptic canonical cones the dimension of T (v) with
v > 0 is the same. The Wahl map easily gives dim T (0) = 3g — 3, dimTx (1) = g,
dimT%(2) =1 and dim T} (v) = 0 for v > 3 (see e.g. [Drewes—Stevens 1996], 3.3).

3. Rolling factors obstructions.

Rolling factors deformations can be obstructed. We first give a general result on the
dimension of T2. For the case of quadratic equations on the scroll one can actually
write down the base equations.

Proposition 3.1. Let X be the cone over a complete intersection of divisors of type
aH — b;R with b; > 0 (and the same a > 2) on a scroll. If a > 2, then dimT%(—a) =
S(bi — 1), and dimT%(—a) > > (b; — 1) in case a = 2.

Proof. Let ¢ € Hom(R/Ry,Ox) be an homogeneous element of degree —a. The
degree of ¢/(Rqy 5,4) is 3 — a, so ¢ vanishes on the scrollar relations, if a > 2. If a = 2
we can assert that the functions vanishing on the scrollar relations span a subspace of
T%(-2).

As the degree of the relation Ry, ,, is a + 1, the image ¢(RY, ,,) is a linear function
of the coordinates. The relations

Ry 6 = Rj mza — ) Rip oDy m = P fap — fap iy

imply that the ¢ (Ry, ,,) are also in rolling factors form. A basis (of the relevant sub-
space) of Hom(R/Ry, Ox)(—a) consists of the 2 b; elements ¢} (R, ) = 0401 2a;
Vi (R, ) = 0ij0imZa+1, where 0 < mn < b;. The image of P in Hom(R/Ro, Ox)(—a)
is wn_l,s — ot i 0 <m < b, —ng’t for m = 0, and w};i_Ls for m = b;. The quotient

m,t»

has dimension ) (b; — 1). O

For a = 2 only the rolling factors obstructions will contribute to the base equations.
A more detailed study could reveal if there are other obstructions. Typically this can
happen, if there exist non-scrollar deformations. As example we mention Wahl’s result
for tetragonal cones that dimT%(—2) = g — 7 = by + ba — 2, if by > 0, whereas for a
curve on a Del Pezzo the dimension is 2(g — 6) [Wahl 1997, Thm. 5.9].
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In the quadratic case we can easily write the base equations, given a first order lift
of the scrollar deformations. We can consider each equation on the scroll separately, so
we will suppress the upper index of the additional equations in our notation. We may
assume that we have pure rolling factors deformations p, and that the lifting conditions
are satisfied. We can write the perturbation of the equation P,, as

Po(2) + Ply(5,Cp) -
Note that P}, is linear in z. Now we have the following result [Stevens 1996].

Proposition 3.2. The maximal extension of the infinitesimal deformation defined by
the P, is given by the b — 1 base equations

Pl (¢, ¢ p)— Pm(¢) =0,
withl1 <m <b—1.

Proof. We also suppress p from the notation. We have to lift the relations Rg ,,. As
the lifting equations are satisfied we can write

Pr,n—{—l(za Q)zp — Prln(za Qzp41 — Zpa,m(z)za+lzﬁ = Z fﬂ’Yd’Y(C) )
because the left hand side lies in the ideal of the scroll. This identity involving quadratic
monomials in the z-variables can be lifted to the deformation of the scroll. We write
faa for the deformed equation (25 + (8)za+1 — 28+1(%2a + Ca).- We get
P i1 (z+ Oz — Ph(2,) (2541 + Caa1) = Y Paim (2 + () zas128 = D faydy(C) -
We now lift the relation Rg y,:

(Pmt1(2) + Proa (24 6,Q) = Prsa(5)) 2 — (P(2) + Pro(2,0)) (241 + 1)
- Zfﬂapa,m(z) - Zfﬁ’yd'y(C) = 0.

If1 <m <b-1, then P,, occurs in a relation as first and as second term. Therefore
P! (2,¢) and P, (z+(, () — Py (¢) have to be equal. These equations correspond to the
b — 1 elements of T%(—2), constructed above. O

Example 3.3. We continue with our rolling factors example 2.10. We look at two ways
of rolling:

Yozo — Y120 — Y121 —7 Y221 —* Y222

Yozo — Yoz1 — Yoz2 —* Y122 — Y123
The equation for Pj and P; has a unique solution with P} = 0. We get

Po= 0, 0
P = 120, YoC1
Py, = mz1 + Y11, Y161 + YoC2
Py = mzz + Y201 + M221, Y201 + Y12 + M2
Py = mzz+ysC + 22 +y2le, Y3l +y2la +mzs

The resulting base equations are in both cases
0, mC1,mC2 + N2C1

In general the quadratic base equations are not uniquely determined. They can
be modified by multiples of the linear lifting equations, if such are present. The other
source of non-uniqueness is the possibility of coordinate transformations using the pure
rolling factors variables.
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Theorem 3.4. Let P = Zkas(e’I)_b_ktkzI define a divisor of type 2H — bR. It leads
to quadratic base equations 7y, ..., mp—1. The coefficient py j, gives the following term
in m,,. We write z! = xy and assume that e, > Ey-

1. If e, < b then for m < k the term is — Z;‘;m NMk—1+m&l, while for m > k it is

min(e, —1,m—1)

> merimb

l=max(k+m—ey+1,k+1)

II. If e, > b then for m < k + b — e, the term is — Z;‘;mﬂw_b NMk—1+m&1, while for

m>k+b—e, itis
min(e, —b+m—1,k+m—1)

> Merimb -

l=max(k+m—ey+1,k+1)

Furthermore, if e, > b the e, — b+ 1 pure rolling factors deformations involving x
contribute po&m, + - - - + pe, —bEm+e,—b O Ty

Proof. We have to choose explicit equations P,,. The monomial s¢~%+ev=b=k¢k gy

gives a rolling monomial Z;(m)Y;(m), Where i(m) +j(m) = k+m. Let i(0) = 1, i(b) = 7',
j(0) = j and j(b) = j'. We have to compute P, . Equation (S) gives

.7 . . .
J —J 1 —1

pré _ tbPI — § : Sez—k+]+ltk+b—g—lxnj+l + § :Sey—k—i—z—i—ntk—l—b—z—ny&i_i_n ’
=1 n=1

which we rewrite as

/!

. .
J A
SbPé _ tbP(; — 2 : se’”_k+ltk+b_l$m + E : Sey—k—i-ltk—i-b—ly& )
I=5+1 I=i+1

Case I: e; < b. The condition k + b < e, + e, implies k < e,. We solve for P:

K k
Pi=— > aram— Y ye—i -

I=j+1 I=i+1
For the P/ we formally write the formula

3(m) i(m)

k k
PlLo==> kymm— > Ybtim&+ D ThotymM+ > Yb-t4m& -

I=j+1 I=i+1 I=j+1 I=i+1

This expression can involve non-existing = or y variables: for y this happens if k—{+m >
ey, or | < m+k—e,. The terms in the two sums involving y cancel. If i(m) < k, then the
smallest non-cancelling term has [ = i(m)+1 and i(m)+1 > i(m)+j(m)—e, = k+m—e,.
If i(m) > k we a sum of positive terms starting with k + 1. If k <l < m+k — ¢,
then our monomial contributes to the lifting conditions, and we can leave out this term.
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The sum therefore now starts at max(k + 1,m + k — e,). Keeping this in mind we
determine the term in the base equation 7, from the formal formula. To this end we
change the summation variable in the sums containing z-variables and arrive, using
i(m) + j(m) =k +m, at

m+i—1 k m—+i—1 i(m)
- Z §iMke—14+m — Z Mk—1+m&1 + Z §iMk—14m + Z Mk—14+m& — &i(m)ji(m)
I=m I=i+1 I=i(m) I=it1
m—+i—1 k m+i—1
== D GMhttm— Y Mtimbi+ Y, Thtim& -
I=m I=it1 I=it1

If £ > m the terms from [ = m to | = k occur twice with a minus sign and once with
a plus. Otherwise all negative terms cancel, but we have to take the lifting conditions
into account.

Case 1I: e, > b. Now there are e, — b + 1 pure rolling factors deformations present:
we can perturb P, with pox,, 4+ --- + pe, —sTm+e, —»- These contribute po&, + --- +
Pe, —bEm+e,—b tO the equation m,.

We can roll using only the x variable: x;1,y;, withi+j =%k and i +b < e,. We
take 1 =k if k+b < e, and 7 = e, — b otherwise. We get

i+b
SbPé _ tb_Pé — Z Sey_k+ltk+b_ly€l .
1=i+1
We solve: .
Pi== Y pyi&
I=i+1
and
k i+m
PL==" Yhtambt+ Y Yn—14m&i -
I=i+1 I=i+1

Again if K <1 < m + k — e, our monomial contributes to the lifting conditions, and the
sum starts at max(k + 1, m + k — e,). We get as contribution to mp,

k i+m—1
= herembi D Mh—tamé -
I=it1 1=it1

Taking the lifting conditions and our choice of ¢ into account we get the statement of
the theorem. O

Example 3.5: Case I. Let b =7, e, = 5 and e, = 4. Consider the equation P =
(pos? + p1st + pat?)zy. This leads to the following six equations:

T = — p2(&1m2 + &am)
T2 =  pol1h — p2£272
3= po(&1m2 +&am + p1&2m2

e = po(&ims + &) +&m  +pi1(§enz +E3m2)  + p28ans

s po(&ams + &3m2) + & +p1(&3ms +&anz)  + p2tans

Te Po(&3m3 + Eame + p1€am3

— N S N
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If we write a matrix with the coefficients of the p; in the columns with rows coming
from the equations 7, we find that the first £ + 1 rows form a skew symmetric matrix.
This is due to the specific choices made in the above proof. One can also get any other
block to be skew symmetric by using the lifting conditions. In this example they are

pom + p1m2 + p2n3 = 0, poé1 + p1&2 + p2&3 = 0 and po2 + p1&3 + p2ds = 0. jFrom the
skew symmetry we can conclude:

Proposition 3.6. Ife, < e; < b then the b—1 equations 7, coming from the equation
P = (ZLO p;st=Itk)xy, where b+ k = e, + e,, satisfy b — k — 1 linear relations
S o pimipg =0, for 0 <i <b—k.

Example 3.7: case II. Let b = 4, e, = 5 and ey, = 3. Consider the equation P =
(pos* + p153t + pas?t? + past® + pytt)xy. This leads to the following three equations:

m = po1+ p1&a — p2bam — ps(§anz + E3m1)pa(E3n2 + Eamn)
Ty = po&2 + p1€3 + po&im + p1&am — p3&ane — paanp
73 = po€3 + p1éa +po(&amz + &am) + p1(§amz + E3m) + p2&ane

(3.8) Hyperelliptic cones (cf. [Stevens 1996]). Let X be the cone over a hyperelliptic
curve C embedded with a line bundle L of degree d > 2g+3. Then dim T% (—1) = 2g+2.
The curve lies on a scroll of degree d — g — 1 as curve of type 2H — (d —2g — 2)R. The
number of rolling factors equations is d—2g—3, so we have at least as many equations as
variables if d > 4g + 4. In that case only conical deformations exist, so all deformations
in negative degree are obstructed.
The easiest case to describe is L = ngi. The curve C has an affine equation y2? =
292 pt®, which gives the bihomogeneous equation (32752 pys29T2=kk) 12 42 = (.
The line bundle L embeds C in a scroll S(n,n —g—1), and there are 2n — 2g — 1 rolling
factors equations P,,, coming from p(s,t)x? — y2. The lifting matrix is a block diagonal
matrix with the y-block equal to —2I,,_,_5, and the z-block a (n —2g —3) x (n — 1)
matrix, so the dimension of the space of lifting deformations of the scroll is 2¢g + 2 if
n > 29+ 3. If n < 2g + 3, the z-block is not present, and all n — 1 £-deformations lift.
Furthermore there are 2g + 3 — n pure rolling factors deformations. This shows again
that dim Tx(—1) = 2g + 2.

Proposition 3.9. Ifn > 2g+3 the base space in negative degrees is a zero-dimensional
complete intersection of 2g + 2 quadratic equations.

Proof. We may assume that the highest coefficient pag12 in p(s,t) equals 1. The lifting
equations allow now to eliminate the variables §2443,...,§,—1. The base equations my,
involve only the &; and are therefore not linearly independent. Because p2g42 = 1 we can
discard all 7, with m > 2g + 2. The first 2g 4+ 2 equations involve only the first 2g + 2
variables. This shows that we have the same system of equations for all n > 2g + 3. As
we know that there are no deformations over a positive dimensional base, we conclude
that the base space is a complete intersection of 2g 4+ 2 equations. O

Remark 3.10. The fact that the system of equations above defines a complete inter-
section can also be seen directly. In fact we have the following result:
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Lemma 3.11. The system of e = b— 1 equations m,, in e — 1 variables §; coming from
one polynomial P,_5(s,t)x? is a zero-dimensional complete intersection if and only if
Py_2(s,t) has no multiple roots.

Proof. First we note that there are only b — 2 linearly independent equations. We put
& = s*~"1¢*. Then

b—2
Ty = Z(m —k— 1)pk$2b—k—m—2tk:+m—2
k=0

= gb—mym—2 (Z(b —2—k)pps® 2R - (m+1 - D) Zpksb_2_ktk)

The form P(s,t) has multiple roots if and only if P(s,t) and sZ P(s,t) have a common
zero (sg:tg). Then & = sg_i_lté is a nontrivial solution to the system of equations.

We show the converse by induction. One first checks that a linear transformation
in (s:t) does not change the isomorphism type of the ideal. We apply a transformation
such that s = 0 is a single root of P, so pp = 0 but p; # 0. The equations 7o, ...,
mp_1 now do not involve the variable £&; and are by the induction hypotheses a complete
intersection in e — 2 variables, so their zero set is the &;-axis with multiple structure.
The equation 7y has the form —p;£2 + ..., so the whole system has a zero-dimensional
solution set. O

Remark 3.12. For deg L = 4g + 4 the base space is a cone over 2297 points in a very
special position: there exist 2g + 2 hyperplanes {l; = 0} such that the base is given by
I7 = 17 [Stevens 1996]. We can make this more explicit in the case L = (29+2)g5. Again
the y-block of the lifting matrix is a multiple of the identity, but now there is also one
rolling factors deformation parameter p. More generally, we look the equations coming
from p(s,t)xz? with degp = b = e. We get base equations IL,,, = p&,, + T, where 7, is
a quadratic equation in the &£-variables only. One solution is clearly &; = 0 for all . To
find the others we eliminate p:

T T2 ... Te_1
Ramk<£1 & ... é_e_1>§1. (k%)

The equations II,,, can be changed by changing p, but this system is independent of
such changes. Write inhomogeneously p(t) = po +p1t +. ..+ pe—_1t°~1 +1¢ = [[(t — o),
where the «; are the roots of p(t).

2:...:a5?) are solutions to the system (%*).

Lemma 3.13. Thee points P, = (1:¢;:

Proof. Let a be a root of p and insert & = a’~! in the system (xx). We simplify
the matrix by column operations: subtract « times the jth column from the (5 + 1)st
column, starting at the end. The matrix has clearly rank 1, if 7;11(a) — amj(a) = 0,
where 7;(c) is the result of substituting & = o*~! in the equation m;. The coefficient py,
occurs in 7;(c) in the term Ipyaf**=2 for some integer /, and in the term (I+1)pjad TF1
in 7;41(c). Therefore mj11(a) — amj(a) = =Y prad ™1 = —ai~1p(a) = 0. O

The remaining solutions are found in the following way. Divide the set of roots into
two subsets I and J. The points P; lie on a rational normal curve. Therefore the points
P; with ¢ € I span a linear subspace L of dimension |I| — 1.
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Claim. The intersection point Py := Ly N Ly is a solution to (xx).

The proof is a similar but more complicated computation. We determine here only
the point Pr. The condition that the point Zie 7 AiP; lies in Ly is that

Z)‘Z “. . Z )\7;01,?_2
-2
1 e o)
Rank ) ) = |J| .

- e-—2

1 . .
We find the resulting linear equations on the \; by extending the matrix to a square ma-
trix by adding |I|—2 rows of points on the rational normal curve, for which we take roots.
Then only two A; survive, and they come with a Vandermonde determinant as coeffi-
cient. Upon dividing by common factors we get (I[; .;, 4, (ci; — i) Aiy + (T L, 4, (i —
@;))Ai, = 0. We multiply with o, — a;,. Noting that [, (o, — ;) = p'(c,) (with
p'(t) the derivative of p(t)) we get p' (s, )Ai;, = P’ (@iy) i, -

We write out the equations for e = 5:

pE1 — p1&7 — 2p2€1a — ps&s — 2paals — p5(2828s + £3)
pé2 + Po€i — pa€s — pa&s — 2ps€séa
pEs + 2po€ia + p1€5 — p3és — psés

péa + po (28183 + €3) + 2p1&2€3 + P2£3 + 2p3€aés + pall

Let « be a root of pg + pit + pat? + pst® + pat* + 1%, and B, ..., € the remaining roots.
Write o for the ith symmetric function of these four roots. Then a solution is & = o*~!,
p = a* — oo} — a’cy — aok + o). Given two roots a and 3 we get a solution &; =
(y=B)(0—p)(e—-pB)a’ +(a—)(a—d)(a—e)B". Towrite p we set = (y—8)(6—p)(e—p),
A= (a—7)(a—9)(a—¢) and o} the ith symmetric function in v, § and . Then and
p = p(a* — a?(a+2B8)0) — a0y — acl) + X(B* — B (a + 2a)0y — B2 — BoY). The
hyperplane through (1:0:0:0:0), P,, Ps and P is log = o4& — o€y + 0{€3 — &4.
In it lie also P,s, Py, Psc and P,g. The hyperplane containing the remaining points is
l;rﬁ =p—(a+ B)l;ﬂ + 204 & + 2aB¢3. We put I, = p — 20,&1 + 20582 + 200 &3 — 20 4.

Then 12, — I3 = 4(a — )l 5115
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4. Tetragonal curves.

An extension of a canonical curve yields a surface with the given canonical curve as
hyperplane section. Surfaces with canonical hyperplane sections were studied in Dick
Epema’s thesis [Epema 1983]. Only a limited list of surfaces can occur.

Theorem 4.1([Epema 1983], Cor. 1.5.5 and Cor. I1.3.3). Let W be a surface with
canonical hyperplane sections. Then one of the following holds:

(a) W is a K3 surface with at most rational double points as singularities,

(b) W is a rational surface with one minimally elliptic singularity and possibly rational
double points,

(¢) W is a birationally ruled surface over an elliptic curve I' with as non-rational
singularities either

i) two simple elliptic singularities with exceptional divisor isomorphic to T, or
ii) one Gorenstein singularity with p, = 2,
(d) W is a birationally ruled surface over a curve I' of genus ¢ > 2 with one non-

rational singularity with p, = q+ 1, whose exceptional divisor contains exactly one
non-rational curve isomorphic to I'.

Case (c) occurs for bi-elliptic curves (see below). If we exclude them and curves of
low genus on Del Pezzo surfaces, then all extensions of tetragonal curves are of rolling
factors type. The surface W has therefore to occur in our classification of complete
intersection surfaces on scrolls. In particular, K3 surfaces can only occur if b; < by + 4.
This has consequences for deformations of tetragonal cones.

Proposition 4.2. Pure rolling factors deformations are always unobstructed. If es > 0
and by > by + 4 the remaining deformations are obstructed.

Proof. The first statement follows directly from the form of the equations. For the
second we note that the total space of a nontrivial one-parameter deformation of a scroll
with ez > 0 is a scroll with e4 > 0. O

By taking hyperplane sections of a general element in each of the families of the
classification we obtain for all g tetragonal curves with b; < by 44 lying on K3 surfaces
(with at most rational double points). To realise the other types of surfaces we give
a construction, which goes back to [Du Val 1933]. His construction was generalised to
the non-rational case in [Epema 1983]. In our situation we want a given curve to be
a hyperplane section. A general construction for given hyperplane sections of regular
surfaces is given in [Wahl 1998].

Construction 4.3. Let Y be a surface containing the curve C and let D € | — Ky |

be an anticanonical divisor. Let Y be the blow up of Y in the scheme Z = C N D. If
the linear subsystem C' of |C| with base scheme Z has dimension g, it associated map

contracts D and blows down Y to a surface Y with C as canonical hyperplane section.

Let Zz be the ideal sheaf of Z. Then we have the exact sequence
00— OY —)Izoy(C) — Oc(C — Z) —0
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and by the adjunction formula Og(C —Z2) = K¢. If h%(Zz0y (C)) = g+1 then the map
H%(ZT7;0y(C)) — H°(K() is surjective, a condition which is automatically satisfied if
Y is a regular surface. This yields that the special hyperplane section is the curve C' in
its canonical embedding.

Suppose that Y is not regular. By Epema’s classification Y is then a birationally
ruled surface, over a curve I' of genus q. Let C be the strict transform of C' on Y and

C its image on Y. Then H%(ZzOy (C)) = H*(O5(C)) = H°(O¢(C)). We look at the
exact sequence

We compute H'(Og) with the spectral sequence for the map 7 Y — Y. This gives us
the long exact sequence

0 — H'(Oy) — H'(Og) — H°(R'm,05) — H*(Ogy) — 0

in which dim H 1((9;) = q. We choose D in such a way that the composed map
H'(Or) — R'm,Oy — H'(Op), where D is the exceptional divisor of the map
7, is injective. Then the map H°(ZzOy (C)) — H°(K() is surjective.

To apply the construction we need a surface on which the curve C lies. In the
tetragonal case a natural candidate is the surface Y of type 2H — b; R on the scroll.

We first assume that e; < b1, so there are no pure rolling factors deformations
coming from the first equation on the scroll. The canonical divisor of the scroll §' is
—3H + (by + ba)R [Schreyer 1986, 1.7]. So an anticanonical divisor on Y is of type
H —b3R. Let T = Te, —, (8,1)T + Tey—b, (S, )Y + Tes—b, (S, )z be the equation of such a
divisor. Sections of ZzOy (C) are Q (which defines C), and z;T = s+~ t'2T, y;T and
z;T. With coordinates (¢t:x;:y;:z;) on P9 we get by rolling factors by + 1 equations @m
from the relation Q(Te, —p, (S, £)T+Tey—by (5, £)Y+Tes—b, (5,1)2) = (Q1,17%+- - -+Q3 32%)T.
As t is also a coordinate on the four-dimensional scroll, which is the cone over S, we
can write the equation on the scroll as

Qu17° 4+ + Q3327 — (Tey b, T+ + Teg—b,2)1 -

We analyse the resulting singularities. If Y is a rational surface, we have a anti-
canonical divisor D which has arithmetic genus 1, giving a minimally elliptic singularity
on the total space of the deformation.

If Y is a ruled surface over a hyperelliptic curve I, then D passes through the
double locus. This gives an exceptional divisor with I' as only non-rational curve.

Example 4.4. Let (e1,eq,e3;b1,b2) = (3n —2,2n — 2,n — 2;4n — 4,2n — 4). If the
coefficient of £z does not vanish, we may bring the equation P onto the form zz — y2.
The second equation has the form 22+ g, 2y +qop 22+ g3n Y + qan 2 from which z may be
eliminated to obtain a quartic equation for y. The case of a cyclic curve y* + gunz?* is a
special instance. The equation P gives a square lifting matrix in which the antidiagonal
blocks are square unit matrices. Therefore the only deformations are pure rolling factors
deformations, coming from the second equation, in number (n + 3) + 3 = 9—2;3 + 6. We
have T' = 7,492 + T2y. The section (0:0:1) is always a component of D. If t5 # 0 we

have a cusp singularity, but if 73 = 0 the section occurs with multiplicity 2 in D.
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If however the coefficient of zz vanishes, the surface Y is singular. After a coordi-
nate transformation its equation is y2? + pa,22, the other equation being 22 + gsn,zy +
¢an@?. In this case the lifting matrix has (up to a factor 1) the following block structure

IT 0 0
0 I 0
0 0 0
0 0 I

so there are 2n ¢-deformations, on which we have 4n — 5 base equations coming from
the equation P. Of these are only 2n linearly independent, defining a zero-dimensional
complete intersection (see Lemma 3.11). These deformations are therefore obstructed,
leaving us again with only the pure rolling factors deformations. The curve D consists
of the double locus and in general 2n + 4 lines.

The same computation as above works for bielliptic cones. In that case one has
a deformation of weight —2. The total space is a surface in weighted projective space
P(1,...,1,2). Replacing the deformation parameter ¢ by t? we get a surface in ordinary
P9. This is a surface with two simple elliptic singularities. The most general surface of
this type is the intersection of our elliptic cone with one dimensional vertex with the
hypersurface given by

@ = Z2 + Q(xz;yz) + tl(l’z, yz) + at2 )

where [(z;,y;) is a linear form in the coordinates x;, y;. If the coefficient a vanishes,
we get a surface with one singularity with p, = 2. The construction above gives an
equation of the form @ = 22 + --. + azt, which after a coordinate transformation
becomes 2% + - - - — 1a%t%.

Proposition 4.5. For bielliptic cones of genus g > 10 the only deformations of negative
weight are pure rolling factors deformations.

Proof. Each infinitesimal deformation of the bielliptic cone induces an infinitesimal
deformation of the cone over the projective cone over the elliptic curve. The same holds
therefore for complete deformations of negative weight. It is well-known that the cone
over an elliptic curve of degree at least 10 has only obstructed deformations of negative
weight. Therefore the deformation of the elliptic cone is trivial and the only possibility
is to deform the last quadratic equation. O

On the other hand, non-scrollar extension do occur for bielliptic curves with g < 10
and for tetragonal curves on Del Pezzo surfaces.

Example 4.6. A bielliptic curve of genus 10 lies on the projective cone over an elliptic
curve of degree 9. Such a cone is can be smoothed to the triple Veronese embedding
of P2. Let W be a K3 surface of degree 2, a double cover of P? branched along a
sextic curve. We re-embed W with [3L|, where L is the pull-back of a line on P2. The
image lies on the cone over the Verones embedding. A hyperplane section through the
vertex of the cone is a bielliptic curve, whereas the general hyperplane section has a g3.
This example, due to [Donagi-Morrison 1989], is the only case where the gonality of
smooth curves in a base-point-free ample linear system on a K3 surface is not constant
[Ciliberto—Pareschi 1995].
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Now we look at the case that also the first set of equations admit pure rolling
factors deformations.

Lemma 4.7. Ife; > by then e; < by + 2 and by < by + 4.

Proof. Under the assumption e; > by we have es +e3 — 2 < by < 2e3 50 €5 < e3 + 2
and b; < 2e9 <eg+e3+2<by+4. Furthermoree —1 =by + by +2—e3 —e3 < by +2.
O

It is now easy to list all 18 possibilities, ranging from (2e+2, e, e; 2e, 2¢) to (2e+4, e+
2,e;2e+4,2e). Alook at the table of tetragonal K 3 surfaces reveals that all possibilities
are realisable as special sections of K 3-surfaces; e.g., the hyperplane section z.12 = yo
of a K3 with invariants (e + 2,e + 2, e + 2, e; 2e 4 4, 2¢) yields the last case.

On the other hand, every family of K3 surfaces contains degenerate elements with
singularities of higher genus. Those can be constructed with Epema’s construction and
in fact he gives rather complete results for quartic hypersurfaces [Epema 1983]. The
classification of such surfaces is due to [Rohn 1884] and is quite involved. In those cases
the rational or ruled surfaces on which the canonical curve lies are not evident. For
pure rolling factors extensions the situation is better; in fact, we can make the following
simple observation.

Proposition 4.8. Let W be a pure rolling factors extension of tetragonal curve, which
is not bi-elliptic. It lies on the cone over the 3-dimensional scroll S with vertex in
p=(0:...:0:1) and the projection from the point p yields a surface Y C P9~! on
which C' lies.

Example 4.9. 1If by > e; then X lies on the cone over the surface Y on the scroll and
the projection is just this surface Y, so we get the construction described above.

Example 4.10. Consider the curve with invariants (8,4,2;8,4). In general a pure
rolling factors extension leads to a K3-surface (with an ordinary double point). It is
the case e = 3 of (e +5,e+1,e—1,e — 3;2e + 2,2e — 1) from the table; the singularity
appears because the section (0:0:0:1) is contracted. To find the equation of Y on the

scroll we have to eliminate the last coordinate w. The deformed equation P is P+ azw,
while Q = Q + byw + ca(s,t)zw with a and b nonzero constants. The equation of Y is
therefore (by + ca(s,t)x)P — az@, which defines a divisor of type 3H — (b1 + b2)R on
the scroll.

Example 4.11: the case (2e + 2,e,e;2e,2¢e).  We first derive a normal form for the
equations P and (). We start with the restriction to x = 0. We have a pencil of
quadrics so we may choose the first equation as y? and the second as z2. We get:

P: y? + pey2tz + poerat?
Q: 22+ Qe4+2TY + Q2e+4332 .

There are 3 + 3 pure rolling factors deformations:

P:P+ (pos? + pist + pot?)z
Q: Q + (108% + T8t + Ttz .
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If the polynomials p := pgs? + p1st+ pot? and 7 := 1952 + 71 5t +79t? are proportional, so
Ap+ puT = 0, then the surface Y is the surface AP + @) = 0 from the pencil. In general
the anticanonical divisor D contains the two sections given by z = 0, A\y? + pz? = 0 and
the singularity on the deformation is a cusp singularity. If p and 7 have 0 < v < 2 roots
in common, the projected surface is a divisor of type 2H — (2¢ — 2 + ) R. In general
we get a simple elliptic singularity.

To describe the remaining deformations we look at the lifting matrix, which is a
block matrix

0 2 0
ey 0 0O
Berz 0 0

0 0 2I

of size (4de — 4) x (4e — 1). Its rank is 2e — 2 if p.y2 and ge42 both vanish identically,
and lies between 3e — 3 and 4e — 4 otherwise. The solution space has dimension v > 3
with strict inequality iff the polynomials peyo and gey2 have 7 roots in common. The
n and ¢ deformations vanish. Therefore the base equations depend only on pgey4 and
g2¢+4- They are 2(2e — 1) quadratic equations on 2e 4+ 1 + 6 variables, which may or
may not have solutions.

We now turn to the other deformations in general. A dimension count shows
that the general tetragonal curve of genus g > 15 cannot lie on a K3 surface, so the
deformations are obstructed. For a general tetragonal cone we have that dim7% = 9.
There are (by — 1) + (b2 — 1) = g — 7 quadratic base equations. Compare this with the
dimension of T2:

Theorem 4.12([Wahl, Thm. 5.9]). Let X be a tetragonal cone with e > 0. Then
dimT%(—k) = 0 for k > 2 and dimT%(—k) = g — 7 if by > 0. If by = 0, then
dimT% (—k) = 2(g — 6).

In particular, if g > 15 we have more equations than variables and in general there
are no solutions. For special moduli solutions do exist and one expects in general exactly
one solution.

(4.13) The case g = 15. Consider the most general situation, of equal invariants:
e; = ey =e3 =4, by = by = 5. In this case there are no pure rolling factor deformations
and no lifting conditions.

Proposition 4.14. The general tetragonal curve with e; = e; = ez =4, by = by =5
is hyperplane section of 256 different K3 surfaces.

Proof. We have 8 homogeneous quadratic equations in 9 variables, which define a
complete intersection of degree 28. We give an explicit example. Take the curve, given
by the equations

(83 +t3)z? + (53 + 263y + (53 — 2t3) 22
(s +13) (s — t)z? + s (s + t)y* + 322

on the scroll. The base equations are formed according to Thm. 3.4. One computes
that indeed we have a complete intersection, which is non-singular. O

31



It is very difficult to find solutions to such equations, and I have not succeeded to
do so in the specific example. Note that the absence of mixed terms in x, ¥ and z on the
scroll means that the automorphism group of the curve has order at least eight and it
operates on the base space: given one solution one finds three other ones by multiplying
all & or all (; by —1.

Remark 4.15. Alternatively one can start with a K3 surface and take a general hy-
perplane section. Therefore we look at complete intersections of two surfaces of type
2H — 5R on a scroll of type (3, 3,3,3). Such a K3 surface can have infinitesimal defor-
mations of negative weight (which are always obstructed). The lifting matrix for the
K3 has size 8 x 8. The equations P and () on the scroll are pencils of quadrics. In
general such a pencil has 4 singular fibres and by taking a suitable linear combination
we may suppose that P has the form

sX2HtY? 4+ (s+ )22+ (s—t)W?2.

The polynomial () is then a general pencil with 20 coefficients, of which one can be made
to vanish by subtracting a multiple of P. This shows that these K3 surfaces depend on
18 moduli. Let Q = (aus + b11t)X2 + 2((1123 + blgt)XY + ...+ ((1448 + b44t)W2. Then
the lifting matrix is

(1 0 0 0 0 0 0 0\

0 0 0 1 0 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 -1

ay1 b1 a2 bz a3z biz as bis

a2 b1z azas baa a3 baz azs boy
a13 b1z a3 baz azz b3z azs bay

K a1a bia aos bas aszs b3y ass bas /

For nonsingular K3 surfaces this matrix has at least rank 5, and it is possible to write
down examples with exactly rank 5. Rank 4 can be realised with surfaces with isolated
singularities. An explicit example (with a slightly different basis for the pencil) is

P=sX?4+tY%+ (s+ 1) 2>
Q=5sX>—tY?+ (s—t)W?

with ordinary double points at sX =tY = (s +t)Z = (s —t)W = 0. The hyperplane
section X3z + Zy + Wy + Yy = t3X + s%tZ + st?W + s3Y does not pass through the
singular points and defines a smooth tetragonal curve with e; = 4. The base space for
this curve is still a complete intersection, but the line corresponding to the singular K3
surface is a multiple solution.

(4.16) The case g = 16. The curves lying on a K3 form a codimension one subspace
in the moduli space of tetragonal curves of genus g = 16. In terms of the coeflicients
of the equations of the scroll one gets an equation of high degree. It makes no sense to
write it. We will not study the most general case (5,4,4;6,5) but (5,5,3;6,5). These
curves form a codimension two subspace in moduli. The computations will show that
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the condition of being a hyperplane section has again codimension one. The lifting
matrix need not have full rank. We have b; = 2e3, and the g} can be composed.

Suppose that the coefficient of 22 in the first equation on the scroll does not vanish.
With a coordinate transformation we may assume that the equation has the form 22 +
Py(s,t;x,y) with Py of degree 4 in (s:t) and quadratic in (z:y). Then we can take @ to
be without 22 term. Let qo;ls?’-}—. . .+Q3;1t3 be the coefficient of 2z and gp;2 s34.. .—I—q3;2t3
that of yz. The rows of the 3 x 8 lifting matrix come only from the monomial z:

o 0 0 0 | 0 0 0 0 |10
o 0 0 0 | 0 0 o0 o0 |01
do:1 g1 921 931 | Qo2 qi2 g22 gs2 | O O

The matrix has rank 3 if some ¢; ; does not vanish, but rank 2 if they all vanish; then
the surface {@ = 0} has a singular line.

The deformation variables (7, {2 vanish. We have two pure rolling factors defor-
mations p; and ps in the second set of additional equations, and there are scrollar
deformations &7, ..., 14. Between those exist a linear relation given by the third line
of the matrix. The equations for the base can be written down independently of this
linear relation, because the (; vanish.

We give a specific example: 22 + t4y? + (s* +t*)z? and (s° +1°)z2 + (s° — t%)y% +
q1(s,t)xz + g2(s,t)yz. We get the following nine equations:

—28283 — 26184 — 2m2m3 — 21y
& — &5 — 2684 — m3 — 2mams
28182 — 28384 — 2n31M4
26183+ &5 — & — 3
26184 + 26283

prér + pam — &5 — 26a€a + 15 + 21214
p1éa + pame + &5 + 07 — 2634 + 2m3ma
p1€s + pans + 261&2 + 2mn — &§ + 13
p1éa+ pana + 26183 + €5 + 2mns + 13

Also in general we have 5 equations m,,, and 4 equations p1&, + P29m + Xm- The
pure rolling factors equations are never obstructed. We have as solution to the equa-
tions therefore the (p1, p2)-plane with a non reduced structure. Given a general value
of (p1, p2) we can eliminate say the n; variables. We are then left with 5 equations ;
depending only on the z;. Their quadratic parts satisfy a relation with constant coef-
ficients, but even more is true: this relation can be lifted to the equations themselves.
So the component has multiplicity 16. The general fibre over the reduced component
has a simple elliptic singularity of degree 10.

To find the other solutions we eliminate p; and ps. This gives the condition

X1 X2 X3 X4
Rank | & & & & )| <2
m N2 N3 N4
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which defines a codimension 2 variety of degree 11. In general the 5 equations m,, cut
out a subset of codimension 7 and degree 352. But if

Rank(gl &2 &3 54)§1 (R)
m M2 N3 M4

the full equations have only solutions in the (p1, p2)-plane. Even if this rank condition
defines a codimension 3 subspace, there are always solutions. To see this we set & =
s*11=1¢ and n; = s*~'"1n. The equations m, are satisfied if ZPy(s,t;¢,7) = 0
and %P4(s,t;§,n) = 0. This is the intersection of two curves of type (2,3) on the
scroll S33 = P! x P! and there are 12 such intersection points. Those points give
multiple solutions. One can compute that the rank of the Jacobi matrix of the system
of equations (R) together with the m,, is five. By taking a suitable general example one
finds that the multiplicity is in fact 4, and 48 is the degree of the solution of the system.

Proposition 4.17. The general tetragonal cone with invariants (5,5, 3;6,5), which is
composed with an involution of genus 4, has 302 smoothing components. The base
space of a non-composed cone can be identified with a hyperplane section of the base
of the corresponding composed one and only the smoothing components of lying in this
hyperplane give smoothing components of the non-composed cone.

This means that for fixed polynomials P, () the existence of smoothings depends
on an equation of degree 302 in the eight variables g;.;. For special values the number
of smoothing components may go down. This happens in the specific example given,
where the condition (R) gives two-dimensional ‘false’ solutions. Here there are only
238 smoothing components. Besides the hyperelliptic involution the curve has another
automorphism which acts on the base space. The only solutions I have found are easy
to see:

m=m=G=G=+&b=p+mu=p+&=p+m=E&-n;=0

We take & = 13 = pa = 6 and & = 1y = p1 = —0. The total space is a surface
on a scroll of type (4,3,3,3) with bihomogeneous coordinates (W, X,Y, Z;s,t). We
set V; = y;, X; = xi42 and Z; = z; for ¢ = 0,...,3. The hyperplane section is
d=Wo+Xo+X1+Yo+Y3, 50if 6 =0 we have X = t?z, Y = s%y, Z = z and
W = —(s+t)(x + y). The lifting equation is now go,1 — ¢1;1 + ¢2:2 — ¢3;3 = 0. One
computes that the surface is given by

2X24+Y?2 -2 X —Y)W(s—t)+W?(s —t)* + Z*
2Y2%s — XW(s% — 2st + 2t%) + YW (252 — 2st + t2) + W2(s — t)(s® — st + t?)
— X Z(sqa.2 +tg3.2) — Y Z(sqoa + tq1.1) — ZW (s%qo.1 + st(ga.2 — g3.2) + t°q3.2)

This is a K3 surface with an A;-singularity.

For even more special values of the coefficients there may be higher dimensional
smoothing components. This happens e.g. for P = 22 + t*y? + s*z2 and the same Q as
above, where the equations m,, have the solution &1 = & = n3 = n4 = 0, giving rise to
an extra component of degree 15, which is the cone over three rational normal curves
of degree 5. Then all tetragonal on Y have smoothings, but depending on the position
of the hyperplane the number may increase.
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(4.18) The case (b1,b2) = (8,4). In this case there exist five families of K 3-surfaces,
three of which have the maximal dimension 18. The general hyperplane section of the
scroll Sg 4.2 0 is a scroll Sg 4 2 while for both S5 4 3 2 and Sy 4.4 2 it is S5 5 4. One computes
that the tetragonal curves of type (2H — 8R,2H — 4R) on Ss 4.2 depend on 29 moduli
and those on S5 5 4 depend on 34 moduli.

Proposition 4.19. The general tetragonal curve of type (8,4,2;8,4) has only pure
rolling factors extensions. If the g} is composed with an involution of genus 3, then
there are in general 91 smoothing components not of this type.

Remark 4.20. The tetragonal curve can be a special hyperplane section of a K3 surface
on 87421, S6,4,2,2, 554,32 Or Sz442. Therefore the genericity assumption cannot be

Rt ) Rt )

dropped.

Proof. After a coordinate we may assume that P has the form pgz? + y2 + pozz. The
g1 is composed with an involution of genus 3 if and only if p» = 0. In that case Q may
be taken in the form qi222 +gsxy+22. That the curve is nonsingular implies that pg has
no multiple roots. If the g} is not composed, the term z? may be absent in @, and psg
may have multiple roots. For the general curve this does not occur. We look therefore
at curves given by

P:psz® + y* + powz

Q: qlz.’L'2 + qsry + 22 .

The lifting matrix is a block matrix

0 2I 0
IT 0 0
0 0 2I

with II giving the equations ps o&; + p2,1&i+1 + p2,28i+2 = 0. There is one pure rolling
factors deformation for the first equation, and 5 + 1 for the second. The equation P
leads to 7 base equations m,, in the 8 variables p, &1, ..., &. The 128 solutions are
described above. The equations coming from () are

p1&1 + p282 + p3éz + pa€s + ps5&s + x1 =0
p1€2 + p2£3 + p3ka + pa&s + psée + x2 =0
p1€3 + p2€s + p3&s + pae + psér +x3 =0

We view this as inhomogeneous linear equations for the p;. The coefficient matrix

§1 & &3 & &
M=1|8&& & & & &
&3 & & &6 &

is the transpose of the coefficient matrix of the equations ps o&; +p2,1&i+1 +p2,28i+2 = 0,
viewed as equations for the coefficients of py. If for a given solution of the equations
T the matrix M has not full rank, then there exists a non-composed pencil admitting
the same solution. But then also p2 oXx1 + p2,1X2 + P2,2x3 = 0, an equation which in
general is not satisfied. We have 8 solutions which lie on a rational normal curve and
28 solutions on the secant variety of this curve. The equations of the secant variety are
the maximal minors of M. Only for 91 solutions the matrix M has full rank. U
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In the general case we get components of dimension 3 + 1 (the y-rolling factors
deformation does not enter the equations), for solutions not on the rational curve, but
on its secant variety the component has dimension 5, while we get a 6-dimensional
component if pg and g12 have a common root. This does not contradict the fact that
all smoothing components of Gorenstein surface singularities have the same dimension,
because we here only look at the restriction to negative degree.

Proposition 4.21. The general hyperplane section of a K3 of type (5,4,3,2;8,4) or
(4,4,4,2;8,4) is a tetragonal curve of type (5,5,4;8,4), which lies on a rational surface
with two double points.

Proof. We use coordinate transformations on the scroll to bring the hyperplane section
into a normal form, while we suppose the coefficients of the equations to be general. Let
as usual (X,Y, Z,W;s,t) be coordinates on the scroll. Let the hyperplane section be
aoWo+arWi+asWa+--- = (ags®+ayst+ast>)W +- - -. By a transformation in (s,t) we
achieve that ag = a2 = 0, so the equation is W + - - -. First consider the case (4,4, 4, 2).
By a suitable transformation w — W + aa(s,t) X + ba(s,t)Y + ca(s,t)Z we remove all
terms with index 1, 2 or 3, leaving W1 + aoXO + bon + C()ZO + a4X4 + b4Y4 + C4Z4.
Taking agX + bpY 4+ coZ as new X and a4 X + b4Y + c4Z as new Y brings us finally to
X4+ W1 +Y,. With coordinates (z,y, 2; s,t) for the scroll Ss 5 4 we get the hyperplane
section by setting Z = z, X = sz, Y =ty and W = —t32 — s3y. The equation P does
not involve the variable W so we have quadratic singularities if sx = ty = z = 0, which
gives the points s=y=z=0and t =2 =2=0.

In the case (5,4, 3,2) we can achieve W7 + Zy + Z3 and we get the curve by X = «z,
Y =2,7 =styand W = —(s3+13)y. The equation P:py X2 +p; XY +poY?+ X Z now
gives pox?+p1x2+poz2+stry, which for general p; has singular points at z = z = st = 0.
[l

To investigate the sufficiency of these conditions we look at the general cone of
type (5,5,4;8,4). We may suppose that P has the form 22 + P»(z,y). The equation
P (z,y) describes a curve of type (2,2) on S5 5 & P! x P, If this curve has a singular
point, we may assume that it lies in the point £ = s = 0. Under the assumption that
the coefficient of stxy does not vanish we can transform the equation into the form
(as® + bt?)xz? + 2stzy + cs?y? and unfolding the singularity we get the equation

Py = (as® + bt?)z? + 2stzy + (cs? + dit?)y? .

One can then write out the lifting conditions and base equations coming from the
equation P. The result is that they have only trivial solutions if and only if abed((ad +
bc—1)%2 —4abed) # 0, if and only if the curve P, is nonsingular. If a singularity is present
we assume it to be in x = s = 0, so d = 0. The equation () gives three base equations,
in which 242 pure rolling factors variables can enter. We analyse what happens if there
is a second singularity. For b = d = 0 the equation P, is divisible by s, and we do not
find extensions. In case a = d = 0 the curve P; splits into two curves of type (1,1); we
get two components with deformed scroll Sy 442. For ¢ = d = 0 we have intersection
of a line with a curve of type (2,1) and we find two components with deformed scroll

S5,4,3,2-
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Remark 4.22. For the general tetragonal cone with large g we found dim7T1(—1) = 9,
but all deformations are obstructed. For special curves extensions may exist; also the
dimension can be higher. Both conditions seem to be independent. As the number
of base equations we find is always g — 7, having more variables increases the chances
of finding solutions. In the borderline case studied above this may suffice to force the
existence, but in general it does not. On the other, taking a general hyperplane section
of a general tetragonal K3 surface will give a cone with dim7(—1) = 9. It would be
interesting to find a property of a canonical curve which gives a sufficient condition for
the existence of an extension.

Acknowledgement. I thank Jim Brawner for sending me his preprint. The computer
computations were done with the program Macaulay [Bayer—Stillman].
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