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¨U»\¸,­w¬�´S¸,¨�»�¹=À³¹H«,½�¨�«9W �ZY
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°�¹k¯ª°�«n¨�¸n¨7¨(È�´=¬�®�±�¨�»�Îª´k«n¨�·ª»n¨(À¥·ª±6­�¯�­�¯W¿k¨U»\¸,­wÆB´S¸n­�¯�Æ-¸n§ª¨0°(«,¨�½�­�²�­�±w­w¸\Ç%¹kÀ*½�­Êé�¨�«,¨�¯B¸�¯W·�¬�¨�«,­¼°�´=±



��������������	�! ���@�
�	���/�
�����@���@���G����� ���
� ������!E�������@! �����@�����5��������� !"��� �
´k±wÆH¹k«,­Ê¸,§�¬�»0®�«,¹k®�¹H»n¨�½ ­w¯Ð¸n§�­¼»�°(¹H¯B¸n¨(ÈW¸ � äÁ¨É®�«,¨�»n¨�¯B¸-ÀK´k»t¸�´k¯ª½Ð¨��¾°(­�¨�¯B¸�½�¨(¸,¨�«,¬-­�¯�­¼»\¸,­�°
»,°o§�¨�¬�¨U»³°(¹H¬�®�¨�¸n­w¸n­�¿k¨-å�­Ê¸,§�¸n§�¨�°(¹H¬�¬-¹H¯�±�Ç�·�»t¨U½Ë»\¸,¹�°o§ª´k»t¸n­¼°�´=±�Æk¹H«n­w¸n§ª¬�»@�¥å�­w¸n§'¸n§�¨�´k½WÃ
½�­w¸n­�¹k¯�´=±�´H½�¿S´=¯B¸,´kÆk¨�¹kÀ�§�´F¿B­�¯�Æ�¬�¹H«n¨�«,¨�±�­�´k²�±�Ç��\·ª»t¸n­��ª¨U½¾°(¹H¯B¿H¨�«,Æk¨�¯ª°(¨g«o´S¸n¨U»<¸,§ª´=¯�¸,§�¹H»n¨�­�¯
¸,§�¨�»\¸,¹�°o§ª´k»t¸n­¼°�´k®�®�«,¹H´H°o§�¨�» � �S ¯ÿ¹H·�¸n±�­�¯�¨�¹=À!¸n§�­¼»�®�´=®�¨�«�­¼»0´k»$À¥¹H±w±�¹Så�»�ñ�å�¨¾»t¸,´k«t¸�²WÇ'®�«,¨�»n¨�¯B¸,­w¯�ÆÉ¸,§�¨¾»n¨�¬�­�½�­�»,°(«,¨(¸,¨
´k®�®�«,¹FÈW­�¬�´S¸,­w¹H¯¾²WÇ�¸n§�¨�»t¸,´k¯ª½�´=«o½sT7´k±w¨�«nÂW­�¯ �ª¯ª­Ê¸,¨�¨�±�¨�¬�¨�¯B¸�¬�¨(¸n§ª¹W½�­�¯H]W¨U°^¸,­w¹H¯HF�Î�®�«n¹S¿H¨
´�»\¸o´=²�­�±w­w¸\Ç�«,¨�»n·�±Ê¸�À¥¹k«�¸,§�­�»�¸\ÇW®�¨�¹kÀ�½�­¼»n°�«n¨�¸n­�Í�´=¸n­�¹k¯�­�¯v]�·�²ª»n¨�°^¸,­w¹H¯ F �w� ´=¯ª½-½�¨�«,­�¿k¨*¸,§�¨!¨�«,«n¹H«
¨U»\¸,­w¬�´S¸,¨�»�­w¯H]W·�²ª»n¨�°(¸n­�¹k¯HF � F � ¦g§�¨7°(¹k«,«,¨�»n®�¹H¯ª½�­�¯�Æ�­�¯B¿H¨�»t¸n­�ÆH´=¸n­�¹k¯ª»	·ª»t­�¯�Æ�¸n§�¨7»t¸n«,¨�´=¬�±�­w¯ª¨
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­�¯	-ª¹Så �¥¹k·�¸.-ª¹Så ��²�¹k·�¯ª½ª´=«,Ç%´k»

. 00/ ��13 ñ�ò 4�í�ôÐîH.Åñcò 6�ï�ôÐñ : �¥í�ô � ; = > ó1�32ºó��-?Hì� F ��� �
å�§�¨�«n¨ : �¥í ô �*­�»*¸n§�¨�¹H·�¸\åg´=«o½�·ª¯�­Ê¸�¯�¹k«,¬�´=±�¸,¹�¸n§ª¨�²�¹H·�¯ª½�´k«nÇ .'´=¸	í ô î/. � |�¹Såºå!¨�·ª»n¨
¸,§�¨¾¯�¹k¸,´S¸,­w¹H¯54=ù � ; ��ñ�ò76986 ù � ; �0´=¯ª½Å­�¯B¸n«,¹W½�·ª°(¨%´'½�­�»,°(«,¨(¸,¨kÎ �ª¯�­w¸n¨�½�­w¬�¨�¯ª»t­�¹k¯�´=±iÎ�À¥·ª¯ª°^¸,­w¹H¯»n®ª´k°�¨�:<;>= 3
? ^ L3 �Kï�ô �!å�­Ê¸,§EÎ

^ L3 �Kï ô �*ò 494�îH^ L �Kï ô �!ñ@4 ù � ,$ç ý ��òÓó�ì ´=¯ª½A4-ò ó�¹H¯ . 03 ?Hì� F � F��
»n·ª°o§�¸n§ª´=¸�ÎCB#4�îH^ L3 �Kï�ô ��D ^ K �aï�ô �(Î

­�¯�ÀE	F�G�H
I JLK 4�û!M KONQP � YSR@0 N K 4 K R ìUT�ò ó�ì � ´=¯�½ � PWVXPZY ì� F � b��
å�§�¨�«n¨³À¥¹k«g®�¹H»n­Ê¸,­w¿H¨³­�¯H¸,¨�ÆH¨�«L[Hì K ; K�\ ½�¨�¯�¹k¸n¨�»�¸,§�¨$ë � ÃP²ª´k»n¨�½s]W¹k²�¹k±�¨�¿�¯�¹H«n¬ ¹kÀEÀ¥·�¯ª°(¸n­�¹k¯ª»å�­w¸n§Å´=±�±4¸n§�¨�­w«�®�´=«n¸n­¼´=±<½�¨�«,­�¿F´=¸n­�¿k¨U»�¹kÀ�¹H«,½�¨�« P [HÎE­�¯Åë � Î�»t¨�¨ S ½�´=¬�»�Ï � Ò � S ¯�¨�È�´=¬�®�±�¨¹kÀ	»t·ª°o§!:S;>= 3 ­¼»�´�»t¨�¸�¹=À	»n·	�¾°(­�¨�¯B¸,±wÇ�»n¬-¹W¹k¸n§Ë®�­�¨�°�¨�å�­¼»t¨�®�¹H±wÇW¯�¹H¬�­�´k±�»,] �¥í�ô ��¹kÀ�½�¨�ÆH«n¨�¨
PZY Î�»n´=¸n­¼»\À¥ÇW­�¯�Æ-¸n§�¨�²�¹k·ª¯ª½�´=«,Ç¾°(¹H¯ª½�­w¸n­�¹k¯ª»�Æk­�¿k¨�¯�­w¯ � F � F�� �|�¹Så ¸n§�¨�¹H²	�\¨�°(¸n­�¿k¨7­¼»g¸n¹ �ª¯ª½ ��;�î^:S;>= 3 Îª»n·ª°o§�¸n§ª´=¸_ �C�#;>= ðªì.M(�nô ( �aç���;>= ÷Hì`M(�nô ( �"* ��;>= ùkì`M�ù
�tôÿò óªìaB<Mÿî^:S;>= 3 ì

��; �Kó�ìní�ô �*ò 
@; �¥í�ô �^ì� F � c��
å�§�¨�«n¨D
@;-­¼»�´ ��¯�­Ê¸,¨�¨�±�¨�¬�¨�¯B¸�´=®ª®�«n¹FÈ�­�¬�´S¸n­�¹k¯%¹=À�
'´=¯ª½%¸n§ª¨$¬�¨U»t§É»t­�Í�¨�Y�­¼»!«n¨�±�´=¸n¨�½%¸n¹ *
´H°�°(¹H«,½�­w¯�Æ0¸n¹�ñ

Y � P * P Y0bM ¨�«,¨kÎ � ��ì.4<� ô òdc9e3fD���¥í ô �g4 �¥í ô ��hkí ô ´k¯ª½ K � K
i�j / e3f 1 ò �C��ì!� ��kjô � ¦�¹�½�­�»t¸n­�¯�Æk·ª­�»n§EÎså!¨
·ª»n¨4¸n§ª¨<À¥¹k±�±w¹Så�­�¯�Æ�­�¯�¯�¨�«E®�«,¹W½�·ª°^¸o»E¯�¹k¸,´S¸,­w¹H¯ª»�ñ � ; ì ; � ô ´=¯�½ � ; ì ; �3l*ÎUå�§�¨�«n¨ # òèÏ ó�ì,ë<Ò^ø	ï ô ò
ï ð øÉï ô Î�À¥¹k«�­�¯B¸n¨�ÆH«,´=¸n­�¹k¯�¹S¿k¨�«�ï ô ´k¯ª½�ï ð ø�ï ô Î�«,¨�»n®�¨U°^¸n­�¿k¨�±wÇ �
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� � � 4 � � � � 23 ò �F ����� �J 4 � � :_; 8= � h . ( K * Lxwx� 4=ù K �i j / l 1 ì� F � ���
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»t·�®ð F eIH K ��; �Kí6ì ; � K
i j / e f 1 P K 
 K�i j / e f 1 ì� F � Ñ��
� � � ��; � � � � 23 ò �F K ��; �aó�ì ; � K �i�j / e3f 1 b� F �KJ �

L )M'�' 2.< ä�¨�±w¨�¸LMÁò � ; Îª­w¯ �ª«o»\¸�¨U¶H·�´S¸n­�¹k¯6Î�­w¯ �ZF � c �	¸n¹�¹k²�¸,´=­�¯EÎ
�F hhkí K ��; K �i�j / e3f 1 ( �aç���;>= ÷kì!�#;��tô ( K * Lxwh� �#;>= ù K �i�j / e3f 1 ò ó�b� F � ~��
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Dirac initial cond.(h = .2) Differences between finite elements used. (Sol. vs. nodes)
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Dirac initial cond.(h = .1) Differences between finite elements used. (Sol. vs. nodes)
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