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Abstract

The random-cluster model is a dependent percolation model that has applica-
tions in the study of Ising and Potts models. In this paper, several new results
for the random-cluster model with cluster parameter ¢ > 1 are obtained. These
include an explicit pointwise dynamical construction of random-cluster measures
for arbitrary graphs, and for unimodular transitive graphs, lack of percolation for
the free random-cluster measure at the lower critical value on nonamenable graphs,
and a number of inequalities for the critical values. Some of these inequalities lead
to considerations of isoperimetric constants in certain hyperbolic graphs, and the
first nontrivial explicit calculations of such constants are obtained. Applications
to the Potts model include Bernoullicity in the Z? case at all temperatures, and
non-robust phase transition in the case of nonamenable regular graphs.

1 Introduction

One of the most important and much-studied dependent percolation models today is
the random-cluster model. It was introduced in 1972 by Fortuin and Kasteleyn [24],
and after a decade and a half of relative silence, the model was revived in the late 1980s
with the influential papers by Swendsen and Wang [57], Edwards and Sokal [19], and
Aizenman, Chayes, Chayes, and Newman [2]. Since then, the random-cluster model has
served as a major tool in studying Ising and Potts models, and has also been studied in
its own right by several authors. This paper is an investigation of a number of aspects
of the random-cluster model, and we shall obtain results that are intrinsic to the model
itself as well as applications to the Potts model. We shall work mainly in settings with
more general graph structures (Cayley graphs, transitive graphs, etc.) than the usual
7% setting, but some of our results are new and interesting also in the Z% case. Our
main results are the following:

e An explicit pointwise dynamical construction of random-cluster measures is
obtained (Section 3).
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e The Potts model on Z¢ (and more generally on amenable Cayley graphs) is shown
to satisfy a mixing condition known as Bernoullicity (Section 4) at all tempera-
tures. Our proof is the simplest to date even for those cases where the result was
known previously.

e For unimodular transitive nonamenable graphs, we extend the result of Benjamini,
Lyons, Peres and Schramm [5, 6] for i.i.d. percolation to show lack of percolation
for the free random-cluster measure at the lower critical value on nonamenable
graphs (Theorem 5.2).

e We consider four (possibly different) critical values for the random-cluster
model on a given Cayley graph, and we sort out how these can relate to each
other (Sections 5 and 6). For this purpose, we give the first explicit nontrivial
calculations of positive isoperimetric constants.

e The random-cluster model is exploited to show that the Potts model on nona-
menable regular graphs for entire intervals of temperatures exhibits phase transi-
tion but not so-called robust phase transition (Section 7).

We shall begin by recalling, in Section 2, some basics concerning random-cluster
and Potts models. After that, we come in Section 3 to the dynamical construction of
random-cluster measures. It is a kind of “backwards coupling” construction, inspired
by the Propp-Wilson algorithm [51]. The construction is then applied to obtain the
Bernoullicity result in Section 4. Another point of the dynamical construction is to
obtain natural couplings between random-cluster measures in various situations. Such
a coupling is used to prove the lack of percolation result in Section 5. Most of our
results on the relations between the four critical values pYired, pfree  pwired - apq pfree
are fairly immediate. An exception is the result that p**d(q) < pf®®(g) can occur
for some graphs and some ¢, which requires careful analysis (carried out in Section 6)
of the random-cluster model on certain tilings of the hyperbolic plane. Parts of this
analysis are based on the Peierls-type comparison methods of Jonasson and Steif [41]
and Jonasson [40], and these methods are also exploited in Section 7 to obtain our result
on non-robust phase transition for the Potts model.

Since it is of independent interest, we give here our result on isoperimetric constants.
A regular euclidean polygon of d' sides has interior angles (1 —2/d'). In order for such
polygons to form a tessellation of the plane with d polygons meeting at each vertex, we
must have 7(1—2/d") = 2r/d, i.e., 1/d+1/d" = 1/2, or, equivalently, (d—2)(d' —2) = 4.
In all such cases, tessellations have been well known since antiquity. In the hyperbolic
plane, the interior angles can take any value in (O,7r(1 — 2/d)), whence a tessellation
exists only if 1/d+1/d! < 1/2, or, equivalently, (d—2)(df —2) < 4; again, this condition
is sufficient as well, as has been known since the 19th century.

Let G = (V, E) be the planar graph formed by the edges and vertices of one of these
regular tessellations by polygons with d' sides and with degree d at each vertex. Given
a finite set K C V', write dg K for the set of edges with exactly one endpoint in K. We
prove in Theorem 6.1 that

) |OrK| ) o B 4
mf{ K] ; K C V finite and nonempty » = (d —2),/1 —(d—2)(d’f—2)'

This should be compared to the regular tree of degree d, where the left-hand side is
equal to d — 2.



2 Background

In the following subsections we recall some preliminaries on random-cluster and Potts
models, and a little bit about stochastic domination and various classes of infinite graph
structures. General references for Sections 2.1-2.4 are Héggstrom [34] and Georgii,
Héggstrom and Maes [27], whereas for Section 2.5 we refer to Benjamini et al. [5].

2.1 Random-cluster and Potts models on finite graphs

Let G = (V,E) = ((V(G),E(G)) be a finite graph. An edge e € E connecting two
vertices z,y € V is also denoted [z,y]. An element ¢ of {0,1}F will be identified with
the subgraph of G that has vertex set V' and edge set {e € E; £(e) = 1}. An edge e
with £(e) = 1 (£(e) = 0) is said to be open (closed). Of central importance to us will be
the number of connected components of ¢, which will be denoted ||£||. We emphasize
that in the definition of ||£||, isolated vertices in ¢ also count as connected components.

The random-cluster measure RC := RCIC,': q (sub- and superscripts will be dropped
whenever possible) with parameters p € [0,1] and ¢ > 0, is the probability measure on
{0,1}F that to each ¢ € {0,1}¥ assigns probability

qnsn T #0 —pys©, "

eckE
where Z := Z$ = D ecio,1}” ¢ T, P8 (1 — p)1=¢(9) is a normalizing constant. It

is easy to see that if X is a {0, 1}¥-valued random object with distribution RC, then we
have, for each e = [z,y] € E and each ¢ € {0,1}P\e} that

if z <
RC(r(e) =1 X\ (N =9 ={ o rob ®
p+(1-p)g
where z <> y is the event that there is an open path (i.e., a path of open edges) from z
to y in X(E \ {e}). Here, X (E') denotes the restriction of X to E' for E' C E.

When g = 1, we see that all edges are independently open and closed with respective
probabilities p and 1 — p, so that we get the usual i.i.d. bond percolation model on G,
which we refer to as Bernoulli(p) percolation. All other choices of g yield dependence
between the edges. Throughout the paper, we shall assume that ¢ > 1. This conforms
with most other studies of the random-cluster model, and there are two reasons for
doing this. First, when ¢ > 1, the conditional probability in (2) becomes increasing not
only in p but also in &, and this allows a set of very powerful stochastic domination
arguments that are not available for ¢ < 1. Second, it is only random-cluster measures
with ¢ € {2,3,...} that have proved to be useful the analysis of Potts models, which
we now go on to describe.

Given the finite graph G and an integer g > 2, the g-state Potts model provides a
model for picking an element w € {1,...,q}" in a random but correlated way. The
values 1,...,q attainable at each vertex z € V are called spins. Fix the so-called
inverse temperature parameter § > (, and define the Gibbs measure for the g¢-
state Potts model on G at inverse temperature (, denoted Pt := Ptgﬂ, as the
probability measure that to each w € {1,... ,q}V assigns probability

1
Pt(w) = — exp -2 Z Lw@#w@)} | -
[z,y]eE



where Z is another normalizing constant (different from the one in (1)). The main link
between random-cluster and Potts models is the following well-known result.

Proposition 2.1. Fiz the finite graph G, an integer ¢ > 2, and p € [0,1]. Pick a
random edge configuration X € {0,1}¥ according to the random-cluster measure RCIC,’:q.
Then, for each connected component C of X, pick a spin uniformly from {1,... ,q}, and
assign this spin to all vertices of C. Do this independently for different connected com-
ponents. The {1,... ,q}" -valued random spin configuration arising from this procedure
is then distributed according to the Gibbs measure Ptgﬂ for the g-state Potts model on

G at inverse temperature 3 := —log(1 — p).

This provides a way of reformulating problems about pairwise dependencies in the
Potts model into problems about connectivity probabilities in the random-cluster model.
Aizenman et al. [2] exploited such ideas to obtain results about the phase transition be-
havior of the Potts model. Since then the random-cluster model has been an important
tool for studying the Potts model; see, e.g., [34] for a list of references.

2.2 Stochastic domination and weak convergence

Let E be any finite or countably infinite set. (The reason for denoting it by E is that in
our applications, it will be an edge set.) For two configurations &, &' € {0,1}F, we write
Ex & if€(e) <Ee) for all e € E. A function f : {0,1}” — R is said to be increasing
if f(&) < f(n) whenever £ < n. For two probability measures p and p’ on {0,1}, we say

D
that u is stochastically dominated by ', writing p < 4/, if

/ fdp < / fdi 3)
{0,1}® {0,1}®

for all bounded increasing f. By Strassen’s Theorem, this is equivalent to the existence
of a coupling P of two {0, 1}¥-valued random objects X and X', with respective distri-
butions p and ', such that P(X < X') = 1. We call such a coupling a witness of the
stochastic domination (3).

A useful tool for establishing stochastic domination is Holley’s inequality (see [34]
or [27]). Since the conditional distribution in (2) is increasing both in £ and in p (recall
that we only consider random-cluster measures with g > 1), Holley’s inequality applies
to show that, for any finite graph G = (V, E),

D
G G
chlaq < RCPZ;‘I

whenever p; < po. Similarly we get, for conditional distributions, that

RCS, (X €| X(E') =¢) z RCS, (X €| X(E') =¢) (4)

whenever ' C FE and ¢ X &'.

We shall also be considering weak convergence of probability measures on {0,1}%.
For such probability measures p1, o, ... and p, we say that u is the (weak) limit of p;
as ¢ — oo if lim;_, o0 pti(A) = pu(A) for all cylinder events A.



2.3 The random-cluster model on infinite graphs

Let G = (V, E) be an infinite, locally finite graph. The definition (1) of random-cluster
measures does not work in this case, because there are uncountably many different
configurations ¢ € {0,1}¥, and each one ought to have probability 0. Instead, there
are two other approaches to defining random-cluster measures on infinite graphs: one
via limiting procedures, and one via local specifications (Dobrushin-Lanford-Ruelle, or
DLR, equations). We shall sketch the first approach, and then explain how it relates to
the second.

Let Vi, Va,... be a sequence of finite vertex sets increasing to V in the sense that
VicVoC... and U2, V; =V. For any finite K C V, define

E(K) := {[m,y] € E; x,yEK},

set E; := E(V;) and note that Ey, F»,... increases to E in the same sense that V1, V5, ...
increases to V. Set dV; to be the (inner) boundary of V;, i.e.,

oV, :={veV;; I[z,y) € E\E; withz =v}.

Also set G; := (V;, E;), and let FRCGZ be the probability measure on {0,1}¥ corre-
sponding to picking X € {0,1}¥ by lettlng X (E;) have distribution RCZ(,;’Z and setting
X(e) :=0for all e € E\ E;. Since the projection of FRCS: on {0, 1}#\Fi is determin-
istic, we can also view FRCI?, ;Ii as a measure on {0, 1} in which case it coincides with
ch;. By applying (4) to the graph G; with E' := E; \ E; ; and £ = 0, we get that
FRCS ! < FRCI?;,

so that
D D
G,1 G2
FRC, < FRC/ < -+ (5)

This implies the existence of a limiting probability measure FRCE’ q on {0, 1}F. This
limit is independent of the choice of {V;}$2,, and we call it the random-cluster measure
on G with free boundary condition (hence the F in FRC) and parameters p and gq.

Next, define WRCE ;; as the probability measure on {0,1}¥ corresponding to first
setting X (E \ E;) = 1, and then picking X (E) in such a way that

Hp p)t ¢

eckE;

qnsn*

Wchf;( (E;) =

where ||¢]|* is the number of connected components of £ that do not intersect JV;.
Similarly as in (5), we get

WRCG: WRCG 2 2 =

(note the reverse inequalities), and thus also a limiting measure WRCE’ ¢ Which we call
the random-cluster measure on G with wired boundary condition and parameters p
and gq.



We now briefly discuss how the above relates to the DLR approach to the random-
cluster model on infinite graphs. It is natural to expect that the limiting measures FRCIC,’: q
and WRC]?: o should satisfy some analogue of (2). Indeed, FRCS': ¢ admits conditional
probabilities satisfying

if x <y,
otherwise

FRCO, (X(¢) = 1 | X(B\ {¢}) = £) = { P ©)

p
p+(1-p)g

for any e € E and any ¢ € {0,1}2\{¢}| where the event z < y is defined as in (2).
Although WRCI(,;, q does not, in general, satisfy the same local specification, it satisfies

. o
ifx =y,
otherwise,

WRCG, (X(e) =1 | X(B\{e}) =¢) = { i (7)

y4
p+(1-p)g

where z += y denotes the event that either & contains a path from z to y, or it contains
an infinite self-avoiding path starting at £ and an infinite self-avoiding path starting at
y. In other words, z <= y is the same event as z <> y, except that in z < y the path
from z to y is allowed to go “via infinity”. We think of this as a kind of compactification
of the graph. These facts are stated in [27, Theorem 6.17]. (That FRCIC,’:q satisfies (6) is
due to [13]. The fact that WRCICJ': o satisfies (7) can be proved analogously. Other proofs
of (7) can be found in [40] and in [27].) We call a probability measure on {0,1}¥ a
DLR random-cluster measure (resp., a DLR wired-random-cluster measure)
with the given parameters p and ¢ if it satisfies the local specifications in (6) (resp.,
in (7)). (These local specifications are usually given on any finite edge-set, rather
than on a single edge. However, single-edge specifications are enough; see, e.g., [27,
Theorem 6.18].) It turns out that FRC;’: q and WRCg q Play the following special role in
the class of DLR random-cluster and wired-random-cluster measures: If x4 is any DLR
random-cluster measure or DLR wired-random-cluster measure for G with parameters
p and g, then

D D
G G
FRCS, < 1 < WRCS, .

We finally mention that (provided G is connected) the specifications (6) and (7) differ
with positive probability if and only if the event of having more than one infinite con-
nected component has positive probability. By an application of the uniqueness theorem
of Burton and Keane [14], we get in the case where G is the usual Z¢ lattice (and more
generally when G is a transitive amenable graph — see Section 2.5 for a definition) that
the number of infinite clusters is at most one, FRC-a.s. as well as WRC-a.s. It follows
that in this case, both FRC and WRC are simultaneously DLR random-cluster measures
and DLR wired-random-cluster measures.

2.4 The Potts model on infinite graphs
Let G = (V,E) be infinite and locally finite, and let {G; = (V;, E;)}2; be as in
the previous subsection. For ¢ € {2,3,...} and 8 > 0, define probability measures

FPtei 1™ on {1 }V in such a way that the projection of FPt% on {1 Vi
q,0 i=1 g0 ( y proj q,0 30 (

equals Pt%: , and the spins on V \ V; are i.i.d. uniformly distributed on {1,... ,q} and
! 98



independent of the spins on V;. It turns out that FPtg’ﬁi has a limiting distribution
FPtgﬂ as ¢ — oo.

Also, for a fixed spin r € {1,...,q}, define WPti/’;,r to be the distribution cor-
responding to picking X € {1,...,q}" by letting X(V \ V;) = r, and letting X (V;)
be distributed according to Ptfj”‘ﬁ conditioned on the event that X(0V;) = r. Again,

WPLS"  has a limiting distribution as i — oo, which we denote WPty .

The existence of the limiting distributions FPtgﬂ and WPtgﬂyr are nontrivial results,
and in fact the shortest route to proving them goes via the stochastic monotonicity ar-
guments for the random-cluster model outlined in Section 2.3, and proving Propositions
2.2 and 2.3 below.

A probability measure p on {1,...,q}" is said to be a Gibbs measure (in the DLR
sense) for the g-state Potts model on G at inverse temperature 3, if it admits conditional
distributions such that for allv € V, allr € {1,... ,¢}, and all w € {1,... ,¢}VM*}, we
have

p(X@) =r | XV\ D) =) = Zon(-28 3 luwmen)  ©)

[v,yleE

where the normalizing constant Z may depend on v and w but not on r. It turns out
that FPtgﬂ and WPtgﬂ,r are both Gibbs measures in this sense.

The following extensions of Proposition 2.1 provide the relations between FRC and
WRC on one hand, and FPt and WPt on the other.

Proposition 2.2. Fiz the infinite locally finite graph G, an integer ¢ > 2, and p € [0, 1].
Pick a random edge configuration X € {0,1}F according to Fchq. Then, for each

connected component C of X, pick a spin uniformly from {1,...,q}, and assign this
spin to all vertices of C. Do this independently for different connected components.
The {1,... ,q}" -valued random spin configuration arising from this procedure is then

distributed according to the Gibbs measure FPtgﬂ for the g-state Potts model on G at
inverse temperature (3 := —% log(1 — p).

Proposition 2.3. Let G, p and q be as in Proposition 2.2. Pick a random edge con-
figuration X € {0,1}¥ according to the random-cluster measure WRCf,’:q. Then, for
each finite connected component C of X, pick a spin uniformly from {1,... ,q}, and
assign this spin to all vertices of C. Do this independently for different connected com-
ponents. Finally assign value r to all vertices of infinite connected components. The
{1,...,q}V -valued random spin configuration arising from this procedure is then dis-
tributed according to the Gibbs measure WPtgﬁ,r for the g-state Potts model on G at
inverse temperature 3 := —% log(1 — p).

We make one final remark about the construction of FPt and WPt. Clearly, the

prescribed behavior of FPtgg and WPtggm on V'\'V; is of no importance for the limiting

measures FPtgﬂ and WPtgﬁ,T. The point of the precise way in which we defined this
behavior is to admit further variants of Propositions 2.2 and 2.3. The statement in

Proposition 2.2 remains true if we replace FRCY, and FPtJs by FRCS and FPt 5. In
Proposition 2.3, we may replace WRCG, and WPt s by WRCG and WPt.'s | provided
that the spin assignment procedure is modified in such a way that spin r is assigned to
all vertices of all connected components that intersect (V' \ V;) U dV; (rather than just
of all infinite connected components).



2.5 Some classes of infinite graphs

The class of all infinite locally finite graphs is often too large to obtain the most in-
teresting results for the random-cluster model (and other stochastic models on graphs;
see, e.g., [44] for a survey), and indeed most of our results will concern more restrictive
classes of graphs. Here we recall some such classes.

Let, as usual, G = (V, E) be an infinite locally finite graph. The number of edges
incident to a vertex x is called the degree of . The graph G is said to be regular if
every vertex has the same degree.

A graph automorphism of G is a bijective mapping v : V — V with the property
that for all z,y € V, we have [yz,vyy| € E if and only if [z,y] € E. Write Aut(G) for
the set of all graph automorphisms of G. To each v € Aut(G), there is a corresponding
mapping 7 : E — E defined by [z, y] := [yz,yy]. The graph G is said to be transitive
if and only if for any z,y € V there exists v € Aut(G) such that vz = y. More
generally, G is said to be quasi-transitive if V' can be partitioned into finitely many
sets Vi,..., Vi such that for any ¢ € {1,... ,k} and any z,y € Vj, there exists a
v € Aut(G) such that vz = y.

A probability measure y on {0,1}F is said to be automorphism invariant if for
any m, any ei,... e, € E, any i1,... ,i, € {0,1}, and any graph automorphism ~y we
have

M(X(el) SR aX(en) = Zn) = U(X(;y(el)) =11, aX(;)’l(en)) = Zn) .

It follows from the construction of the free and wired random-cluster measures FRC
and WRC (in particular from the independence of the choice of {G; = (V}, E;)}52,) that
both measures are automorphism invariant. It turns out that automorphism invariance
has far-reaching consequences for percolation processes on various classes of transitive
graphs; see, e.g., [14], [33], [5], and [45].

Two important properties, that may or may not hold for a given quasi-transitive
graph, are amenability and unimodularity, which we review next. We say that a graph
G is amenable if

[OW] _
W

inf 0,

where the infimum ranges over all finite W C V, and | - | denotes cardinality. There are
various alternative definitions of amenability of a graph, which coincide for transitive
graphs (and more generally for graphs of bounded degree), but not in general.

For any graph G and z € V, define the stabilizer S(z) as the set of graph auto-
morphisms that fix z, i.e.,

S(z) :={y € Aut(G); vy = z}.
For z,y € V, define
S(z)y :={z €V; Iy € S(z) such that yy = z}.

When Aut(G) is given the weak topology generated by its action on V', all stabilizers
are compact because G is locally finite and connected. We say that G is unimodular



if for all z,y in the same orbit of Aut(G) (in the transitive case, this just means for all
z,y € V), we have the symmetry

1S(z)yl = |S(y)=].

An important class of transitive graphs is the class of Cayley graphs. If I is a
finitely generated group with symmetric generating set {gi,...,gn}, then the Cayley
graph associated with I" and that particular set of generators is the (unoriented) graph
G = (V, E) with vertex set V :=T, and edge set

E :={[z,y]; z,y € ',3i € {1,... ,n} such that zg; = y}.

(The word “symmetric” here means that the inverse of each element of the set is also
an element.) Most examples of graphs that have been studied in percolation theory
are Cayley graphs. These include Z¢ (which, with a slight abuse of notation, is short
for the graph with vertex set Z% and edges connecting pairs of vertices at Euclidean
distance 1 from each other), and the regular tree T,, in which every vertex has exactly
n + 1 neighbours. The graph Z¢ is amenable, while T, is nonamenable for n > 2. Also
studied are certain tilings of the hyperbolic plane (see Section 6), and further examples
can be obtained, e.g., by taking Cartesian products of other Cayley graphs (such as
T,, X Z, the much-studied example of Grimmett and Newman [31]).

All Cayley graphs are unimodular. An example, due to Trofimov [59], of a transitive
graph that is nonunimodular (and hence not a Cayley graph) may be obtained by taking
the binary tree Ty, fixing a so-called topological end ¢ (loosely speaking, a direction to
infinity in the tree), and adding an edge between each vertex and its {-grandparent.

We shall have occasion to use the following (Unimodular) Mass-Transport Principle:

Theorem 2.4. Let G be a transitive unimodular graph. Let o € V be an arbitrary
base point. Suppose that ¢ : V x V' — [0,00] is invariant under the diagonal action of

Aut(G). Then
Z ¢(o,z) = Z ¢(z,0) ..mtp

eV eV

See [5] for a discussion of this principle and for a proof.

3 A dynamical construction

Let G = (V, E) be infinite and locally finite, and let {G; := (V;, E;)}32, be as in Section
2. We know from Section 2.3 that

D D D D D D D
G,1 G,2 G G G,2 G,1

FRC, < FRCy < --- <X FRC), x WRC,, < --- S WRC, " < WRC,. 9)

Other well-known stochastic inequalities are that for p; < py and i € {1,2,...}, we
have

FRCG# 2 FRCY 10

1,9 < D2,9 7 ( )

FRCC , < FRCC 11

P1,9 P2,q9 ° ( )



. D .
WRCH?, < WRC, (12)

and

D
WRCE < WRCE

P1,4 O P2,q " (13)

For all of the above stochastic inequalities, it is desirable to find some natural construc-
tion of couplings that witness them. What we shall construct in this section is a coupling
of all of the above probability measures (for all p € [0,1], ¢ > 1 and 7 € {1,2,...}) si-
multaneously that provides witnesses to the stochastic inequalities (9)—-(13) above. Some
additional pleasing aspects of the construction are the following.

(A1) Not only are FRC and WRC automorphism invariant separately, but also their
joint behaviour in our coupling is automorphism invariant. This remains true also
if we consider these measures simultaneously for different parameter values.

(A2) If G is obtained as an automorphism-invariant percolation process on another
graph H, then the construction is easily set up in such a way that the joint dis-
tribution of G and the random-cluster measures on G becomes an automorphism-
invariant process on H. (See [37] for an example where an analogous property
turns out to be important in the context of Ising models with external field on
percolation clusters.)

Nevertheless, there are still some desirable aspects of couplings of random-cluster pro-
cesses for which we do not know whether or not they hold for our construction; see
Question 3.1 at the end of this section.

The construction is based on time dynamics for the random-cluster model. Such
time dynamics have previously been considered, e.g., by Bezuidenhout, Grimmett and
Kesten [10] and by Grimmett [29], for the random-cluster model on Z¢. To some
extent our construction will resemble Grimmett’s analysis. However, one feature of
our construction that differs from Grimmett’s is that the dynamics are run “from the
past” rather than “into the future”, along the lines of the very popular CFTP (coupling
from the past) algorithm of Propp and Wilson [51]; see also [58] for an early treatment
of dynamics from the past, and [18] for a survey putting the ideas in a more general
mathematical context. For the case of finite graphs, CFTP was applied to simulate the
random-cluster model in [51]. Simulation on infinite graphs would require additional
arguments, but our purpose is not simulation; rather, it is to gain some theoretical
information. For models other than the random-cluster model, CFTP ideas have been
extended to the setting of infinite graphs in [9], [38] and [37], but in all those cases
the interaction of the dynamics had a strictly local character, which is not the case in
our context. Another feature of our construction is the simultaneity in the parameter
space. Such simultaneity, which is related to the level-set representations of Higuchi
[39], appears in both [29] and [51]; Propp and Wilson use the term “omnithermal” to
denote this particular feature of the construction.

Let us start with a simple finite case: how do we construct a {0, 1}¥i-valued random
element with distribution chfl (equivalently, with distribution FRCg;;)? If we are
content with getting something that has only approximately the right distribution,
then the following dynamical approach works fine: Define some ergodic Markov chain

whose unique equilibrium distribution is ch 4, and run it for time T starting from an
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arbitrary initial state . If T is large enough, then the distribution of the final state is
close to RCIC,; o> regardless of the choice of &.

In particular, we may proceed as follows. To each edge e € E;, we independently
assign an i.i.d. sequence (¢9, #5,...) of exponential random variables with mean 1, and
an independent i.i.d. sequence (Uf,US,...) of uniform [0,1] random variables. For
ecE;and k=1,2,..., let 7 := ¢{ + ...+ ¢}, so that (7{,75,...) are the jump times
of a unit rate Poisson process. Now define a {0,1}%i-valued continuous-time Markov
chain {EXgé(t)}tZO with starting state 6X}%(O) := ¢ and evolution as follows. For
e := [z,y] € E;, the value of 5)@%@)(6) does not change other than (possibly) at the
times 77, Ty, ..., at which times it takes the value

1 if Uf <pand z < yin *XJi(78)(E; \ {e})

EXSi(rf)(e) =4 1 ifUg< s 0d (2 ¢y i EXT () (B \ {e})  (14)

0 otherwise.

(Note that a.s., 75 # T]‘?' for all j,k when e # ¢€'.) It is easy to see that this Markov
chain is irreducible and reversible with RCG" as stationary distribution, so that indeed
$XCi(t) converges in distribution to RC . ast — oo. Note also that since p > Iﬁ,
the chain preserves the partial order < on {O, 1}Fi; in other words, for all ¢ > 0 we have

ngfé(t) < "X'gé(t) whenever £ < 7. (15)

To get a {0,1}"-valued random object whose distribution is precisely RC%, we need

N Xy
to consider some limit as ¢ — co. On the other hand, $X ¥ () does not converge in any

a.s. sense, so this may appear not to be feasible.

The solution, which turns the convergence in distribution into a.s. convergence, is to
run the dynamics from the past up to time 0, rather than from time 0 into the future.
For T > 0, define the {0, 1}%i-valued continuous-time Markov chain

{fie%Xg‘g (t) }te[—T,O]

with starting state ¢ Xy G 'i(—=T) = 0 and the following evolution, similar to the one of
§X G . The value at an edge e := [z,y] € E; changes only at times (... ,—75, —7f), when
it takes the value

1 ifUf <pandz ¢ yin frf%XGi(—le)(E- \ {e})
free XG d=Te)e) =49 1 ifUg < m and = (z > y in T XE}I( ) (E;i \ {e}))
0 otherwise,
(16)

like in (14). We have, for 0 < T} < T5, that
et X5a(0) < 96, X,74(0)

(essentially because of (15)), so by monotonicity € X5 Gi #(0) has an a.s. limit freeng €

0,1}7, defined by setting TeXTi(e) := limp_e0 ff_eeXGi 0)(e) for each e € E;.
p,q T<"p,q

11



Clearly, fie%XpCfé(O) has the same distribution as 5X33(T) with £ = 0, so frf%ng(O)

G;

converges in distribution to RCgfI as T — oo. Hence freeng has distribution RC;%,

and if we furthermore define X" € {0,1}7 by setting

free x Gui () .= free xGi(e) for e € E;
pa ) 0 otherwise

for each e € E, then freeXg (’Ii has distribution FRC]?, qZ

Now suppose that we have defined the random variables (¢, ¢5,...) and (Uf,Us,...)
for all e € E (and not just all e € E;) in the obvious way. By another application of the
order-preserving property (15), we get that

free v G,1 free v G,2
X <X <

so that the limiting object freeng, defined by taking f‘reeXpqu(e) = lim; 0 f’“*engf(e),
exists. For any cylinder set A € {0,1}¥, we have

P (freeXG c A) — lim P (freeXGﬂi € A) = lim FRC&;}(A) = FRng(A) (17)

Pyq =00 pq i—00

so that fl”""XpG,q has distribution FRCI(,;, ¢ Thus, to summarize the construction so far,
what we have is a coupling of {0, 1}¥-valued random objects fl“*’XPG, ;11, freeXg ;12, ... and
freeng that witnesses the stochastic inequalities in the first half of (9).

Next, we go on to construct, in analogous fashion, the corresponding objects for
wired random-cluster measures. For T > 0, define the {0, 1}¥-valued continuous-time

Markov chain

wired v G,i
red ¥ G, t}
{ X3 () te[—T,0]

with starting configuration "% X5(—T) = 1. Edges e € E \ E; remain in state 1
forever, while the value of an edge e := [z,y]| € E; is updated at times (... ,—75, —7f),
when it takes the value

1 if U,S < p and A(iE,yai,p,(Jaea k)
Wlieng(}l(_Tlg)(e) = 1 lf U]S < m and _|A(.Z', Y, Z.’p’ q,¢, k) (18)
0 otherwise;

here, A(z,y,1,p,q, e, k) is the event {x FAIN y in Wiﬁ%ng(}i(—T,s)(Ei \ {e})}, where z &%
y is the event that either

(a) there is an open path from z to y (not using e), or

(b) both z and y have open paths (not using e) to dV;.

It is immediate from the definition of WRCZ(,’:;; that the conditional WRCg ;Ii—probability

that an edge e := [z,y] € E; is open, given the status of all other edges, is p or
p/[p + (1 —p)gq], depending on whether or not the event =z FALN y happens. It fol-

lows that the distribution of WiieﬁXg (’Ii(O) tends to Wch ;Ii as T — 0o. Moreover, the
dynamics in (18) preserves < similarly as in (15), implying that

wired v G,i wired v G,i
—TlXp,q s —Tsz,q

12



whenever 0 < 77 < T,. This establishes the existence of a limiting {0, l}E -valued
random object "rd X defined by "X (e) 1= limp_,oo "X (0)(e) for each

e € E. Clearly, WiredX]f &i has distribution WRCIC;: ;;. Another use of the <-preserving
property of the dynamics (18) shows that

wired v G,1 ered G2
XP:(I -~ szq -~ ?

so that we have a limiting object wired O € {0,1}F defined by setting Wire.ngq(e) =
lim; 00 "4 X (¢) for each e € E. By arguing as in (17), we get that wired X0 has
distribution WRCY,. The random objects "ired X! wired X752 and Wired X G witness
the stochastic inequalities in the second half of (9)

In order to fully establish that we have a witness to (9), it remains to show that
freeXpqu and eredXzfq witness the middle inequality in (9), i.e., we need to show that

free x G < wired X0 From the observations that the right-hand sides of (16) and (18)

are increasing in the configurations on E; \ {e}, and that for each such configuration
the right-hand side of (18) is greater than that of (16), we get that

f
Tee ngZ( ) ered ngz ( )

forany i € {1,2,...}, T >0 and t € [-T,0]. By taking ¢ := 0, letting 7' — oo and then

1 — 00, we get

fi G d G
reeXp7q w1re Xp,q (19)

as desired. Hence our coupling is a witness to all the inequalities in (9).

It remains to be demonstrated that the coupling is also a witness to the inequalities
(10)—(13). Note first that the right-hand sides of (16) and (18) are increasing not only
in the configurations on E; \ {e}, but also in p. It follows that for p; < py we have

f G, f G,
R ESHOREE SHA0

and

w1reng,zq( ) < w1reng’zq( )

foralli € {1,2,...}, T >0 and t € [-T,0]. Taking ¢ := 0 and letting T" — oo yields

free v G,i free G
Xpl q X:Dz,q

and

wired v G,i w1red (EX)
Xpl 5q Xp?aq ’

witnessing (10) and (12). Letting i — oo, we get

free v G free G
XPI q Xp2,q (20)
and
wired v G W1red G
Xp15q Xp27q ’ (21)
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finally witnessing (11) and (13). In fact, examination also shows that as long as p; < po
and p1/[(1 —p1)q1] < p2/[(1 — p2)ge], we have

free v G free v G
Xpl:‘]l % XPQ,CD ? (22)
wired v G wired v G
P1,q1 # P2,92 7 (23)
and
free v G wired v G
Xpl:Ql # XPQ;QQ ’ (24)

witnessing more general well-known stochastic inequalities [23].
Property (A1) of the coupling is obvious from the construction. In order for (A2) to
be true, we need only define random variables {¢f, U }ec E(H)i=1,2,.. for all edges in H
and to take them to be independent of the percolation process that yields G from H.
We end this section with a discussion of an open problem concerning our coupling.
For p; < po, define

Ag(p1,p2) := min {pg — 1, b2 — h }
p2+(1—p2)g p1+(1—pi)g

and note that Ay(p1,p2) > 0. For e € E and ¢ € {0, 1}PMe} write A(¢, e,p,q) for the
event that "X (E\ {e}) = £. From the fact that FRCg ¢ 18 a DLR random-cluster
measure, it follows that for any e € E and (almost) any &,7 € {0,1}¥\M¢} such that
¢ X n, we have

P (freeXg,q(e) =1 | A(n,e,pg,q)) -P (freeXpGl,q(e) =1 | A(f,e,pl,q)> > Ag(p1,p2)
(25)

(and similarly for wired random-cluster measures; everything we say in relation to Ques-
tion 3.1 applies as well to the wired case as to the free). From this, one is easily seduced
into thinking that

P (freeXmeq(e) =1 y freeXI;G;,q(e) =0 ‘ A(n’eaPQaq) N A(é? €, P11, Q)) Z Aq(PlapQ) (26)

but to conclude this directly from (25) is unwarranted, because conditioning on ¢ and 7
jointly is not the same as conditioning on them separately. It is nevertheless natural to
ask whether something like (26) is true. In particular, the following question asks for a
weaker property.

Question 3.1. For p; < pe and q > 1, does there exist an € > 0 (depending on p1, po
and q) such that for any e € E and (almost) any (¢,7) € ({0,1}F\MeH?2 we have

P (freeXpG%q(e) = 1, freeXg,q(e) =0 ‘ A(n7 eaPQaQ) N A(§7 eaplaQ)) > e?

A positive answer to this question (for our coupling or for some other automorphism-

invariant witness to the stochastic inequality FRCEI,q 2 FRC}%,q) is precisely the missing
ingredient that prevented the authors of [35] from extending their uniqueness mono-
tonicity result for i.i.d. percolation (¢ = 1) for unimodular transitive graphs to the more
general case ¢ > 1 (i.e., from proving (31) and (32)). Such a positive answer might
perhaps also be an ingredient in applying the reasoning of Schonmann [53] in order to
remove the unimodularity assumption in these results. The following weaker property

would also suffice in the transitive unimodular setting:

14



Question 3.2. For p; < p2 and q > 1, does there exist an € > 0 (depending on p1, po
and q) such that for any e € E and (almost) any (¢,7) € ({0,1}EMe)2, we have

p (freeXg,q(e) =1| A(n,e,p2,q) ﬂA(f,e,Ph(J)) >e?

4 Bernoullicity

Let I" be a closed subgroup of Aut(G) with G = (V, E) being any connected graph. We
shall be most interested in the case that G is the Cayley graph of I' and in the case that
I' = Aut(G) and G is quasi-transitive. Let S and T be arbitrary state spaces. For y € T,
define the map 6, : SV — SV (or 6, : TV — TV) by setting 0, w(z) := w(y~1z) for each
x € V. A measurable mapping f : (S, u) — (TV,v) is said to be I'-equivariant if it
commutes with these actions of T, i.e., if f(6,w) = 6, (f(w)) for all v € I" and p-a.e.
w € SV; it is called measure-preserving if v = o f~!. The action of I" on (SV, p) is
called free if for py-a.e. z € SV, the only element in I' that leaves z fixed is the identity.

We say that a probability measure v on TV is a I'-factor of an i.i.d. process if
there exists a TV -valued random element X with distribution v, a state space S, an §V-
valued random element Y with distribution u, and a I'-equivariant measure-preserving
mapping f : (SV,u) = (TV,v) such that

(i) Y is an i.i.d. process, and

(i) X = £(Y).

In case G is the Cayley graph of I', if S can be taken to be finite and f can be taken
to be an invertible mapping, then (', v) is said to be Bernoulli, a mixing property of
fundamental importance in ergodic theory. We refer to [49, p. 127] for the definition
of “Bernoulli” for more general I'. We shall prove, using the dynamical construction in
Section 3, that Bernoullicity holds for the wired Potts model on Z¢, and more generally
on amenable quasi-transitive graphs:

Theorem 4.1. For any Cayley graph G of an amenable group I' or for any quasi-
transitive amenable graph G with automorphism group T', any q € {2,3,...} and r €
{1,... ,q}, and any B > 0, the Gibbs measure WPtg’:ﬁ’r is Bernoulli with respect to the
action of T.

For the Z% case, this was previously known only for the cases where either ¢ = 2
(Ising model) or G is sufficiently small; see, e.g., [48], [43] and [56]. For the Ising
model result on amenable graphs, see [1], while for a proof of a stronger property than
Bernoullicity in the case of 8 small, using CFTP ideas, see [38]. The paper [37] uses
ideas similar to ours to prove that the Ising model is Bernoulli.

We call an i.i.d. process (SV,u) standard if S is a standard Borel space and the
marginal of g on S is Borel. Ornstein and Weiss [49] show that when I' is amenable
and discrete, then (T',v) is Bernoulli iff it is a free I-factor of a standard i.i.d. process.
More generally, we have the following result:

Lemma 4.2. Let V be a countable set and I' be a closed subgroup of the symmetric
group on V. Suppose that all orbits of the I'-action on V are infinite and that T is
amenable, unimodular, and not the union of an increasing sequence of compact proper
subgroups of I'. Further, suppose that for each x € V, the I'-stabilizer of = is compact.
Then every free T-factor of a standard i.i.d. process (SV,p) is Bernoulli.
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Proof. Let Z, be i.i.d. Poisson processes on I'. Let W be a selection of one point from
each orbit of the action of I on V. Given v € V, let X,,(v) be the number of points in
Zy, that take o to v for v € V, where {0} = W NTv. Since I' is a countable union of
translates of stabilizers, each stabilizer has positive Haar measure, so that X, (v) is a
nontrivial Poisson random variable. Also, the random variables (X, (v);n > 1,v € V)
are mutually independent. It is not hard to see that (X,,) is a free I'-factor of (Z,,). By
[49], X, is Bernoulli for each n. Therefore (X, ; n > 1) is Bernoulli by [49, Theorem
I11.6.5]. Since every standard i.i.d. process (SV,u) is a I-factor of (X, ; n > 1), it
follows that every free I-factor of (SV, 1) is also Bernoulli. 0

We also need the following fact:

Lemma 4.3. If G is a quasi-transitive amenable graph, then Aut(G) is amenable, uni-
modular, and not the union of an increasing sequence of compact proper subgroups.

Proof. Aut(G) is amenable and unimodular by results of Soardi and Woess [55] and
Salvatori [52]; see also [5] for another proof. Furthermore, in this case Aut(G) is com-
pactly generated by, say, the set A := {v € Aut(G); d(o,70) < 2r + 1}, where r is
such that every vertex of G is within distance r of some vertex in Aut(G)o and d(-,-)
denotes distance in G. Thus, if I';, are compact increasing subgroups of Aut(G) whose
union is Aut(G), we have (A \ I';,) = 0, whence for some n, we have A C I';,. Since
A generates Aut(G), it follows that T'y, = Aut(G). O

Because of the above, Theorem 4.1 is established once the following lemma is proved:

Lemma 4.4. For any graph G, any subgroup T' of Aut(G), any q € {2,3,...} and
r € {1,...,q}, and any B > 0, the Gibbs measure WPtgﬂJ is a T-factor of an i.i.d.
process. If ' is countable and every element of I' other than the identity moves an
infinite number of vertices, then the action of I' on WPtgﬂ,r is free.

Proof. Let the degree of G be d. For each x € V, let N, = {Z7,... ,Z7]} be the set of
neighbors of = in any fixed order.
Take

8 1= {[0,00) x [0, 1]} 12T 0,11 x 0, 1] x {1, g}
Let

{#1@),U](2),U1(2),U" (@),0(e); k=1,2,..., j=1,... . d, z €V}

be independent random variables with #c(x) exponential of mean 1, Ulz (z), Ul(z), and
U*(z) uniform [0,1], and o(z) uniform on {1,... ,q}. For each z € V, put

Y(z) = ((‘pi(*”)’Ulz(w))k:m,...,j:l,...,d’ (Ug(w))jzl,...,d’U*('T)’U(m)> :

Set p :== 1 — e 28, and construct a {0,1}F-valued edge configuration ng with

distribution WRCIC,’: ¢ by the dynamical construction in Section 3, where for each e € E
we take

(@52, Ulg)k:1,2,... = (Qﬂc (3:)’ U]g ("E))kzl,Q,... ’ (27)
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where z € V and j € {1,...,d} are chosen in such a way that e = [w,Z]-m], and, if we

denote y := Z7 and j' is such that z = Z3), then Ui(z) < UZ (y). This choice of z and
j is a.s. unique.

From Xzfq’ we obtain the desired spin configuration X € {1,... ,q}" with distribu-
tion WPtgﬁ,T by assigning spins to the connected components of ng as in Proposition
2.3: All vertices in infinite connected components in Xzfq are assigned value r, whereas
the vertices of each finite connected component C are assigned value o(z), where z is
the vertex in C that minimizes U*(x). It is obvious that this mapping Y — X from
SV to {1,...,q}V is Aut(G)-equivariant, and that the resulting spin configuration has
distribution WPtgﬂ’r. Hence WPtgﬂ,T is a factor of an i.i.d. process.

To see that the action of I is free under the additional hypotheses stated in the
lemma, it suffices to show that for any v € I' other than the identity, P[0, X = X] =0.
From the hypotheses, we may find an infinite set W of vertices such that yz ¢ W for
all z € W and yx # ~yy for distinct z,y € W. Because of (8), there is some ¢ < 1 such
that for any z1,... ,z, € W, we have P[X(z;) = X (y lz;) foralli = 1,... ,n] < .
Therefore P[0, X = X| = 0. O

5 The four critical values

Let, as usual, G = (V, E) be infinite and locally finite. A probability measure y on
{0,1}F is said to be insertion tolerant if for any e € E and almost every ¢ €
{0, 1}E\{e}, the conditional p-probability that e is open given the configuration £ on
{0,1}P\e} | is strictly positive. Newman and Schulman [47] showed that for any auto-
morphism-invariant insertion-tolerant percolation process on Z%, the number of infinite
clusters is a.s. either 0, 1 or co. It has been observed by several authors (see, e.g., [7])
that this result (as well as its proof in [47]) extends to the class of transitive connected
graphs.

Suppose that G is transitive and connected. The Newman-Schulman result then
applies to FRCZ(,’: . and WRC& q because (6) and (7) imply that the two measures are
insertion tolerant whenever p € (0,1). Furthermore, FRCI(,;, q and WRCg q are ergodic;
this was proved in [13] for FRC and in [12] for both measures. A simple proof of the
stronger property that the tail o-field is trivial appears in [44]. Ergodicity also follows
easily from Lemma 4.4. In any case, ergodicity shows that for each fixed p and ¢, the
number of infinite clusters is an a.s. constant (which, however, need not be the same
for FRCI?: o and for WRCI?, ,)- Hence, given G and g, the set [0, 1] of possible values for
p can be partitioned into three sets, according to whether the FRCI(,;, g-a-s. number of
infinite clusters is 0, 1 or oo, and similarly for WRCS, g From (11) and (13) we can
immediately deduce that the set of p for which the number of infinite clusters is 0 is an
interval containing 0. In other words, there exist critical values pﬂree = pﬁree(G, q) and
piired . — pwired (G g) such that

Cc

0 for p < pfree
G . . I p<p:.
FRC,,(3 at least one infinite cluster) = { 1 for p > phee (28)
and
0 for p < pYired
G . . _ p pc . ?
WRC, (3 at least one infinite cluster) = { 1 for p > pyired. (29)
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The question of how the interval above pfree (p‘c""red) is split up according to whether

the number of infinite clusters is 1 or oo is more intricate. Does it split nicely into two
intervals, or are the sets more complicated? A proof is given in [44, Proposition 5.2] that
in the transitive unimodular case, the uniqueness sets are simply intervals. Presumably,
this holds whenever G is transitive. A similar proof shows that

Fch (3 a unique infinite cluster) < WRC](,;’ o(3 a unique infinite cluster) . (30)

Thus, if G is transitive and unimodular, there exist critical values pffe® := pfree(G, q)
and p“”red = p¥ired(@G, q) such that

free
b . . . _J 0 forp<p,
FRC, ,(3 a unique infinite cluster) = { 1 forp> pfree (31)
and
) ) ) 0 for p< pWII‘ed
WRng(EI a unique infinite cluster) = { 1 forp > pyired. (32)

We conjecture the following strengthening, analogous to the simultaneous uniqueness
results of [3, 35, 36]:

Conjecture 5.1. Let G = (V, E) be connected, transitive and unimodular. For a con-
figuration & € {0, 1}, write N (&) for the number of infinite clusters in £. Let D be the
set of quadruples (p1,p2,q1,q2) such that

b1 < b2
Q-p)gr ~ 1—p2)g’

p1 <p> and

with at least one of these inequalities being strict. In the notation of Section 8, we
have a.s. for all quadruples (p1,p2,q1,q92) € D simultaneously, each infinite cluster of Y
contains N(X) infinite clusters of X, where X and Y may be any of the following three
random variables:

. free v G free vy G
(i) X="¢X5,, andY =X 7,

(11) X = w1redXG andY = eredXG

P1,q1 P2.,q92°
free v G __ wired v G
(iii) X ="°X; ., and Y = X go-

Summarizing (28), (29), (31), and (32), we have (for G connected, transitive and
unimodular) four critical values pYired, pfree pwired piree e 10 1] such that the FRC]?: -8
number of infinite clusters equals

0 for p< pfree
oo for pE (pfree’ pgree)’
1 for p > piree

and the WRCZE': g-a-s. number of infinite clusters equals

0 for p< pw1red
oo for pE (pW1red’ pxlred),
1 forp> p“”red
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We now consider whether there is an infinite cluster at p.. It is known that there
is none for ¢ = 1 on nonamenable transitive unimodular graphs [5, 6]. On the other
hand, it is known that there can be infinite clusters for ¢ > 2 on the Cayley graphs T,
for n > 2 with respect to the wired random cluster measure; see [16, 32]. While we do
not have a criterion that settles the question completely, the invariance of our coupling
allows us to prove the following:

Theorem 5.2. Let G be a transitive nonamenable unimodular graph and ¢ > 1. Then

there is no infinite cluster FRCﬁree(q) g5 Also, the following are equivalent:

(i) There is no infinite cluster WRCEwired(q) 05

(i) For every edge e € G, the function p — Wchq (X (e) =1) is continuous from the
left at py™™4(q).

(W') FRCgvired(q)’q = WRCZ%Vired(q),q'
Proof. Fix an edge e = [z,y]. Let Q¢(p) := FRC;iq (X(e) = 1) and Q"'"d(p) :=
WRCS, (X (e) = 1). Now Q(p) = lim; o, FRCS (X (e) = 1) by definition. Since the
latter probabilities are rational functions in p and ¢, they are continuous at all p. Since
they are increasing in p and increase to their limit, we obtain left-continuity of Q°¢(p)
at all p.

For p < pi™¢(g), the probability that

freeX%ee(q)’q(e) =1 and f’“"*ng(e) =0

in our dynamical coupling equals Qfre (pf“’e(q)) — Q™¢(p). Thus, left-continuity of

[

Q¢ (p) at p = pr*¢(q) implies that this probability tends to 0 as p 1 pT¢(g). Therefore,

C C
minor modifications of the proofs in [6] show that there is no infinite cluster FRCI%ree (O
a.s. (It is in these proofs, which we do not repeat, that the invariance of our coupling
is used.)
Similarly, (ii) implies (i). That (i) implies (iii) is due to [2]; the reasoning is sketched
in the proof of Proposition 6.11 below. Finally, if (iii) holds, then FRC,, = WRC, ,
for all p < plired by [2] again. Therefore QV™d(p) = Q¢ (p) for p < p¥™d and the

continuity of Q°(p) implies (ii) as above. O

Given a spin configuration w € {1,... ,q}" and an edge configuration ¢ € {0,1}7,
we may partition V' into connected single-spin components, meaning that z and y
are in the same connected single-spin components if and only if there is a path from z
to ¢ in which all vertices have the same spin and all edges are open. The following facts
relate the four critical values to corresponding phenomena for the Potts model.

Proposition 5.3. Let G be any graph, >0, ¢>1, and p:=1— e 5.

(i) There is no infinite cluster WRCp, 4-a.s. iff there is a unique Gibbs measure for the
Potts model with the corresponding parameters (q, 3).

(ii) Let w € {1,... ,q}V be chosen according to FPt, 3 and independently ¢ € {0,1}F
be chosen according to Bernoulli(p) percolation. There is a unique infinite cluster
FRC, ¢-a.s. iff (w,€) a.s. produces a unique infinite connected single-spin compo-
nent.
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(iii) Let w € {1,... ,q}V be chosen according to WPt, g and independently ¢ € {0,1}F
be chosen according to Bernoulli(p) percolation. There is a unique infinite cluster
WRC,, 4-a.s. iff (w,&) a.s. produces a unique infinite connected single-spin compo-
nent.

(iv) If there is a unique infinite cluster FRC, 4-a.s., then FPt, g is not extremal among
all Gibbs measures.

(v) Suppose that G is transitive. If there is a unique infinite cluster FRC, ;-a.s., then
FPty 5 is not extremal among invariant Gibbs measures. If G is also unimodular,
then the converse holds; in fact, if there is not a unique infinite cluster FRCp 4-a.s.,
then FPty 5 is ergodic, i.e., extremal among all invariant probability measures.

Proof. Part (i) is essentially due to Aizenman et al. [2] (or see [27]). Parts (ii) and (iii)
follow immediately from the coupling of random-cluster and Potts models underlying
Propositions 2.2 and 2.3.

Part (iv) follows from (ii): If there is a unique infinite component FRC, ;-a.s., then
let (w, &) have the distribution FPt, g X RC, 1, as in (ii). By (ii), we may define r(w,§) to
be the spin of the unique infinite single-spin component determined by (w,£). Let C(w)
be the collection of maximal connected subgraphs of G whose vertices have a common
spin; this does not depend on £. Then r(w,£) is the spin of the unique graph K in
C(w) such that K N ¢ contains an infinite component with positive probability (in ).
In particular, r(w,£) depends only on w a.s.; and it is a tail random variable that is
not trivial. Thus, we have shown that the tail o-field of FPt; g is not trivial. This is
equivalent to nonextremality among all Gibbs measures by [26, Theorem 7.7].

The first part of (v) is due to [54, Theorem 4.2]. The converse of (iv) is not true
in general, as is well-known on trees (see, e.g., [11] or [21]). However, if G is transitive
and unimodular and if there is not a unique infinite cluster FRC, j-a.s., then by [45,
Theorem 4.1 and Lemma 6.4], FPt, g is ergodic, which is the same as extremal among
all invariant measures. O

How do the four critical values relate to each other? From the definitions it is
immediate that

PE <y (33)
and
puired < pwired (34)
By the middle inequality in (9) and (30), we also have
pired < pfiee (35)
and

pivired S piree . (36)

All of (33)—(36) can in fact be equalities; this happens, e.g., whenever G is amenable.
To see this for (33) and (34), just note the well-known fact that the Burton-Keane
[14, 25] encounter-point argument (for showing uniqueness of the infinite cluster under
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the insertion tolerance condition) goes through in the amenable setting. For (35) and
(36), see Grimmett [29] and Jonasson [40], where it is shown that for all ¢ > 1, there
are at most countably many p such that FRCE’ 7 WRCg e

The inequalities can also be strict. To get examples with strict inequalities in (33)
and (34), one can take g := 1 and G to be any of the nonamenable transitive unimodular
graphs that are known to have a “middle phase” for i.i.d. percolation (i.e., a set of values
of p that give rise to infinitely many infinite clusters); see, e.g., [44]. Using the ideas
in the proof of [44, Proposition 5.2] and the inequalities (22) and (23), it is not hard
to show that one can take g to be slightly larger than 1 in all such examples. For an
example where the inequality in (35) is strict, we can simply take G to be the regular
tree Ty, with n > 2 and ¢ > 2 (see, e.g., Haggstrom [32]), or take any nonamenable
example with g sufficiently large (see the proof of Theorem 1.2(a) in [40]). Finally, for
an example where (36) is strict, we refer to Section 6.

The inequalities (33)-(36) say nothing about the relation between p%i'd and pfree.
Here it is possible to get a strict inequality in either direction. Examples with p™® <
p¥ired can be obtained in the same way as for (33) and (34); see Proposition 6.20 below
for explicit bounds on certain graphs. To get an example with the reverse inequality
piired < pfree is more intricate and is the topic of the next section. Note that any such

example also gives strict inequality in (35) and in (36).

Question 5.4. We say that G has one end if the complement of every finite subset
has exactly one infinite component. If G is any nonamenable quasi-transitive graph with
one end and g > 1, are all the inequalities (33)—(36) necessarily strict?

Of course, when ¢ = 1, a famous conjecture of 7] asserts a positive answer.

6 Isoperimetric constants and the critical values

In order to show that there is a Cayley graph G with p'**d(q) < pfr®¢(q) for some ¢ > 1,
we shall need an estimate of an isoperimetric constant. In fact, we are able to calculate
precisely the necessary isoperimetric constants for planar regular graphs whose dual
is also regular (in this case, either the graph or its dual is a Cayley graph; see [17]).
Planar duality and Euler’s formula will be essential for this. If G is a graph drawn
in the plane in such a way that edges do not cross and such that each bounded set
in the plane contains only finitely many vertices of G, then G is said to be properly
embedded. We shall always assume without mention that planar graphs are properly
embedded. (The graphs we shall consider can be embedded in the hyperbolic plane
more geometrically than in the euclidean plane, but topologically and combinatorially,
this is not different from euclidean embddings.) If G is a planar (multi)graph, then the
planar dual G' of G (really, of this particular embedding of G) is the (multi)graph
formed as follows: The vertices of GT are the faces formed by G. Two faces of G' are
joined by an edge precisely when they share an edge in G. Thus, E(G) and E(G') are
in a natural one-to-one correspondence. Furthermore, if one draws each vertex of G in
the interior of the corresponding face of G and each edge of G so that it crosses the
corresponding edge of G, then the dual of G is G. We shall always assume that G and
its planar dual G' are locally finite.

We shall make use of the following isoperimetric constants. For K C V', recall that
E(K) :={[z,y] € E; z,y € K} and set E*(K) := {[z,y] € E; x € Kory € K}.
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Define 0K = E*(K) \ E(K) and G(K) := (K, E(K)). Write

; K CV, G(K) connected, N < |K| < oo} ,
K
B(G) := A}im inf{L; K CV, G(K) connected, N < |K| < oo} ,

K
0(G) = ]\}i_l)noosup{%; K CcV, G(K) connected, N < |K| < oo} :
We write dg for the degree of vertices in G when G is regular. We remark that 3(G) =
2/a(@G), with a(G) defined as in [5], except that o was defined with an infimum, rather
than a liminf. In any case, when G is regular,

2
B(G) = do— (@) (37)
and
2

It is shown in [5] that when G is transitive,

K
V5 (G) = inf { |8|§{| | ; K C V finite and nonempty} .

(The right-hand side is denoted tg(G) there.) Thus, when G is transitive, we have that

0(G) = sup {% ; K C V finite and nonempty} . (39)
Recall from Section 2.5 that G is called quasi-transitive if the vertex set of G decomposes
into a finite number of orbits under the action of Aut(G). Note that G is quasi-transitive
iff GT is quasi-transitive.
The estimate that we shall need is embodied in Corollary 6.5, but the precise com-
binatorial calculation is the following.

Theorem 6.1. If G is a planar reqular graph with reqular dual GY, then

, _ _ _ 4
() = 2)\/1 oD D

Remark 6.2. In this case, G and G' are transitive. This is folklore. Since we have
been unable to find a suitable reference, we include a proof here. First, recall the
existence of tessellations by congruent polygons. It is easy to see that the edge graphs
of any two such tessellations of the same type are isomorphic, by going out ring by ring
around a starting polygon. Now we assert that any (proper) tessellation of a plane with
degree d and codegree df has an edge graph that is isomorphic to the edge graph of the
corresponding tessellation above. In case (d — 2)(d' — 2) = 4, we replace each face by
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a congruent copy of a flat polygon; in the other case, replace it by a congruent copy of
a regular hyperbolic polygon of d' sides and interior angles 27/d. Glue these together
along the edges. We get a Riemannian surface of curvature 0 or —1, correspondingly,
that is simply connected. Riemann’s theorem says that the surface is isometric to
either the euclidean plane or the hyperbolic plane. That is, we now have a tessellation
by congruent polygons. (One could also prove the existence statement in a similar
manner.)

Remark 6.3. Contrary to what one might first expect, we believe that combinatorial
balls never give the best isoperimetric constants when G is a nonamenable planar Cayley
graph, e.g., liminf,, |0gBy|/|Bn| > 5(G), where B, is the ball of radius n about o. In
many cases, this follows from the formulas of [22]. For example, suppose that

exists. (This is not the case for all Cayley graphs; see [28].) Then

0 — 1 <liminf |0gBy,|/|Bn| .
n—oo

Thus, if § — 1 > J5(G), then we may conclude that liminf,,_, |0gBy|/|Bn| > V5 (G).
For example, if d;+ = 6, in which case G is always a Cayley graph (see [17]), then
Theorem 6.1 shows that t(G) = v/(dg —2)(dg —3). On the other hand, [22] shows
that

2+222+22+1 2 4z+41
BHQ2—dg)(22+2)+1  22+(1—dg)z+1

> " |Bn\ Bpoa|" =

n>0
224z4+1

_ j= @4zt N GZ I )

— 1
(1—7y2) 1 —7"'2 = s

where 7 is the smallest positive root of 22 + (1 — dg)z + 1. Therefore,
1Ba\ Ba1| =78 =722 =T = 22) (1= 47)

for n > 1. Thus, 6§ = v exists and 6 — 1 = v/dg — 3(v/dg — 3 + V/dg + 1) /2, which is
easily verified to be larger than ¢/, (G).

Theorem 6.1 follows from applying the following identity to G and G', then solving
the resulting two equations using (37) and (38):

Theorem 6.4. For any planar reqular graph G with regular dual, we have
B(GQ) +6(GH =1.

Proof. Note first that the constant .%;(G) is unchanged if, in its definition, we require K
to be connected and simply connected when K is regarded as a union of closed faces of
G' in the plane. This is because filling in holes increases | K| and decreases |0 K|. Since
G is regular, the same holds for 3(G) by (37). Likewise, the assumed regularity of Gt
and (38) imply a comparable statement for §(GT). In fact, we shall need a refinement
of this idea for §(G'). Namely, given a finite connected set K in V(G'), regard each
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element of K as a face of G and let K "' C V be the set of vertices bounding these faces.
Let K be the set of all faces in G' that lie  in the interior of the outermost cycle formed
by E(K'). Then again |K| > |K| and |0 K| < [0p K|, so thatA(S(GT) can be approached
arbitrarily closely by such sets K. Note that |[E*(K)| = |E((K)")|.

Now let € > 0 and let K be a finite connected set in V(G') such that |E*(K)| > 1/e,
|K|/|E*(K)| > 6(GT) — ¢, and |E(K")| = |[E*(K)|, where K’ is defined as above. Since
the number of faces of the graph G(K') is at least |K| + 1, Euler’s formula applied to
the graph G(K') gives

|K'|/|E(K")| + |K|/|E*(K)| <1+ 1/|E*(K)| <1+e. (40)
Our choice of K then implies that
K'|/|E(K")| +6(GT) <1+ 2€.

Since G(K") is connected and |K'| — oo when € — 0, it follows that 3(G) + 6(GT) < 1.

To prove that B(G) + §(GT) > 1, let ¢ > 0. Let K C V be connected and simply
connected (when regarded as a union of closed faces of G in the plane) such that
|K|/|E(K)| < B(G) +e. Let K/ be the set of vertices in G' corresponding to the faces
of G(K). Since |[E*(K/)| < |E(K)| and the number of faces of the graph G(K) is
precisely |Kf| + 1, we have

[KI/|E(K)| + |KT|/|E*(KT)| > |K|/|E(K)| + |KT|/|E(K)| = 1+ 1/|B(K)| > 1

by Euler’s formula applied to the graph G(K). (In case K/ is empty, a comparable
calculation shows that |K|/|E(K)| > 1.) In light of (39), it follows that

B(G) +6(G") + €2 B(G) + e + |KT|/|E*(KT)| > |K|/|E(K)| + |K7|/|E* (KT)| > 1.

Since € is arbitrary, the desired inequality follows. O

From (37) and (38), we see that 8(G) > d(G) when G is regular and J/5(G) > 0.
Thus, we obtain the following inequality.

Corollary 6.5. If G is a planar regular graph with nonamenable reqular dual, then
A(G) +B(G") > 1.

The proof of Theorem 6.4 appears not to give any idea of which finite sets K C V
yield quotients |0g K |/|K]| close to t};(G). However, Y. Peres has deduced the following
from a closer examination of the proof. As in the proof of Theorem 6.4, we shall write
K' for the set of vertices incident to the faces corresponding to K, for both K C V
and for K C V1. Likewise, K denotes the faces inside the outermost cycle of E(K').
According to the reasoning of the first paragraph of the proof of Theorem 6.4 and (40),
we have

(K)'|/|E((K)")| + |K|/|E*(K)| < |(K)'|/|E(K))| + | K|/|E*(K)| <1+ 1/|E(<I?>('31\ |
1

Proposition 6.6. Let G be a planar reqular graph with reqular dual Gt. Let Ko C V be

an arbitrary finite connected set and recursively define Ly, := (I/(\'n)' c V! and K,pq :=
(Ln) C V. Then |0pK,|/|Kn| = V5(G) and |0pLy|/|Ly| — 5(GY).
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Proof of Proposition 6.6. The amenable case is trivial, so assume that G is nonamenable.
Write
ton = |0 K/ | Kn| — vp(G)

and
An i= |0 Ln|/|Ly| — V5(GT).
Also write d == dg, d' := dgt, v := t/3(G), and I := 1/, (GT). We may rewrite (41) as
2 2 1

+ <1+ :
dt —|0pLn|/|Ln| ~ d+|0pKn|/|Kn] |E(Ln)

or, again, as

2 2 1 2 2 1

<1 =
T T dr it S TEG) T d—d Tdv T E@Y)]
whence
2\, L 2Kn, < 1
(df —H(dt =t = Ny)  (d+)(d+ e+ 6,) ~ |E(Ly)|
Therefore
(N AV | B (I AV | B
oA, < (d =) (d" =" = Ay) %) + (d" =) (d" =" = Ap)
(d+)(d+ 1+ kp) |E(Ly,)]|
(I A\ b h2
< (d ¢ ) Y Gl
d+t |E(Ly,)|

Similarly, we have

d—1\? (d—1)?
2 < | —-— 2\ —_
okl S (df T ﬁ) " EK )]

Putting these together, we obtain

26n+1 < a(2ky) + by,

where )
oo (=0l =D
T\ (d+)(dF + o)
and )
hom (4 (! - ﬁ)) N CE)
i df + . |E(Ln)|  |E(Knt1)|
Therefore
n—2 ‘
2n < 2k0a™ ! + Z a’bp_j .
§=0
Since a < 1 and b, — 0, we obtain x, — 0. Hence A\, — 0 too. O

If 41 is a probability measure on {0, 1}¥, we associate a dual measure uf on {0, 1}EJr
as follows. Given e € E, let ef be the edge in E' that crosses e. Given ¢ € {0,1}7,
let € € {0,1}F" be the function ef — 1 — &(e). For a Borel set A C {0,1}F, write
A:={€; € € A}. Then p' is defined by p(A) = uf(A). Our next proposition is more or
less well-known (see, e.g., [15, 60]), but perhaps has not been stated in this particular
form before. For completeness, we provide the simple proof here.
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Proposition 6.7. For any planar graph G, FRCG is dual to WRCG]L if
p+(1—-p)g
Proof. Suppose first that G is a finite graph. For any ¢ € {0,1}7, write §:=Et \ & as
above. Euler’s formula applied to the graph G := (V,£) says that
VI — €]+ Il = 1+ |I€]

since the number of faces of G is equal to ||¢||. Thus,

_ _ RV z 2t ~
RCE(6) = 27 (1 =) P\6gl81 = 271"\ (1 — p) Fgr 181V 18
= 27 1gIVIIpIENE (1 — p)q] Elgléll = Z=1(1 — p!) ENEly Kl gligll = ch*q(g)’

where Z and Z are normalizing constants that do not depend on &. Thus, Rng is dual
to RCG.

Now let V; be a sequence of increasing finite subsets of V' such that the faces of
G(V;) are faces of G, except for the outer face, of course. Then we have seen that RCgZ

+
is dual to RCIC)':’; ¢~ Thus, the general result follows by taking weak limits. O
In consequence, the methods of Benjamini and Schramm [8] show the following.
Proposition 6.8. Let G be a planar nonamenable quasz'—tmnsz'tive graph and p' be as

n (42). In the natural coupling of FRCG and WRC , the number of infinite clusters
with respect to each is a.s. one of the followmg (0, 1) (1,0), or (00, 0).

Write
h(z) :==z/(1 —z). (43)
Corollary 6.9. For any planar nonamenable quasi-transitive graph G,

MG 9)h (G ) = (G )AL (G ) = 4.
0< pw1red(G q) < pfree(G q) <1, and 0 < pwlred(G q) < pfree(G,q) < 1.

Proof. Proposition 6.8 shows that there is no infinite cluster a.s. with respect to the
free measure iff there is a unique infinite cluster a.s. with respect to the dual wired
measure. Therefore, p/™d(G1, q) = (pF**(G, q))l in the notation of (42). Some algebra
shows that this is the same as h(pl™¢(G, q)) h(pY ™4 (GT,q)) = g. A similar proof shows
the other equation.

It is well known that 0 < p.(G) := p.(G,1) < 1 under the present assumptions [44].
From (22) and (23), it follows that the same holds for p¥™4(G, ¢) and p®(G, q) when
q > 1. The same now follows for the uniqueness critical points by the equations just
established. O

Corollary 6.10. Let G be a planar nonamenable quasi-transitive graph. Then there is
WRwaired g 05 a unique infinite cluster.

Proof. In light of Theorem 5.2, there is no infinite cluster FRCG;Iee( G),g &S Hence by

Proposition 6.8 and Corollary 6.9, there is a unique infinite cluster WRprlred(G) -a.8.
O

26



The methods of Grimmett [30] show that for any quasi-transitive G, the critical

points pY'*d(g) and p'(q) are continuous and strictly increasing functions of g as long

as pe(1) < 1, and similarly p*d(g) and pi™®®(¢) are continuous and strictly increasing
functions of ¢ as long as p,(1) < 1. When G is a planar regular graph with regular
dual, [8] shows that p.(G) < pu(G) := pu(G, 1), while Theorem 6.18 below shows that
piired (@ q) < p'*e(G, q) for large ¢. Thus, there is at least one ¢ for which p*¢(G, q) =
plired(G q). If G is isomorphic to its dual, then these critical values are equal to
Vv4/(/q + 1) because of Corollary 6.9. We do not know whether this holds for exactly
one ¢; see Question 6.22.

Another natural set of p to examine is the set where FRC, = WRC, (which is where
the corresponding free and wired Potts measures are equal). In general, this is not

simply an interval, but let us define
pr=w (G) :=sup{p < 1; FRC;,? # WRCI();}.

We say that a graph has bounded fundamental cycle length if there is a set of
(oriented simple) cycles of the graph with bounded length that generates all cycles by
addition and subtraction (in the sense of homology). For example, this is the case
for Cayley graphs of finite presentations of groups. Recall that G has one end if the
complement of every finite subset has exactly one infinite component.

Proposition 6.11. Let G be any graph.
(i) If p < p¥'d(G), then FRCY = WRC.

C

Cc

i Wir fr G G
(ii) If py™(G) < p < py(G), then FRCS # WRC,'.

(15i) If G is a graph with one end and bounded fundamental cycle length, then pr—w(G) <
1.

(iv) If G is a planar nonamenable quasi-transitive graph with one end, then pr=w(G) =
free
P, (G).

Proof. Part (i) is due to [2], but we recap the short proof here. It suffices to show

that WRCI?' 2 FRC;,; if p < pY'r*d(@), or, more generally, if there is no infinite cluster
WRCI(,; -a.8. Since there is no infinite cluster, given any ball B about o and any ¢ > 0,
there is a ball B’ so that with probability at least 1 — ¢, there is a unique maximal
set K C B’ such that all of 9gK is closed and B C K. Given that K is such a set,
the configuration restricted to G(K) has the distribution RCE () , which is dominated
by the restriction of FRC? to G(K). In particular, this holds for the restriction of the
configuration to B. Since € and B were arbitrary, the result follows.

Part (ii) is due to [40]. Again, the proof is short: If FRCE = WRCI(,; , then the two
measures give the same number of infinite clusters a.s. Furthermore, since the measures
are both DLR random-cluster measures and DLR wired random-cluster measures, there
is at most one infinite cluster a.s. Hence p ¢ (p¥**d(G), pr*¢(@)).

Now let G be any graph with one end and bounded fundamental cycle length. Let
t be an upper bound for the lengths of a set of fundamental cycles. The fundamental
theorem of [4] implies that the ¢-neighborhood of any minimal cutset is connected. Note
that by (22), FRCE dominates Bernoulli(p*) bond percolation P« with p* close to 1
when p is close to 1. Choose a coupling (¢, w) such that ¢ has distribution FRCI?, w has
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distribution Pp+, and £ D w. Let ' consist of those edges e such that all bonds within
distance t of e are open in w; define ¢’ similarly with respect to £. The percolation
w' dominates a Bernoulli percolation with survival parameter close to 1 by [46] or [45,
Remark 6.2]. Thus, a.s. the closed bonds of w’ do not form any infinite cluster if p* is
sufficiently close to 1. Therefore, when p is close to 1, the same holds for ¢’. Choose
p so close to 1 that & has no infinite closed clusters. Let B, be the ball of radius r
about o and € > 0. For any set of sites S, let K(S) be the set of vertices that can
be reached from some vertex of S without using an open bond from ¢’. There is a
sphere S about o so that the probability of the event E := {K(S) N B,;+ = 0} is at
least 1 — €. Since S separates B, from oo as a set of vertices, so does 0gS as a set
of edges. Hence the same holds for the larger set K(S) on the event E. Let L be
the t-neighborhood of 0K (S). Then on the event E, L consists of open edges and
separates B, from oo. Furthermore, some minimal cutset of g K (S) separates B, from
oo and has a connected ¢-neighborhood, whence L contains a connected open cutset
that separates B, from oo. Therefore, given E, the configuration ¢ restricted to G(B;)
has the distribution WRCE ‘Br [which means WRCE 4 if G; = G(B,)], which dominates
the restriction of WRCG to G(B,). Since € and r were arbitrary, part (iii) follows.
Finally, if G is planar nonamenable, and quasi-transitive, consider p > p*®(G). Let

p' be as in (42). We have p' < pl'r*d(GT) by Corollary 6.9, whence FRCIC,’Hr = WRCﬁt by
part (i). Because of Proposition 6.7, it follows that WRCI? = FRCZ(,; . Hence pr_w(G) =
pire(@) by part (ii). O

Remark 6.12. The argument of the last paragraph shows that as long as there is a
unique infinite cluster FRC gee-a.s., then WRCG = FRCG which establishes a conjecture
of [54, Conjecture 4.2] in the pla,nar nonamenable case.

Question 6.13. If G is a quasi-transitive graph and q > 0, is the set of p € [0, 1] where
FRCE # WRCE an interval?

The following proposition relating the geometry of the graph to the behavior of the
free random-cluster measure uses the ideas of [40, 41].

Proposition 6.14. Let G be a graph with degrees bounded by d. Write b := log(p/(1 —
p))/loggq and b* := max{b,0}. If b < B(G) and

1+log(d—1)

1
T TR b

then Fchq—a.s., there is no infinite cluster.

Remark 6.15. In this proposition, a better result is obtained by replacing 5(G) b
the corresponding quantity that results when K is required to contain a fixed point o
in the definition of 5(G). The same proof applies.

To prove Proposition 6.14, we shall use the following bound analogous to the well-
known bound of Kesten [42] on site-connected clusters.

Lemma 6.16. Let G be any graph all of whose vertices have degrees at most d. For
any fizred o € V(G), let by, be the number of connected subgraphs of G that contain o

and have ezactly n edges. Then limsup,,_, . bi/" <e(d—1).
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Proof. Let by, ¢ denote the number of connected subgraphs (V', E') of G such that o € V7,
|E'| =n, and |E*(V') \ E'| = £. Note that for such a subgraph,

(<dV'|-2n<dn+1)—2n=(d—2)n+d. (44)

Let p := 1/(d — 1) and consider Bernoulli(p) bond percolation on G. Writing the fact
that 1 is at least the probability that the cluster of o is finite and using (44), we obtain

12> b ep™(1—p)f > bpp"(1 — p)ld-2nte,
n,f n

Therefore lim sup,,_, o, /™ <1 /[p(1 — p)@~2]. Putting in the chosen value of p gives the
result. O

Proof of Proposition 6.14. Because of (22), it suffices to prove the claim when b > 0.
So assume that b > 0.

Let 0 € V(G;) for all 4. If £ is a configuration, write {(0) for the component of o
determined by £. Suppose that G’ is a finite connected subgraph of G containing o. If
¢ is a configuration in G; such that £(0) = G’, then let ¢’ be obtained from ¢ by closing
all edges in € N E(G"). Then ||¢'|| = |I€]| + |V (G")| — 1, whence
— V(G| +1pGyire! p (@] —|V(G)+1pGiife!
ORI < (122) VO RCE )

N -p

[ENE(G")|
1—p)

Regie = (12

since p/(1 — p) > 1 in light of the assumption that 0 < b. Also, if {; # &» are such that
&1(0) = &(0) = G, then & # &. Summing over all £ such that £(0) = G’ yields

G,i ' p IB(@) —|V(G"|+1
ReGile0 -< (12) .
Now the right-hand side equals ¢?E(G)I=IV(G)+1 by the definition of b. Choose ¥ €
(b, 8(G)). Then provided that |V (G')| is sufficiently large, we have that this last is less

(b=¥)|B@G)+1,

than ¢ Therefore, for all large N, we have

RCSI[IE(£(0)| > N] < 3 (e(d — 1))"g® ¥ < oo
n>N

if logg > (1+log(d—1))/(¥ —b), by Lemma 6.16. Therefore, for such ¢ this sum tends
to 0 as N — o0, so that given any € > 0, there is some Ny such that for all N > Ny and
for all 4, we have ch;; [|E(£(0))] > N] < e. Since the event {|E(£(0))| > N} depends
only on the edges within distance N of o, it follows that Fchq[|E(£(o))| > N| <e

Since € > 0 is arbitrary, we find that FRCS [|E(£(0))| = o] = 0. O

Corollary 6.17. Let G be a planar quasi-transitive graph whose dual has degrees bounded
by di. Write b:=1log(p/(1 —p))/logq. Ifb>1— B(G') and

1+ log(df — 1)
bA1—1+B(GH)’

logq >

then WRCf,q—a.s., there is a unique infinite cluster.
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Proof. Let p’ be as in (42). Then p'/(1 — p') = ¢q(1 — p)/p. Let b := log(p'/(1 —
p'))/log g = 1—b. By our hypothesis, b < 8(G') and log ¢ > (1+1log(d' —1))/(B(GT) —

bt), whence Proposition 6.14 applied to GT shows that there is no infinite cluster FRCﬁTq—
a.s. Hence the conclusion follows from Proposition 6.8. O

Putting all this together, we arrive at our main result in this section:

Theorem 6.18. If G is a planar regular nonamenable graph of degree d with reqular
dual of degree d', then pY™d(q) < pir¢(q) for

(2 +log((d — 1)(d" — 1)))(dd' — d — d)
V(d—=2)(dt —2)(ddt —2d —2dF)

Proof. Let

(1+1log(d — 1)) (1 — B(G")) + (1 + log(d' — 1)) B(G) .

bo := (1+log(d — 1)) + (1 + log(df — 1))

Then 0 < 1 — B(G) < by < B(G) < 1 because of Corollary 6.5. Furthermore, we have

1+log(d—1) _ 1+logd —1) _ (2-+log((d—1)(al - 1)))(ddf —d — )

BG)—by — boA1—14+B(GN) ~  \/(d—2)(dl —2)(ddl — 2d — 2d)

since

d(dt —2) +/(d — 2)(d" — 2)(ddt — 2d — 2d)

2(ddt — d — df) ’
as calculation shows from Theorem 6.1. Thus, there is an interval of p for which b in
Proposition 6.14 is close enough to by that the hypotheses of both Proposition 6.14 and

B(G) =

Corollary 6.17 are satisfied. This gives the result. O
Remark 6.19. Even when pff®® = p%ired  there is no infinite cluster FRC, ,-a.s. and a

unique infinite cluster WRC, ;-a.s. for p = piree = pwired " in view of Theorem 5.2 and
Corollary 6.10.

For comparison, we present the following bounds on when the opposite inequality
pzree(q) < pglred(q) holds.

Proposition 6.20. If G is a planar reqular nonamenable graph of degree d with reqular
dual of degree d', then p™®®(q) < pr*d(q) for q < dd' — 2d — 2d".

For example, if d = d' = 5, then p*® < pj™*d if ¢ < 5, while p™! < pfee if
q> (2+4log2)V5 =10.671.

Proof. We claim that p¢(G, q) < p¥ird(G, q) if

h(pe(G))h(pe(G)) < 1/g, (45)
where h is defined as in (43). Indeed,
h(p**(G, ) < ah(pc(G)) (46)
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by (22) (applied with p; = p, ¢1 = 1, g2 = g, and p2 chosen so that h(p) = h(p2)/q) and
h(py*(G, ) = a/h(pe*(G',q)) > 1/h(p.(GT)) (47)
by Corollary 6.9 and (46) (applied to GT). Therefore, if (45) holds, then (46) and (47)

give .
h(pe*(G,q)) < ah(pe(G)) < 1/h(pc(G1)) < h(py™(G,q)),
which implies that p¢(G, ¢) < p¥ird(G, q).
Now p.(G) < 1/(1 + 1tg(G)) by [7]. Therefore (45) is implied by ¢z (G)ig(G) > q.
This is the same as the claimed range of ¢, as calculation shows from Theorem 6.1. O

Remark 6.21. Note that when p™*(G) < p}'''*d(@), we also have pi'd(GQ) < piree(@Q),
and thus we have an interval of p for which FRC,, # WRC, (see Proposition 6.11 above).
For ¢ = 2, the condition in Proposition 6.20 shows that this holds for df = 3 when
d > 8, for d' =4 when d > 5, and for all d > 5 when d > 5. This generalizes the result
in [61].

We end the section with some open questions.

Question 6.22. Let G be a nonamenable quasi-transitive graph. Is the set of q for
which pl™4(G, q) < p(G, q) an interval? If G has only one end, is the set of such q
nonempty?

Question 6.23. If G is nonamenable and quasi-transitive, can there be there any q > 1
such that p**4(G, q) = pi'(G, q) (so that all four critical values coincide)?

7 Robust phase transition

A classical question about the Potts model is when it exhibits a phase transition for
given ¢, # and G. We say that a phase transition occurs when there is more than
one Gibbs measure for the ¢-state Potts model on G with inverse temperature 8. As
noted above in Section 5, this happens iff WPtqﬁT1 # WPtqﬁr2 for r1 # ro. This is
equivalent to the statement WPtq,ﬁ’T( w(o) = r) > 1/r for any fixed vertex o € V and
also to WRng(o < 00) > 0, where p := 1 — e 2% and {0 & oo} is the event that
o0 is contained in an infinite open cluster. Letting {0 <> 9V;} be the event that o is
connected to dV; by a path of open edges in G; (where G;, V; and E; are as in Section
2), it follows that phase transition in the g-state Potts model with the given parameters
is equivalent to inf; WRCG Z'(0 < 0V;) > 0. Hence there exists a critical value 8. (given
by . = —5 log( Wll”ed)) such that we have phase transition for 8 > ., but not for
B < Be.

Pemantle and Steif [50] introduced the stronger concept of robust phase transition.
In order to define this, we need to generalize the Potts model slightly: When defining
Ptig, let us allow different interaction along different edges, i.e., replace 8 with B :=

{Be}ecE; - It is then straightforward to modify the measures PtgiB to measures FPtig

and WPt%; B in the same way as we did in Section 2 for the case B = 8. Now for € > 0,
define BZ so that Bi(e) equals e for all edges with one endpoint in dV; and equals
for all other edges. We say that the g-state Potts model with inverse temperature g
exhibits a robust phase transition if inf; WPtggi #(w(0) =7) > 1/r for all € > 0.
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By making a corresponding extension of the random-cluster model, i.e., by replacing
p with p := {pe}ecE;, we see that this is equivalent to
1anRCGZ o Vi) >0

sa

for all s > 0, where p’ equals p := 1 — e~28 for edges that do not have an endpoint in
dV; and equals s for those that do. Pemantle and Steif show that when G is a tree and
q > 3, then there is sometimes a phase transition but not a robust phase transition. We
extend their result to the following:

Theorem 7.1. Let G be an infinite reqular nonamenable graph with degree d. Then
there exists gy < oo such that for ¢ > qo and €2 — 1 € [¢?/(d+p(G)/2) 42/(d—ip(G)/2)],
the g-state Potts model on G with inverse temperature 3 exhibits a phase transition but
not a robust phase transition.

Proof. Fix 4. From the definition of WRCG Zq it is clear that we may, instead of regarding
the vertices outside V; as connected, regard them as contracted to a single vertex wvyg.
Now define a new graph H; by adding an edge between vy and all vertices of V;, i.e., let
V(H;) := V;U{v} and E(H;) := E(V;) U Ey where Ey := {[vg,v]; v € V} Let p be
s for all edges of Ey and p for all other edges. Then by conditioning on RC (EO) and
using Holley’s inequality, we see that

RCL (E*(V7)) = Wchéfq. (48)

Now the proof of [40], Theorem 1.2(a), shows precisely that for g large enough and s
small enough, inf; RC;Z(A,') = 0, where A; is the event that there is a path of open
edges connecting o to 0V; without passing through vg. [The proof is essentially the same
as that of Proposition 6.14, but here one has to take the edges of Ey into account. This
is done by a simple application of Markov’s inequality.] By (48), it follows that there is
no robust phase transition in the corresponding Potts model. On the other hand, [40],
Theorem 4.4(a), says that for ¢ large enough, a phase transition occurs. O

Let us now briefly consider the case when G is instead an amenable quasi-transitive
graph. Then, as noted above, FRC, , = WRC, , for all but at most countably many
values of p. Therefore, if WRC,, ;(0 <+ 00) > 0, then FRCy 4(0 <> 00) > 0 for all p’ > p.
This strongly suggests that inf; FRCG : (0 < 0V;) > 0, and since FRCG i ijs WRC: Zq with
s = 0, this would imply that the crltlcal temperatures for phase tran31t10n and robust
phase transition coincide. However, as FRCp ; 1s increasing in i, it is possible to imagine
a scenario where o is not connected to dV; for any ¢ but still connected to infinity in the
limit. This does not happen for the WRC measures on any graph ([2], proof of Theorem
2.3(c)), but is unknown for FRC.

Question 7.2. If G is amenable and quasi-transitive, then is the critical inverse tem-
perature for robust phase transition [.¢

This question does not address 8 = (.. For G := Z¢, d > 2 and q large, it is well-
known that the Potts model at criticality (8 = ) exhibits phase transition, whereas it
was recently shown by van Enter [20] that (still at criticality) there is no robust phase
transition.
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