Multi-Adaptive Galerkin Methods for ODEs

ANDERS LOGG

Licentiatuppsats i tillämpad matematik som presenteras vid seminarium i sal HA2 den 6 juni 2001, klockan 13.15.

Diskussionsledare är Professor Gustaf Söderlind, Numerisk Analys, Lunds Universitet.

Licentiatuppsatsen finns tillgänglig vid Institutionen för Matematik CHALMERS TEKNISKA HÖGSKOLA GÖTEBORGS UNIVERSITET 412 96 Göteborg Telefon 031–772 1000

ABSTRACT

In this thesis we formulate, analyze and implement multi-adaptive Galerkin methods for the numerical solution of initial value problems for systems of ordinary differential equations (ODEs) of the form (1) { u̇(t) = f(u(t), t), t ∈ (0, T ], u(0) = u_0,

where u : [0, T ] → R^N , f : R^N × (0, T ] → R^N is a bounded function that is Lipschitz-continuous in u, u_0 ∈ R^N is a given initial condition and T > 0 a given final time. We refer to these methods as mcG(q), the multi-adaptive version of the standard continuous Galerkin method for ODEs, and mdG(q), the multi-adaptive version of the standard discontinuous Galerkin method for ODEs.

The multi-adaptive features include in particular individual time-steps for the different components u_i(t) of the solution u(t), with the objective of efficient solution of problems with several time-scales.

In the first of two papers included in this thesis, we introduce the multiadaptive methods, explore a couple of their basic properties, and prove a priori and a posteriori error estimates. We present adaptive algorithms for global error control and iterative solution methods for the discrete/algebraic equations. We also describe the multi-adaptive ODE-solver Tanganyika, implementing mcG(q) and mdG(q) for q ≤ 20. In the second paper, we apply the multi-adaptive methods to a variety of problems, chosen to illustrate the potential of multiadaptivity.

THESIS FOR THE DEGREE OF LICENTIATE OF ENGINEERING

Multi-Adaptive Galerkin Methods for ODEs

ANDERS LOGG

Department of Mathematics CHALMERS UNIVERSITY OF TECHNOLOGY GÖTEBORG UNIVERSITY Göteborg, Sweden 2001

Multi-Adaptive Galerkin Methods for ODEs ANDERS LOGG

© ANDERS LOGG, 2001

NO 2001–26 ISSN 0347–2809 Department of Mathematics Chalmers University of Technology Göteborg University SE–412 96 Göteborg Sweden Telephone +46 (0)31 772 1000

i Multi-Adaptive Galerkin Methods for ODEs ANDERS LOGG Department of Mathematics Chalmers Finite Element Center Chalmers University of Technology Göteborg University

ABSTRACT

In this thesis we formulate, analyze and implement multi-adaptive Galerkin methods for the numerical solution of initial value problems for systems of ordinary differential equations (ODEs) of the form (2) { u̇(t) = f(u(t), t), t ∈ (0, T ], u(0) = u_0,

where u : [0, T ] → R^N , f : R^N × (0, T ] → R^N is a bounded function that is Lipschitz-continuous in u, u_0 ∈ R^N is a given initial condition and T > 0 a given final time. We refer to these methods as mcG(q), the multi-adaptive version of the standard continuous Galerkin method for ODEs, and mdG(q), the multi-adaptive version of the standard discontinuous Galerkin method for ODEs.

The multi-adaptive features include in particular individual time-steps for the different components u_i(t) of the solution u(t), with the objective of efficient solution of problems with several time-scales.

In the first of two papers included in this thesis, we introduce the multiadaptive methods, explore a couple of their basic properties, and prove a priori and a posteriori error estimates. We present adaptive algorithms for global error control and iterative solution methods for the discrete/algebraic equations. We also describe the multi-adaptive ODE-solver Tanganyika, implementing mcG(q) and mdG(q) for q ≤ 20. In the second paper, we apply the multi-adaptive methods to a variety of problems, chosen to illustrate the potential of multiadaptivity.

iii PREFACE

I wish to express my deepest gratitude to my advisors, Doc. Kenneth Eriksson and Prof. Claes Johnson, for their constant encouragement, support, good advice, the many enlightening discussions, and everything they have taught me over the years, ever since we first met during my first year as a student at Chalmers.

And to all my friends and colleagues at Chalmers Finite Element Center, a stone’s throw away from the Mathematics Department, I am grateful for a pleasant and inspiring working environment.

I would also like to thank Jim Tilander for helping me with C++ matters. But most of all, I would like to thank my wife Anna, my parents, my little sister Katarina and my family, on Smögen and in Lysekil, for their love and support.

Göteborg, April 2001 Anders Logg

v INCLUDED PAPERS

This thesis consists of the following two papers:

Paper I Multi-Adaptive Galerkin Methods for ODEs I: Theory & Algorithms, A. Logg, Chalmers Finite Element Center Preprint 2001–09. Submitted to SIAM J. Sci. Comput.

Paper II Multi-Adaptive Galerkin Methods for ODEs II: Applications, A. Logg, Chalmers Finite Element Center Preprint 2001–10. Submitted to SIAM J. Sci. Comput.

The following two papers are related, but are not included in the thesis:

(i) A Multi-Adaptive ODE-Solver, A. Logg, MSc Thesis 1998, Chalmers Finite Element Center Preprint 2000–02.

(ii) Multi-Adaptive Error Control for ODEs, A. Logg, Oxford University Computing Laboratory Research Report 1998/20, Chalmers Finite Element Center Preprint 2000–03.

Paper I

Multi-Adaptive Galerkin Methods for ODEs I: Theory & Algorithms

Paper II

Multi-Adaptive Galerkin Methods for ODEs II: Applications