ALMOST HOLOMORPHIC EXTENSIONS OF
ULTRADIFFERENTIABLE FUNCTIONS

MATS ANDERSSON & BO BERNDTSSON

ABSTRACT. For a smooth function, f, on R™” we construct an exten-
sion, F, to C" with JF vanishing to a high order on R”, and give
precise estimates of how the degree of smothness is reflected in the
degree of vanishing. This analysis is used to define the J operator
on (n,n — 1) forms with singularities on R".

1. INTRODUCTION

Let f be a function on the real line or the unit circle. One can then analyze its
regularity properties in terms of the existence of extensions, F', of f to the complex
plane such that OF tends to zero with a certain speed as we approach the line (or
the circle). We shall refer to F' as an almost holomorphic extension of f. A simple
and useful result of this type is that f is of class C*° on R if and only if there
exists an extension F such that |0F (z + iy)| < Cn|y|" for any N > 0. This idea is
of importance in connection with e g problems of quasianalyticity, approximation
theory and operator calculus, and we refer the reader to [6] and [7], where as far as
we know the method was first introduced, as well as to the survey [8] where many
results and applications are described.

The purpose of this article is to study similar constructions in several variables.
In the basic cases, i e in the case of rotationally symmetric growth conditions, this
has already been done, see e g [5], [10] and [9], but here we shall pay particular
attention to growth conditions that may be different in different directions. This
complication is actually present already in one variable. If we measure the regularity
of a function in terms of the decay of its Fourier transform

i = 5 [ H@)eietas,

it is not hard to see that decay of f on the positive and negative half axes cor-
responds to existence of almost holomorphic extensions to the lower and upper
half planes respectively. The problem however becomes much more delicate in sev-
eral variables. This is perhaps most clearly seen in connection with the edge of
the wedge theorem. This theorem says that if f has a holomorphic extension for
y = Im z belonging to certain cones with vertices at the origin in {R", then f also
has an, in general different, extension to the convex hull of these cones. Similar
phenomena occur even if we consider only almost holomorphic extensions, and one
can therefore expect to get a one to one correspondence between rates of decay of
f and the size of OF only if the growth scales satisfy certain convexity conditions.
Assuming such convexity conditions we will in Section 4 obtain quite precise results
in that direction. The main work behind these results is done in Section 3 where
we introduce a Legendre type transforms that relate the decay of f and OF. We
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also use the corresponding results in one dimension that we review and formulate
as precisely as we have been able to in Section 2.

A related, and more difficult, question is to find the optimal almost holomorphic
extensions - if they exist. By this we mean that, given an extension of f that
satisfies

10F (2 + iy)| < 9@

for a certain function g, find the largest function § > ¢ for which there exists an
extension whose 0 is controlled by e~9. The edge of the wedge theorem treats the
case when g equals infinity in certain cones and g is then the function that equals
infinity in the convex hull of these cones. In general we have not been able to
determine §, and we do not even know if an optimal choice exists, but we give a
partial result in Theorem 4.3.

Almost holomorphic extensions are also related to Beurling’s generalized theory
of distributions, the so called ultradistributions, cf [3] and [4]. Beurling’s idea was
to construct more general distributions by using a smaller class of test functions. He
showed that one obtains such ultradistributions as limits of holomorphic functions
in the upper or lower halfplanes, and determined the optimal growth conditions on
the holomorphic functions that ensure that the limits exist in the ultradistribution
sense. Even though the original discussion is phrased differently one can define the
limit ultradistribution of a holomorphic function, h, defined in the complement of
R by

h*.f:—/éF/\hdz,

if f is a compactly supported test function and F' an almost holomorphic exten-
sion. Alternately we can think of the ultradistribution ~* as d(hdz). The difference
between these two viewpoints of an ultradistribution - boundary value of a holo-
morphic function versus 0 of an (n,n — 1)-form is more decisive in several variables.
A secondary purpose of this paper is to generalize two key reults of Beurling [4] to
the second interpretation. In particular we determine which growth conditions

/|w|efg(y) < 00

on an (n,n — 1)-form outside of R* that allow a definition of Ow across R” which
is both local and continuous with respect to this weighted L!-norm (cf Theorems
4.8 and 4.9).

2. FUNCTIONS OF ONE VARIABLE

In this Section we shall review the one-variable theory, the results being due,
principally, to Dynkin [6] and [7], and Beurling [3]. We consider functions f defined
on the entire real line and ask for conditions in terms of regularity of f that imply
that f has an extension F to C with F(x + iy) tending rapidly to zero as y tends
to zero.

The regularity of f will be measured in terms of the decay of its Fourier trans-
form. Let h € C(R) be nonnegative, concave and increasing on R*, and concave
and decreasing on R™. We also assume that lim;yo h(t) = co. We let H denote
the class of such weight functions. We shall be concerned with functions f on R
such that f in some way is majorized by e~". Let

An = {f € C(R); /|f|eh < o).
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From the concavity of h it follows that h is subadditive, and this in turn implies
that Ay is closed under multiplication, since

[1Taletae < [ [ 17 sl deds
://|f(t)||§(8)|€h(t+s)dtdsg/|f(t)|eh(t)dt/|g(8)|eh(s)ds_

Along with A4, we also consider the class of functions whose Fourier transforms are
uniformly bounded by e ",

Ap = {f € C(®); sup | fle" < 00}.

The size of F, where F is an extension of f to C, is measured with another class
of weight functions. Let g be a non-negative function on R\ {0} which is convex,
decreasing on R, increasing on R, and satisfies lim, 1 g(y) = co. Let G denote
the class of such functions. We then let

By = {f € C(R); 3F € C(C) such that F = f on R and
sup |OF (z + iy)|e?Y) < oo}

The two classes of weight functions H and G are related via a variant of the
Legendre transform introduced by Beurling [3].

Definition 1. Let h be nonnegative and increasing on Rt and decreasing on R~ .
Then

hiy) = sup (h(t) —ty).
{t; yt>0}
Let g be nonnegative and decreasing on Rt and increasing on R~. Then
b _ .
gt) = inf () +)

Thus e g the values of h*(y) for y > 0 only depend on the values of h(t) for t > 0.
Notice also that h*(y) > h(1/y) — 1 so that lim,_, 40 h*(y) = oo if lim;, 100 A(t) =
0. Similarily one can verify that lim; 4. g°(t) = oo if lim,_, 10 g(y) = co. Notice
also that h! is always convex on each semi-axis, and ¢’ is always concave on each
semi-axis.

If y is fixed and g = h¥, the function ¢ — g(y) + ty is the smallest affine function
with slope y that majorizes h. Taking the infimum over all y we therefore get
the smallest concave majorant of h. We have therefore proved half of the next
proposition and the remaining part can be obtained in a similar way.

Proposition 2.1. On each semi-azis h! is the smallest concave majorant of h,
and ¢*! is the largest convex minorant of g. In particular, if h € H, then h = h
and if g € G, then g = g,

For an integrable function f on R we define its Fourier transform as
. 1 [ .
=5 [ e
21 J_

The next result on almost holomorphic extensions is a somewhat more precise
version of a theorem of Dynkin, [7].

Theorem 2.2. Let h € H and let f € C(R). Then f can be extended to a function
F in C(C) such that

- 1 [,
Sup/ |0F (z +iy) /0z|e? Y dy < 5/ 1f()]eh®at,

T —00
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and, if h is of class C?,

. S1.9(—=) 1 |f|€h
sup |0F (z + iy)/0z|e? ™ < = sup ,
c 2 g —h"

where g = ht.

Proof. We will construct the extension for Imz < 0, the case of Imz > 0 being
similar. We also assume h to be smooth for ¢ # 0 and strictly concave; the general
case then follows if we approximate h from below by such functions. Then ¢ = h'
is a decreasing map from RT to (a subset of) RT. Let 1) be the inverse of ¢. Since

9(y) = sup(h(t) —ty)
t>0

for y > 0, and since the supremum is attained at a point where the derivative
vanishes, we have that

9(6(t)) = h(t) — té(t).
For y > 0 we let

(2.1) Flz — iy) = / it =) F(¢)dt;
#(t)>y

the integration is thus performed from —oo to the positive number % (y) = ¢~1(y).
Since g > 0, the integrand satisfies

|eit(z—iy)f(t)| < PO f(t)]eh® <

< OO f(p)]e"D = e 9@ fle" < |fle”,

so by Lebesgue’s theorem and the Fourier inversion formula, F' is indeed a continu-
ous extension of f. Next, since the integrand in (2.1) is holomorphic in z = x + iy,
we have that

(OF (@ — i9)/02| < (1/2)' W)le* O D] ?| |

and hence

(OF (x — i9) /02162 < (1/D1' ()| £ 1)1V

(recall that h(t) —ty = g(y) if t = ¢(y)). Since

11
¢'(t) — h"(t)

t=v(y)

P (y) =
if t = 9(y), it follows that

sup |OF (¢ + i) /07]e9Y) < (1/2) sup | fle" /|n".
y<0
For the L'-norms we get

oo ' B 1 oo 0o
/ OF (@ — iy) /07]e" W dy < / et iy < / |Fle"dt.
0 0 0

t=1(y)
This proves the theorem. O

Theorem 2.2 has a simple partial converse stating that if a function has an
extension with JF small near the x-axis, then f must decrease rapidly as t tends
to infinity.
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Theorem 2.3. Let f € C'(R) and suppose that there is a C'-extension F to C
such that

|F|dzdy + / |OF (z + iy)|e? Y dxdy < C.

lyl<1 ly|<1

Then

(2.2 le < (1 4+ o(1) -

when |t| — oo, where h = gP.

Proof. We prove (2.2) for t > 0. Let x(y) be a cutoff function such that x(y) =1
for—1/2<y<0andx y) =0 for y < —1. Then

/f e iy = — / (XOF + Fox)e ** A dz,

by Stokes’ theorem. Hence

|f(t)| < Ee_t/2 + 1 |5F|eg(—y)e—(9(—y)+(—y)t)
2 2
™ 1<y<0

< — ¢ e t? 4 emh) — / |OF|e9(—Y) ddy.
27 27 J_1<y<o0

This proves the theorem since h(t) = o(|t|) O

Theorem 2.3 is not a complete converse to Theorem 2.2 since we require integra-
bility of OF in the z-direction as well. However, notice that if F' satisfies only

sup/ |0F|e? Y dy < oo
z Jyl<1

we may replace f by fa(x) = e—Aa” f(z) for A > 0. Then each f) satisifies the
hypothesis of Theorem 2.3, and thus we get a pointwise control of f * ey, where

1
L en

e

e\ =

is an approximate identity as A — 0.
We can also observe that in Theorem 2.3 we need no condition of convexity of
g. However,

h=g" =(")" = (")
since g” is concave. Therefore the estimate we obtain in Theorem 2.3 is the same

as what we get if we replace g by its largest convex minorant ¢”f, so we could just
as well have assumed from the start that g was convex (on each semi-axis).

The situation is different in Theorem 2.2; there the assumption that h be concave
is indispensable. In fact, if the statement of Theorem 2.2 holds for some (non-
concave) h, then we get from Theorem 2.3 that, in general terms,

¢ . . L
|fle" < C implies |fle"” < C",

which can only hold if A differs from its smallest concave majorant hf” by an additive
constant. In other words if the statement of Theorem 2.2 holds, then h is uniformly
close to a concave function.

In the applications later on we will have use for an extension F' of f with the
desired decay of |0F| which, in addition, has compact support if f has. This is
not automatic from our construction but it does hold under a small additional
assumption on g. To prove this we first need a technical result.
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Proposition 2.4. Assume that g € G satisfies the extra condition that g is C?
outside the origin and that

(2.3) g"/g—> 0 as y—0.

Let I and J be intervals such that I CC J C R, and suppose that f € C(J) has a
continuous extension F to J x [0, €] such that

|OF|e9®) < 1.
If furthermore f = 0 in some neighbourhood of I, then
|F(z +iy)ed™®) <C, zel, yel0,d.
In fact, we even have that |F|ed — 0 when y — 0.

The proof of Proposition 2.4 is based on the following maximum principle for
almost holomorphic functions.

Proposition 2.5. Let F' be a C'-function in a smoothly bounded domain Q in C,
and let p € C(Q) be subharmonic in Q. Then

(2.4) sup |Fle? < sup|F|e? + sup |OF|e?.
Q 80 Q

Moreover if K is a compact subset of OQ such that F vanishes on a neighbourhood
of K in 00, then |F(2)|e??) tends to 0 when z tends to K.

Proof. The proof, cf., [2], is based on a calculation of A|F|?e2¢. Let
0
,19 — —2¢ ¥ 2¢
€ 80
be the negative of the formal adjoint of & in L?(e?%), so that

—pe?? = — [ wdve?
o 0% Q

if u or v vanishes on 0. A calculation, cf., [2], shows that

F
A|F|?e** = 2Re (1986—) e’ +| |2 2+ |9FPe* + 2(Ap)|F|?e*

6 o 20
> 2Re (ﬁE)Fe ,

since ¢ is subharmonic. Let G < 0 be the Green function for  with pole at a €
and let Pg denote the Poisson integral of a function g on 9Q. Then

|F(a)[?e?*(@ = P[|F|*¢**](a) +/GA|F|262“’

< sup|F|2 2% 4 2Re /Gﬂ ——)Fe?¢

8G 8F _

— 2,20
s;g)|F|e 2Re/ v 6_ G|

2,20 v o 9 e OF 12 5, _
Ss;g)|F|e +2sgp|F|e /Q|62|51§12p|62|e +251$p|62|e /Q G.

Since [, G and [, |0G/dZ| are uniformly bounded for a € Q, we may take the
supremum over all a € Q. Letting

F
B =sup|Fle¥ and C =sup |6—_|e‘p
Q o 0%

we then get
B? < sup |F|?e* + BC + C?,
0



from which we conclude that

B? <sup |F|%e* + C2.
1)
This concludes the proof of (2.4). To see the last statement we use the inequality
oG OF OF 2
F(a)|?e**™ < P[|F|*¢**](a)+2 F“’/— ——|e?+2sup |- 2“’/—G.
IF(@)*e*' < P[|F*¢*](a)+2sup|Fle Q|62|51(12p|62|e +2sup| 5=-[e i

Since we now know that |F|?e2¢ and |0F|%e?¢ are uniformly bounded we get

|F(a)|2ech(a) < P[|F|2ezw] (a) +A/ |%—i_;| + G|
Q

Since [, G and [, |[0G/9z| tend to 0 as a approaches the boundary of (2 the theorem
follows.
O

With the aid of Proposition 2.5 we can now give the

Proof of Proposition 2.4. Let x be a cutoff function, 0 < x € C(R), such that
x = 1 on I and with support in the neighbourhood of I where f vanishes. We
may also assume that x is convex where x < 1/2. Let ¢(z + iy) = x(x)g(y). Since
Ay = x"g + xg" it follows from the assumption (2.3) that ¢ is subharmonic for
0 < y < e if € is sufficiently small. Let now R be a rectangle

R=((I-38)U(I+6))x(0,e),

where § > 0 is chosen so that f =0on (I —8§)U(I+4),and x =0on R\ ((I —
8) U (I +4)), and let © be a smoothly bounded domain obtained by rounding off
the corners slightly. We apply Proposition 2.5 with ¢ = @) = (- + i) for small
A. Since @) < ¢ < g it follows that

|OF|e®> <1
in Q. Moreover,
sup |fle®* < C,
aQ
where C' is a constant depending on € and on supyq |F|. By Proposition 2.5,

|Fle?> < C, and letting A — 0 we get that |Fle? < Cin I x (0,¢). O

It now easily follows that we can control the support of the function F' that
extends f.

Theorem 2.6. Assume that g € G satisfies the extra condition that g is C? outside
the origin and that (2.3) holds. Let U and V be open sets, U CC V C R, suppose
that f has compact support in U, and furthermore suppose that f has an extension
F to C such that

|OF e < 1.
Then there is an extension F of f with support in V x (—e€, €) such that

|0F|e? < C.

Clearly the condition (2.3) is fulfilled in all reasonable cases.
Proof. Let F' = xF, where x = x(z) is a cutoff function whith compact support in
V which equals 1 on U. Then
OF = Fox + xIF,

so by Proposition 2.4 we have that |§F|e? < C as claimed. O



Beurling’s idea was to use the functions with rapidly decreasing Fourier trans-
forms as test functions for a generalized theory of distributions. It then becomes
necessary to determine which growth conditions that can be satisfied by functions
with compact support. The answer is contained in the following theorem which is
essentially taken from [3]; a proof is given in [1].

Theorem 2.7. Let h € H . There exists a non-trivial function with compact
support satisfying |fle" < C if and only if

(2.5) /_00 }ll(j_);l; < 0

If this condition is satisfied, then there are non-negative compactly supported func-
tions Xn with |Xn|e" < Cn such that x, — & in the sense of distributions.

One can also express the integrability condition (2.5) in terms of g = k¥, see [3]
for a proof.

Proposition 2.8. Let h € H and put g = ht. Then

/°° h(t)dt <o
1 1+

(2.6) / log g(y)dy < oc.

-1

if and only if

Beurling expressed the generalized distributions, ultradistributions, dual to the
class Aj as differences of boundary values of functions, holomorphic in the upper
and lower half planes. Equivalently one may define the ultradistributions as 9 of
holomorphic forms defined outside the real line. This point of view fits better with
the generalization to higher dimensions that we have in mind.

Let 2 be a domain in C which intersects R, and let w be a holomorphic (1, 0)-form
in 2\ R, satisfying an estimate of the form

(2.7) /Q|w|e_g < 0.

We want to define Ow as an ultradistribution on 2 N R. This definition should
have the property that dw = 0 if and only if w extends holomorphically to 2, and
moreover we require the 0 operator to be continuous in the sense that if

wpe ? =0
in L}, .(Q), then dw,.f — 0 for each test function in the class.

We shall see that this is possible precisely when the weight g satisfies (2.6). First
we prove that Ow has no definition satisfying the above requirements if (2.6) is not
fulfilled. This is a consequence of the next theorem which is given with a different
proof in [4]

Theorem 2.9. Suppose that g does not satisfy (2.6) (and that (2.3) holds). Then
for any holomorphic 1-form w in Q\R such that |w|e™? € L}, .(Q) and any K CC Q
we can find polynomials p,(2) such that

/ |w — ppdzle™? — 0.
K
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Proof. For a given compact set K C {2 we have to show that w is in the closure in
L(K,e™9) of the (restrictions to K of) polynomials. By Hahn-Banach’s theorem
it is therefore enough to prove that if a is a (0,1)-form on K such that |a|ed is
bounded and

(2.8) / aApdz =0
K

for all polynomials p, then [‘a Aw = 0. But (2.8) implies that a = OF, where F is
continuous in C and identically zero in the unbounded component of C\ K. Hence
f, the restriction of F' the real axis, is a smooth function of compact support,
which moreover by Proposition 2.8 and Theorem 2.7 belongs to a quasianalytic
class. Therefore f must vanish identically. It now follows from Proposition 2.4 that
|F(x + iy)|e?™®) — 0 uniformly as y — 0. Hence Stokes’ theorem gives

lim a/\w:/ Fw—0
€0 Im z|>€ |Im z|=¢
so f[aAw=0. O

Theorem 2.9 shows that forms satisfying Ow = 0 are dense in L (e) if g does
not satisfy (2.6), so Ow has no local definition which is continuous in the L!(e9)-
topology in that case. (One can however always give a sense to dw as a hyperfunction
see [] for this. )

We next assume that g satisfies condition (2.6) and let w be a holomorphic (1, 0)-
form in ) satisfying (2.7). Let f be a test function with compact support which

has an extension F' such that |0F|e? < 1. We then define
Ow.f = / w A OF,

where the extension F' is chosen with support in €2, which is possible by Theorem 2.6.
Proposition 2.4 implies that the definition is independent of the choice of F', and
it is also clear from the definition that Ow is continuous in L} (e). The next
proposition is a variant of the "Corollary to Theorems I and II ” in [4].

Proposition 2.10. Assume g satisfies (2.6) (_and (2.3)). Let w be a holomorphic
form in Q\R satisfying (2.7) and assume that Ow is defined as above. Then Ow =0
if and only if w extends holomorphically across R.

Proof. We only have to check that if dw = 0, then w extends holomorphically. Let
F be a function with compact support in Q and suppose |0F|e? < C. Consider

I:l/W\éF’

™ zZ—a

where a € O\ R. If we decompose F' as F = F; + F,, where F is supported in a
small neighbourhood of a, and F; vanishes near a, we see that

I= %/% — F(a)w(a).

We can then fix g € 2 N R and choose F' so that F' = 1 near xo, and we thus see
that w extends holomorphically across zg. |
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3. MULTIVARABLE LEGENDRE TYPE TRANSFORMS

We are now going to consider multidimensional analogues to the results in the
previous Section, and our first task is to find appropriate generalizations of the
transforms h — ht and g — ¢°. As before h always denotes a nonnegative function
defined in R™ such that h(0) = 0 and g denotes a function in R" \ {0} such that
g(y) = oo when y — 0. If k is any function in R* \ {0} and a € S™71, i.e., a € R"
and |a| =1, then we let

k®(n) = k(na), n>0,
be the restriction of k to the ray from 0 determined by a. We let k% and k% denote
the functions (k®)* and (k®)°, respectively, i.e.,

k*(n) = sup(k*"(s) — sm),

and
k® (s) = inf (k®(n) + ns)
n>0

and we extend the definition to all of R by letting h®(n) = oo for < 0 and
g% (s) = —oo for s < 0.

Remark 1. This just means that g% (s) = —Lg®(—s) if g*(n) is defined as oo for
n < 0 and L is the usual Legendre transform, and similarily h®#(n) = —Lh®(—n) if
h?® = —oo for negative 7. O

Definition 2. If h and g are nonnegative functions in R™ \ {0}, then
g(t)= sup g”(a-1),
aeSn—1

and
R¥(y) = inf h%(a-y).
acSm—1

One readily verifies that this definition coincides with the previously given one
in the case when n = 1. Note also that ¢° is always lower semicontinuous and A is
always upper semicontinuous.

We say that a function & in R™ \ {0} is convex (concave) on rays if k* is convex
(concave) for all a € S™ 1. We also say that k has convex sub- (super-) level sets
is all sets of the form K4 = {y; g(y) < A} (Va = {y; g(y) > A}) are convex. We
then have

Proposition 3.1. Suppose that g is non-negative in R™ \ {0} and convez and de-
creasing on rays. Then g*! is the smallest majorant of g that has convex superlevel
sets. Similarily, if h is increasing and concave on rays, then h¥ is the largest
minorant of h that has convex sublevel sets.

Proof. We prove the first statement, the proof of the second one being similar.
Since h%(s) is decreasing it follows that {s € R; h®(s) > A} is an interval and
hence {y € R"; h%¥(a-y) > A} is a halfspace. Therefore,

{y e R"; hi(y) > A}
={y €R"; infh**(a-y) > A} = {y € R*; h**(a-y) > 4}
a
is convex. Taking h = g” we find that ¢"* has convex superlevel sets as claimed.

We next derive a convenient formula for ¢!, assuming that g is convex on rays.
Let h=g’. If a-y > 0, then

h*(a - y) = sup (h(na) —na-y) =
n>0
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=sup sup (¢”(nb-a)—na-y) = sup sup (¢ (nb-a)—na-y)

>0 begn—1 beSn—11n>0
5 a-y )
fd S S —Ny—) = 5 ’
up up(g (n) nb-a) bE;P_lg (b-a)

besSm—1 n>0
However, since ¢ is assumed to be convex, g?*# = gb. Therefore

a a-
h**(a-y) = sup g(by— Y,
beSn—1 -a

and hence
a-y

*$(y) = inf b
(y) =in Sl;pg( 7

7)Y =inf su .
g —) =in g.a:Iy).ag(O

Let us abbreviate the last expression

inf sup g(¢) = 3(y)-
@ t.a=y-a

We have thus seen that if g is convex on rays, then ¢’ = §, and since for any a
we may choose £ = y it is clear that for any function v, ¥ > . Now, let v be a
function with convex superlevel sets. Then, for a given point y, let A = v(y), and
let a be the normal vector of a supporting hyperplane to {z; v(z) > A} through y.
Then

sup v(§) =7(y),

§-a=y-a
o)
) =)

Altogether we see that if g is convex on rays, v has convex superlevel sets, and
g <7, then

PF=g<q="7

so the proof is complete. ([

In our later applications it will be desirable to deal with functions g such that
g’ is concave on rays. This is not automatically fulfilled since even though each
function t — g% (a - t) has this property, in general the concavity will be destroyed
when we take the supremum over all a € S™"~1. We shall see however that if g has
convex superlevel sets then ¢g” will be concave on rays. To this end we introduce
yet another transform, ¢°, which always has this property, and prove that ¢’ = ¢°

if g has convex level sets.

Definition 3. For a € S"! and 5 > 0 we let

ga(n) = sup g(y),
y-a=n
and we define

¢°(sa) = g°(s), a€S™ !, s>0.
Since any function g” is concave it follows that g°(t) is concave on rays.

Proposition 3.2. Assume g is upper semicontinuous and convex on rays. Then
g° > gl’ and equality holds if g has convex superlevel sets. In particular, gb 18

concave on rays if g has convez level sets.

In the proof of Proposition 3.2 we will use the following lemma, which is a variant
of von Neumann’s minmax theorem.
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Lemma 3.3. Let G(n,£) > 0 be upper semicontinuous on Rt x RN. Assume
that n — G(n,§) is convex for each fized & and that, for fized n > 0, any set
{& G(n,&) > A} is connected. Assume also that G(n,&) tends to co when 1 tends
to either 0 or oo, and that for each n > 0, sup; G(n,t) > lim; o, G((,t). Then

inf sup G(n, &) = supinf G(n, £).
no¢ I3

Proof. Since for any 7,

sup G(n, &) > supinf G(n, §),
¢ g M

it follows that
inf sup G(n, €) > supinf G(1, €).
n ¢ e n

To obtain the converse inequality, let

A = inf sup G(n, &)
mo¢
and let £ = {G > A}. Let € = {5 € [0,0); (n,€) € E} and E, = {¢ €
RN; (n,€) € E}. Then E satisfies the hypothesis in the simple geometric-topological

Lemma 3.4 below; thus E% is the full halfline [0, oc] for some & € RN, and thus
inf,, G(n,&) > A, which proves the lemma provided that & is not co. However,
sup; G(no,t) = A for some 19 # 0,00, and from the last assumption on G it follows
that E,, is compact in RY, and hence & € R . O

Lemma 3.4. Suppose that E is a closed set in [0, 00] x RN such that each E, is

connected, compact and nonempty in RN and that By = E,, = RN, Moreover,
assume that each E* consists of at most two components. Then there is at least one
t such that Et is the whole interval [0, 00] x {t}.

Proof. Consider a fixed E,,. Each point (1o, t) in this set belongs either to the left
component or the right component of E;. (If it belongs to both we are done of
course.) We call such a point a left point or a right point, respectively. We claim
that there is an no such that E,, contains both left points and right points. In
fact, if all points of E, are left points for n < n; then E, contains left points as
well by compactness. Hence if 779 is the supremum of all 5 such that E, only has
left points, and 7; is the infimum of all 5 such that E, only has right points, then
no = 1 since otherwise E;, would be empty for 19 < n < .

Now, consider E,, with left points as well as right points. It is easy to see
that both the set of left points and the set of right points are closed. Since E, is
connected, they must have a common point. This concludes the proof. O

Proof of Proposition 3.2. We have to prove that ¢° > ¢” and that equality holds if
g has convex level sets. We verify the statement at a fixed point, which with no
loss of generality we may take to be t = (s,0,...,0) with s > 0. Then

o s ' s '
9°(t) = inf sup (9, &) +ns) = inf sup (9(m,m€") + ns).

On the other hand, letting a = (a1, a’) we have

gt = sup g%
a€S"—1; a1>0

= sup inf = sup inf '
sup inf (9(na/ar) +ns) sup inf (9(n,ma’ [ax) + ns)

a1s) = sup inf (g(na) +nars)

= sup inf ,nE") +ns).
oS inf (9(n,m€") +ns)
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Since inf sup > supinf it follows that we always have g° > ¢”. Now assume that g
has convex level sets, and let

G, &) = g(m,ng") +ns.

The set of & such that G(n,£') > A is the intersection of a superlevel set of g with
a hyperplane, and is therefore convex and hence connected. Since g is convex on
rays, 7 — G(1,€') is convex. Lemma 3.3 therefore implies that g° = ¢°. O

It is clear from the proof that g° = ¢” as soon as ¢ has the property that all the
sets K4 = {g > A} have connected intersections with all hyperplanes outside the
origin.

The definitions of the transforms g — ¢” and g — ¢° perhaps become clearer if
we consider a more restricted class of functions. Let g be a function in C*®°(R™\ {0})
which has the property that the gradient map

y = Vg(y)
is bijective from R™ \ {0} to itself. We then define g*(t) as the critical value of

y=g(y) +y-t,

i.e., as the value of g(y) + v -t at the unique point y where Vg(y) +t = 0. We then
have

Proposition 3.5. Assume that g € C°(R™ \ {0}) and that y — Vg(y) is bijective
in R \ {0}.

(i): If g is strictly convex on rays, then g* = g°.

(i1): If g has convex level sets, then g* = ¢°.

This proposition has the amusing corollary that g* has convex level sets if g is
strictly convex on rays (since any function h = g” has convex level sets), and that
g™ is concave on rays if g has convex level sets.

Lemma 3.6. Let G(n,£) be a smooth function in R x . Assume that either
(i):  for each m, the set

M, ={& G(n,¢) = Sng(n,ﬁ)}

only consists of one single point, or
(i)): n =1 and for each n, M, is connected.
Then the min-maz inf, sup, G(n,§) is attained at some critical point.

Proof. Assume that inf, sup; G(n,§) = G(0,0) and assume furthermore that (i)
holds. We must prove that (0G/9dn)(0,0) = 0. If this is not the case, then, (pos-
sibly after a linear change of variables), we may assume that (0G/0n;)(0,€) > 0
for all £ in a compact neighbourhood E of 0. Then G(—¢,0,...,£) < G(0,§)
for all sufficiently small € and £ € E. By assumption, there is £(e) such that
G(—¢,0,...,0,&(€)) > G(0,0). Since £(e) lies outside of E, we get, when € — 0, a
point & # 0 with

G(07£0) > G(07 O) = Squ(OJ 6)
3

This contradicts our assumption that M, only consists of one point.

Next, assume that (ii) holds, so that M is connected. Then if (0G/0n)(0,&) # 0
for all £ € My, then it must be either strictly negative or strictly positive on M.
The proof is then concluded as in the case (i). O
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Remark 2. Probably the lemma holds if we assume that any M, has a neighbour-
hood basis {U} such that II; (U) are trivial for ¥ < n — 1. That this assumption is
necessary can be seen from the example

G(n,&) = f(IEl) + &,

where f(|¢]) is a function f = [£[%¢l€/*. Then inf, sup, G(n,&) is attained when
n =0 and |{| # 0, but G/dn = £ so no such point is critical. In this example Mg
is a sphere S”~! and thus IT,,_; (Mp) is not trivial. O

We can now prove Proposition 3.5. Let ¢ # 0 be a point in R”, which without
loss of generality we can take to be t = (¢1,0,...,0). By definition

9°(t) = infsup(g(n, y") + 1t1).
yl
If g has convex superlevel sets the sup,, is attained in a connected set, so Lemma 3.6
implies that ¢°(t) is a critical value of g(y) + v - t. Therefore g° = g* so we have

proved the second part of Proposition 3.5. The first part is proved in a similar way
from the definition of ¢”.

4. ALMOST HOLOMORPHIC EXTENSIONS FROM R"

We are now ready to give the analog of Theorem 2.2 in higher dimensions. For
z2€C", let z =z +iy.

Theorem 4.1. Let h be a weight function that is concave on rays and let g = ht.
Suppose that f is a tempered distribution on R™ such that

/ 170" dt < oo.

Then f can be extended to a function F satisfying

(4.1) sup / OF (2 + i) e ¥ < 1/2 / 17 ()" dt,
lyl<1

and if h is of class C?

_ N k.
(4.2) sup|OF(2)]e ) < 1/25up Y | (t)]eh® 2 tatk.
Z€EQ |t|

Proof. Write
f(z) = [ f@t)e™tdt = fala - 7)dS(a),
@= [ fweta= [ fia-aas@
where -
— A irs nfld_
fuls) / ferayersrn=tdr

Then f,(r) is f(ra)r™! for r > 0 and 0 for 7 < 0.
By Theorem 2.2 we can extend each function f, to a function F,({) in C such
that (with ¢ = & +in),

OF, | petr = jeh®
sup/|T(§+m)‘eh " Mdn < 1/2/ |fale""
¢ ¢ 0

If
F(z) = F,(a-2)dS(a),
(2) /|a|:1 (a-2)dS(a)
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then
0F| < / )|dS(a).
Since g = inf, h** we have for any z E R"™ that
/ |OF (z + iy)|eg(_y)dy
ly|<1
OF, af
<[ asw [ [T )t
lal=1 FESRES ‘

/|a|1 @ [ 100" = [ 171t Oar

This proves (4.1), and (4.2) follows in the same way. O
Just as in one variable Theorem 4.1 has a partial converse.

Theorem 4.2. Let g be a weight function and let h = g*. Assume that f € C(R")
can be continuously extended to a function F such that

sup/ ly - OF (z + iy)|dze’ ") < .
y Jrn
Then .

f)en® < c.

Proof. Again, this is reduced to the one-dimensional case. Let x(y1) be a cut-off
function which equals 1 for —1/2 < y; < 0 and vanishes for y; < —1. Then

621

F .

— /f(m)eizt'zda: _ / 6(X_ )(Zl,$l)€7zt.z+t1y1 dzdy:
y1<0

Hence
|F(t)] < supe 9Cv+hm | Cet/2 < Ce 9™ (o)
Y1
if a =(1,0,...,0). Similarily,

|f(t)] < Cemo7 (@D
for any a € S™!, and taking supremum over all a we get
|f(t)] < Ce ).
O

Notice that in Theorem 4.2 we only need a good bound on the “normal com-
ponent” y - OF of OF for some extension F, in order to get a good decrease of
the Fourier transform. On the other hand, Theorem 4.1 says that if f is rapidly
decreasing, one gets the existence of a (possibly different) extension F' where all of
OF is small.

If g is both convex on rays and has convex superlevel sets, then, by Proposition
3.1, the weight functions g and h in Theorem 4.2 are dual in the sense that g = hf
and h = g”. Moreover, in this case it follows from Proposition 3.2 that h is concave
on rays, so Theorem 4.1 applies, and then Theorems 4.1 and 4.2 are almost converses
of each other.

Now assume that f has an extension such that |9F| < e=9(-%). Tt then follows

that f is controlled by e~" where h = g*. However, in case we do not assume
that g has convex superlevel sets, in general h = ¢” will not be concave on rays,
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so we cannot conclude that f has an extension F with |0F| < e 99, Such a
statement would be an optimal smooth form of the edge of the wedge theorem but
we have been unable to decide whether it holds. We next give a weaker substitute
for such an extension which is sufficient to obtain a smooth form of the edge of the
wedge theorem.

Consider two truncated cones C; and Cs in R}, and let g be oo in CiuCyand 0

in the complement. Since ¢”* > g and ¢”* has convex superlevel sets it follows that
Qbﬂ = oo in the convex hull C of C; U5, and the fact that f has an extension with
OF =01in R? x C follows from the edge of the wedge theorem.

Theorem 4.3. Assume that f € C(R"™) has extensions Fy and F> satisfying
[ 183 + ig)lde < 50,

where each g; is convex on rays and has convex superlevel sets. Then there is a
function g, convex on rays and with convexr superlevel sets, such that g > maxg;,
and such that f has an extension F with

|0F| < e~ 29(-2)
Proof. By Theorem 4.2, |f(t)] < e~ if h; = g;’-. Hence
[F(8)] < e (m(O+ha(8)/2

Since h = (h; + h2)/2 is concave on rays, Theorem 4.1 implies that f has an
extension with |9F| < e~""(=¥)_ One easily verifies that

1

W (y) = 59(29),
if
9= (2h)" = (g1 + 3)".
Finally it is clear that g > g;ﬂ = g; and that g has convex superlevel sets. O

Next we turn to the generalization of Proposition 2.4.

Theorem 4.4. Let g(y) be a weight function which is convex on rays and satisfies
the regularity assumption

y—0

@3) iy 3 50/ alo) = o
Let U be a domain in R® and let F be a C'-function in a neighbourhood V of U in
C" such that f =0 in U. Assume that

ly - OF|/|y| < e”#@).
Then |F(x +iy)|ed tends to 0 as y tends to 0 for x in any compact set K CC U.
Proof. For zo € U and a € S" ! let

Fio,a(C) = F(zo + Ca)
for ¢ close to 0 in C. Then F,; 4(¢{) = 0 when ( is real, and

10¢ Firg,a(Q)] < €797 ().

By Proposition 2.4, |Fy, 4(¢)]e?" ™€) tends to 0 as Im ¢ tends to 0 and the result
follows.
|
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We shall now discuss when there are functions with compact support satisfying
out assumption on rapid decay of the Fourier transform. Our first result is essen-
tially due to Beurling, [3], and again it follows by a reduction to the one variable
case; for a proof, see [4].

Theorem 4.5. Let h be a non-negative subadditive function on R™. Then the
following conditions are equivalent:
(i):  There is a nontrivial function with compact support such that

/|f(t)|eh(t)dt < 0.

(ii):  For all a € S™1,

< h*(s)d
[,
1

s
(i5):  There is a nontrivial function with compact support such that

f(@))e"® < C.

(iv): There is a sequence of functions, X satisfying

/|>zk(t)|eh<t>dt < 0.

such that x tends to a Dirac measure at the origin in the sense of distributions.

This theorem applies in particular in our setting because of the following propo-
sition.
Proposition 4.6. Suppose h is nonnegative, concave on rays and has convezr sub-
level sets. Then h is subadditive.
Proof. It 0 < A < 1 we get, since h has convex sublevel sets,

h(t+uw) = h(At/A+ (1 = Nu/(1 = X)) < max(h(t/A), h(u/(1 = N))).
Since h is concave on rays it follows that for any s > 1 we have h(st) < sh(t), so
h(t + u) <max((1/A)h(t),1/(1 — A)h(u)).
Taking A = h(t)/(h(t) + h(w)) we find that
h(t +u) < h(t) + h(u),

and the proof is complete.
O

Later on we shall have use fgr the translation of Theorem 4.5 to conditions in
terms of extensions with small 9.

Theorem 4.7. Let g be a weight function which is convex on rays and has convex
superlevel sets. Then there is a nontrivial function f in C*°(R™)) with compact
support which can be extended to a function F in C" satisfying

(4.4) |OF (z + iy)| < e79CY)
if and only if
1
(4.5) / log g, (s)ds < o0
0
for all a € S™ 1. In this case there is also a sequence of function satisfying (4.4)

such that their restrictions to R" tend to a Dirac measure at the origin in the sense
of distributions.
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Proof. Suppose that f has compact support and that f can be extended to a
function F' which satisfies (4.4). By Theorem 4.4 we may assume that F' has
compact support. By Theorem 4.2, |fle" < C, so by Theorem 4.5,

/ h®(s)ds < oo
1

52

for all @ € 8™ 1. Since by Proposition 3.2, h% = gg, the integrability of logg,
follows from Proposition 3.2. By Theorem 4.1 this argument is reversible. |

We shall henceforth refer to condition (4.5) as the non-quasianalyticity condition.
If it is fulfilled, then just as in Section 2, we can find functions with arbitrary small
support satisfying condition (4.5), and this class of functions will be dense in D.

Our final objective in this Section is the generalization of Theorems 2.9 and
2.10. We consider O-closed forms of bidegree (n,n — 1) defined in Q \ R, where
Q is a domain in C". If such a form w has polynomial growth near R", it defines
a current across R”, and Ow is then a distribution on © N R™®. We shall now see
that Ow can be defined in a similar way, provided a more liberal growth condition
lw| < e9(-¥), where g saisfies the non-quasianalyticity condition (4.5). First we
state the generalization of Theorem 2.9, which says that a local and continuous
definition of Aw is not possible if the growth condition is not non-quasianalytic.

Theorem 4.8. Let & C C" be a conver domain intersecting R", and let w be a
0-closed (n,n — 1)-form in Q\ R™. Let g be a weight function which is convezr on
rays, has convex superlevel sets, and which does not satisfy (4.5). Suppose that

/|w|eg(7y) < oo0.

(and that g satisfies the technical condition (4.3)). Let K CC Q. Then there are
smooth forms vy, in Q of bidegree (n,n — 2) such that

/ lw — Bugle Y = 0.
K

Proof. Let a be a (0,1)-form with support in K such that

(4.6) /a AOv =0
for all smooth (n,n — 2)-forms in 2, and
lajes=¥) < C.

We need to prove that [a Aw = 0. However, (4.6) implies that 0a = 0, and
therefore we can solve F = a with a compactly supported F. Then F is a
continuous function, and Theorem 4.7 implies that F' = 0 in R". By Theorem 4.4
|F| < Ced=%) on K. Hence

/a/\wzlim OF Aw = lim FAw=0.

e—0 |y|>€ e—0 \y\:e

O

Let us now consider weight functions g which satisfy the non-quasianalytic
growth condition (4.5). We shall see that if w is a O0-closed (n,n — 1)-form in
'\ R” such that

(4.7) / lwle 9 Y < oo,
O\R™

then we can define Ow across R™ in such a way that dw = 0 if and only if w is exact.
To simplify we shall no longer pay attention to the exact growth of w, but instead
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consider at the same time all forms w that satisfy (4.7) for some g such that (4.5)
holds. We may then as well suppose that g(y) is radial, since if g satisfies (4.5) then

gly) = sup g(¢&)
I >yl

will also satisfy (4.5). ( To see this, notice first that (4.5) holds for all a if it holds
for a set of a:s whose convex hull contains 0.)

We now introduce the space
By = {f € C(R"); thereis a F € C°(C") with
F=fon R"and |0F|e?"¥) < C}.
If w satisfies (4.7), we define the action of dw on a function f in B, by
Ow.f = —/éFAw.

Notice that if g1 > g and F € C°(C") with |0F| < e~9(-%) we can approximate
F by Fy, = x *x F, where x;, is an approximate of unity in B, ( cf Theorem 4.7).

Then Fj € By, and
/5Fk/\w—>/5F/\w,

o(z) = /5F( +z)Aw

is continuous by Lebesgue’s theorem. Hence Ow is uniquely defined by its action
on any By, , and by Theorem 4.4 Ow.f does not depend on the extension F' chosen.

since

Theorem 4.9. Let Q be a convex domain in C* which intersects R* (n >1). Let
w be a d-closed (n,n — 1)-form in Q\ R™ such that

/|w|e—9(—y) < 00

for some weight function g satisfying the non-quasianalyticity condition (4.5) (and
condition (4.3)). Then the following are equivalent:

(i): 0w =0 across R*,

(ii):  For any Q' CC Q there is an (n,n — 2)-form u in Q' \ R® such that Ou = w

and
/|u|e‘gl(_y) < o0

for some weight function g' that satisfies the non-quasianalyticity condition (4.5) .
(iii):  For any ) CC ) there is an (n,n —2)-form u in Q' \ R" such that Ou = w.

Proof. Tt is clear that (ii) implies (i) since

/EF/\w:hm OF Au=0

Im z=e¢
if |0F e~ is bounded for some weight function g which tends sufficiently rapidly
to infinity.

To prove that (i) implies (ii) we shall use Cauchy-Fantappie kernels. Let S((,z) =
(S1,-..,Sn) be defined in Q, x Q¢ and satisfy

Re (S, —z) > d|¢C — z|2,
and let

s=Y_ S;d(( — z).
1
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Let K be the Cauchy-Fantappie kernel

1 sA(O¢8)"t

a (27ri)" (SaC - z)n ’
and let K, be the component of K of bidegree (n,q) in z and (0,n —1 —g) in (.
Then K satisfies

chq + 6_qu_1 =0
for z # (, and if u is a g-form with compact support in Q, Koppelman’s formula,

/3u ONE,( +a/ ) A Ky 1(2,0)

holds. We shall define S so that S is holomorphic in ¢ for [Im({| < |Imz|/2.
In particular this means that if z is outside of R™ all the coefficients of K are
holomorphic functions of { near R” and hence belong to B, for any choice of g.
Assume for the moment that S is chosen in this way, and assume that dw = 0
across R™. Let F' be a function with compact support in 2, such that

|0F|e3Y) < C
where § > g and satisfies the non-quasianalyticity condition. We claim that, for z

outside of R,
Fuw(z) =

:/5F/\w/\Kn_1(z,§)+5Z/Fw(§)/‘\Kn_2(z,§) =

=:w; + du.
Indeed, this follows from Koppelman’s formula if the support of F' does not intersect
R”, since w is closed there. On the other hand, if the support of F' does not contain
2, the formula follows since by assumption dw = 0 across R”, so

/5(FKH,1) Aw=0.

Our claim then follows in general from a decomposition of F, just like in the proof
of Proposition 2.10.

Now choose F' to be equal to 1 on ' and have compact support in 2. Notice that
the kernel K,,_» vanishes for [Im | < |Im z|/2, since S is holomorphic with respect
to ¢ there. It is therefore not hard to see that u satisfies the desired estimate, if we
take ¢'(y) to be equal to g(y/2) plus a term of logarithmic growth to compensate
for the growth of the kernel near R™.

On the other hand, w; is a bounded form if § is chosen properly and satisfies
dwi = 0 across R*. Since w; is bounded this just means that w; is closed in the
sense of currents, and it is then well known that we can solve Ov = w; with v
bounded.

All that remains is thus the construction of S. For this, let

§=(¢-2),
and let

St =((-2).
Then , if z =z + 4y and { = £ + in,

Re (8°,¢—2z) = (—2)" +y" —n* 2 8| — 2,
if Im z| > 2|Im¢| , and S* satisfies the same inequality everywhere. Finally, put
S=xS"+(1-x)S",

with x = x(|]Im 2|/|Im {|) a suitable cut-off function. This completes the proof that
(i) implies (ii).
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Finally we shall show that (iii) implies (ii), for which we shall again use the
Cauchy-Fantappié kernel . Choose our cut-off function F' to be equal to 1 in a
neighbourhood of Q' and have compact support in Q. This time we choose the
function x in the definition of S so that moreover S = Sy if 2 lies in ', ¢ lies in the
support of OF and 7 is small enough. One verifies that this can be done in such a
way that Re (S,( — z) > |z — (|? . Now suppose that w = Ju in '\ R*. We claim
that if z is outside R", then

Fu(z) = [ Kooz, NOF0)Q) + 8. [ Koma(z0) A Fu(o)

(The last term should be interpreted as 0 if n = 2.) Indeed, this follows from
Koppelmans formula applied to F; Fu where F; vanishes near R” and equals 1 for
Im | > |Imz|/2, if we observe that K,_» vanishes where F; is not equal to 1.
Taking J of this equation and restricting to €', we find that w = du’ where u' is
given by

u'(z) = /Kn_z(z,g) /\5F/\u+/Kn_2(z,§) AFuw.

By construction, the first term only involves the values of u at a fixed distance to
R"™ and so will be bounded for z in ©'. The second term is handled just as in the
previous proof.

O

Corollary 4.10. Let g(y) = g(|y|) and let E be the space of exact forms in Q\ R".
Then E is closed in L} (e™9) if and only if

loc
/logg(t)dt < 00.
0

Proof. From Theorem 4.8 it follows that E is dense, and hence not closed, in the

space of all forms in L}, (e9) that are closed in © \ R" if log g is not integrable.

On the other hand, if logg is integrable Theorem 4.9 says that w lies in E if and
only if Ow = 0 across R™, and this is clearly a closed condition. |
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