THESIS FOR THE DEGREE OF LICENTIATE OF PHILOSOPHY

On Artin Schemes of Tiled Orders

ROGER BENGTSSON

Department of Mathematics CHALMERS UNIVERSITY OF TECHNOLOGY AND GÖTEBORG UNIVERSITY Göteborg, Sweden 2001

On Artin Schemes of Tiled Orders ROGER BENGTSSON

© ROGER BENGTSSON, 2001 Preprint no 2001:36 ISSN 0347-2800 Department of Mathematics Chalmers University of Technology and Göteborg University SE-412 96 Göteborg Sweden Telephone + 46(0)31-7721000

Matematiskt Centrum Göteborg, Sweden 2001

Abstract We associate a geometric object, the Artin scheme, to any ”tiled” order in a matrix algebra. We assume for simplicity that the base ring is a discrete valuation ring containing a field and we calculate the dimensions of the cotangent spaces at closed points of the Artin scheme. As a consequence, we conclude that the order is hereditary if and only if the dimensions of the cotangent spaces are minimal.

Keywords: representable functor, Brauer-Severi scheme, Artin scheme, order, cotangent space.

AMS 2000 Subject classification 14A15, 16H05, 18F20.

Acknowledgements

I would like to thank my supervisor Per Salberger for all the time he has spent in the preparations of this licentiate thesis. He formulated the problem and gave me the background knowledge in algebraic geometry. He suggested many of the results and helped me with most of the proofs. All the main ideas of this paper are due to him. He read the preliminary versions of this paper with great care. He discovered a number of obscurities and proposed many improvements of the presentation. Without his help this licenciate thesis would not have existed.

1. Introduction

Let K be a field and V be an n-dimensional vector space over K. To V we can associate a projective space P (V ). In the classical definition P (V ) parametrizes the 1-dimensional subspaces of V . In this paper we will, however, use the definition in [7] and let P (V ) parametrize the subspaces of V of codimension 1.

The K-algebra A := End_K(V ) of K-endomorphisms of V is a central simple algebra of dimension n^2 as vector space over K. It is easy to describe the left ideals of A. Each left ideal has the form Hom_K(V, W ) for a unique subvectorspace W of V . In particular, this gives a bijection between the K-points on P (V ) and the left ideals I ⊆ A such that A/I has dimension n over K.

More generally, one can consider a covariant functor F : K-Alg → Sets from the category of commutative K-algebras to the category of sets. To each K-algebra K^′ we associate the set of all left ideals I^′ ⊆ A^′ := K^′ ⊗_K A such that A^′/I^′ is a projective K^′-module of constant rank n. This functor F may also be regarded as a contravariant functor from the category of affine K-schemes and then extended to a functor defined on the category of all K-schemes. This extended functor is represented by the K-scheme P (V ).

One may replace K by an arbitrary commutative ring R with 1 and V by a projective R-module M of rank n. Then Λ := End_R(M) is an Azumaya algebra which is projective of rank n^2 as R-module. In the same way as above we can consider the functor of left ideals of corank n, F : R-Alg → Sets. This functor is represented by a (generalized) projective space P (M) as showed by Grothendieck. In particular if M = R^n and Λ = M_n(R), then F is represented by P^{n−1}_R .

More generally Grothendieck showed (see [6]) that F is representable for all Azumaya algebras Λ and he called the corresponding scheme X_Λ the Severi-Brauer scheme of Λ. In the case of a central simple algebra over a field K one gets Severi-Brauer varieties over K, which were studied by Châtelet already in the 1940’s. We shall follow the terminology in [1] and call X_Λ the Brauer-Severi scheme of Λ and F the Brauer-Severi functor of Λ. Let R be a Dedekind domain with perfect residue fields and with quotient field K and let A be a central simple K-algebra . In [1] Artin studies the Brauer-Severi functor of maximal R-orders Λ. He notes that this functor is represented by a projective R-scheme X and that it may have several connected components if Λ is ramified. One of these components X^0 contains the generic fiber of X over R, which is nothing but the Brauer-Severi Kvariety of A. Artin then goes on and studies X^0 and shows that it is regular. This result was generalized to hereditary orders by Frossard [5].

To show that X^0 is regular, Artin first reduces to the case where R is a complete discrete valuation ring. It is known that Λ remains hereditary after unramified extensions (see [10]) and that A has an unramified splitting field. It is therefore sufficient to study the split case where A = M_n(K), which we assume from now on.

The hereditary R-orders in A are well understood (see [15]). They form a subclass of the tiled orders. An R-order Λ in A = M_n(K) is said to be tiled (see [11]) if there is a set of n primitive idempotents e_1, . . . , e_n ∈ Λ with e_1 + . . . + e_n = 1. Artin used these idempotents to embed X^0 as a closed subscheme of a multiprojective space over R. He used thereby the fact that X^0 represents the subfunctor F^0 ⊆ F of ideals I ⊆ Λ such that e_iΛ/e_iI is of rank 1 for each i = 1, . . . , n. His equations for X^0 are multilinear.

Salberger showed (see section 4) how to represent F^0 by a multiprojective R-scheme X^0 for arbitrary tiled R-orders. He interpreted such orders as groupoid rings twisted by 2-cocycles and obtained multilinear equations similar to those of Artin. We shall therefore call X^0 the Artin subscheme of the Brauer-Severi scheme X. The coefficients in Salberger’s equations are given by the 2-cocycle of the groupoid defining the tiled order.

We shall in this paper use these equations to study the geometry of the Artin subscheme X^0 of the Brauer-Severi scheme X of an arbitrary tiled order. The original aim was to show that the only tiled orders for which X^0 is regular are the hereditary orders. This would have been a converse to Frossard’s result.

We did not succeed in doing this. Instead, we prove a somewhat weaker result (Theorem 1), in the case where R contains a field k. It says that a tiled order Λ ⊆ M_n(K) is hereditary if the tangent space dimensions of the closed points of X are less or equal to n. Furthermore we give in Proposition 13 a condition for Λ which implies that X is singular.

The paper is organized in the following way:

In Section 2 we recall the definitions of Zariski sheaves and representable functors.

In Section 3 we introduce the Grassmann and the Brauer-Severi functors. We include a proof of the representability of the Brauer-Severi functor for R-algebras Λ, which are finitely generated and projective as R-modules.

In Section 4 we construct tiled orders with multiplication rules determined by certain groupoid 2-cocycles. We present equations for the Brauer-Severi scheme X of such orders.

In Section 5, we study these orders over discrete valuation rings containing an algebraically closed field. We describe the subclasses of groupoid 2- cocycles giving rise to hereditary orders and “triangular” orders. We then study the geometry of the closed fiber of the Artin subscheme X^0 ⊆ X for such orders and give a condition on the 2-cocycle for X^0 to be regular. Next, we investigate the cotangent spaces at certain closed points of X^0. We show how the dimension of the cotangent space can be determined from the 2-cocycle. We also give a sufficient condition for X^0 to be singular.

Finally, we give the main result, which gives a relation between hereditary orders Λ and the dimensions of the cotangent spaces at closed points of X^0.

2. Representable functors

Let C be a category and let ^C denote the category Func(Cop, Sets) of contravariant functors from C to the category Sets of sets. For any X ∈ Obj(C) let h_X ∈ Obj( ^C) be the contravariant functor sending Z to the set MorC(Z, X) of morphisms from Z to X in C. There is then a canonical covariant functor h : C → ^C which sends X ∈ Obj(C) to h_X ∈ Obj( ^C) and f ∈ Mor(X, Y ) to the natural transformation h(f) : h_X → h_Y defined elementwise by composition, that is h(f)(g : Z → X) = f ∘ g : Z → Y . Lemma 1 (Yoneda).

(i) For any functor F ∈ Obj( ^C) and any X ∈ Obj(C) there is a natural bijection between the set F(X) and the set of natural transformations from h_X to F.

(ii) The functor h is fully faithful. Proof. See [4] pp.252-253.�

Thus the category C is equivalent to a full subcategory of ^C, where full means that MorC(X, Y ) ≃ Mor bC(h_X , h_Y ) for all X, Y ∈ Obj(C).

Definition 1. A functor F ∈ ^C is said to be representable if there is an X ∈ Obj(C) such that h_X ≃ F in ^C. In this case we also say that X represents F.

A natural transformation τ : E → F in ^C is called a monomorphism, and E a subfunctor of F, if τ_X : E(X) → F(X) is injective for all X ∈ Obj(C).

Let R be a commutative ring with 1. An R-scheme is a morphism of schemes φ : X → Spec R and an R-morphism ϕ from φ : X → Spec R to ψ : Y → Spec R is a commutative diagram of schemes

X^ϕ � φ � � � � Y ψ � � � Spec R By abuse of notation we usually write X for an R-scheme and ϕ : X → Y for an R-morphism. We denote by Sch/R the category of R-schemes.

We now want to characterize the representable functors in ^C for the category C = Sch/R. One property they have is the following. Let X, Y ∈ Obj(C) and let ⋃ α V_α, V_α ∈ Obj(C), be a Zariski open covering of Y . Then h_X (Y ) is an equalizer in the diagram

h_X (Y ) → ∏ α h_X (V_α)´ ∏ α,β h_X (V_α ∩ V_β)

where the two arrows to the right maps (ϕ_α) to (ϕ_α|_{Vα∩Vβ} ) and (ϕ_β) to (ϕ_β|_{Vα∩Vβ} ) respectively. Another way to express this is that h_X induces a sheaf of sets on each scheme Y ∈ Obj(C). 3

Definition 2. A contravariant functor F : Sch/R → Sets is called a Zariski sheaf if it induces a sheaf of sets on each R-scheme Y .

Let AffSch/R denote the full subcategory of Sch/R, whose objects are the affine R-schemes. Consider the category Func((AffSch/R)op, Sets). In this category we define Zariski sheaves, but with respect to the principal open subsets D(f) := {p ∈ Spec S; f /∈ p} where f ∈ S and where S is an R-algebra. These subsets form a basis for the Zariski topology on Spec S with D(f) ∩ D(g) = D(fg) for all f, g ∈ S. Note that the ring of regular functions on D(f) is the localisation S_f (see [8], section II.2). Definition 3. A functor G ∈ Func((AffSch/R)op, Sets) is called a Zariski sheaf if G(Spec S) is an equalizer in the diagram

G(Spec S) → ∏ i G(Spec S_{fi} )´ ∏ i,j G(Spec S_{fifj} ) for any set of elements f_i ∈ S with Spec S = ⋃ i D(f_i). The morphisms are induced by the ring homomorphisms S → S_{fi} , S_{fi} → S_{fifj} and S_{fj} → S_{fifj} respectively.

Let F_0 ∈ Func((AffSch/R)op, Sets) denote the functor obtained by restricting F to affine R-schemes.

Proposition 1. The map F → F_0 is an equivalence between the subcategory of Zariski sheaves in Func((Sch/R)op, Sets) and the subcategory of Zariski sheaves in Func((AffSch/R)op, Sets). Proof. See [4], Proposition I-12.�

The category AffSch/R is contravariantly equivalent to the category R- Alg of commutative R-algebras with 1. We may thus by Proposition 1 identify contravariant functors from Sch/R to Sets with covariant functors from R-Alg to Sets. To simplify we use the same notation F for both of them. Furthermore, we write F(S) instead of F(Spec S).

It is not the case that every Zariski sheaf is representable. However we will see in Lemma 2 that for a Zariski sheaf representability is a “local” property. To understand this, we must extend some notions from the category C to the category ^C.

Definition 4. A subfunctor E of a contravariant functor F : Sch/R → Sets is called open if for any h_X → F, X ∈ Obj(C), the pullback of the diagram E → F ← h_X is isomorphic to h_U where U → X is an open immersion. In the same way we say that E is closed if U is a closed subscheme of X.

This definition coincides with the definition of open(closed) subscheme in the case F is representable (see [4], p.255).

Definition 5. A collection {F_i} of open subfunctors of F is called an open covering of F if for each scheme X the set {U_i}, where h_{Ui} is the pullback of F_i → F ← h_X , is a covering of X. 4

We have already seen that representable functors must be Zariski sheaves. Furthermore, a functor of the form h_X has an open covering of representable functors, namely itself. More interesting is the following converse statement. Lemma 2. Let F : Sch/R → Sets. If F is a Zariski sheaf and has an open covering of representable subfunctors then F is representable. Proof. See [12], Lemma 1.3.

3. The Brauer-Severi functor

We are now in a position to discuss the representability of two specific functors, the Grassmann functor and the Brauer-Severi functor. We shall use the following notation. R is a commutative ring with 1, L an R-module and G_n(L, R) is the set of all R-submodules M ⊆ L such that L/M is a projective R-module of constant rank n. Furthermore let G_n(L, R) denote the covariant functor which to each R-algebra S associates the set G_n(L ⊗ S, S). To see that G_n(L, R) is a Zariski sheaf, let Spec R = ⋃ i D(f_i), f_i ∈ R, be a covering of principal open subsets and consider the diagram M � �

⨁ M_{fi} � �

�

⨁ M_{fifj} � L � ⨁ L_{fi} � � ⨁ L_{fifj} where M is the equalizer of the first row. Since the second row is an equalizer there is a unique R-module homomorphism M → L such that the diagram commutes. The cokernels of the vertical maps yield a new equalizer L/M � ⨁ L_{fi} /M_{fi} � � ⨁ L_{fifj} /M_{fifj} , with L_{fi} /M_{fi} ≃ (L/M)_{fi} . Hence M ∈ G_n(L, R) if M_{fi} ∈ G_n(L_{fi} , R_{fi} ) for all i.

The functor G_n(L, R) gives rise to a contravariant functor from C = Sch/R to Sets (also denoted G_n(L, R)). We call it the Grassmann functor. It was first studied systematically by Grothendieck in [7]. Example 1. Let L := R^m. Then G_1(L, R) is represented by the scheme

P^{m−1}_R (see [8], section II.7.1). In this case the quotient S-modules (L⊗S)/M,

M ∈ G_1(L, R)(S) are projective of constant rank 1. Such modules will be called invertible in the sequel.

If M ∈ G_n(L, R) and P = L/M, then the surjection q : L → P induces a surjective R-homomorphism q_n : ⋀_n L → ⋀_n P (see [14], Appendix C) and hence an element M_n = Ker q_n ∈ G_1( ⋀_n L, R). This map G_n(L, R) → G_1( ⋀_n L, R) is functorial and gives a monomorphism of functors G_n(L, R) → G_1( ⋀_n L, R). Proposition 2. The functor G_n(L, R) is a closed subfunctor of G_1( ⋀_n L, R) with respect to the embedding above. 5

Proof. See [12] and [7], §9. �

Thus, if L is free of rank m and n ≤ m, then G_1( ⋀_n L, R) is represented

by P^N_R , where N =^{(m}_n^) − 1 and Gn(L, R) by a closed subscheme X_{Gn(L,R)} of P^N_R defined by the quadratic Plücker equations (see [9] pp.119-122 and [4]

pp.107-110).

We now consider a particular subfunctor of the Grassmann functor. Definition 6. Let R be a commutative ring with 1, Λ an R-algebra (not necessarily commutative) and P a left Λ-module which is projective of rank n as R-module. The Brauer-Severi functor is the subfunctor B_n(Λ, R) of G_n(Λ, R) of left ideals I ⊆ Λ.

The following proofs are due to Salberger.

Lemma 3. Let M ⊆ L be an inclusion of R-modules such that P = L/M is invertible and let φ : L → L be an R-homomorphism. Then φ(M) ⊆ M if and only if l ⊗ φ(l^′) and φ(l) ⊗ l^′ have the same images in P ⊗ P for all l, l^′ ∈ L. Proof. ⇒; If φ(M) ⊆ M then φ induces φ̄ : P → P . Put p = l + M and p^′ = l^′ + M. Since End_R(P ) = R, we can find r ∈ R such that φ̄(p) = rp and φ̄(p^′) = rp^′. Thus p ⊗ φ̄(p^′) = p ⊗ rp^′ = rp ⊗ p^′ = φ̄(p) ⊗ p^′.

⇐; Let m ∈ M and q = φ(m) + M in P . We want to show that q = 0. Since P is invertible this follows if p ⊗ q = 0 for all p ∈ P . Let p = l + M. By assumption l ⊗ φ(m) and φ(l) ⊗ m have the same images in P ⊗ P so that p ⊗ q = 0. � Corollary 1. Let L, M and φ be as in Lemma 3, with the extra assumption that L is a free R-module with basis e_1, . . . , e_n. Then φ(M) ⊆ M if and only if e_j ⊗ φ(e_k) and φ(e_j) ⊗ e_k have the same images in P ⊗ P for all j, k ∈ {1, . . . , n}. Since, by assumption, Λ is locally free, the representability of B_n(Λ, R) will follow from Lemma 2 if we can represent B_n(Λ, R) in the case when Λ is free.

Proposition 3. Let Λ be an R-algebra which is free as R-module. Then B_n(Λ, R) is represented by a closed subscheme X_{Bn(Λ,R)} of X_{Gn(Λ,R)}. Proof. Using the embedding of Proposition 2, we may reduce to the case when n = 1. It is thus enough to show that B_1(Λ, R) is representable. Let S be an R-algebra. An S-module inclusion M ⊆ Λ ⊗_R S, where M ∈ G_1(Λ, R)(S), is an element of B_1(Λ, R)(S) precisely when M is a left ideal of Λ ⊗_R S. This is the case precisely when e_lM ⊆ M for all e_l in an S-basis of Λ ⊗_R S. Let φ = a^l_{11} . . . a^l_{1m} . . ... . . a^l_{m1} . . . a^l_{mm} 6

be the matrix of the S-module homomorphism φ induced by e_l in the basis e_1, . . . , e_m. By applying Corollary 1 to the equalities

e_j ⊗ φ(e_k) = m∑ i=1 a^l_{ik}e_j ⊗ e_i

φ(e_j ) ⊗ e_k = m∑ i=1 a^l_{ij}e_i ⊗ e_k we obtain that the images p_i = e_i + M must satisfy the tensor relations (1) m∑ i=1 a^l_{ik}p_j ⊗ p_i = m∑ i=1 a^l_{ij}p_i ⊗ p_k. for all j, k ∈ {1, . . . , m}. Let Y ⊆ P^{m−1}_R be the closed subscheme corresponding to the homogeneous ideal generated by the elements ∑_m i=1 a^l_{ik}x_ix_j = ∑_m i=1 a^l_{ij}x_ix_k, l ∈ {1, . . . , m}. Then an R-morphism of schemes Spec S →

P^{m−1}_R , corresponding to a quotient S-module P = (Λ ⊗ S)/M, factors

through Y if and only if the global sections p_1, . . . , p_n ∈ P satisfy the tensor relations (1) for l ∈ {1, . . . , m}. Hence the R-scheme X_{B1(Λ,R)} := Y represents B_1(Λ, R). �

4. Artin schemes of tiled orders

In this section we consider a certain open and closed subscheme, the Artin subscheme, of the Brauer-Severi scheme in the case Λ is a certain groupoid algebra. We give Salberger’s equations for the Artin scheme and show that the groupoid algebras give rise to tiled orders.

Let Zn := {1, 2, . . . , n} and G be the groupoid with elements in Zn × Zn

and the following (partial) law of composition. The product (i, j)(k, l) is defined if and only if j = k, and (i, j)(j, l) := (i, l). Let G act trivially on the commutative ring R and let τ : G×G → R be a multiplicative 2-cocycle. This means that τ_{α,βγ}τ_{β,γ} = τ_{αβ,γ}τ_{α,β} for all α, β, γ ∈ G whenever the products αβ and βγ are defined. We may also regard τ as a function τ : Z_n × Z_n × Z_n → R, (i, j, k) → τ_{(i,j),(j,k)}, and we shall in the sequel write τ_{ijk} for τ(i, j, k). The cocycle condition may be rewritten as τ_{ijl}τ_{jkl} = τ_{ikl}τ_{ijk}. The 2-cocycle is said to be normalized if τ_{iij} = τ_{ijj} = 1 for all i, j ∈ Z_n.

Let Λ_τ (or simply Λ) denote the R-algebra with Λ = ⨁ 1≤i,j≤n Rϵij as R-module and with multiplication rules ϵ_{ij}ϵ_{jk} = τ_{ijk}ϵ_{ik} and ϵ_{ij}ϵ_{kl} = 0 if j ≠ k. The associativity of this multiplication follows from the cocycle condition, and makes Λ into an R-algebra. If τ_{ijk} = 1 for all i, j, k ∈ Z_n, then Λ = M_n(R) and ϵ_{ij}, 1 ≤ i, j ≤ n, is the standard R-basis of M_n(R). 7

Lemma 4. Let τ and σ be 2-cocycles as above. Suppose that there exists a function u : Z_n × Z_n × Z_n → R^∗, (i, j, k) → u_{ijk}, to the multiplicative group R^∗ of invertible elements of R such that τ_{ijk} = u_{ijk}σ_{ijk} for all i, j, k ∈ Z_n. Then τ and σ induce isomorphic R-algebras, Λ_τ and Λ_σ. In particular, if τ_{ijk} ∈ R^∗ for all i, j, k ∈ Z_n, then Λ_τ ≃ M_n(R) as R-algebras.

Proof. The elements u_{ijk} form a cocycle for G with values in the group R^∗. Fix l and let v_{ij} = u_{ijl}. Then u_{ijk} = v_{ij}v_{jk} v_{ik} for all i, j, k ∈ Z_n. The map ϵ_{ij} → v_{ij}ϵ^′_{ij} induces an R-algebra isomorphism from Λ_τ = ⨁ 1≤i,j≤n Rϵij to Λσ = ⨁ 1≤i,j≤n Rϵ ′ ij. � We want to determine equations for the Brauer-Severi scheme X of Λ.

This scheme may consist of several connected components (see [1]). Artin studied the following open and closed subscheme X^0 of X. Consider the universal O_X quotient module P, representing the functor B_n(Λ, R). As an O_X -module P has a decomposition ⨁_n i=1 P_i, and each P_i has constant rank on the connected components of X (see [8] p.109 and [2] pp.109-110). Let X^0 denote the subscheme of X where rank(P_i) = 1 for all i. We shall in the sequel call this subscheme X^0 the Artin subscheme of X or simply the Artin scheme of Λ.

The following key lemma is due to Salberger.

Lemma 5. There is a natural bijection between the following two sets:

(i) Left ideals I ⊆ Λ such that P_i := ϵ_{ii}Λ/ϵ_{ii}I is an invertible R-module for each i ∈ Z_n.

(ii) n-tuples of M_1, . . . , M_n ∈ G_1(R^n, R) such that (2) τ_{ijk}p_{ik} ⊗ p_{jl} = τ_{ijl}p_{il} ⊗ p_{jk} in P_i ⊗_R P_j for all i, j, k, l ∈ Z_n, where p_{ik} ∈ P_i := R^n/M_i is the image of e_k = (0, . . . , 0, 1, 0, . . . , 0) ∈ R^n with 1 in the k’th position Proof. (i)⇒ (ii); Let p_{ik} be the image of ϵ_{ik} in P_i. If we multiply with ϵ_{ij} = ϵ_{ii}ϵ_{ij} from the left, then we obtain an R-module homomorphism ϵ_{jj}Λ → ϵ_{ii}Λ which sends ϵ_{jj}I into ϵ_{ii}I. Let γ_{ij} : P_j → P_i be the corresponding quotient homomorphism and p_{jk} := ϵ_{jk} + ϵ_{jj}I. Then, γ_{ij}(p_{jk}) = ϵ_{ij}ϵ_{jk} + ϵ_{ii}I = τ_{ijk}ϵ_{ik} + ϵ_{ii}I = τ_{ijk}p_{ik}. As P_j ⊗_R P_j is invertible, we have p_{jk} ⊗ p_{jl} = p_{jl} ⊗ p_{jk}. 8

By applying γ_{ij} ⊗ id to this equality we obtain γ_{ij}(p_{jk}) ⊗ p_{jl} = γ_{ij}(p_{jl}) ⊗ p_{jk} and τ_{ijk}p_{ik} ⊗ p_{jl} = τ_{ijl}p_{il} ⊗ p_{jk} in P_i ⊗_R P_j.

(ii)⇒(i); Let θ_j : R^n → ϵ_{jj}Λ be the R-module isomorphism sending (r_1, . . . , r_n) to r_1ϵ_{j1} +. . .+r_nϵ_{jn} and let I_j = θ_j(M_j). Then P_j = R^n/M_j ≃ ϵ_{jj}Λ/I_j is invertible as R-module. It is therefore sufficient to prove that I = I_1 ⊕ . . . ⊕ I_n is a left ideal in Λ = ϵ_{11}Λ ⊕ . . . ⊕ ϵ_{nn}Λ. That is, we have to show that

ϵ_{ij}(I) = ϵ_{ij}(I_j) = ϵ_{ij}(θ_j(M_j)) ⊆ θ_i(M_i) = I_i

for all i, j ∈ Z_n. Suppose ∑_n k=1 r_ke_k ∈ M_j. Then ∑_n k=1 r_kp_{jk} = 0 so that ∑_n k=1 r_kp_{jk} ⊗ τ_{ijl}p_{il} = 0 for all l ∈ Z_n. Applying (2) gives n∑ k=1 r_kτ_{ijk}p_{ik} ⊗ p_{jl} = n∑ k=1 r_kp_{jk} ⊗ τ_{ijl}p_{il} = 0, for all l ∈ Z_n, which is possible only if ∑_n k=1 r_kτ_{ijk}p_{ik} = 0. Hence n∑ k=1 r_kτ_{ijk}e_k ∈ M_i and ϵ_{ij}(θ_j( n∑ k=1 r_ke_k)) = n∑ k=1 r_kϵ_{ij}ϵ_{jk} = n∑ k=1 r_kτ_{ijk}ϵ_{ik} ∈ θ_i(M_i).� We may and shall apply Lemma 5 to Λ ⊗_R S for commutative R-algebras S. We then obtain similar bijections between suitable left ideals in Λ ⊗_R S and n-tuples of elements in G_1(S^n, S) satisfying the same tensor relations. These bijections are functorial under homomorphisms of R-algebras. Corollary 2. The Artin scheme X^0 of the R-algebra Λ_τ is isomorphic to the R-subscheme X^′ of (P^{n−1}_R )^n defined by the multihomogeneous equations τ_{ijk}x_{ik}x_{jl} = τ_{ijl}x_{il}x_{jk}, i, j, k, l ∈ Z_n. Proof. The bijection in Lemma 5 extends to a isomorphism between two functors R-Alg → Sets. The first is represented by X^0 and the second by X^′. �

Obviously, if we fix the multiprojective coordinates x_{ik}, we can recover the elements τ_{ijk} from the equations of the scheme X^0, and hence it is possible to reconstruct the order Λ.

Definition 7. Let R be an integral domain with quotient field K and A be a split central simple K-algebra, that is A ≃ M_n(K) for some n. An R-order (see [15]) in A is a subring Λ of A containing the unit element 1_A of A such that Λ is a full R-lattice in A. An R-order Λ in A ≃ M_n(K) is called a tiled 9

R-order if there exist primitive orthogonal idempotents ϵ_{11}, . . . , ϵ_{nn} ∈ Λ such that ∑_n i=1 ϵ_{ii} = 1_A.

Lemma 6. Let R be an integral domain with quotient field K and τ : Z_n ×

Zn × Zn → R \ {0} be a normalized cocycle. Then the following holds.

(i) There exists a function u : Z_n × Z_n → R \ {0}, (i, j) → u_{ij} with u_{ii} = 1 for all i ∈ Z_n and τ_{ijk} = u_{ij}u_{jk} u_{ik} . (ii) Let A = A_τ be the K-algebra with A = ⨁ 1≤i,j≤n Keij as vector space over K and with multiplication rules e_{ij}e_{jk} = τ_{ijk}e_{ik} and e_{ij}e_{kl} = 0 if j ≠ k. Then A ≃ M_n(K) as K-algebras.

(iii) Λ = Λ_τ = ⨁ 1≤i,j≤n Reij is a tiled R-order in A containing the

primitive orthogonal idempotents e_{11}, . . . , e_{nn}. Proof.

(i) Choose u_{ij} = τ_{ijl} for some fixed l ∈ Z_n. (ii) This is a special case of Lemma 4.

(iii) It is clear that Λ is a full R-lattice in A and that Λ is closed under multiplication. � The orders in the last lemma were studied in the thesis of P. Lundström [13] under the name of Brauer orders. The interpretation in terms of 2- cocycles of the groupoid is due to Salberger.

5. Local studies of certain schemes

To simplify the further investigation of the Artin subscheme X^0 of the Brauer-Severi scheme X, we shall in this section make the following assumptions on the base ring R. We suppose that R is a discrete valuation ring containing an algebraically closed field k, which is isomorphic to the residue field of R. We denote by t an arbitrary but fixed generator of the maximal ideal m of R. We are interested in the regularity of X^0. Let us therefore recall some definitions and results concerning regularity and Kähler differentials.

Definition 8. A local ring (B, m) with residue field F is called a regular local ring if dim_F (m/m^2) = dim B where the first dimension is the dimension as vector space over F and the second dimension is the Krull dimension of the ring.

Note that dim B ≤ dim_F (m/m^2) holds for all local rings. Proposition 4. Let (B, m) be a local ring, which contains a field k isomorphic to its residue field B/m. Then there is an isomorphism of vector spaces over k, m/m^2 ≃ Ω_{B/k} ⊗B k. 10

In particular, if B is a discrete valuation ring, then Ω_{B/k} ⊗_B k is a onedimensional vector space over k generated by dt for any t ∈ m \ m^2. Proof. See [8] p.174.� Proposition 5. Let A be a commutative R-algebra, let I be an ideal of A, and let Ā = A/I. Then there is a natural exact sequence of Ā-modules: I/I^{2 d} � Ω_{A/R} ⊗A Ā � ΩĀ/R � 0 Proof. See [8] p.173 or [3] p.389.� Proposition 6. Let A be a commutative R-algebra and S be a multiplicative system of A. Then, Ω_S�1_{A/R} ≃ S^{−1}Ω_{A/R} Proof. See [8] p.173 or [3] p.397. � Proposition 7. If A := R[x_1, . . . , x_n] is a polynomial ring over a commutative k-algebra R, then Ω_{A/k} ≃ (A ⊗_R Ω_{R/k}) ⊕ (⊕^n_{i=1}Adx_i) Proof. See [3] p.394.� Corollary 3. Let k be a field and R be a discrete valuation ring containing k with residue field isomorphic to k. Let A = R[x_1, . . . , x_n] be a polynomial ring over R and I ⊆ A be an ideal generated by some polynomials q_1, . . . , q_m ∈ A. Let Ā = A/I and B = S^{−1}Ā for some multiplicative system S of Ā. Finally, let t be a generator for the maximal ideal of R. Then, Ω_{B/k} ≃ [Bdt ⊕ (⊕^n_{i=1}Bdx_i)]/⟨dq_1, . . . , dq_n⟩. Proof. Combine the previous 4 propositions.� Definition 9. Let (Z, O_Z ) be a scheme.

(i) A point p of Z is a regular point if the local ring (O_{Z,p}, m) at p is a regular local ring.

(iii) The scheme Z is regular if all of its points are regular. In our case it is enough to check the regularity at the closed points. The Artin scheme X^0 is Noetherian, and such a scheme is regular if and only if it is regular at all its closed points (see [14], Theorem 19.3).

As we have assumed that R is a discrete valuation ring containing an algebraically closed field k isomorphic to the residue field of R, all closed points on the Artin scheme X^0 are k-rational.

Proposition 8. Let τ : Z_n ×Z_n ×Z_n → R \{0} be a multiplicative 2-cocycle as in section 4 and let Λ be the tiled R-order Λ_τ described in Lemma 6. Then X^0 is isomorphic to the subscheme of (P^{n−1}_R )^n defined by the multihomogeneous equations t^{[i,j,k]}x_{ik}x_{jl} = t^{[i,j,l]}x_{il}x_{jk} , i, j, k, l ∈ Z_n 11

for non-negative integers [i, j, k] satisfying [i, i, j] = [i, j, j] = 0 [i, j, k] + [i, k, l] = [i, j, l] + [j, k, l] for all i, j, k ∈ Z_n.

Proof. Since R is a discrete valuation ring each τ_{ijk} in the equations of X^0 may be written τ_{ijk} = u_{ijk}t^{[i,j,k]}, where u_{ijk} is a unit in R. Then Λ_τ ≃ Λ_σ for σ_{ijk} = t^{[i,j,k]}. Hence X^0 is isomorphic to the Artin scheme of Λ_σ with the equations asserted above. The assertions about the non-negative integers [i, j, k] follow directly from the fact that σ is a normalized multiplicative 2-cocycle. �

By letting i = k and/or j = l we get the identities [i, j, i] = [i, j, l] + [j, i, l] [i, j, k] + [i, k, j] = [j, k, j] [i, j, i] = [j, i, j] which we shall use frequently.

Since the value τ_{ijk} = t^{[i,j,k]} is determined by the integers [i, j, k] we consider the additive 2-cocycle function f : Z_n × Z_n × Z_n → Z_{≥0}, (i, j, k) → [i, j, k], rather than the function τ. We shall call f a cocycle function.

We first consider cocycle functions f satisfying the following additional assumptions.

Hypothesis 1 (H1). f(i, j, i) = [i, j, i] ≥ 1 for any two different i, j ∈ Z_n. Assume H1 and consider, for any i ∈ Z_n, the relation j ≤_i k if [i, j, k] = 0. This is a partial order on the set Z_n since

(i) j ≤_i j for all j since [i, j, j] = 0.

(ii) If j ≤_i k and k ≤_i l then j ≤_i l since [i, j, k] + [i, k, l] ≥ [i, j, l]. (iii) If j ≤_i k and k ≤_i j then j = k since [i, j, k] + [i, k, j] = [j, k, j] ≠ 0 if j ≠ k.

In the same way one can verify that the relation i ≤^k j if [i, j, k] = 0 is a partial order on the set Z_n. These observations are due to Salberger. Hypothesis 2 (H2). If n ≥ 2 there is for each i ∈ Z_n another element i^′ ∈ Z_n such that i^′ ≤_i j for all j ∈ Z_n \ {i}.

Note that i^′ is uniquely determined by i if H1 holds (use (iii)). We shall call i^′ the successor of i and use the notation (i^′)^′ = i^{′′}, (i^{′′})^′ = i^{(3)} and so on. Lemma 7. Assume H1 and H2. Then the successor map Z_n → Z_n, i → i^′, consists of exactly one cycle. 12

Proof. If n = 1, there is nothing to prove. If n ≥ 2, let i, i^′, i^{′′}, . . . , i^{(s)} = i be a cycle. If s < n, let l /∈ {i, i^′, i^{′′}, . . . , i^{(s)}} and consider the order ≤^l. By the definition of successor we have

i ≤^l i^′ ≤^l i^{′′} ≤^l . . . ≤^l i^{(s)} = i so that i = i^′. This is impossible, whence s = n.�

To study the relation between the orders ≤_i and the cycle constructed by means of the successor map, we introduce the following non-symmetric “distance” function d, which was suggested by Salberger. Definition 10. Let i, j ∈ Z_n. Define d(i, j) ∈ {0, . . . , n − 1} so that j is the d(i, j)^′th successor of i and put d(i, i) = 0.

Lemma 8. Assume H1 and H2 and let i, j, k ∈ Z_n. Then j ≤_i k ⇔ d(i, j) ≤ d(i, k). Proof. By Lemma 7 it is enough to prove that j ≤_i j^′ for i, j ∈ Z_n with i ≠ j^′. We use induction with respect to d(i, j) = d. If d = 0, then i = j and [i, j, j^′] = 0. If d > 0 then d(i^′, j) = d − 1 and j ≤_i0 j^′, that is [i^′, j, j^′] = 0, by the induction assumption. Also [i, i^′, j^′] = 0 by the definition of i^′. Hence

[i, i^′, j] + [i, j, j^′] = [i, i^′, j^′] + [i^′, j, j^′] = 0

and [i, j, j^′] = 0 as was to be proved.�

Lemma 8 may be visualised in the following way. Let i � i^′ � � � � �

i^{(n−1)}

� � � � . . . � � � � � . . . � � � . . . � be the cycle of the set Z_n corresponding to the successor operation. If we remove i from this, we obtain the total order induced by ≤_i. Conversely, the cycle can be constructed from the order ≤_i, for any i ∈ Z_n, by connecting the maximal and the minimal elements.

Corollary 4. Assume H1 and H2, and let i, j, k ∈ Z_n be such that i ≠ j, k. Then, (a) min{[i, j, k], [i, k, j]} = 0, (b) max{[i, j, k], [i, k, j]} = [j, k, j], (c) [i, j, i] = [i, k, i]. Proof.

(a) (Z_n \ {i}, ≤_i) is a totally ordered set by Lemma 8. (b) max{[i, j, k], [i, k, j]} = [i, j, k] + [i, k, j] = [j, k, j]. (c) We may by (a) assume that [i, j, k] = 0. Now use that [i, j, k] + [i, k, i] = [i, j, i] + [j, k, i].�

Proposition 9. Assume H1 and H2. Then f assumes exactly two values, if n ≥ 2.

Proof. By part (a) and (b) of Corollary 4, it suffices to show that [i, j, i] = [k, l, k] for all i, j, k, l ∈ Z_n with i ≠ j and k ≠ l. This follows from part (c) of Corollary 4 and the identity [i, j, i] = [j, i, j]. �

Let us consider the case when H1 does not hold. It is then possible that [i, j, i] = 0 for i ≠ j. We use again an idea of Salberger and consider the relation i ≃ j if [i, j, i] = 0 on Zn. This is an equivalence relation since [j, k, j] = [i, k, j] + [i, j, k] and

both numbers to the right are zero if [i, j, i] = [i, k, i] = 0. Hence the relation induces a partition

Zn =^{r⋃}_{i=1} Bi of Zn into r equivalence classes B1, . . . , Br. Let c : Zn → Zr be the map

defined by c(k) = i if k ∈ B_i. We shall call this map a class map for f. Lemma 9. There exists a cocycle function f̃ : Z_r × Z_r × Z_r → Z_{≥0} such that the diagram below commutes. Zn × Zn × Zn^{(c,c,c) �} f � � � � Zr × Zr × Zr f̃ � � � � Z≥0 Proof. Let i_1, i_2, j_1, j_2, k_1, k_2 be element in Z_n such that i_1 ≃ i_2, j_1 ≃ j_2 and k_1 ≃ k_2. We must show that [i_1, j_1, k_1] = [i_2, j_2, k_2].

This follows from the equalities [i_1, i_2, j_1] + [i_1, j_1, k_1] = [i_1, i_2, k_1] + [i_2, j_1, k_1] [i_1, j_1, j_2] + [i_1, j_2, k_1] = [i_1, j_1, k_1] + [j_1, j_2, k_1] [i_1, j_1, k_1] + [i_1, k_1, k_2] = [i_1, j_1, k_2] + [j_1, k_1, k_2].�

Note that f̃, by construction, satisfies hypothesis H1. Hence the results in Lemma 7, Lemma 8, Corollary 4 and Proposition 9 holds for f̃ if we assume that it satisfies hypothesis H2.

We next give a matrix representation of triangular orders. For this we need to order the index set Z_n as follows.

Definition 11. Let f : Z_n × Z_n × Z_n → Z_{≥0} be a cocycle function and

c : Zn → Zr be a class map for f. Suppose that the quotient cocycle^~f

satisfies H2. Then (f, c) is on standard form if (i) c(i) < c(j) ⇒ i < j (ii) The ordering on Z_r is given by ≤_1 (see p.11).

Definition 12. Let R be a discrete valuation ring with quotient field K and t a generator of the maximal ideal m of R. Then an R-order Λ^′ ⊆ M_n(K) is called triangular if Λ^′ = ⨁ 1≤i,j≤n Rt [i,j]e ij for a function

[ , ] : Z_n × Z_n → Z_{≥0}, (i, j) → [i, j]

with at most one value m ≠ 0 and with [i, j] = 0 for i ≤ j. Here e_{ij}, 1 ≤ i, j ≤ n is the standard basis for M_n(K).

Note that t^{[i,j]}e_{ij}t^{[j,k]}e_{jk} ∈ Rt^{[i,k]}e_{ij} and hence that [i, j] + [j, k] − [i, k] ≥ 0 for all i, j, k ∈ Z_n.

Proposition 10. Let f : Z_n × Z_n × Z_n → Z_{≥0}, (i, j, k) → [i, j, k], be a cocycle function such that f̃ satisfies H2. Let τ_{ijk} = t^{[i,j,k]}. Then Λ := Λ_τ = ⨁ 1≤i,j≤n Rϵij is isomorphic to a triangular R-order Λ ′ ⊆ M_n(K). Proof. We may, after a permutation of Z_n and renumeration of the classes, assume that (f, c) is on standard form. Put [i, j] = [1, i, j] for all i, j ∈ Z_n. Then [i, j] ∈ Z_{≥0} with [i, j] + [j, k] − [i, k] ≥ 0 and [i, j] = 0 for i ≤ j. Moreover, by Proposition 9 we obtain that [ , ] : Z_n × Z_n → Z_{≥0} assumes at most two values. Hence Λ^′ = ⨁ 1≤i,j≤n Rt [i,j]e ij is a triangular R-order.

The R-module homomorphism Λ → Λ^′ with ϵ_{ij} → t^{[i,j]}e_{ij} gives an R-algebra isomorphism from Λ to Λ^′.� Remark 1. Let Λ^′ be a triangular order with corresponding equivalence classes B_1, . . . , B_r, written in the order ≤_1, and let |B_i| = n_i. Then Λ^′ has a matrix representation

Λ^′ =

[R]_{11} [R]_{12} [R]_{13} . . . [R]_{1(r−1)} [R]_{1r} [(t)^m]_{21} [R]_{22} [R]_{23} . . . [R]_{1(r−1)} [R]_{2r} [(t)^m]_{31} [(t)^m]_{32} [R]_{33} . . . [R]_{1(r−1)} [R]_{3r} . . . . . . ... . . . . [(t)^m]_{r1} [(t)^m]_{r2} [(t)^m]_{r3} . . . [(t)^m]_{1(r−1)} [R]_{rr}

where [I]_{ij} is an n_i ×n_j-matrix with elements from the ideal I on each place. If m = 1, and n_1 = . . . = n_r, then these are the orders studied in [1].

We now shall follow the calculations of Artin [1] (see also [5]) and describe the irreducible components of the closed fiber Y of the Artin scheme X^0 for a triangular order Λ.

Note that if i ≃ j, i, j ∈ Z_n, then we have the equation x_{ik}x_{jl} = x_{il}x_{jk} for all k, l ∈ Z_n. Hence the projective coordinates of x_{jk} are uniquely determined by the projective coordinates of x_{ik}. Thus it is sufficient to consider one element in each equivalence class of ≃. We can identify the scheme X^0 with a closed subscheme of (P^{n−1}_R )^r in the following way. Fix a transversal T := {b_1, . . . , b_r} of representatives for the classes B_1, . . . , B_r. We shall in the sequel often use h, i or j to denote an element of T . 15

Proposition 11. Let Λ = Λ_τ for a cocycle τ : Z_n × Z_n × Z_n → R \ {0} of the form τ_{ijk} = t^{[i,j,k]}. Let X^0 be the Artin scheme of Λ. Then the closed fiber Y of X^0 is defined by the multihomogeneous equations

x_{il}x_{jk} = 0 if [i, j, k] > 0 and [i, j, l] = 0 x_{ik}x_{jl} = x_{il}x_{jk} if [i, j, k] = [i, j, l] = 0 where i, j ∈ T and k, l ∈ Z_n.

Proof. This is a consequence of Corollary 2. �

We divide the closed fiber Y into its irreducible components. Proposition 12. Let Λ and X^0 be as in Proposition 11. Then the closed fiber Y of X^0 can be written Y = ⋃ h∈T Y_h where Y_h is the scheme defined by the multihomogeneous equations

x_{jk} = 0 if [h, j, k] > 0 x_{ik}x_{jl} = x_{il}x_{jk} if [i, j, k] = [i, j, l] = 0 where i, j ∈ T and k, l ∈ Z_n.

Proof. To verify that Y_h ⊆ Y , let p ∈ Y_h. We must show that x_{il}(p)x_{jk}(p) = 0 if [i, j, k] > 0 and [i, j, l] = 0. One of the integers [i, j, h] and [j, i, h] must be non-zero. By symmetry we may assume that [j, i, h] > 0 and [j, h, i] = 0. Also, [j, i, k] = 0 since [i, j, k] > 0. Hence, [j, h, k] + [h, i, k] = [j, h, i] + [j, i, k] = 0. This implies that [j, h, k] = 0 and [h, j, k] > 0 since h ≠ j. Thus x_{jk}(p) = 0 and x_{jk}(p)x_{il}(p) = 0.

To show that Y ⊆ ⋃ h∈T Y_h, let p be a point on Y . We must find a number h ∈ T such that x_{jk}(p) = 0 for all j ∈ T , k ∈ Z_n, with [h, j, k] > 0. We introduce the following relation, suggested by Salberger, on elements in T . Put i ≤ j if i = j or if there is an l such that [i, j, l] = 0 and x_{il}(p) ≠ 0. Then:

(i) ≤ is antisymmetric. For suppose i ≠ j and that there exist k, l such that x_{il}(p) ≠ 0, [i, j, l] = 0 and x_{jk}(p) ≠ 0, [j, i, k] = 0. Then [i, j, k] > 0 which contradicts the equations of Proposition 11. Hence i = j. (ii) ≤ is transitive. For suppose i_1 ≤ i_2 and i_2 ≤ i_3. Then there exist k, l with x_{i1l}(p) ≠ 0, [i_1, i_2, l] = 0 and x_{i2k}(p) ≠ 0, [i_2, i_3, k] = 0. Then also [i_1, i_2, k] = 0 since otherwise x_{i1l}(p)x_{i2k}(p) = 0 by Proposition 11. Hence

[i_1, i_2, i_3] + [i_1, i_3, k] = [i_1, i_2, k] + [i_2, i_3, k] = 0

so [i_1, i_3, k] = 0 and i_1 ≤ i_3.

Let h be a minimal element of ≤ and j ∈ T , k ∈ Z_n, such that [h, j, k] > 0. Then x_{jk}(p) = 0 since h is minimal. �

For a triangular order Λ the cocycle function f̃ satisfies hypothesis H1 and H2. We can thus define the successor operation on the set T of representatives. Consider the sequence of r − 1 rational maps

P^{n−1}_k^{pr1 �} P^{n−1}_k^{pr2 � . . . prr�1�} P^{n−1}_k

where pr_s kills the coordinates x_i(s)_k where [i, i^{(s)}, k] > 0. The closure of the graph in (P^{n−1}_k )^r of these maps is isomorphic to Y_i (compare with the construction in [1]).

Each Y_i is then isomorphic to a sequence of r − 1 blow-ups of the space

P^{n−1}_k along regular subschemes. As noted by Artin [1] and Frossard [5], this

scheme is regular of dimension n − 1. Hence the singularities on Y must belong to at least two irreducible components of Y .

Proposition 13. Let Λ = Λ_τ for a cocycle τ : Z_n × Z_n × Z_n → R \ {0} of the form τ_{ijk} = t^{[i,j,k]}. Suppose that the corresponding cocycle function f̃ satisfies H2. Let X^0 be the Artin scheme of Λ and Y the closed fiber of X^0. Let p be a k-rational point of Y and C = O_{Y,p}. Then

dim_k(Ω_{C/k} ⊗_C k(p)) ≤ n

with equality if and only if p is in at least two components of Y . Proof. By Proposition 10, Λ is isomorphic to a triangular order and we may thus assume that Λ is of the form described in Remark 1. Also, since Y only depends on Λ/tΛ, we may assume that Λ is of the form

Λ = [R]_{11} [R]_{12} [R]_{13} . . . [R]_{1(r−1)} [R]_{1r} [(t)]_{21} [R]_{22} [R]_{23} . . . [R]_{1(r−1)} [R]_{2r} [(t)]_{31} [(t)]_{32} [R]_{33} . . . [R]_{1(r−1)} [R]_{3r} . . . . . . . .. . . . . [(t)]_{r1} [(t)]_{r2} [(t)]_{r3} . . . [(t)]_{1(r−1)} [R]_{rr}

where [I]_{ij} is an n_i ×n_j-matrix with elements from the ideal I on each place. The result for such hereditary orders (see section 7) may be found in [5], section 2. The proof there is an obvious generalization of Artin’s proof in [1], section 4.� Proposition 14. Let Λ = Λ_τ be as in the previous proposition with the additional assumption that [i, j, i] ≤ 1 for all i, j ∈ Z_n. Let B = O_{X,p} for a k-point p of X^0 ⊆ X. Then

dim_k(Ω_{B/k} ⊗_B k(p)) ≤ n.

Proof. Note that by the exact sequence tB/t^2B^d � ΩB/k ⊗B C � ΩC/k � 0 of Proposition 5 we have,

dim_k(Ω_{B/k} ⊗_B k(p)) ≤ dim_k(Ω_{C/k} ⊗_C k(p)) + 1

where C = O_{Y,p}. Hence, if p only belongs to one irreducible component Y_i, then we are done. Suppose therefore that p ∈ Y_i ∩ Y_j, i ≠ j. We must 17

verify that the differential dt is a linear combination of the differentials which generate Ω_{C/k} ⊗_C k(p). Choose k, l ∈ Z_n such that x_{ik}(p) ≠ 0, [j, i, k] = 0 and x_{jl}(p) ≠ 0, [i, j, l] = 0. Hence [i, j, k] = 1 and tx_{ik}x_{jl} = x_{il}x_{jk}. Let y_{il} = x_{il}/x_{ik} and y_{jk} = x_{jk}/x_{jl}. Then dt = y_{il}dy_{jk} + y_{jk}dy_{il} = 0 in Ω_{B/k} ⊗_B k(p) since y_{il}(p) = y_{jk}(p) = 0. Thus dim_k(Ω_{B/k} ⊗_B k(p)) = dim_k(Ω_{C/k} ⊗_C k(p)) ≤ n.� We now study the cotangent spaces in the case where we may have [i, j, k] ≥ 2. First suppose that [i, j, i] ≥ 1 for all i, j. We shall work in the affine space where x_{jj} ≠ 0, j ∈ Z_n with affine coordinates y_{jk} = x_{jk}/x_{jj}. Definition 13. Let f be a cocycle function. A pair (i, k) ∈ Z_n × Z_n is called adjacent pair if k is a minimal element of the partially ordered set (Zn \ {i}, ≤i), that is [i, j, k] > 0 for all j ≠ i, k. There is a connection between the notion of adjacent pair and successor (as defined on p.12) of the orders ≤_i as follows. Let i^′ be a successor of i. Then (i, i^′) is an adjacent pair since [i, j, i^′] = [i, j, i^′] + [i, i^′, j] = [i^′, j, i^′] > 0 for all j ≠ i, i^′. Conversely suppose (i, k) is an adjacent pair. Then [i, k, j] = [j, k, j] − [i, j, k] < [j, k, j] for all j ≠ i, k. Hence, if [j, k, j] ≤ 1 for all j ≠ k, then k must be a successor of i.

Proposition 15. Let Λ = Λ_τ for a cocycle τ : Z_n × Z_n × Z_n → R \ {0} of the form τ_{ijk} = t^{[i,j,k]} such that the corresponding f satisfies H1. Let p be the k-point of X^0 with t(p) = x_{jk}(p) = 0 for all j, k ∈ Z_n, j ≠ k. Then:

(i) If [i, j, i] = 1 for some i, j ∈ Z_n, then the vector space Ω_{B/k} ⊗_B k(p) has a k-basis consisting of the differentials {dy_{ik}} where (i, k) are the adjacent pairs.

(ii) If [i, j, i] ≥ 2 for all i, j ∈ Z_n then the vector space Ω_{B/k} ⊗_B k(p) has a k-basis consisting of the differentials {dy_{ik}}, where (i, k) are the adjacent pairs, together with the differential dt.

Proof. Ω_{B/k} ⊗_B k(p) is generated by the differentials dy_{ik}, i, k ∈ Z_n, and dt with relations given by d(t^{[i,j,k]}y_{ik}y_{jl}) = d(t^{[i,j,l]}y_{il}y_{jk}) where i, j, k, l ∈ Z_n. These relations can be rewritten as y_{ik}y_{jl}dt^{[i,j,k]} + t^{[i,j,k]}(y_{ik}dy_{jl} + y_{jl}dy_{ik}) = y_{il}y_{jk}dt^{[i,j,l]} + t^{[i,j,l]}(y_{il}dy_{jk} + y_{jk}dy_{il}). 18

The relations with i = j or k = l may be omitted. If {i, j} ∩ {k, l} = ∅, then the relations become 0 = 0 in Ω_{B/k} ⊗_B k(p). If j = l and i ≠ j, k, k ≠ l, then the relation is (3) t^{[i,j,k]}dy_{ik} = 0, i, j, k ∈ Z_n. If j = l and i = k, then (4) dt^{[i,j,i]} = 0, i, j ∈ Z_n. All relations in Ω_{B/k} ⊗_B k(p) are then obtained from the relations (3) and (4) above. If (i, k) is not an adjacent pair, there is j ≠ i, k such that [i, j, k] = 0 and hence dy_{ik} = 0. If (i, k) is an adjacent pair, then there is no such j and hence the differentials dy_{ik} do not occur in any of the relations above. They are thus linearly independent in Ω_{B/k} ⊗_B k(p). If [i, j, i] ≥ 2 for all i ≠ j then dt does not occur in any relation so that (ii) holds. If [i, j, i] = 1 for some i ≠ j, then dt = 0 which gives (i).� Proposition 16. Let Λ = Λ_τ for a cocycle τ : Z_n×Z_n×Z_n → R\{0} of the form τ_{ijk} = t^{[i,j,k]} such that the corresponding f satisfies H1. If [i, j, i] ≥ 2 for all i, j ∈ Z_n then the Artin scheme X^0 of Λ is singular. Proof. Let p be the point defined by t(p) = x_{jk}(p) = 0 for all j, k ∈ Z_n, j ≠ k, and let y_{jk} = x_{jk}/x_{jj}. By Proposition 15, the maximal ideal m of the local ring B has the elements y_{ik}, where (i, k) is an adjacent pair, and t as a minimal set of generators. The ideal in B generated by the y_{ik}’s, (i, k) an adjacent pair, clearly contains m^N_p where N = max{[i, j, k]}. But then dim B < dim_k(Ω_{B/k} ⊗_B k(p)) (see [3], Corollary 10.7) so X^0 is singular at p and therefore a singular scheme.�

We now remove the hypothesis that [i, j, i] ≥ 1 for all i, j ∈ Z_n. As noted on p.15 the scheme X^0 is isomorphic to the closed subscheme of (P^{n−1}_R )^r given by the equations t^{[i,j,k]}x_{ik}x_{jl} = t^{[i,j,l]}x_{il}x_{jk} where i, j ∈ T and k, l ∈ Z_n. We consider the point p ∈ X^0 where t(p) = x_{jk}(p) = 0 for all pairs j ∈ T , k ∈ Z_n, such that j ≠ k.

By intersecting X^0 with hyperplanes passing through p, we shall reduce to the case treated in Proposition 16.

Definition 14. Let H_{jk} denote the hyperplane in (P^{n−1}_R )^r where x_{jk} = 0. Lemma 10. The hyperplane H_{jk}, j ≃ k, j ≠ k, intersects X^0 transversally at p.

Proof. Let m be maximal ideal of the local ring B at p on X^0. We must verify that x_{jk} is not in m^2. The crucial equations are (5) t^{[j,i,k]}x_{jk}x_{ii} = t^{[j,i,i]}x_{ik}x_{ji}, for i ∈ T , i ≠ j. Since [j, i, k] + [i, j, k] = [i, j, i] ≥ 1 19

and [i, j, k] + [i, k, j] = [j, k, j] = 0 we have [j, i, k] ≥ 1 so equation (5) is 0 = 0 for all i ∈ T . �

Note that if H_{jk} intersects X^0 transversally at p, then the cotangent space dimension at p decreases by one. Also, if p is a regular point on X^0 and H_{jk} intersects transversally at p, then p is a regular point on X^0 ∩ H_{jk} and the dimension of local rings at p decreases by one (see [14], Theorem 14.2). Lemma 11. If x_{jk}(p) = 0, j ≃ k, for a k-point p in X^0, then x_{ik}(p) = 0 for all i ∈ T .

Proof. We have the equation t^{[i,j,k]}x_{ik}x_{jj} = t^{[i,j,j]}x_{ij}x_{jk} and since j ≃ k it follows that x_{ik}(p) = 0. �

Let H denote the multiprojective linear subspace of (P^{n−1}_R )^r defined by x_{jk} = 0 for all j ∈ T , k ∈ Z_n, such that j ≃ k, j ≠ k. As a consequence of Lemma 10 and Lemma 11, the scheme X^0 ∩ H is the result of n − r consecutive intersections of X^0 with hyperplanes intersecting transversally at p. Furthermore X^0 ∩ H is isomorphic to the closed subscheme of (P^{r−1}_R )^r defined by the multihomogeneous equations t^{[i,j,k]}x_{ik}x_{jl} = t^{[i,j,l]}x_{il}x_{jk} where i, j, k, l ∈ T . Since [i, j, i] ≥ 1 for all i, j ∈ T the scheme X^0 ∩ H is of the type we investigated in Proposition 15.

Proposition 17. Let Λ = Λ_τ for a cocycle τ : Z_n × Z_n × Z_n → R \ {0} of the form τ_{ijk} = t^{[i,j,k]}. Suppose [i, j, i] > 0 for some i, j ∈ Z_n and [k, l, k] ≥ 2 for all k, l ∈ T such that [k, l, k] is nonzero. Then the the Artin scheme X^0 of Λ is singular.

Proof. We apply Proposition 16 to the scheme X^0 ∩ H constructed above. Then X^0 ∩ H has a singular k-point. As X^0 intersects H transversally at p, this point must be singular also on X^0. �

6. Hereditary orders

In this section we let R be a discrete valuation ring with quotient field K and Λ an R-order in a split central simple K-algebra A.

Definition 15. Λ is called a left (right) hereditary order if every left (right) Λ-lattice is projective (see [15], p.130).

It is known (see [15] p.307) that Λ is left hereditary if and only if Λ is right hereditary. We shall therefore use the term hereditary order. We recall the following structure theorem. 20

Proposition 18. Let Λ be a hereditary R-order and R be a discrete valuation ring. Then there exists positive integers {n_1, . . . , n_r} with sum n and an isomorphism of K-algebras A ≃ M_n(K) such that, under this isomorphism,

Λ ≃ [R]_{11} [R]_{12} [R]_{13} . . . [R]_{1(r−1)} [R]_{1r} [(t)]_{21} [R]_{22} [R]_{23} . . . [R]_{1(r−1)} [R]_{2r} [(t)]_{31} [(t)]_{32} [R]_{33} . . . [R]_{1(r−1)} [R]_{3r} . . . . . . ... . . . . [(t)]_{r1} [(t)]_{r2} [(t)]_{r3} . . . [(t)]_{1(r−1)} [R]_{rr} and

rad(Λ) ≃

[(t)]_{11} [R]_{12} [R]_{13} . . . [R]_{1(r−1)} [R]_{1r} [(t)]_{21} [(t)]_{22} [R]_{23} . . . [R]_{1(r−1)} [R]_{2r} [(t)]_{31} [(t)]_{32} [(t)]_{33} . . . [R]_{1(r−1)} [R]_{3r} . . . . . . ... . . . . [(t)]_{r1} [(t)]_{r2} [(t)]_{r3} . . . [(t)]_{1(r−1)} [(t)]_{rr}

where [I]_{ij} are n_i ×n_j-matrixes with elements from the ideal I on each place. Conversely every such order Λ is hereditary.

Proof. This a special case of Theorem (39.14) in [15] in the case where R is a complete. But the completeness is not needed for split K-algebras.�

As a consequence of the proposition above we note that for a hereditary R-order Λ the dual lattice Λ̃ := {x ∈ A; tr(xΛ) ⊆ R} is equal to t^{−1}rad(Λ).

The following result is essentially due to P. Lundström [13], p.72, but we give a proof of Salberger.

Proposition 19. Let Λ = Λ_τ for a cocycle τ : Z_n × Z_n × Z_n → R \ {0} of the form τ_{ijk} = t^{[i,j,k]}. Then Λ is hereditary if and only if [i, j, i] ≤ 1 for all i, j ∈ Z_n. Proof. If [i, j, i] ≤ 1 for all i, j ∈ Z_n we have seen in Remark 1 that Λ has a representation as in Proposition 18. Hence Λ is hereditary.

For the converse, consider the non-degenerate symmetric bilinear form b : A × A → K, (x, y) → tr(xy) (see [15], section 9). Since b(ϵ_{ij}, ϵ_{kl}) = tr(ϵ_{ij}ϵ_{kl}) = { 0 if (i, j) ≠ (l, k) t^{[i,j,i]} if (i, j) = (l, k) the dual basis {~ϵ_{ij}}_{1≤i,j≤n} of the basis {ϵ_{ij}}_{1≤i,j≤n} has the form ~ϵ_{ij} = t^{−[i,j,i]}ϵ_{ji}. If Λ is hereditary, then ~ϵ_{ij} = t^{−[i,j,i]}ϵ_{ji} ∈ t^{−1}rad(Λ) so that ϵ_{ji} ∈ t^{[i,j,i]−1}rad(Λ). Since the set {ϵ_{ij}} is an R-basis for Λ this is possible only if [i, j, i] ≤ 1. � Theorem 1. Let R be a discrete valuation ring with maximal ideal m. Suppose that R contains an algebraically closed field k such that R = k + m. Let Λ = Λ_τ for a cocycle τ : Z_n × Z_n × Z_n → R \ {0} and let X^0 be the Artin scheme of Λ. Then Λ is hereditary if and only if the dimension of the cotangent space Ω_{B/k} ⊗_B k(p) at any closed point p of X^0 is at most n. 21

Proof. By Lemma 4 we may assume that τ_{ijk} = t^{[i,j,k]} for an additive cocycle function f : Z_n × Z_n × Z_n → Z_{≥0}, (i, j, k) → [i, j, k].

If Λ is hereditary, then dim_k(Ω_{B/k} ⊗_B k(p)) ≤ n at any closed point p ∈ X^0, by Proposition 14.

If Λ is not hereditary there exists i, j ∈ Z_n, such that [i, j, i] ≥ 2. Let p be the k-point where t(p) = x_{jk}(p) = 0 for all j ∈ T , k ∈ Z_n such that j ≠ k and let B = O_{X,p}. By Proposition 15 the cotangent space at p considered as a point of X^0 ∩ H has dimension greater or equal to r + 1. Since X^0 ∩ H is obtained by n − r consecutive intersections of X^0 by hyperplanes H_{jk} intersecting transversally at p, the cotangent space dimension dim_k(Ω_{B/k} ⊗_B k(p)) at p ∈ X^0 is greater or equal to (r + 1) + (n − r) = n + 1. �

References

[1] M. Artin. Left ideals in maximal orders. In “Brauer Groups in Ring Theory and Algebraic Geometry”, Lecture notes in Mathematics, vol. 917, Springer-Verlag, 1982, 182-193.

[2] N. Bourbaki. Commutative Algebra. Addison-Wesley Publishing Company, 1972. [3] D. Eisenbud. Commutative Algebra with a view Towards Algebraic Geometry. Graduate Texts in Mathematics, vol. 150, Springer-Verlag, 1994.

[4] D. Eisenbud, J. Harris. The Geometry of Schemes. Graduate Texts in Mathematics, vol. 197, Springer-Verlag, 2000.

[5] E. Frossard. Fibres Dégénérées des Schémas de Severi-Brauer d’Ordres. J. Algebra 198, 362-387 (1997).

[6] A. Grothendieck. Le groupe le Brauer I. In “Dix exposés sur la cohomologie des schémas”, Advanced Studies in Pure Mathematics, North Holland Publishing Company, 1968, 46-66.

[7] A. Grothendieck. Eléments de Géométrie Algébrique I. Grundlehren 166, Springer- Verlag, new ed. 1971.

[8] R. Hartshorne. Algebraic Geometry. Graduate Texts in Mathematics, vol. 52, Springer-Verlag, 1997.

[9] N. Jacobson. Finite-Dimensional Division Algebras over Fields. Springer-Verlag, 1996.

[10] G.J. Janusz. Tensor products of orders. J. London Math. Soc. ser 2, 20, 186-192 (1979).

[11] K.M Keating. On the K-theory of tiled orders. J. Algebra 43, 193-197 (1976). [12] S. Kleiman. Geometry on Grassmannians and applications to splitting bundles and smoothing cycles. Publ. Math IHES 36 (1969), 281-298.

[13] P. Lundström. Normal Bases in Infinite Galois Extensions and Generalised Brauer Algebras. Thesis, Department of Mathematics, Chalmers University of Technology, 2000.

[14] H. Matsumura. Commutative ring theory. Cambridge University Press, 1986. [15] I. Reiner Maximal Orders. Academic Press, London, 1975.